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Abstract: Extended thermodynamics is a very important theory: for ex-
ample, it predicts hyperbolicity, finite speeds of propagation waves as well as
continuous dependence on initial data. Therefore, it constitutes a significative
improvement of ordinary thermodynamics. Here its methods are applied to the
case of an arbitrary, but fixed, number of moments. The kinetic approach has
already been developed in literature; then, the macroscopic approach is here
considered and the constitutive functions appearing in the balance equations
are determined up to whatever order with respect to thermodynamical equilib-
rium. The results of the kinetic approach are a particular case of the present
ones.
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1. Introduction

Extended Thermodynamics is a well established and appreciated physical the-
ory (see [8], [10] regarding the first pioneering paper on this subject and an
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exhaustive description of the results which has been subsequently found). More
recent results regarding the kinetic approach are described in [1}-[4] and many
interesting properties are there obtained and exposed. Originally, ET was stud-
ied with a macroscopic approach but the exact solution of the conditions which
are present in the theory with many moments is still lacking. This gap is here
filled and the constitutive functions appearing in the balance equations are de-
termined up to whatever order with respect to thermodynamical equilibrium.

In the meanwhile, it has been studied with the kinetic approach which
is more restrictive of the above one. But it leads to an ill-posed system of
equations (see [5], for example). To avoid this difficulty, another approach to
the problem has been developed and is denoted by COET (Consistent Order
Extended Thermodynamics) (see [9], for example); speaking in simple words,
it does not close the system by simply dropping the moments from a given
order forwards. However, some problems remain open: In COET of order
2 we find extended thermodynamics with 13 moments, which has no sense
in ordinary extended thermodynamics with the kinetic approach; moreover,
the non relativistic limit of relativistic extended thermodynamics gives the 14
moments theory instead of the 13 moments one. This aspect has to be clarified.

In the meanwhile, we propose the present alternative approach. It also
does not close the system by simply dropping the moments from a given order
forwards, but retains also some traces of higher order moments, as suggested
by the non-relativistic limit of the relativistic approach to this problem.

The balance equations of this extended thermodynamics with an arbitrary
number of moments are

OpF-in 4 gpF-ink = ;) ;- forn=0,--- N,

11 1r€1€1°""€ N4 M+1-2r € N4 M+1-2r
ﬁtF 2 2 + 8;€F

= Q" for 0<r <M, (1)
where N and M are two given number such that M < N, M + N odd, and we
call F the tensor F; when n = 0.

The entropy principle for this system, by using Liu’s Theorem, [7], ensures

the existence of the parameters A;, . ;,, i, .4, called Lagrange Multipliers, such
that

kii-ireie1 € Ny M+1-2r € N+ M+1-—2r
p) p)

1.0

i1 ir€1€1°"€ Nk M+1—2r € N4k M+1—2r
p) p)

dh = Ny i, dF* =" 4 ;o dF : (2)

kiy-ire1e1 € Ny M4+1-2r € N4 M+1—2r
P P

dhF = N, i, dFF I dF ,
where h is the entropy density and A* its flux. From this result we see that, if
we consider only equation (1); but with N + M + 1 instead of N, the entropy
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principle becomes

N . N+M+1 o
dh = Z )\’i1--.indF’61~.~Zn , dhk — Z )\ilmindFkll...zn )
n=0 oy

After that, in these equations we can substitute from
Ny iy, = 1) --(5%712-71) for n>N+1,
so obtaining equations (2). This result can be expressed by saying that the
model with all the equations (1) can be obtained as a subsystem of that with
only equation (1)1, but with N + M + 1 instead of N. Consequently, in the
sequel, we will neglect equation (1) for the sake of simplicity.

Ky oingp1—n QiNf Mt 2—niNt M43—n

Now in equation (1), the various tensors are symmetric and Fj, ;,x and
Siyi...iy are supposed to be functions of the previous one, in order to obtain
a closed system. In particular F', F;, Fy, Fj; denote the densities of mass,
momentum, energy, and energy flux respectively. In this way equations (1) for
n = 0,1, and the trace of equations (1) for n = 2 are the conservation laws of
mass, momentum and energy; obviously to this end it is necessary to assume
that SZO, SZ =0 and Sll = 0.

Equation (1) can be rewritten in a more compact form using a 4-dimensional
notation in a space that we suppose to be Euclidean (nothing will change if the
space is pseudo-Euclidean with -+++ signature, so we have chosen the simpler
case).

In particular, let us define the symmetric tensors M 1N+t and SN
as follows:

1. the Greek indexes go from 0 to 3,
2. Mitin0-0 = o form =0,..,N +1,
3. §itin0-0 = G, . form =0,...,N.
In that way the balance equations (1) can be simply written as
aaMaal...aN — Sal“'aN, (3)
where 0, for & = 0 means the partial derivative with respect to time.

The entropy principle for this equations, by using Liu’s Theorem, [5], en-
sures the existence of the parameters L, ...q, , called Lagrange multipliers, such
that

AH® = Ly dMOON Lo §OT7ON > () (4)

where HY is the entropy density and H' its flux. A brilliant Ruggeri’s idea is
to define

H/a — _Ha + LalmaNMal---OtNa (5)
and to take the Lagrange multipliers as independent variables. In this way
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equation (4); becomes dH'® = M *N*dL,,...qy, from which
presesnans = OH (6)
OLq, ..oy
In this way the tensors appearing in the balance equations (3) are found as
functions of the parameters Lo,  a,, called also mean field, as soon as H'® is
known. Obviously Lg,. ., is symmetric. By substituting (6) into equation (3)
this takes the symmetric form
82 H'oN+1

8L51---ﬁNaLa1maN aaNHLﬁl'"ﬁN
so that hyperbolicity is ensured provided that H'® is a convex function of the
mean field. By eliminating these parameters from equations (6) we obtain
Fi ..ixy, again, as function of F, Fj,..., Fy ;. If we want a model in which
some among equations (1) is present only by means of one of its traces, it can
be obtained from the present model with the method of the subsystems [10].

— qai-ay
=95 ,

Note that equation (6) for aje..an+1 = #1...inip+10...0 and for ajas...
aN+41 = 41...150...00, 41 gives respectively
OH'° OH'"H1
F, -, K - (7)

1o dnint1 1o nint1
Li, ininsa L

as in the 3-dimensional notation.

11...0n

So, to impose equation (6) we have to find the more general expression of
H'* such that M*1%2--*N+1 g symmetric. We will refer to this as “the symmetry
condition”. We will impose also the principle of galilean invariance; this has
been exploited in [10], [9]-[14] for a generic system of balance laws. In Section
2 we will apply these results to our system, taking care of converting them in
the present 4-dimensional notation, so obtaining further conditions.

In Section 3 these, together with the symmetry condition, will be investi-
gated and their solution will be found up to whatever order with respect to
thermodynamical equilibrium, except for two numerable families of constants
arising from integration. In Section 4 it will be shown that the results of the
kinetic approach are a particular case of the present one so that, as usual, the
macroscopic approach is more general than the kinetic one. If we rewrite the
present paper with N — 1 instead of N, we find the model with less moments
with the method used in this work, which we call the “direct method”. But in
[10] it has been shown that a solution (for the model with N —1 instead of V)
can be obtained also with the “method of subsystems”; this consists in taking
the costitutive functions of the model with N as maximum order of moments,
and in calculating them in A;,...;y—o, i.e., for zero value of the 3-dimensional
Lagrange multiplier with the greatest order. In Section 5 we will see that the
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solution obtained with the method of subsystems is a particular one of that
obtained with the direct method; more explicitly, it can be obtained from the
latter by considering equal to zero one of the above mentioned families of con-
stants. At last, conclusions will be drown.

2. The Galilean Relativity Principle

To impose this principle, it is firstly necessary to know how our variables trans-
form under a change of galileanly equivalent frames ¥ and Y’. This problem
has been studied by Ruggeri in [9] and we have only to write its results in our
4-dimensional form. This is easily achieved in the kinetic model because the
kinetic counterpart of M“1*N+1 ig

MOTONTT /fcal e CONFIL]e (8)

with ¥ = 1, dc = dc'dc?de? and f is the distribution function. Consequently,
in ¥’ we have

mA TN = /fc’o‘1 NG

and, if v’ is the constant velocity of each point of 3 with respect to 3, we have
c® = + v, with v° = 0. It follows that

N+1
Mal...aN_H — Z < N+ 1 )’U(al ,Uaimaprl...aj\m,_l)
; ,
i=0
or
N+1
N+1 L B
MO ON+1 — Z; < ; >v(o‘l...vazma“'l"'aN“)ﬂl A 1y -1, 9)
1=
with ¢, = (1,0,0,0) for our previous notation. We obtain the transformation
of M®1--2N0 (which was the initial independent variable) multiplying equation
(9) by tay,, so finding

Ma1...aN0 — Xgllﬁa]ir\r(y)mﬁlﬁjvo (10)
with
YN
al..aN _ (a a; s+l ON)
Xﬁf...ﬁ]izv = Z < ; )t(,ﬁ'r"tﬁiv L. 5ﬁi+1 ...55N) , (11)
1=0

. . . N+1 _
where we have taken into account of v° = 0, of the identity ( j > N]\‘,ﬂl t =

N . . N .
< ; > and that the term with ¢ = N + 1 gives a null contribution. Comparison
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between (10) and (11) with (9) shows that X5 2V could be obtained from

B1...Bn
Q1...QN+1

Xg B simply replacing N + 1 with N. From equation (11) it follows also

al..aNa _ ya1..an a a1...ay sa
XﬂlnﬂNﬂ _X(ﬂuﬂzvtﬁ)v +X(ﬂ1~ﬂN5ﬂ)' (12)

Similarly, H® transforms according to the rule
H® = h%® + he, (13)
of which HY = h? is a component.

Equations (9) and (13) have been obtained with the kinetic model only for
the sake of simplicity; it is obvious that they hold also in the macroscopic case.
The transformation rule of the Lagrange multipliers can be obtained now from
(4); with a =0, i.e.

dh® = dH® = Loy apy M N0 = L, o XG100N dmr N0
where (13) and (10) have been used. In other words we have

dh® = lg, .5, dmP PO (14)
with
lor.on = X0t N Lor...ox
ie.
Y (N
lay..ay = Z < ; > t(al"‘taivﬁl"'UﬁiLai+1---OlN)ﬁl---ﬁi' (15)
=0
A consequence of this result can be obtained from (5) with @ = 0 and writ-
ten in the frame ¥/, ie., h'0 = —h0 + ly,..aym® N0 it follows dh'® =
mo‘l"'o‘NOdlal...aN from which
0
mevan0 - T (16)
Olayay

as in X. Moreover, from (5), (13), (9), (12), (15) and again (5) and (13) it
follows

H'® — _pOy _ po + L X oana, BiBnf

a1 aN“* 3. 6N
= —p%% —p° + l,gl...ﬁNmﬁlnﬂNova + lﬁl...,gNmﬁlmﬁNa ,
ie.
H'™ = 1O + 1 (17)
which is similar to (13).
We are now ready to consider the Galilean relativity principle. It imposes
that the following diagram is commutative
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— a1...00N
Loy oy by = X300 Lag -y

|

MPBrBN+1 (La1---aN)
H'*(Lay-ay)

XU SN (X 0N Lo ) MmO N4 (XN Y
V() 4 () WO (XS0 Loy

In other words, we must have
H/a(Loq---aN) — ’Uat(;h/a(Xal"'aN (Q)LalmaN) + h/a(Xal...aN (Q)Loq---aN) ,

Yo AN AN
Mﬁl”ﬂNH(Lay--aN) _ Xglfj\ﬁ_tl (y)m&maNH(X%I.ZZ'WOLNN(Q)Lay--aN)- (18)
Equation (18)2, by using equations (12) and (16) becomes
MPrBna Xgl.::f]\lr\fm&“ﬁzvova + Xaﬁll.-.-.-aﬁ]\zrvm51~-5zva
B1...0n on’ e +Xﬁ1--ﬂNm51---5na'

01...0N 8l51...5N 81...0N

Now the derivative of (18); with respect to LA~ is

OH'"™ on'° o'

— MO1-Bra _ X BBy XP1BN ().
8[/81’61\/ v al'yl---'yN Y1 YN (y) + 8l'yl---'yN Y1 YN (y)
It follows that equation (18)s, holds iff
8h/a §1---6
8l"11~.~’yN X'ell'ﬁ]\y =m NaX’ell""ezifv’
i.e.
Ble
m'yl""YNa = 8la (19)
Y1 YN

which is the counterpart of equation (6) in the frame Y'.

It remains to impose equation (18);. Now it becomes an identity when
calculated in v = 0 (see equations (17) and (11) to this regard) so that it holds
iff its derivative with respect to v; is satisfied, i.e.,

0= ahlo 8l’71""YN
8l«ﬂ...«,N 82}j

for a =0,
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oW Olyy ..y
6171...7N 82}j
The second of this has been obtained by taking into account also equation (20)1;
on the other hand, this is included in (20)y with o = 0. Equation (20)2, by
using equation (15)2 now becomes

N
on'® Z N\ . ,
a1 < 2 ) 7 t(al"'taivﬁl""Uﬁl_lLOli+1...OlN)ﬁ1,,,/@i71j = 0
=1

Ol ...apy *

0=h"09 + for a =0,1,2,3. (20)

0
nOs3 +

We remove the symmetrization with respect to oy - - - @y which is not necessary

. . e . . .
because of the contraction with oh which is symmetric; for the same reason

we can exchange «; and apn and then reintroduce the symmetrization with
respect to «;...an—_1, obtaining so

one X ( N
1

t -
o alal...aN i

0
h (5]01 + ; .o N—1)P1...0i—1]

> X t(al...tai_lvﬁl...vﬁiflL
=0.
We replace ¢ with ¢ + 1 and we have

Il
1059 + _on?_

Olay ...an

N-1 N
> < i1 > (i 4+1) iy ta ™ v Lo, oy g =0
=0

taxn

or

0 s Oh'e
W05 + g o tan

N-—-1 .
>N ( . > Hap -tV 0P Lo an )51 5 = O (21)
i=0
But, by using equation (15) we have

v (N .
lacan_1j = Z N < { > tit(an 'tai—lvﬁl T vl@lLai"'aNfl)ﬁl"'ﬂi
N

—1 (N A
+ Z N <’[/ ) t(al -.-tai’l}ﬁl .../UﬁzLaiJrl“.aN_l)jIBl.“ﬁi
1=

N-1
= <N _ 1) t(al .. .ta'vﬁl .. UﬁZL

(22)

i ajy1an—1)jB1Bs
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because t; = 0. This allows to rewrite equation (21) as

, ah/a
0= h“tuéf +NmtaNla1---aN—1j' (23)
Until now we have obtained that the entropy principle jointly with the Galilean

relativity principle amounts to say that:

1. equations (6) are invariant under changes of Galileanly equivalent ob-
servers (see equation (19)),

2. the further condition (23) must hold.

For the sake of completeness, we note that equation (18); might be satisfied
also with H® and h%, i.e.

H*(Loyay) = v tsh" (XSU20N Loy ccay ) + WO (XS0N Ly gy )-
But this is a consequence of (18) as it can be seen running over backwards
the above passages which allowed to obtain equation (17) from equation (13).
Moreover, in [7] and [14] it has be proved that the conditions here obtained are
the same of the following approach:
1. consider equations (9), (13) and (17) but with v; = % instead of an
arbitrary constant v;; in this way m® " oN+i  h% and h'® become the non-

convective parts of M1 oN+1 H® and H'®, respectively,

2. impose the conditions (19) and (23) but considering I, ..., independent
variables,

3. consider equations (19) with o = 0 and m**? as definition of l,,...,, =
Lyg oy (MmO 9N0) “and substitute this in the expressions of m N+l h% and
h'® so obtaining the closure in terms of the non-convective quantities m®t e~V

In any case, we have to impose (19) and (23); in other words we have to
find the quadri-vector A'*N+1 such that the right hand side of equation (19)
is symmetric and for which equation (23) holds; after that equation (19) gives
mPrBNPN+1 In this way we will find the required closure satisfying the entropy
principle and that of Galilean relativity. This will be done in the next section.

3. Exploitation of the Conditions (19) and (23)

We want now to impose equations (19) and (23) up to whatever order with
respect to thermodynamical equilibrium. This is defined as the state where

1
lg, ..oy = Mg, -+ lgy + §)‘”h(ﬁ1ﬁztﬁ3 o lpy) (24)
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holds, with hg, = 3y — gty = diag (0,1, 1,1),

A=t tﬁNlﬂl"ﬂN Au = <]§> B . tﬁNl:Bl"'ﬂN' (25)
We can consider the Taylor expansion for h/®
[ee]
1 - -
W= A Pl Oy, (26)
k=0
with
- 1
Lovopy = loipy = Moy ==~ toy = gAuhgisytss - toy), (27)
k1, o
AoB1Br <7a i > : (28)
Olp, ---0lp, cq

where the multi-index notation B; = ﬁil ‘e ﬁiN has been used. Thanks to equa-
tion (19) we can exchange o with each other index taken from those included
in any B;. So it is possible to exchange every index with all the others, i.e.,
A*B1-Br ig symmetric with respect to any couple of indexes. We note that
there are 2 compatibility conditions between equations (26) and (28); they
can be obtained as follows: let us consider the tensor 8121:% as function of

} Bs A, Ay, and take the derivatives with respect to lg, ..., , calculating the result
at equilibrium; we find

AB1-Brfi-BN 8k+1h/a~ aZNMWWN
dlp, - -8l3k8l%.,,,\m e 8l51...5N

ortlpa O\ okt N
+ + .
<8ZB1 e '8l3ka)‘) eq alﬁl"'ﬁN <8ZB1 T alBk Oy ) eq 8lﬁ1'"ﬁN
If we multiply this by tg, ---tg, and by hg,g,tg, - - -5, we find, respectively

B
AaBiBip ﬁNtﬁl cetgy = mAOtBl By, 7 (20)
AaBlmBkﬁlmﬂNh&ﬁQtﬁs colgy = 3%‘40431“.3]67
where we have taken into account that from equations (25) and (27) it follows
OA — P 4PN , O _ <N> B(B1B2Bs . 4BN) ’
A, -..py Ap,.py  \2
ai«ﬂ...«{N ﬁ /6 /6 ﬁ
m = g'(nl"'g'y]]\\;)_t1"'tNt71"'t7N
1 /N
- 3 < 2) B(B1B2yBs . t’gN)h(«ﬂwt'yg et
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from which

&t ta =1 &h t

al,@r'ﬂz\/ B1 BN — 4> al,@r"ﬁz\/ 8182183
8)\11 a)\ll

— “tg, =0 h t

al,@r'ﬂz\/ 51 BN ) 3%. in 8182183

Oy, yn ol

ctgy =0, AN
Moy g,

lgy =0,
lgy =3,
lgy =0.

219

It will be useful in the sequel to note a consequence of the condition (29). By

using also equation (26) we have

on' > 1 . -
R 1)!‘4&31 e, - lp,
N k=1 :
(gﬁfl . 'gﬁ’ﬁ) B tﬁNt,Yl oty
1 /N
- 305 ) B (B1B24B3 tﬁN)h(mwt% e t’YN))
1

_|_
WE
>

0

<i
ARy

>

Bl
Il
o

+
M8
??‘|._n

i

1 - -
= Z (:IC — 1)'AaBln.Bk_1ﬂl”ﬂNlBl “'lkal’

k=1

<£AaB1~-Bk> ZBl L. [Bktﬁl - tﬂN

AaBr"Bk) ZNB1 . '[Bkh(ﬁlﬁQtﬁ3 o BN <]§>

where conditions (29) have been used in the last passage. So we have proved
that derivation of equation (26) with respect to lg,..g, is equivalent to its
derivation with respect to I} 81---Bxn» Put considering independent the components
of this tensor, except for the symmetry. Proceeding with the subsequent deriva-
tives and calculating the result at equilibrium, we find equation (28). In other
words we can forget equation (28) but we have to retain equations (29). We
have then to transform equations (19), (23) and (29) in conditions for the tensor
AaB1Bi. the above mentioned symmetry of this tensor ensures that equation
(19) is satisfied. Before imposing equations (23) and (29), we note that the
most general expression for a symmetric tensor depending on the scalars A, Ay

and on t% is

Aala2"'aNk+1
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57
— Z <N'I;: 1) gk,Zs()\’ )\”)h(aw& oo pR2s—102s 02541 ,taNk+1) , (30)
s=0

where the binomial factor has been introduced for later convenience. Thanks
to this, equations (29) become

Jk+1,2s = %gk,Zsa
fors:O,---,[%}. (31)

_ 25419 0
Jh+1,25+2 = 55733907 Ik2s »

It remains to consider equation (23); thanks to equation (26), (24) and (30),
its value at equilibrium is

2
0=go0+ g)\ugm
which, thanks to equation (31)2, becomes
2
0= + = A\y=—4goo-
go,0 3 i i 90,0
Its solution is
_3
90,0 = /\ll ? GO,O(/\)a (32)
with G o(\) an arbitrary single variable function.
But equation (23) is equivalent to its value at equilibrium, and to its r-th
derivatives with respect to Ip, calculated at equilibrium, for all values of r. The
r-th derivatives of equation (23) with respect to Ip, is

arh/,u,t ar—l—l hla
0 = & KL N tan Lo oon 1
I Blp Ol | Olp, Ol Ol N e
rpe Moo
L Nt 0 CENEE (33)

o OlayanOlp, -+ 0lp,_,  Olp, ’
where the indicated symmetrization is treated as the multi-index B; was a single
index. The equation (33) can be easily proved with the iterative procedure.
Now we have to calculate this expression at equilibrium. Let us evaluate each
single term of this relation.

— Thanks to equations (26) and (24), we have for the first term

O"h'"t
so | —— "H — §QAHB1Bry
! <8l31 - 0lp, ) eq ’ !

— The second term at equilibrium, thanks to equation (24), is

aTJrlh/a
N T
< 8ZB1 "-8lBT8la1..-aN anten O‘N1J>eq
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-1

2
NAaBl Bron - aNtaNg)\ll an_1)

Nh] (altOtQ o
The symmetrization in the right hand side can be omitted because the term is
contracted with a symmetric tensor. Now we use equation (30). We see that
the terms containing the factor t“* gives zero contribute, so that the above

expression can be written as

[N(r+21)+1]

< 9r+1,2s 2 N(?” T 1) 1

poi(az . po2s-1025402s 41 L HONGD) )¢ /\llghml s tany s

where the indexes in By --- B, and ap are included into the «;; after the con-
traction with %, - - -4, this expression becomes

[N'r+2]
Z (Z;Zsrj_ll> )\llgr+1 2,Sh/( . h725—1’72st725+1 . t’er+1ta) 7
s=1

where the indexes v represent Bj - - - B,.
— Let us evaluate now the contribute of the last term in equation (33), i.e

o"h alal"'OlN—lj
Nrt,
Mo <8l011“'041\78l31 T alBr—l > eq alB'r

— NrtaNAaBl---B,«_lal---aN (ﬂ1 . ﬁN lhﬂN)

Gai " Jan_1

B 16}
= N’rtaNAaaNBl BT 1('61 ﬂN*lh]N) b}
where we have exploited B, = 37 --- 8. We can now prove that

arh/a 8l .
Nrt a1 N—1]
' o <alal N 8Z(Bl alBr 1 ) eq alBr)

is symmetric with respect to two generic indexes 37 and Bé, with s < t =
1,---,r. In fact it can be written as

27’: N O h'e o
— N Olay oy Olp, - Olp, ,0lp,,, - Olg, OB

ks kAt .
Z NtaNAOlaNBl"'kalBkJrl“‘Br(ﬁf"'ﬁ?\r_lth)
J

k=1, r
+Nt, AaaNBl“‘Bs—lBs+1"'Bt—lﬁi"'ﬁf\rBt-s-l“‘B'r(ﬁf"'ﬁ?\]_lhg}s\f)
N J

+NtaN AOIO&NBl"'Bs—lﬁf"'ﬁJSVBs+1“'Bt—lBt-H“'Br(ﬁf“'ﬁf\,,lh?}v)‘

The first of these terms is clearly symmetric with respect to 3] and ﬁé, while
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the sum of the last two is
£, ACONBrBoo1 BoprBuoa BB Bepa Bei 81183y B O
N j

oy AcanB1 Bs_105 0583 Bs+1-Bt—1B+1--BrBi B _1 8} 1By hf}tc

+terms like taNAO‘aNﬁf"'ﬂ'tf"'h'j
that is obviously symmetric with respect to 87 and £},

Consequently our tensor is symmetric with respect to every couple of in-
dexes taken between Bj --- B, so that it can be expressed as

Nty ARG 881-85 s 58

G
= Z 2s r Gr2 ha(’YQ co pY2s—172s Y2541 L t’YNr}ﬂNﬂﬂ)
%25 r,2s j
s=0
(]
Nr a (7273 V25V2s+1 Y2542 Y ’YNr+1)

+ (Nr —2s) 9 Gr2st™h R e R S . (34)

s=0

Here we have calculated firstly ¢, A**N0 1By BB by using equation (30)
and then distinguishing the terms in which « is index of an h~ from those in
which it is an index of a t; finally we have multiplied the result times h;’N s
and symmetrized with respect to vo - - Ynr41-

Until now we have finished to evaluate the three terms of equation (33)
calculated at equilibrium; so it becomes

[#572]
Nr+1\ 2
0= Z 9r+1,2s < 926 — 1 > 5/\llh§-’y2 co pReIN2s g2s 4L L t’YN’““'lta)
s=1
[#572]
Nr+1)\ 2
+ Zl Gri1.25 (28 0 ) g)\”h;w e P25=172s (2541 L YN L)
Ss=
¥
+ Z 2s (25) g,_,gsho‘(w e BY2s—172s 4725 +1 L fYNT h;YNTH)
s=
[%5]

+ > (N7 - 2s) <]2VST> Grast RO e ek v TN D)

(N?” + 1) <‘];/::> gr,2sh(°‘72 o RY2s—172s 472541 L L #INT h;NTJrl)



THE EXACT MACROSCOPIC APPROACH TO... 223

%]

Nr+1\ 2

+ ZO (28 +1 > g)\llgr+1728+2h§72 coR2sH1Y2s 2402543 L L t"{Nr+1tOt) , (35)
s=

where in the second term we have changed the summation index s according to
s=85+1.

Note that this equation is automatically symmetric. In [13] was proved

0 . . . .
that 8‘2[,;“ = 0 is an identity for the case of 13 moments; here we find that this

property is valid also for an arbitrary number of moments.

So we have proved that equation (33) amounts to

Nr Nr+1)\ 2 .
0=(Nr+1) (25) Gr2s t+ < > “AUGr+12s+2 5 L€,

2s+1/ 3
2 1 Nr
S — -
3 2s+1 2

Consequently, all our conditions are equivalent to the scalar equations (31),
(32) and (36) which are constraints on the scalars g, 25 of the expansion (30).

gr2s + gri12s42 =0 for s =0,---, [ (36)

It remains to exploit them. For s = 0,--- [%] we can substitute g,412s42
from equation (31) into equation (36)2 which now becomes
2
Nj— + =0 37
25 + 3 lla)\”gr,Zs gr2s ( )

whose solution is
_ 2543

Or2s = )\ll 2 GT72S()\) for s = 0,---, [

5 (38)

Nr+1
2

)

In this way equation (31) is exhausted, except for s = but only for the

case with Nr odd.

If Nr is even equation (38) holds for all g, o5, while if N7 is odd the validity
of equation (38) is not still proved for g, ny4+1. But for Nr odd we can use

equations (31) with k =r, s = f2H e,
0
591",Nr+1 = Ggr+1,Nr+1
0 Nr+41 (39)

%QT,N’I’—FI = m §9r+1,Nr+3-

In the right hand sides we can use equation (38) because and

Ni+3 o [N(r;rl)]

Nr N(r+1
2+1 S[ (2 )]

holds, except for the trivial cases N = 1,2. In this way the

system (39) becomes
_ Nr+44

%gr,NrJrl = /\ll ? GrJerr,ferrl(/\)y (40)

Gri1,Nr+3(A).

o) _ Nr+41y™
g InNr+1 = N2 3\
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The integrability conditions for this system gives

-3
G;+1,N7~+3 = T(NT + 2)GrJrlJVrJrl- (41)
After that the system (40) can be integrated and gives
_ Nr+44
gr,Nr+1 = )\ll 2 Gr,NrJrl(/\) + Cr,Nr+15 (42)
with
2 1
Gr,NrJrl = - (43)

§NT+2 r+1,Nr+3,
while ¢, yr41 is an arbitrary constant arising from integration. So equation (38)
is a valid solution also in the case N7 odd and s = & 7"2“, except to add the
arbitrary constant ¢, ny41.

Now we can see that this constant does not occur in equation (31); (because
the right hand side is differentiated, while in the left hand side and in the case
N(k + 1) odd, we have 2s < 2 [MEEL] from which 2s < N(k + 1) + 1). Nor
it occurs in equations (32), (38), (41), (43) and (36) (the proof for this last
equation amounts to verify that [%] < [%] for Nr odd and [%] +1<

[W] for N(r 4+ 1) odd; obviously, in both of them we have N odd. If r

is odd too, we have to verify only the first one, i.e. % < N";rl, which is

an identity; if r is even, we have to verify only the second one, i.e. % +1<
w which is true, at least for N > 1).

On the other hand, the contribute of this constant to the tensor
Acr02-anki1 jg p(102 .. pONLONt1) | Ck,Nk+1, as it can be seen from equation
(30).

The contribute of all these constants to h'® follows from equation (26) and
reads

= 1
Z mc2r+1,N(2r+1)+1
r=0

BE ... pBN—1Bk ... kBN Y L pBN_1BN)
ho(Br hPN-1PN hPnN 1 hPN-1PN lﬁ%"'ﬁ}v lﬁ{\’---ﬂ]]\\ﬂv (44)

where we have put k = 2r + 1.

It is easy to verify that this additional term satisfies identically the sym-
metry conditions for equation (19) and (23) (in fact t,, is contracted with an
ho~ | for this additional term). In other words, we can assume equation (38)
for all g2 (also for s = [N 7"2“] ), except that, in the case with N odd, we have
to add to h'* the additional term (44).

Let us then substitute from equation (38) into equation (31); and (36); so




THE EXACT MACROSCOPIC APPROACH TO... 225

they become

(45)

NEk+1
Gk-l-l,QS:G;c,Zs f0r5:0,---,[ + :|,

2

25+ 1

Gri12s42 = _3TG7’725 for s =0,--- [

&} . (46)

2
But this last equation holds also for s = 0,-- -, [N ”;1]; this is obvious when
Nr is even, while it is just equation (43) when Nr is odd (remember that we
have equation (43) only for the case with Nr odd).

After that, we see that equation (32) is contained in (38) for r = s = 0, while
equation (41), by using equation (43), becomes G’N’NTJrl = Gy41,Nr+1 Which is
just equation (45) with £k = r and s = [%
holds only for Nr odd).

There remain equations (45) and (46). To this end, let us define H, s from

Gras = (?) @)ty (47)

| (remember that equation (41)

2sg]
In this way equations (45) and (46) become
-3 Nr+1
Hyt1541 = Hy s, H, = THrJrLS for s =0,---, [ 5 ] . (48)

Equation (48); suggests to define H, ; also for s > [%] In fact, let h be
a number such that s + h < [W (for example, h = %})7 we
can define H, s = Hy4p s+p- In this way equation (48); holds for all r and s.
Regarding equation (48)2 we have
H =H jon= _73 rthtl,sbh = _73 1,8}
in other words, also (48)2 holds for all  and s.
After that:

— if r > s we have

—O\""* d" 5 H,
) - 700 (49)

H.,=H, s0= <? s
— if r < s we have
H;s=Hos—r. (50)
In this way H,  is known except for H .

On the other hand, it is easy to see that (49) and (50) satisfy equation
(48)1. Regarding (48)2, we see that:

—ifr>s = r+12> s, we have to use equation (49) for both sides of
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equation (48)y and it becomes an identity,

— if r = s—1, we have to use equation (50) for the left hand side of equation
(48)2 and equation (49) for the right hand side. The result is Hj); = 52 Hoo,

—if r < s—1, we have to use equation (50) for both sides of equation (48)2
which becomes H(’)’S_T = 773H07S,T,1.

In conclusion, Hy is arbitrary and Hy,, is defined by

-3
H(l),p = THO,p—la (51)

except for a constant arising from integration. After that, equation (49) and
(50) give all the other functions H, s

4. The Kinetic Approach

Let us now search a solution, for conditions (19) and (23), of the form

B _ /F (lﬁlnﬂNc/ﬁl ...C/ﬁzv) dedd (52)

where F' is an arbitrary single variable function; it is related to the distribution
function, but this relation does not affect the following considerations, so that
we choose to omit it.

The symmetry for the left hand side of equation (19) is certainly ensured;
remembering that ¢ = 1, equation (23) becomes

0= / O / l,@l BN C ﬁ "'C/BN> c/a} dc (53)

which is certainly true. The expansion of equation (52) with respect to equi-

librium is
Zk'/ ()\—F /\llc/2> cBl---clB’“dC_/ZBy--[Bky

where equations (25), (27) and the multi-index notation have been used. Then
we have obtained equation (26) with
By _ ok gaB1- By
oy

BOlBl"'Bk — /F |:A 4 1)\”6/2] C/ac/Bl . -C/Bkdcl.

3 C
It is easy to verify that equations (29) are satisfied with this expression. The
integral in equation (54)2 can be calculated with a well known procedure. To

AoBr- (54)
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reach faster the result, let us consider the tensor
Bﬁl"'ﬁsﬁsﬂ-"ﬁrhgll N Nl tg.01 1,
1
= /F [)\ + gxucﬂ e Pl
The above tensor depends only on scalar quantities and is symmetric, so it is
equal to

gs(\, N )R172 LU pYs=1%5) if s is even.

To know gs(A, Ay) it suffices to multiply both members by hy,~, - - - hy,_,~, Ob-

{0, if s is odd,

taining

[e%e) 1 , ™ 27
/ F [)\ + gxuc@] ¢ 52 </ sin 0d9> </ d<b> dc' = gs(\, \p)(s + 1),
0 0 0

where we have changed the integration variables according to the rule

¢t = sinf cos o, ¢? = ¢ sinfsin o, 3= cos @,
'€ [0, +o0], 0 € [0, 7], ¢ € 10,2m|.
We obtain
4 o0 1 ! S
gs(O0, M) = —2 / F XN+ 2aud?| ¢572dd = ()% Gs(\)
s+ 1 0 3
with
4m > L ool sto /
Gs(A) = FiX+2n™ |0 dny,  n=+c. (55)
s+ 1 0 3

For the sequel it will be useful to note that

47 *(d 1 3
/ _ - 2 S+1 _
GS(A)_erl/o {an[AJr 77”77 iy

-3
= 471—/ [)\ + -7 ] n°dn = 7(8 —1)Gs—2 (56)
provided that Fn*T! is infinitesimal for 1 going to infinity. After that, we have
B — Bﬂlﬂ?"ﬂr (hgll + tﬁlt"/l) (hgz + tﬁQt"/Q) . (hg: + tﬁrt"/r)

T
— <T> BA- ,Brh/(a h'Ys tﬁ +lt"/54r1 . tﬁrt%)

0

[5]

[Nl

2g+3

(27“q> h(’Yl’YQ oo RY2a—-1720 472041, t'yr)/\” 2 Ggq(/\).

q=0
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This allows to rewrite equation (54) as

JoBrB _ ok BB+ By
N Ok
[kN+1]
2
= Z <k]\2;_ 1) K2 L p2a-172a 2041 L t'Ytha)/\l’l 2 Gg;)(/\).
q=0

This result confirms equation (30) also in the kinetic case, but with gy 2s(A,

2s
i) = /\l_l#ng)(/\)ﬂ and it is easy to see that these functions gy o, satisfy
equation (31), as consequence of equation (56). Also equations (38) and (42)
are confirmed, with G, 25(\) = Gg;)()\), ¢r.Nr+1 = 0. In this way we see that
the additional term (44) is not present in the kinetic approach. Moreover, the
matrix H, s defined in equation (47) becomes, in this approach

—21" 258! _(,
Hr,s = [?] (28)!Ggs)()‘)v

and equation (51) becomes a consequence of equation (56). But the constants
arising from integration of equation (51) are not present in the kinetic approach,
because all the functions G5(\) are defined by (55) in terms of the single variable
function F'.

5. On Subsystems

We aim to obtain now the model with N —1 instead of N through the method of
subsystems. To this end we firstly need the relation between the 4-dimensional
Lagrange multipliers and the 3-dimensional ones. The first of these are defined
by equation (4), from which we obtain

dH® — lN dM]o\z[al---aN — l]Ozvl---aNdMﬁﬁl"'ﬁNgalﬂl “ Gan B

N

= l?\[flmaNdM]%fﬂl”ﬂN (halﬁl + taltﬂ1) Tt (hOtNﬁN + taNt/gN)
N
_ Z <]?Y> l?‘vl"'arar+1"'aNdMJ‘i‘[ﬂ1"'ﬂrﬂr+1"'ﬂN
r=0
N
N 1
hoarr* Raprtarss - tantfos * ton = Z)‘jl---jrdFﬁrjl J
r=0

: N _ N Q1 QrQp g1 QN
with AV = (r) 19 hogs -+ haistonss <o

and  FpdtIr = MO NIt (57)
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Equation (57); gives the 3-dimensional Lagrange multipliers in terms of the
4-dimensional ones. We have introduced the index N to remember that we are
considering the model with N as maximum order of moments. In this way it
will be distinguished from that with N — 1 instead of N.

The inverse of equation (57); is

By B
NN = TG gy = I (G M ) - (WY + 17V )
_ Br-+Bs-+Bn g, (@ 54 Qs
= Z(S)ZNI Nhﬁll"'hgsta+1"'taN)tﬁs+1"'tﬂN
5=0
N
= Y alrraegasn L gen), (58)
s=0

The model with N — 1 instead of N can be obtained as subsystem of the above
one by taking

AN =0,

AN = A fors=0,--- ,N -1 (59)
We have now to express these relations in terms of the 4-dimensional Lagrange
multipliers; to this end we see that

N—-1
l?\t[r“OtN _ Z Ag\?&i'l"astasﬂ “'taN)7 (60)
s=0
while equation (57)1, with N — 1 instead of N, is
_ N -1 O Qg1 AN
)\;\1[;7“ - < r ) l?\lflfla e lhaljl T har‘jr‘tar+1 “lay_g (61)
Then, by substituting equation (61) in equation (60) we find
N-1 N -1
l?\lfl...aN — Z t(as+1 . tOlNhill . h’oytss)l}Y\/};'l'Ys'Ys+1“"YN—1t’ys+l L. t'yN_l < . >
s=0
from which
l?\[[lmaN _ lg\?i.]i.aN_ltaN)y (62)

because

IO = DTN TN (RS A 0y ) - (YT N )

N-1 N 1
Z — L) eysen- ; ; _

= < s > l]\;—l Y lhgil "'h$9t75+1ta A “'t'YN—ltaN e,
s=0

Now, from equation (24), we have

1
IV cquation = AE - ON1 gAllh(al‘”ta?’ N
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This and equation (24) yield

qumOzN _ l(al"'aNfl taN)
N equation = "N—1 equation )

that is, equation (62) holds also when we calculate it at equilibrium. The
deviation of equation (62) from its value at equilibrium is

e, (63)
in other words, equation (62) holds when we substitute the Lagrange multipli-
ers with their deviation with respect to equilibrium. We can now substitute
equation (63) into equation (26); in this way we find the counterpart of (26)
with N — 1 instead of N. To this end we have to contract an index of each
By, , By with a t; in other words, we have to contract the expression (30)
With ta 10 tane,,- 1t I8 easy to verify that in this way equation (30) re-

mains unchanged except that now N — 1 replaces IN; obviously this is true also
(N—1)k+1
2

i?\[flwaN _ ig?i

for gj 25, where s now goes from 0 to [ } This property is transferred

to Gy 25 for equation (38) and to H, , for equation (47). But H, ;s is defined
by equations (49) and (50) in terms of Hy, which are determined by equation
(51). Therefore, the family of constants arising by integrating equation (51), is
inherited also by the subsystem.

We have only to notice that from equation (50) it follows that Hy , is useful
for H, 1, which, for equation (47) is useful for G, 5(,4p). It follows that Ho, is

present in the subsystem when r+p < [%] ,thatisp < [W} , while

(N—=2)r+1
2

for the initial system was useful when p < [ } . Now, for a fixed value of

p, it is always possible to find 7 such that both of the previous inequalities are
satisfied. The only difference is that in the subsystem, Hg , occurs only in terms
of higher order with respect to equilibrium, than in the initial system. This is
true, provided that N > 3, that is if neither the system, nor the subsystem are
the 10 moments model.

But what happens to the other family of constants, that is for the supple-
mentary term (44)?

If N is even, the model has not this term and, consequently, it cannot be
inherited by the subsystem.

If N is odd, this term is present; but when we substitute equation (62)
in (44) we obtain zero because each ¢ is contracted with a projector h~. We
expected this result because, with NV odd, we have N — 1 even in which case the
term (44) is not present. We may conclude that the other family of constants,
or the supplementary term (44), disappears in the subsystem. Only the other
family of constants is inherited.
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This can be seen also from the following viewpoint: the family of constants
arising from integration of equation (51), in the case N = 3, will perpetuate
also for the subsequent values of N; equivalently, we can say that the closure
in the model with a generic N > 3 is exactly determined in terms of that with
N = 3, except for the supplementary term (44).

Conclusions

In this paper we have applied the method of Extended thermodynamics to the
case of an arbitrary but fixed number of moments. This case has already been
developed in the kinetic approach. Here we have considered the macroscopic
approach and the costitutive functions have been determined up to whatever
order with respect to thermodynamical equilibrium. In this way we have been
able to find the exact general solution of the conditions present in extended
thermodynamics for the case of many moments. The results founded in the
kinetic case, as we expected to found, are a particular case of the present
ones. Moreover, we have introduced an innovative 4-dimensional notation that
simplifies very much the form of the equations. Finally, the present results in
the case N = 3 are equivalent to those found in [12].
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