PSEUDO-RIEMANNIAN SYMMETRIES ON HEISENBERG GROUPS
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ABSTRACT. The notion of I'-symmetric space is a natural generalization of the classical
notion of symmetric space based on Zz-grading on Lie algebras. We consider homoge-
neous spaces GG/ H such that the Lie algebra g of G admits a I'-grading where I is a finite
abelian group. In this work we study Riemannian metrics and Lorentzian metrics on
the Heisenberg group Hs adapted to the symmetries of a I'-symmetric structure on Hs.
We prove that the classification of Riemannian and Lorentzian Z%—symmetric metrics
on H3 corresponds to the classification of its left-invariant Riemannian and Lorentzian
metrics, up to isometry. We study also the Z’g—symmetric structures on G/H when G
is the (2p + 1)-dimensional Heisenberg group. This gives examples of non-Riemannian
symmetric spaces. When k > 1, we show that there exists a family of flat and torsion
free affine connections adapted to the Zg—symmetric structures.

1. INTRODUCTION

A symmetric space can be considered as a reductive homogeneous space G/H on which
acts an abelian subgroup I of the automorphisms group of G with I' isomorphic to Zo = Z/27Z
and H the subgroup of G composed of the fixed points of the automorphisms belonging to
T". If we suppose that the Lie groups G and H are connected and that G is simply connected,
it is equivalent to provide G/H with a symmetric structure or to provide the Lie algebra g
of G with a Zj-graduation g = go © g1 with [g;,9;] = i1 j(mod 2)- Riemannian symmetric
spaces form an interesting class of symmetric spaces. But there are symmetric spaces which
are not Riemannian symmetric. We describe examples when G is the Heisenberg group.
Nevertheless, a symmetric space is always provided with an affine connection V which is
torsion free and has a curvature tensor satisfying VR = 0. When the symmetric space is
Riemannian, this connection is the Levi-Civita connection of the metric. A natural general-
ization of the notion of symmetric space can be obtained by considering that the subgroup
T" is abelian, finite and not necessarily isomorphic to Zy. When T is cyclic isomorphic to Zj
it corresponds to the generalized symmetric spaces of [2, 13, 15]. These structures are also
characterized by Zg-graduations of the complexified Lie algebra gc = g ® C of g. We get
another interesting case when I' = Z& because the characteristic graduation is defined on
g and not on gc. When g is simple the Z2-graduations of g have been classified as well as
the Z3-symmetric spaces G/H when G is simple connected ([1, 12]). All these spaces are
Riemannian (see [16]). But, in this paper, we provide some examples of non Riemannian
symmetric spaces studying symmetric spaces G/H when G is the Heisenberg group Hapt1.
We study also, for k > 1, Z5-symmetric structures on these homogeneous spaces showing,
in particular, that these spaces are Riemannian and affine. But contrary to the symmetric
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case, there exist on these spaces affine connections different from the canonical (or the Levi-
Civita) connection and more adapted to the symmetries of G/H that the canonical one. We
describe these connections and we prove that there exists connections adapted to the Z%
symmetries which are flat and torsion free.

2. Z5-SYMMETRIC SPACES

2.1. Recall on symmetric and Riemannian symmetric spaces. A symmetric space
is a triple (G, H, o) where G is a connected Lie group, H a closed subgroup of G and o an
involutive automorphism of G such that G C H C G where G° = {z € G, o(z) = z},
G? the identity component of G°. If (G, H, o) is a symmetric space, to each point T of the
homogeneous manifold M = G/H corresponds an involutive diffeomorphism oz which has =
as an isolated fixed point. Let g and b be the Lie algebras of G and H. The automorphism
o € Aut(G) induces an involutive automorphism of g, denoted by o again, such that h
consists of all elements of g which are left fixed by 0. We deduce that the Lie algebra g is
Zo-graded: g=hdmwithm={X €g, o(X)=—-X}, [h,m] Cm, [m,m] C hand [h,h] Ch.
If we assume that G is simply connected and H connected, then the Zs-grading g=H & m
defines a symmetric space stucture (G, H, o). Thus, under these hypothesis, it is equivalent
to speak about Zs-grading of Lie algebras or symmetric spaces.

An important class of symmetric spaces consists of Riemannian symmetric spaces. A
Riemannian symmetric space is a Riemannian manifold M whose curvature tensor field
associated with the Levi-Civita connection is parallel. In this case the geodesic symmetry
at a point u € M attached to the Levi-Civita connection is an isometry and, if we fix u,
it defines an involutive automorphism o of the largest group of isometries G of M which
acts transitively on M. We deduce that M is an homogeneous manifold M = G/H and the
triple (G, H, o) is a symmetric space. Let us note that, in this case, H is compact. When
H N Z(G) = {e}, this last condition is equivalent to adg(H) compact. Here Z(G) denotes
the center of G. Conversely, if (G, H, o) is a symmetric space such that the image adgy(H)
of H under the adjoint representation of G is a compact subgroup of GI(g), then g admits
an adg(H)-invariant inner product and h and m are orthogonal with respect to it. This
inner product restricted to m induces an G-invariant Riemannian metric on G/H and G/H
is a Riemannian symmetric space. For example, if H is compact, ady(H) is also compact
and (G, H,o) is a Riemannian symmetric space. Assume now that H is connected, then
ady(H) is compact if and only if the connected Lie group associated with the linear algebra
adyg(h) = {adX, X € b} is compact. In this case, g admits an ady(h)-invariant inner product
o, that is, o([X, Y], Z) + ¢(Y,[X,Z]) =0 for all X € h and Y, Z € g such that p(h, m) = 0.
An interesting particular case is the following. Assume that g is Zs-graded and that this
grading is effective that is ) doesn’t contain non trivial ideal of g. If ady(h) is irreducible
on m, then g is simple, or a sum g; + g1 with g; simple or m abelian. In the first case, the
Killing-Cartan form K of g induces a negative or positive defined bilinear form on m. It
follows a classification of Zy-graded Lie algebras when g is simple or semi-simple.

Many results on the problem of classifications concern more particularly the simple Lie
algebras. For solvable or nilpotent Lie algebras, it is an open problem. A first approach is
to study induced grading on Borel or parabolic subalgebras of simple Lie algebras. In this
work we describe I'-grading of the Heisenberg algebras. Two reasons for this study

e Heisenberg algebras are nilradical of some Borel subalgebras.

e The Riemannian and Lorentzian geometries on the 3-dimensional Heisenberg group
have been studied recently by many authors.

Thus it is interesting to study the Riemannian and Lorentzian symmetries with the natural
symmetries associated with a I'-symmetric structure on the Heisenberg group. In this paper
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we prove that these geometries are entirely determinated by Riemannian and Lorentzian
structures adapted to Z3-symmetric structures.

2.2. I'-symmetric spaces. Let I' be a finite abelian group.

Definition 1. A I'-symmetric space is a triple (G, H, f‘) where G is a connected Lie group, H
a closed subgroup of G and T a finite abelian subgroup of the group Aut(G) of automorphisms
of G isomorphic to T such that G¥ ¢ H € G* where G* = {z € G, o(x) =z Yo €T}, GY
the identity component of GT.

If T is isomorphic to Zs then we find the notion of symmetric spaces again. If I' is isomorphic
to Zy with k > 3, then I" is a cyclic group generated by an automorphism of order k. The
corresponding spaces are called generalized symmetric spaces and have been studied by A.J.
Ledger, M. Obata [15], A. Gray, J. A. Wolf, [9] and O. Kowalski [13]. The general notion of
I-symmetric spaces was introduced by R. Lutz [14] and was algebraically reconsidered by
Y. Bahturin and M. Goze [1].

An equivalent and useful definition is the following:

Definition 2. Let I' be a finite abelian group. A T'-symmetric space is an homogeneous
space G/H such that there exists an injective homomorphism p : T' — Aut(G) where Aut(G)
is the group of automorphisms of the Lie group G, the subgroup H satisfies G C H C G'
where Gt = {z € G/p(y)(x) = z,Vy € T} and GL is the connected identity component of
G' of G.

In [1], one proves that, if G and H are connected, then the triple (G, H, T') is a T-symmetric
space if and only if the complexified Lie algebra gc = g®@r C of g is I'-graded: gc = D, cr 9+
where g. = 0 is the Lie algebra of H with € the unit of I'. In this case, we have the relations
[0+, 8+/] C gyy for all 4,7 €T

In fact, the derivative of an automorphism o of G belonging to I is an automorphism of
g, still denoted o. So if v runs over I, we obtain a subgroup I of the group of automorphisms
of g which is isomorphic to I'. The elements of I are automorphisms of g of finite order,
pairwise commuting and the I'-grading corresponds to the spectral decomposition of gc
associated with the abelian finite group I'. Conversely, if we have a T'- grading of gc, and if
we denote by T the dual group of T', that is, the group of characters, thus I' is a finite abelian
group isomorphic to I'. Any element x € I' can be considered as an automorphism of g¢
by x(X) = x(v)X for any homogeneous vector X € g,. Thus I' is an abelian subgroup of
Aut(gc) isomorphic to I' and the T'-grading of g corresponds to the spectral decomposition
associated with T' considered as an abelian finite subgroup of Aut(gc). Then, if we assume
that G is also simply connected, we have a one-to-one correspondence between the set of
I'-symmetric stuctures and the I'-gradings of g.

In [14], it is shown that for any Z € M = G/H, there exists a subgroup I'; of the
group Diff (M) of diffeomorphisms of M, isomorphic to I', such that Z is the unique point
of M satisfying o(Z) = T for any o € I'z. By extension, the elements of I'; are also called
symmetries of M.

2.3. Zh-symmetric spaces. Assume that I' = Z5. In this case any element of I is an invo-

lutive automorphism of g and the eigenvalues are real. Since the elements of I are pairwise

commuting, we define a spectral decomposition of g itself. This implies a Z5-grading defined

ong: g= @ g, For example, if k = 2, then " = {a,b, ¢, ¢} where ¢ is the identity, with
vel

2= =c=¢ ab=c, bc=a, ca=>. andT contains 4 elements, 04,0, 0. and the

identity Id. These maps are involutive and satisfy o, 00, = 0., 0p00. = 04, 000, = 0p.
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Each one of these linear maps is diagonalizable, and because they are pairwise commuting, we
can diagonalize all these maps simultaneously. Let g, = {X € g,04(X) = X, 04(X) = =X},
g ={X € g,0,(X) = —X,00(X) = X}, gc = {X € 9,00(X) = —X,04(X) = =X} and
ge = {X € g,04.(X) = X,04(X) = X} be the root spaces. We have g = g ® go D gp D ge-

Let us return to the general case I' = Z&. If G is connected and simply connected and H
connected, then the I'-grading of g determine a structure of I'-symmetric space on the triple
(G, H,T'). We will say also that the homogeneous space G/H is a Zk-symmetric space.

Proposition 3. Any Z5-symmetric homogeneous space G/H is reductive.

ezl yEL y#e
we have g = g ® m with [ge, 9] C g and [ge,m] C m. The decomposition g = g. & m is
reductive.

Proof. Infactifg = € g, is the associated decomposition of g, thus puttingm = P g.y,l

In general [m, m] is not a subset of g., except if k = 1.

Two Zk-gradings g = eaveZ’g‘ gy and g = @7,6% g’ of g are called equivalent if there
exist an automorphism 7 of g and an automorphism w of Z§ such that g’y = 7(gu()) for
any v’ € Z&. If we consider only connected and simply connected groups G, and connected
subgroups H, then the classification of Zk-symmetric spaces is equivalent to the classifica-
tion, up to equivalence, to Z5-gradings on Lie algebras. For example, the Z2-grading of
classical simple complex Lie algebras are classified in [1]. This classification is completed for
exceptional simple algebras in [12].

2.4. Riemannian and pseudo-Riemannian Z4§-symmetric spaces. Let (G, H,Z%) be
a Z5-symmetric space with G and H connected. The homogeneous space M = G/H is
reductive. Then there exists a one-to-one correspondence between the G-invariant pseudo-
Riemannian metrics ¢ on M and the non-degenerated symmetric bilinear form B on m
satisfying B([Z, X],Y) + B(X,[Z,Y]) =0 for all X,Y € m and Z € g..

Definition 4. [8] A Z5-symmetric space M = G/H with Adg(H) compact, is called Rie-
mannian Z5-symmetric if M is provided with a G-invariant Riemannian metric g whose
associated bilinear form B satisfies

(1) Blgy,9v) =0 if vy # #FeFy

(2) The restriction of B to m = @8, is positive definite.

In this case the linear automorphisms which belong to I are linear isometries. Some
examples are described in [16].

Proposition 5. Let (G, H,Z5) be a Riemannian Z%-symmetric space, G and H supposed
to be connected. Then H is compact.

Proof. In fact, H coincides with the identity component of the isotropy group which is
compact.

Example: Z5-symmetric nilpotent spaces. Let (G, H,Z5) be a Z5-symmetric space
with G nilpotent. Such a space will be called a Z5-symmetric nilpotent space. If k = 1,
we cannot have on G/H a Riemannian symmetric metric except if G is abelian. But, if
k > 2, there exist Riemannian Z5-symmetric nilpotent spaces. For example, let G be the
3-dimensional Heisenberg Lie group. Its Lie algebra hs admits a basis {X1, X, X3} with
[X1, X2] = X3. We have a Z3-grading of b:

hs = {0} D R{X1} ® R{X>} ® R{X3}



PSEUDO-RIEMANNIAN SYMMETRIES ON HEISENBERG GROUPS

and the metric ¢ = w? + w? + w? defines a structure of Riemannian Z§-symmetric nilpotent
space on H3/{e} = Hs where {w1,w2,ws} is the dual basis of { X7, X5, X3}. We will develop
this calculus in the next sections.

A Lorentzian metric on a n-dimensional differential manifold M is a smooth field of
non-degenerate quadratic forms of signature (n — 1,1). We say that a homogeneous space
(M = G/H, g) provided with a Lorentzian metric g is Lorentzian if the canonical action of
G on M preserves the metric. If M is reductive and if g = g. @ m, the Lorentzian metric is
determinate by the adg.-invariant non-degenerate bilinear form B with signature (n —1,1).

Definition 6. Let (G, H,Z5) be a Z-symmetric space. It is called Lorentzian if there
exists on the homogeneous space M = G/H a Lorentzian metric g such that one of the two
conditions is satisfied:

(1) The homogeneous non trivial components g of the Z.-graded Lie algebra g are
orthogonal and non-degenerate with respect to the induced bilinear form B.

(2) One non trivial component g, is degenerate, the other components are orthogonal
and non-degenerate.

Let us note that, in this case, H is not necessarily compact. Some examples of Lorentzian
Z5-symmetric nilpotent spaces are described in the next sections.

3. AFFINE STRUCTURES ON ZA-SYMMETRIC SPACES

Let (G, H,Z%) be a Z.-symmetric space. Since the homogeneous space G/H is reduc-
tive, from [11], Chapter X, we deduce that M = G/H admits two G-invariant canonical
connections denoted by V and V. The first canonical connection, V, satisfies

R(X,Y) = —ad([X,Y]y), T(X,Y)=—[X,V]m, VX,Y€Em
VT =0
VR =0

where T and R are the torsion and the curvature tensors of V. The tensor T is trivial if and
only if [X,Y]m =0 for all X, Y € m. This means that [X,Y] € b that is [m,m] C b. If the
grading of g is given by Z& with k& > 1, then [m, m] is not a subset of h and then the torsion T’
need not to vanish. In this case the other connection V is given by VxY = VxVY —T(X,Y).
This is an affine invariant torsion free connection on G/H which has the same geodesics as
V. This connection is called the second canonical connection or the torsion-free canonical
connection.

Remark. Actually, there is another way of writing the canonical affine connection of a
I'-symmetric space, without any reference to Lie algebras. This is done by an intrinsic
construction of I'-symmetric spaces proposed by Lutz in [14].

3.1. Associated affine connection. Any symmetric space G/H is an affine symmetric
space, that is, it is provided with an affine connection V whose torsion tensor 7" and curvature
tensor R satisfy
T=0, VR =0
where
VR(Xla Xo, X3, Y) = V(Yv R(Xla Xo, X3)) - R(V(Ya Xl)v Xo, X3)
—R(X1,V(Y, X2), X3) — R(X1, X2, V(Y, X3))
for any vector fields X1, Xa, X3,Y on G/H. It is the only affine connection which is invariant

by the symmetries of G/H. This means that the two canonical connections, which are
defined on an homogeneous reductive space, coincide if the reductive space is symmetric.
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For example, if G/H is a Riemannian symmetric space, this connection V coincides with
the Levi-Civita connection associated with the Riemannian metric.

Let us return to the general case. Let us assume that G/H is a reductive homogeneous
space, and let g = h & m be the reductive decomposition of g. Any connection on G/H is
given by a linear map A : m — gl(m) satisfying A[X,Y] = [A(X), A(Y)] for all X € m and
Y € b, where A is the linear isotropy representation of . The corresponding torsion and
curvature tensors are given by: T(X,Y) = A(X)(Y) - AYV)(X) = [X,Y]w and R(X,Y) =
A, A = ALX. Y] = A(LX, Yy) for any X.Y € m.

Let (G, H,Z%) be a Z5-symmetric space. We have recalled that, when k = 1, the homo-
geneous space G/H is an affine symmetric space. But, as soon as k > 1, in general the two
canonical connections do not coincide and the torsion tensor of the first one is not trivial.
We can consider connections adapted to the Z5-symmetric structures.

Definition 7. Let V be an affine connection on the Z5-symmetric space G/H defined by
the linear map )\ : m — gl(m). Then this connection is called adapted to the Z%-symmetric
structure, if N(Xy)(g) C gy for any v,y € Z&, v, # e. The connection is called
homogeneous if any homogeneous component g of m is invariant by \.

Examples

(1) If k = 1, the affine canonical connection is adapted and homogeneous.

(2) Let us consider the 5-dimensional nilpotent Lie algebra, [5 whose Lie brackets are
given in a basis {X1, -+, X5} by [X1, Xi] = Xiy1,¢ = 2, 3,4. This algebra admits a
Zo-grading [5; = R{X3, X5} ® R{X1, Xo, X4}. Thus A(X1), A(X2), A(X4) are ma-
trices of order 3. If we assume that the torsion T is zero, we obtain

a 0 0 00 0 0 00
AXD=[b 00 |, AX)=[0 e 0 |, AXs)y=[0 0 0
c d ¢ d f ¢ —2 0 0

The linear isotropy representation of H whose Lie algebra is b is given by taking
the differential of the map ls/H — [5/H corresponding to the left multiplication
T — hx with * = zH,. We obtain

00 0
AXs)=[ 0 0 0|, AXs5) =(0).
10 0

We deduce that the curvature is always non zero.
4. THE Z5-sYMMETRIC SPACES (Hj, H,Z%)

We denote by H3 the 3-dimensional Heisenberg group, that is the linear group of dimen-
sion 3 consisting of matrices

1 a c
0 1 b a,b,ceR.
1
Its Lie algebra, b3 is the real Lie algebra whose elements are matrices

0
0 with z,y,z € R.
0

o OoOR
o
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The elements of b3, X7, Xo, X3, corresponding to (x,y,z) = (1,0,0),(0,1,0) and (0,0,1)
form a basis of hz and the Lie brackets are given in this basis by [X1, Xo] = X3, [X1, X35] =
[X2, X5] = 0.

4.1. Description of Aut(hs). Denote by Aut(hs) the group of automorphisms hs. Every
T € Aut(hs) admits in the basis { X1, X2, X3} the following matricial representation:

a1 [6%) 0
(1) a3  O4 0 with A= 104 — a3 75 0.
a5 Qg A

We will denote by 7(a1, ag, as, ag, as, ag) any element of Aut(hs3) in this representation. Let
" be a finite abelian subgroup of Aut(hz). It admits a cyclic decomposition. If " contains
a component of the cyclic decomposition which is isomorphic to Zg, then there exists an
automorphism 7 satisfying 7% = Id. The aim of this section is to determinate the cyclic
decomposition of any finite abelian subgroup T.

e Subgroups of Aut(hs) isomorphic to Z,
Let 7 € Aut(h3) satisfying 72 = Id. If we consider the matricial representation (1) of 7,
we obtain:

oz% + asag a1y + agoy 0 1 0 0
103 + agoy asag + ozi 0 =10 1 0
aras + asag + Aas  asas + agog + Aag A2 0 0 1

Proposition 8. Any involutive automorphism 7 of Aut(hs) is equal to one of the following
automorphisms

-1 0 0 1 0 0
Id, n(as, ) = | 33 Lo, (g, a5) = a3 —1 0 |,
30 e —1 as 0 —1
2
[e%} Qo 0
1—a? 0 -1 0 0
m3(a1, a2 # 0,a6) = Qo ™ , T4(as,a6) =1 0 —1 0
(1 +041)O‘6 as o 1
_ Qg -1

(€5
Corollary 9. Any subgroup of Aut(hs) isomorphic to Zs is one of the following:

['y(as,a6) = {Id, 113, a6)}, [o(as, as) = {Id, 723, a5)},
F3(a13a25a6) = {Ida 7-3(0‘1’@2’&6); Q2 7é O}a F4(CY5,CY6) = {Ida T4(Oé5,0(6)}-

e Subgroups of Aut(hs) isomorphic to Zg, k& > 3. If 7 = 7(a1, 09,03, 04, 5,06) €
Aut(h3) satisfies 7% = Id, then A = ajay — asaz = 1 and its minimal polynomial has 3
simple roots and it is of degree 3. More precisely, it is written

me(x) = (z — 1)(x — p)(x — Tiw)
where py is a root of order k of 1. Since we can assume that 7 is a generator of a cyclic

subgroup of Aut(hs) isomorphic to Zg, the root py is a primitive root of 1. There exists
mim

2
m relatively prime with k such that pp = exp ( > . We have a1 + ay4 = py + o and

2mm

. Thus

2mm 5 2mm
Q1 = Cos T CcoS A —1—asas,

oy + oy = 2cos
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2
7r4’\/(3082 n]zﬂflfagag

g = COS

or

2mm 2mm
a1 = cos . + 4/ cos? ’ —1— asas,

2mm \/ 5 2mm 1
4 = COS — 1/ cos —1— anas.
4 A A 20x3

If 7/ and 7" denote the automorphisms corresponding to these solutions, we have, for a
good choice of the parameters a;, 7/ 07" = Id and 7/ = (7/)*~1. Thus these automorphisms
generate the same subgroup of Aut(hs). Moreover, with same considerations, we can choose
m = 1. Thus we have determinate the automorphism 75 (aa, a3, as, ag) whose matrix is

2 2
cos%—l—\/cosQ%—l—agag Qs 0
2 2
o3 COS%\/COSQ%IlOQOég 0
Qs (675 1

Proposition 10. Any abelian subgroup of Aut(hs) isomorphic to Zy,k > 3, is equal to

k—1 2 27
Lo (a2, a3, a5,a6) = {Id776(0427043;04570‘6>a"' »Te 5 203 < —14cos ?}

General case. Suppose now that the cyclic decomposition of a finite abelian subgroup I"
of Aut(bs) is isomorphic to Zgz X Z§3 X e X Zl;p with k; > 0.

Lemma 11. Let T be an abelian finite subgroup of Aut(bs) with a cyclic decomposition
isomorphic to Z’;Q X ng X +ee X ZI;”. Then

(1) If there is i > 3 such that k; # 0, then ko < 1.

(2) If ko > 2, then T is isomorphic to Z];Z.
Proof. Assume that there is i > 3 such that k; > 1. If k5 > 1, there exist two automorphisms
7 and 7' satisfying 7 = 72 = Id and 7' o7 = 7o 7. Thus 7/ and 7 can be reduced
simultaneously in the diagonal form and admit a common basis of eigenvectors. Since for
any o € Aut(hs) we have o(X3) = AX3, X3 is an eigenvector for 7/ and 7 associated to the
eigenvalue 1 for 7/ and 41 for 7. As the two other eigenvalues of 7/ are complex conjugate
numbers, the corresponding eigenvectors are complex conjugate. This implies that the
eigenvalues of 7 distinguished of A = £1 are equal and from Proposition 8, 7 = 74 (a5, ).
If we assume that ky > 2, there exist 7 and 7/ not equal and belonging to Zk2. Thus we
have 7 = 14 (as, o) and 77 = T (af, af). But ma(as, ag) ora(al, af) = ma(af, ag) ota(as, ag)
if and only if a5 = af, ag = o and 7 = 7", this contradicts the hypothesis. O

From this lemma, we have to determine, in a first step, the subgroups I' of Aut(hs)
isomorphic a (Z2)* with k > 2.
e Any involutive automorphism 7 commuting with 7 (a3, ag) with 7 # 71 (a3, ag) is equal
to T2 (—as, as) or 74(as, —ag) and we have 71 (a3, ag) 0 To(—a3, a5) = 74 (—"‘320‘6 - as, —as)
and [7‘2(—043, as), T4 (—0‘320‘6 — as, —a6)] = 0. Thus

asa
I'7(as, as, 06) = {Id, 71 (a3, o), T2(—as, ), Ta (— 32 S _ s, —046)}

is a subgroup of Aut(h3) isomorphic to ZZ. Moreover it is the only subgroup of Aut(h3) of
type (Z2)¥, k > 2, containing an automorphism of type 71 (a3, ag)-
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e A direct computation shows that any abelian subgroup I' containing 72(as, as) is either
isomorphic to Zs or equal to I';.

o Assume that 73(a1,as,a6) € I'. The automorphisms 73(—a1, —ag, o) and T4(as, af)
commute with 73(ay, a3, ag). Since

ag(l—oa1) — as(l + aq) ,>
, —Qg — Qg

73(041,0427046)OTB(*Oél,*Oéz,O/g):T4 < P

we obtain the following subgroup, denoted I's(ay, az, ag, ag):

ag(l—a1) — ag(l + aq) o
Qs ) 6 6

{Id, m3(0n, a2, ag), T3(—ar, —az, ag), Ta <

which is isomorphic to Z2.
e We suppose that 74(as, ag) € T'. If T' is not isomorphic to Zs, then I' is one of the groups
I, Ts.

Theorem 12. Any finite abelian subgroup T' of Aut(b3) isomorphic to (Z)* is one of the
following

(1) k= 17 I'= Fl(a3aa6)a FQ(CY3,0(5), F3(a15a25a6)a Q2 7& 0? F4(CY5,0(6),
(2) k=2, =T7(as,as,06), I's(a1,az,as,ag).

Assume now that I is isomorphic to Z§3 with k3 > 2. If 7 € I's, its matricial representa-

tion is
—1- vV -3 - 40420(3
5 9 0
-1+ v—-3 —4dasas

To%
2

Qs e73

—1- vV -3 - 4(120(3

To simplify, we put A = The eigenvalues of 7 are 1,4,52 and the

_2
corresponding eigenvectors X3, V, V with

V<1,)\j a5 +046(>‘j)>

3

az 1) az(l—j)
if g # 0. If 7/ is an automorphism of order 3 commuting with 7, then 7'V = jV or j2V.
But the two first components of 7/(V') are A’ — &(A —7), B3 — /\,(a’\—;” where 8; and )\ are
e

the corresponding coefficients of the matrix of 7/. This implies ag\ — B2(A — j) = agj or
aj2. Considering the real and complex parts of this equation, we obtain

{ s\ — faX =0,

P2j = azj or  agj’
As a9 # 0, we obtain ag = B3 and A = X. Let us compare the second component of 7/(V).
We obtain fzaz — N (A —j) = —(A —j)j or —(A—7)j7%. As A = X, we have in the first case
2)\j = j2 and in the second case 2\j = j2 = 1. In any case, this is impossible. Thus as = 0
and, from Section 2.2, 7 = Id. This implies that k3 =1 or 0.

Theorem 13. Let T' be a finite abelian subgroup of Aut(hs). Thus T is isomorphic to one
of the following group

(1) ZQXZQ,
(2) Zh> x 78 s - X TR with ki =0 or 1 fori=2,--- p.
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To prove the second part, we show as in the case i = 3 that k; = 1 as soon as k; # 0.

Remark. We have determined the finite abelian subgroups of Aut(hs). There are non-
abelian finite subgroups with elements of order at most 3. Take for example the subgroup
generated by

1 0 0 —é a 0
cr=(0 1 0 |, o2 = | -2 —% 0 a # 0.
0 0 -1 0 0 1
The relations on the generators are 0‘% = Id, Ug = Id, o10907 = a%. Thus the group

generated by o1 and o9 is isomorphic to the symmetric group X3 of degree 3.

4.2. Description of the Z; and Z3-gradings of h3. Let I' be a finite abelian subgroup
of Aut(h3) isomorphic to Z§ (k=1 or 2).

o If ' = Z,, we have obtained I' = I';, i = 1,2,3,4. Up to equivalence of gradings, the
Zo-grading of b3 are:

bs = R{X2} P R{X1, X3} and bs=R{X;} PR{X2, X5}.

eIf I =72 then I = I’y or I' = Ts.
Lemma 14. There is an automorphism o € Aut(hs) such that o~ 'T'7o = T's.

The proof is a simple computation. There also exists o € Aut(hs) such that

0—717_1 (043, QS)U =T (07 0)5
oy (—az, as5)0 = 7(0,0).

We deduce:

Proposition 15. Every Z2-grading on b3 is equivalent to the grading defined by I'7(0,0,0) =
{Ida 1 (05 0)7 7_2(07 0)5 7—4(05 0)}

This grading corresponds to hz = {0} @ R{X1} @ R{X2} @ R{X;}.

4.3. Non existence of Riemannian symmetric structures on Hs/H. Consider the
symmetric space Hsz/H; associated with the grading

b3 = R{Xo} @R{Xl, X3}

Let {w1, w2, w3} be the dual basis of {X7, X2, X3}. Any pseudo-Riemannian metric on the
symmetric space Hs/H; where H; is a one-dimensional connected Lie group whose Lie
algebra go = R{X>} is given by a non-degenerate adgo-invariant bilinear form B = aw? +
bwl A ws + ng on g1 = R{Xl,Xg}. This implies B([XQ,Xl],Xg) = 7B(X3,X3) =—c=0.
But we have also B([X2, X1], X1) + B(X1,[X2, X1]) = —2B(X3, X1) = —2b = 0. We deduce

Proposition 16. The nilpotent symmetric space Hz/H associated to the grading hz =
R{X>} PR{X1, X3} doesn’t admit any pseudo-Riemannian symmetric metric.

Consider now the symmetric space Hs/Hs associated with the grading
hs = R{X3} PR{X1,X2}. Then H is the Lie subgroup whose Lie algebra is R{X3} and
the bilinear form B = aw? + bwi A wa + cw3 on g1 = R{X1, X5} is adX3-invariant because
adX3 = 0. But Adg is an homomorphism of G onto the group of inner automorphisms
of g with kernel the center of G, we deduce that Adg(H) is compact in this case and any
non-degenerate bilinear form B on g; defines a Riemannian or a Lorentzian structure on the
symmetric space Hs/Ho.
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Proposition 17. The nilpotent symmetric space Hs/Hy associated to the grading hs =
R{X3} PR{X1, X2} admits a structure of Riemannian symmetric space. It admits also a
structure of Lorentzian symmetric space.

4.4. Riemannian Z3-symmetric structures on Hjs. Consider on H3 a Z2-symmetric
structure. It is determined, up to equivalence, by the Z2-grading of b3

hs = {0} D R{X1} D R{XQ} D R{Xs}.

Since every automorphism of b3 is an isometry of any invariant Riemannian metric on Hsg,
we deduce

Theorem 18. Any Riemannian Z3-symmetric structure on Hs is isometric to the Rie-
mannian structure associated with the grading hs = {0} & R{X1} & R{X2} & R{X3} and
the Riemannian Z3-symmetric metric is written g = wi + w3 + Nw? with A # 0, where
{wi,wa, w3} is the dual basis of {X1, X2, X3}.

Proof. Indeed, since the components of the grading are orthogonal, the Riemannian metric
g, which coincides with the form B satisfies g = alw% + agwg + a3w§ with a3 > 0, ag > 0,
asg > 0.

According to [6], we reduce the coefficients to oy = ag = 1. O

Remark. According to [7] and [10], this metric is naturally reductive for any A.

Corollary 19. A Riemannian tensor g on Hs determines a Riemannian Z3-symmetric
structure over Hg if and only if it is a left-invariant metric on Hs.

This is a consequence of the previous theorem and of the classification of left-invariant
metrics on Heisenberg groups ([6]).

4.5. Lorentzian Z3-symmetric structures on Hs. We say that an homogeneous space
(M = G/H,g) is Lorentzian if the canonical action of G on M preserves a Lorentzian metric
(i.e. a smooth field of non-degenerate quadratic forms of signature (n —1,1)) (see [3]).

Proposition 20 ([5]). Modulo an automorphism and a multiplicative constant, there exists
on Hs one left-invariant metric assigning a strictly positive length on the center of hs.

The Lie algebra hs is generated by the central vector X3 and X; and Xs such that
[X1, X2] = X5. The automorphisms of the Lie algebra preserve the center and then send
the element X3 on AX3, with A € R*. Such an automorphism acts on the plane generated
by X7 and X5 as an automorphism of determinant .

It is shown in [17] and [18] that, modulo an automorphism of b3, there are three classes
of invariant Lorentzian metrics on Hs, corresponding to the cases where || X3]| is negative,
positive or zero.
We propose to look at the Lorentzian metrics that are associated with the Z2Z-symmetric
structures over Hs. If g is the Heisenberg algebra equipped with a Z2-grading, then by
automorphism, we can reduce to the case where I' = I';. In this case, the grading of b3 is
given by:

b3 =go+ g+ +0-++9—
with go = {0}, and

o Q Q
E+f:R{X2*?6X3}7 9—+:R{X1*73X2+?5X3}, g-- =R{X;}.
Assume Y] = X; — G Xo + F X3, Yo = Xp — G2 X3, Y3 = X3. The dual basis is

191:W1 192:w2+%w1 193:&)37%6027 (CY34066 +%)w1

11
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where {w1,ws,ws} is the dual basis of the base { X1, X, X3}.

Case I The components g4, g—, g—— are non-degenerate. The quadratic form induced
on h3 therefore writes

« 2 « « Q3o 2
gz)\1wf+)\2(w2+—3w1) +)\3(w3——6w2—(—5+ 2 6)w1)

2 2 2 4
with A1, A2, A3 # 0. The change of basis associated with the matrix
1 0
as % azQg 104 3 0
el

is an automorphism. Thus g is isometric to g = Alw% + )\gwg + )\3w§. Since the signature is
(2,1) one of the )\; is negative and the two others positive.

Proposition 21. Every Lorentzian Z3-symmetric metric g on Hs such that the components
of the grading of b are non-degenerate, is reduced to one of these two forms: g = —w? +
w3 4+ Nw? or g = w? +wi — Nwi

Case I1 Suppose that a component is degenerate. When this component is R{X>+%* X3}
or R{X; — § Xy + %> X3} then, by automorphism, it reduces to the above case.
Suppose then that the component containing the center is degenerate.
Thus the quadratic form induced on b3 is written

2 (6753 20é5 + azag 2 (675 20&5 “+ azog
g=wj + (W3 — Jwy— ————wi| — |W2—w3t+ Wyt ——F——w
2 4 2 4
The change of basis associated with the matrix

1 0

5 1 0

_as ~ azas o6
2 4 2

is given by an automorphism. Thus g is isomorphic to g = w? + w? — (wa — w3)?.

Proposition 22. Every Lorentzian Z3-symmetric metric g on Hz such that the component
of the grading of b3 containing the center is degenerate, is reduced to the form g = w? +
w3 — (we — ws)?.

Corollary 23. A Lorentzian tensor g on Hjs determines a Lorentzian Z3-symmetric struc-
ture over Hs if and only if it is a left-invariant Lorentzian metric on Hs.

The classification, up to isometry, of left-invariant Lorentzian metrics on Hj is described
in [4] and in [18]. It corresponds to the previous classification of Lorentzian Z3-symmetric
metrics.

5. ZK-SYMMETRIC SPACES BASED ON Hopt1

5.1. Z5-gradings of b, 1. Let o be an involutive automorphism of the (2p+1)-dimensional
Heisenberg algebra hop11. Let {X1, -, Xopt1} be abasis of hap11 whose structure constants
are given by
(X1, Xo] =+ = [Xop—1, Xop] = Xopy1.

Since the center R{Xs,41} is invariant by o, it is contained in an homogeneous component
of the grading hap+1 = go @ g1 associated with 0. But for any X € hapr1, X # 0, there
exists Y # 0 such that [X,Y] = aXopq1 with a # 0. We deduce that any Zs-grading is
equivalent to one of the following:
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(1) If X2p+1 € go, then
® hopp1 = R{Xpp11} OR{Xy, X, -+, X}
o hopr1 =R{X1, X0, X3, , Xok, Xopt1} & R{Xop+1, Xogyo, -+, Xop}
(2) If Xopy1 € g1, then
o hopr1 =R{X1, X3, -+, Xop_1} DR{ X2, X4, -+, Xop, Xopt1}
o hopr1 =R{Xo, Xy, -+, Xop} R{X 1, X3, -+, Xop_1, Xopt1 }
Let hopt1 = eaveZ’g g, be a Z5-grading of the Heisenberg algebra. The support of this
grading is the subset {y € Z, g, # 0}. We will say that this grading is irreducible if the
subgroup of Z% generated by its support is the full group Z5.

Lemma 24. If hop i1 admits an irreducible Zk-grading, then k=1 or k = 2.

In fact, this is a consequence of the previous classification of the Z,-gradings of hopi1.
We deduce also that any Z3-grading is equivalent to

hopr1 = {0} B R{Xops1} ®R{X1, X3, -+, Xop_1} OR{ X, Xy, -+, Xop}.

5.2. Pseudo-Riemannian symmetric spaces Hy,1/H. We consider the symmetric spa-
ces Hypy1/H corresponding to the previous symmetric decomposition of hapy1, where H is
a connected Lie subgroup of Hy,11 whose Lie algebra is gg.

o With the Zo-grading hapt1 = R{Xgp+1} ® R{X1, X2, -, Xo,}. Since ad(Xapt+1) is zero
any non-degenerate bilinear form on g; defines a symmetric pseudo-Riemannian metric on
Hoyp+1/H where H is a connected one-dimensional Lie Group.

e Consider the Zo-grading

hopt1 = R{X1, X0, X3, -+, Xok, Xopt1} O R{Xopt1, Xogt2, -+, Xop}

In this case, H is a Lie subgroup isomorphic to Ha41. Since we have [gg, g1] = 0, any non-
degenerate bilinear form on g; defines a symmetric pseudo-Riemannian metric on Hapq 1 /Hog41 I
e We consider the Zs-gradings

Bopr1 = R{X1, X3, -+, Xop_1} DR{ X9, Xu, -+, Xop, Xopt1}
or hopr1 =R{Xo, X4, -+, Xop} R{X1, X3, -+, Xop_1, Xopt1}-

In this case, any bilinear form on g; which is ad(go)-invariant is degenerate. In fact, if B is
such a form, we have

B([Xakt1, Xokto], X1) = B(Xopt1, Xopt1) =0
and for any k=0,--- ,p—land s# k+1
B([Xok+1, Xokt2], Xos) = B(Xopy1, Xos) =0,
and Xy, is in the kernel of B. We have the same proof for the second grading.

Proposition 25. The symmetric spaces Hap11/H corresponding to the Za-grading of hapy1:

o hop1 = R{X1, X3, -+, Xop 1} OR{ X2, Xy, -+, Xop, Xopy1}
o h2p+1 = R{XQ; X4a U aXQp} @ R{Xla X?n T 5X2p—1; X2p+1}

are not pseudo-Riemannian symmetric spaces.

5.3. Riemannian Z3-symmetric spaces Ha,1/H. Let us consider the Z3-grading of the
Heisenberg algebra

hopt1 = {0} D R{Xop11} ®R{X1, X3, -, Xop_ 1} B R{Xo, Xy, -+, Xop}.

Since go = {0}, then H is reduced to the identity and the Z3-symmetric space Ha,11/H is
isomorphic to Hy,11. The reductive decomposition hap11 = go @ m is reduced to m. Since
go = {0}, any bilinear definite positive form on m for which the homogeneous components
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R{Xopt1}, R{X1, X3, -, Xop—1} and R{X;, Xy4,--- , Xop} are pairwise orthogonal defines
a Riemannian Z3-symmetric structure on Hap 1.

The Levi-Civita connection associated with this Riemannian metric is an affine connec-
tion. In case of Riemannian symmetric space, the Levi-Civita connection associated with the
Riemannian symmetric metric is torsion-free and the curvature tensor R satisfies VR = 0,
where V is the covariant derivative of this connection, and correspond to the canonical
connection defined in [11] which defines the natural affine structure on a symmetric space.
This is not the case for Riemannian Z3-symmetric spaces. In the next section, we define a
class of affine connections adapted to the Z2-symmetric structures, and we prove, in case of
the Riemannian Z3-symmetric space Ha,.1/H, that there exist adapted connections with
torsion and curvature-free.

5.4. Adapted affine connections on the Z3-symmetric spaces Hsp1/H. Let G/H
be a Z5-symmetric space. Since G/H is a reductive homogeneous space, that is g admits a
decomposition g = go + m with [go, o] C go and [go, m] C m, any connection is given by a
linear map

/\ :m — gl(m)
satisfying
A Y] = A

for all X € m and Y € gy, where A is the linear isotropy representation of gy. The corre-
sponding torsion and curvature tensors are given by:

T(X,Y) = AX)(Y) = AY)X) = [X, V]
and  R(X,Y) = [ A(X), AO)| = AIX.¥] = A(X. V]q,)
for any X, Y € m.

Definition 26. Consider the affine connection on the Z5-symmetric space G/H defined by
the linear map

/\ :m — gl(m).

Then this connection is called adapted to the Z%-symmetric structure, if any

/\(Xv)(gv’) C Gyyr

for any v,y € 7, v,v # 0. The connection is called homogeneous if any homogeneous
component g~ of m is invariant by \.

Now we consider the case where G/H = Hap41/H is the Z3-symmetric space defined by
the grading
hopt1 = {0} B R{Xop11} ®R{X1, X3, -, Xop 1} O R{ X2, Xy, -+, X}

We have seen that H is reduced to the identity and Hs,q1/H is isomorphic to Hapiq.
Consider an adapted connection and let A be the associated linear map. Since the connection
is adapted to the Z3-symmetric structure, ) satisfies:

/\(X2k+1)(X2l+1):/\(XQS)(XQt):O; I{/’,l:O, ap_la Satzla"' » D,y
/\(X2k+1)(X25):C§k+1X2p+la 5:15 y P, k:()a 7p717
/\(XQS)(XQIC+1):C]35X2;D+15 5:15 » P, k:()a 7p717
AN Xaky1)(Xopr1) = 2o a5y Xos, k=0,---,p—1,

/\(X2S)(X2p+1) - ZZ];:O G/IQCSXQk-i-la s = 1) Y 2
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Theorem 27. Any adapted connection V on the Z3-symmetric space Hopi1/H = Hopiq
satisfies T'=0 and R = 0 where T and R are respectively the torsion and the curvature of
V if and only if the corresponding linear map )\ satisfies

A (Xop11)(Xas) = CFFH Xop i1, s=1,---,p, k=0, - ,p—1,
A(Xak+1)(X;) =0, k=0,---,p—1, i¢{2,-,2p},
N(Xos)(Xopg1) = C2FH Xy 00, s=1,--,p, k=0,--- ,p—1k#s—1,
/\(X2s)(X257 ) = (C2H — 1) Xypy1, s=1,---,p,

A(X24)(Xi) = 0, s=1,---,p, i¢{l,-- ,2p—1}.

In fact, we determine in a first step, all the connection adapted to the Z3-symmetric
structure and which are torsion-free. In this case, /\ satisfies

ACEE) = AV)E) ~ [X,Y] =0, for any X, Y € hoy1.
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