The editorial version of the paper can be found at IEEE Trans. on Industrial Electronics, ISSN 0278-0046, vol.62, n.8,
pp. 5236-5246, DOI:10.1109/TIE.2015.2412520.

© 2015 IEEE. Personal use of this material is permitted. Permission from IEEE must be obtained for all other uses, in any current
or future media, including reprinting/republishing this material for advertising or promotional purposes, creating new collective
works, for resale or redistribution to servers or lists, or reuse of any copyrighted component of this work in other works.

IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. XX, NO. XX, 2014 1

Observer based Air Excess Ratio Control of a PEM
fuel cell system via high order sliding mode

Alessandro Pilloni, Alessandro Pisano, Member, IEEE, and Elio Usai, Member, IEEE

Abstract—This paper deals with a high-order sliding-mode
approach to the observer-based output feedback control of a PEM
fuel cell system comprising a compressor, a supply manifold,
the fuel-cell stack and the return manifold. The treatment is
based on a lumped parameter nonlinear modeling of the PEM
fuel cell system under study. The suggested scheme assumes
the availability for measurements of readily accessible quantities
such as the compressor angular velocity, the load current, and
the supply and return manifold pressures. The control task is
formulated in terms of regulating the oxygen excess ratio (which
is estimated by a nonlinear, finite-time converging, high order
sliding mode observer) to a suitable set-point value by using,
as adjustable input variable, the compressor supply voltage.
The proposed observer embeds an original synergic combination
between second and third order sliding mode algorithms. The
controller also uses a second order sliding mode algorithm
complemented by a novel tuning procedure, supported by local
linearization and frequency-domain arguments, which allows
the designer to enforce a practical sliding mode regime with
some pre-specified and user-defined characteristics. Thoroughly
discussed simulations results certify the satisfactory performance
of the proposed approach.

Index Terms—Fuel cell, observer-based output feedback, oxy-
gen starvation, sliding mode control.

I. INTRODUCTION

Nowadays, Fuel Cells (FCs) technology is considered as a
suitable option for efficient and environmentally sustainable
energy conversion in many applications. However, high cost,
low reliability and short lifetime of FCs are still limiting
their massive utilization in real applications. Advanced control
systems can be useful to achieve faster dynamic response,
longer lifetime and higher efficiency of FC-based energy
conversion [1], [2]. While controlling a PEM FC, one of the
main problems is to estimate the oxygen excess ratio since
its accurate regulation can increase the efficiency significantly
[3], [4]. Unfortunately, it depends on the oxygen partial flow
at the cathode W), ;,, which is an internal unavailable variable
of the FC.
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In [5], [6], [7], [8], oxygen excess ratio regulation is indi-
rectly achieved by controlling the air mass flow W, delivered
by the compressor. Indeed, it allows to control Wy, ;, indirectly
(and, therefore, the oxygen excess ratio) once the supply
manifold transient expires. The quantity W, was supposed
to be available for measurement in the above works, where
no state observers were used. The more recent works [5], [6],
[7] exploit different high-order sliding mode (HOSM) based
solutions for controlling the breathing FC system whereas in
[8] a novel MPC-based approach to the problem is discussed.

The use of Kalman filters for the linearized model of the
FC dynamics, and the adoption of integral feedback control,
were suggested in [9], [10] to improve the management of
the oxygen excess ratio during the transients following abrupt
changes of the load current. Other types of observers such as
Luenberger and adaptive ones have been also considered to
estimate the state of a PEM FC [11], [12], all of them based
on linearized models and therefore being quite sensitive to
perturbations and modeling errors.

Sliding mode observers (SMO) do not need the process
model to be linear, and are robust with respect to matched
modeling errors and uncertainties as well. Furthermore, they
can be implemented to estimate both the state variables and
system parameters in order to achieve output feedback control
and/or fault detection. An important parameter useful to know
in order to avoid faulty behaviors in the FC is the water
content, and in [13] it was proposed to replace the humidity
sensor by a properly designed first order SMO. In [14],
the proportionality constant of the inlet manifold orifice is
estimated by means of a SMO and this estimated parameter
is used to calculate the air mass flow-rate which is useful for
control purposes.

In [15], a SMO is designed to estimate the cathode and
anode pressures, while the other states (i.e., supply manifold
pressure, oxygen pressure, hydrogen pressure, return manifold
pressure) are estimated by a nonlinear observer. In order to
implement the controller, filtering of the estimated states is
needed, then finite time convergence is lost and, consequently,
the lack of a separation principle must be taken into account.

Unlike other observer design approaches for nonlinear sys-
tems based on differentiation and coordinate transformation
[16] or algebraic observability [17], the HOSM observer ap-
proach in [18] does not require any coordinate transformation.
This approach has been extended to Multi-Output systems in
[19], while some structural conditions for designing strong-
observers for square and rectangular MIMO linear systems
are presented in [20] and [21] respectively.

Taking advantage of the observability Brunovsky normal
form, the approach in [18] has been generalized and applied



IEEE TRANSACTIONS ON INDUSTRIAL ELECTRONICS, VOL. XX, NO. XX, 2014

in [22] to design a discontinuous observer for a FC. In [18],
that still resorts to the use of SM differentiators, a 6-th order
model of the PEM FC system in which the compressor angular
speed and the supply and return manifold pressures are the
measured outputs, the load current is a measured disturbance,
and the compressor motor voltage is the adjustable input,
was considered. In the present paper, the need of sliding
differentiators and peak detectors as in [22] is dispensed
with, and the output injection signals of the MIMO nonlinear
observer are designed by resorting to novel finite-time observer
concepts [23], [24] which allow for the finite-time estimation
of the FC states.

Taking into account that a kind of separation principle can
be stated in the output-feedback control of nonlinear systems
by using finite-time observers [25], in this paper we design
the controller as an observer-based robust nonlinear controller
where the considered output variable, i.c., the oxygen excess
ratio, is not directly measured but evaluated using the observed
internal states of the FC. The relative degree between the
oxygen excess ratio and the compressor voltage is two, but
since the compressor can be considered as a fast actuator
with a negligible dynamics, as compared to the typical time
constants of the PEM FC internal variables, a super-twisting
(STW) SM controller [26] can be implemented as a nonlinear
PI-like control algorithm. It is worth noting that the assumed
parasitic dynamics may also include other factors such as, e.g.,
sensor dynamics, which enhance the importance of this ap-
proximation. The use of the STW controller for FC regulation
was proposed in [27] where a pre-filter [28], [29] was used to
attenuate the chattering induced by the compressor parasitic
dynamics. In this paper we follow a different route and a
quite simple tuning procedure (see [30]) is used to tune the
STW controller gains in such a way that user’s specifications
on the amplitude and frequency of the steady state chattering
oscillations are fulfilled.

The paper is organized as follows: in Section II the con-
sidered PEM FC non-linear model is introduced. In Section
III the control objectives and the proposed control algorithm
and tuning, are outlined. Section IV presents a novel HOSM-
based observer for PEM FC, and its finite-time convergence
properties are discussed. Section V presents the simulative
validation of the proposed observer-based control architecture,
including implementation issues such as model uncertainties,
noisy measurements, and varying current demand. Finally Sec-
tion VI provides concluding remarks and suggested directions
for further related investigations.

II. OPERATIVE ASSUMPTIONS AND MODEL DESCRIPTION

A PEM FC is a complex system consisting of four main
subsystems: the hydrogen subsystem that feeds the anode (an)
with hydrogen (H>), the air-supply subsystem (or breathing
system) that feeds the cathode (ca) by air (mixture of oxygen
(0Oy) and nitrogen (N,)), the humidifier and the cooler that
maintain acceptable humidity degree and temperature of the
FC.

For control purposes, the most complete model available
in the literature has been derived by J. Pukrushpan et al.

TABLE 1
VARIABLE OF THE NONLINEAR PEM FC MODEL

Model variable Symbol Unit
Compressor motor speed X| = Wcp [rad/s]
Supply manifold pressure X2 = Psm [Pa]
Air mass in the supply manifold X3 = Mgy [ke]
Oxygen mass in cathode side X4 =mo, [kg]
Nitrogen mass in cathode side X5 = my, [ke]
Return manifold pressure X6 = Drm [Pa]
Compressor motor voltage supply — u [V]
Stack current Iy [A]

in [31]. The Pukrushpan’s model is a ninth-order nonlinear
model which, as commonly done, assumes the humidity degree
and temperature of the inlet reactant flow to be perfectly
controlled and almost constant with respect to the remaining
FC variables.

In addition, since the hydrogen subsystem is controlled by a
fast electrical valve, while the breathing subsystem by a slower
mechanical device, a compressor (cp) driven by a variable
speed DC motor, different time-scale decomposition might be
considered [1]. Indeed, the pressure in the anode can quickly
follow the changes of the cathode pressure and, therefore, the
hydrogen subsystem dynamics can be neglected by assuming
the anode pressure to be constant [4].

This assumption, along with the fair hypothesis to consider
the electrical dynamic of the DC motor faster than the com-
pressor dynamics, brings to a simplified sixth-order version of
the Pukrushpan’s model focused on the breathing subsystem
[4]. Since the original Pukrushpan’s model employs certain
lookup tables and piece-wise continuous (but not differen-
tiable) functions, they are replaced by appropriate smooth
polynomial functions, as discussed and validated in [4], [32],
[33], to meet the SM model smoothness requirements. As
a result, the MIMO dynamical PEM FC model used in the
present work is given by:

w(t) =f(x)+g-u(t)+s- Iu(t) )
y(t) =h(x) =0 w0 x%0)]" )
where x = [x;] € RS, with i =1,...,6, is the vector of the

state variables (defined in Table II), # € R is the compressor
motor control voltage, and /i € R is the stack current which
is regarded as a measurable disturbance. The state-to-output
relation is denoted as h = [A;] € R® — R3, where as commonly
assumed, only the motor speed /#; = x;, and the pressures at the
compressor supply and return manifolds, 7, =x; and h3 = x3,
are supposed to be available for measurement [4]. The vector
fields f e R® - R%, g e R® —» R, and s € R® — R are defined
as follows:

Si(x1,x2) JC%I:,’W 0
Ja(x1,x2,x3,x4,x5) 0 8
_ | AGx2,xaxs) _ 0
f(.’l)) | fa(xa,xaxs,x6) 9= 0 §= MZ# &)
S5(x2,%4,%5,%6) 0
Jo(x4,x5,x6) 0 0

The reader is referred to the Appendix section for a com-
plete description of the PEM FC model (1)-(3).
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III. PROBLEM STATEMENT AND CONTROLLER DESIGN

A. Control Objective

The air supply management of a FC system is usually
focused on maximizing the net power generated under dif-
ferent load conditions. This objective can be achieved by
regulating the oxygen mass flow entering the stack cathode,
or, equivalently, by regulating to an optimal set-point value
the oxygen excess ratio (or stoichiometry)

)LO _ WOz,in(x27x47x5) _ WOz,in (h27x47-x5)
’ W02 Jreact (Ist) WOZ Jreact ([St)
where Wp, ;, is the oxygen partial flow in the cathode, defined

in Appendix VII-B, whereas Wo, ,eqcr, directly related to the
total stack current, is the oxygen flow consumed in the reaction

4)

nl, St

WOZ,react = MOZ Eu (5)

in which Mp, is the oxygen molar mass, 7 is the total number
of stack’s cells, and F is the Faraday constant. As discussed
in [7], the optimal value Ap,,, can be experimentally de-
termined from a thorough analysis of the open-loop system
under various operating conditions. Experience shows that
ﬂ,oz,(,pt undergoes minor deviations in the different operating
conditions, thus a constant set point can be considered [4].

Main advantages of constraining A0, to an optimal value are
the consistent enhancement of the FC efficiency with respect
to the current demand [34] as well as the prevention of critical
failures. In fact, if the starvation condition Ap, < 1 persists for
a long time, the PEM FC can be irreversibly damaged.

Unfortunately, as shown in (4), the oxygen partial flow in
the cathode, depends on internal variables x4 and x5 which are
unavailable for measurements. This problem is often circum-
vent by inferring information from the accessible air mass flow
Wep (x1,x2) delivered by compressor. Indeed once the manifold
transients are expired, the relation between W, and Wy, ;, can
be identified up to a sufficient degree of accuracy (see [5] for
details).

An alternative solution for reconstructing Ap, could be to
measure the oxygen flow at the inlet. However, oxygen flow
sensors have slow response time (1 < 2sec), short life, and
low accuracy (1 <+ 10%) [35] which makes such an approach
unsuitable. Recently, other techniques are introduced, such as
measuring the inlet oxygen through volumetric relations, or by
differential pressure methods, e.g. Coriolis sensors. Anyway,
all these solutions are neither cheap nor able to provide
satisfactory level of accuracy.

Those restrictions lead us to investigate more effective
solutions to reconstruct the stoichiometry Ap,. Here, a nonlin-
ear finite-time converging observer will be presented, which
provides the condition

e(t)y=2(t)—z(t)=0 Vt>T, TeR" (6)

for some finite 7 > 0, thus achieving the exact stoichiometry
reconstruction according to the formula

_ WOz,in (h27)247)25)

)LOZ B WOZ Jreact (d) (7)

It is worth noticing that the observer converges in finite-
time, then the observer/controller separation principle can be
casily stated [25] and the controller using the estimated sto-
ichiometry (7) can be designed separately from the observer.
We denote the corresponding regulation error variable as

6(1) = iOZ (t) - AOz,z)pt 3

which will be steered to a vicinity of zero by a suitable SM
controller whose design is outlined in the next subsection.

B. Super-Twisting Controller Design

The error variable (8) is going to be considered as the sliding
variable for a second-order SM (SOSM) based control loop
aimed at steering such variable to a proper vicinity of zero. In
the sequel, the STW SOSM algorithm [26], whose structure
is

u(t) =uy (t) + ua(¢)
ui(t) =—p1 - |67 -sign(6)
(1) = — s - sign (6),

will be considered for controlling the FC oxygen excess ratio.
The STW has became popular in the control community
because, whenever applied to a sliding variable dynamics
(possibly nonlinear and uncertain) having relative degree one
and affine dependence on the control, it ensures disturbance
rejection and finite-time convergence by means of a chattering-
free continuous control action [26].

As it can be easily derived, the relative degree of the sliding
variable (8) with respect to the DC motor voltage u(¢) is two.

Following [36], it can be noticed that the relative degree
of & with respect to the compressor speed x; is equal to
one, and this can be named “principal dynamics”, while the
additional compressor dynamics relating x; and « has relative
degree one and it can be considered as a “parasitic” dynamics.
Although the STW algorithm guarantees the finite-time exact
convergence for the rather limited class of sliding variable
dynamics having relative degree one, its practical stability
has been recently proven for a wider class of arbitrary relative
degree systems admitting a certain decomposition [37], namely
a relative degree one nonlinear sliding variable dynamics
coupled to a sufficiently fast, possibly nonlinear, parasitic
dynamics, which fits the scenario under consideration.

The STW applied to dynamics having relative degree greater
than one cannot provide the attainment of an ideal sliding
regime, whereas it can guarantee a permanent, self-sustained,
oscillatory motion within a boundary layer of the sliding
manifold. Performance analysis of the STW algorithm in
presence of parasitic dynamics is currently an active research
topic [28], [30], [38], [39].

A detailed frequency based analysis of the closed loop sys-
tem composed of a linear, arbitrary relative degree, dynamics
with the STW controller was made in [36], [39], where the
describing function (DF) method was developed to analytically
derive approximate values for the frequency and amplitude
of the resulting self-sustained oscillation as a function of the
controller parameters and plant frequency response. In [30]

©)
12(0) = 0
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a step further was made and a method for computing the
STW controller parameters assigning pre-specified frequency
and amplitude of the resulting self-sustained oscillation was
developed. Interestingly, the method outlined in [30] only
require the knowledge of the frequency response magnitude
and phase at the desired frequency of self-sustained oscillation,
which can be easily inspected experimentally by a simple
harmonic test and, therefore, it does not require the complete
knowledge of the plant transfer function.

In this work we aim to implement such a “constructive”
DF based tuning procedure for (9), and to this end we rely
on a linearized model between the estimated stoichiometry (7)
(understood as the output) and the motor voltage (understood
as input) around the desired FC operating point. We thus
consider such a linearized model in the form
. Ao, (jo)
w(jo) )
and we aim to find a proper STW algorithm tuning such
that the self-sustained steady oscillation will have a pre-
specified frequency @ and amplitude @,. The procedure will
successfully work if the next constraint on @ is in force

(10)

0 <0< an
arg{(W(joy)} =n/2 , arg{W(jm)}=nm (12)

The corresponding formulas for the STW parameters were
derived in [30] as follows

1
i~ W]A 5 ;
A (@) = ’%@.tan{arg{W(ja)}} y
A (o) = V(1 oS A (@) + (0041 (0))? (14)

W (o)l (oy+i3A1 (@)?)

with x; = 0.8986 x» = 1.0282 x3 = 1.3091. It is worth noting
that the above formulas depend on two unknown quantities,
namely the magnitude and phase of the linearized transfer
function at the desired frequency of oscillation (10).

To evaluate the parameters |W(j®)| and arg{W (jo)}, a
simple procedure to build an harmonic test is devised. At first,
by means of iterative simulation runs, the constant control
value u = Uj is searched in such a way that the corresponding
steady state value of the oxygen excess ratio coincides with
the set point loz,opz for a value of the stack current /;; placed
in the middle of the admissible range. Since in practice the
oxygen excess ratio is not measurable, the estimate given by
the finite time converging observer that will be designed in
the next section will be considered. After that, the control is
changed to u = Uy + Uysin(t), and the resulting harmonic
oscillation of the (estimated) oxygen excess ratio is analyzed
to extract the corresponding magnitude and phase of the
associated (linearized) transfer function corresponding to the
selected working condition of the system. The above procedure
is designed in such a way that it could be also implemented
in practice. In spite the suggested procedure is approximate,
in the sense that it relies on a local linearization of the
nonlinear relationship between the DC motor voltage u(¢)
and the oxygen excess ratio Ao, (¢), the simulation results

presented in the sequel will show that such an approximation is
largely satisfied and, in fact, we will be able to impose desired
frequency and amplitude of the steady state oxygen excess
ratio oscillation up to an unexpected degree of accuracy.
Transient specifications on the error variable can be imposed
too. The response time can be generally reduced by increasing
the value of the tuning parameters. This reduction process
has an intrinsic limit that actuator saturation may take place
when the chosen parameters are too large. Overshoot cannot
be avoided using the Super-Twisting, whose trajectories in
the error phase plane “rotate” around the origin by con-
struction. Overshoot reduction, however, can be achieved,
if needed, by shaping the set-point signal according to the
known “reference governor” paradigm widely used in linear
and nonlinear control. Another possibility to affect at the same
time transient and steady-state response specifications can be
that of using a certain set of tuning parameters during transient,
and then smoothly change them, at the end of the transient, to
those values providing satisfactory steady state performance.
This “gain adaptation” procedure, however, require dedicated
analysis as it could induce unwanted instability phenomena.

IV. PEM FC OBSERVER DESIGN

In this section a HOSM observer able to reconstruct in
finite-time the whole state of the PEM FC and useful for both
control and fault prevention will be described. It is worth to
stress that the proposed observer does not require the imple-
mentation of any differentiator to guarantee the annihilation of
the estimation error. Apart from the output injection design, the
theoretic framework supporting the observer design is the same
as in [22] and it is briefly resumed for the reader convenience.

The observer is designed as a replica of the system model
(1)-(3), without any coordinate transformation, plus a properly
defined output injection function:

8

(1)
9(1)

(15)
(16)

F@)+g-u(t)+s Iy(t) + Ogy(&) - {(ey)
h(2) = [£1(6) 201) %6(0)]"

where & € R” is the estimated state (n = 6), ey = h(&) —
h(x) € R? is the output error (p = 3), and {(ey) € R” is
the output injection vector. Oy (-) € R”*” is a nonsingular
square mapping, chosen by selecting » linearly independent
rows from the system’s observability matrix O(x).

To compute Oy, (), n independent rows have to be chosen
from the p(n— p+ 1) rows of the system observability matrix,
which for the PEM FC model (1)-(3) takes the form

(17

where d = d/dx = [d/dx),...,d/dx,] is the gradient opera-
tor, Ly(zyh(z) = (dh(x)/dx)- f(x) is the Lie derivative of
h(x) along f(x), and the k-th derivative of h(x) along f(x)
is defined recursively as L’}(m)h(w) = (8L’}Y;)h(w)/8w)
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f (). Among the all possible selections Oy, () (£ =1,2,...)
that can be obtained starting from (17), i.e.

ry -1

Osq0(w) = [_‘7”5@7 S A @) EOTC
r =1 T r30—1 T T
BLf’ hy(x) oy ()T aLf’ h3(x)
dx Jx Jx
where the integers ry , must satisfy the relation 2,3(:1 T =6,

we are going to choose the one that is not singular in the largest
subset of the state-space containing the nominal working
conditions of the PEM FC.

Due to the high complexity of the observability matrices
Oyq.¢(x), which are state-dependent and strongly nonlinear, the
full rank condition will be numerically checked by solving the
following off-line multidimensional optimization problem

(18)

max mig det ((’)Sq,g(a/:))2
where det ((’)sqﬂg(w))z is the squared determinant of each
candidate matrix. Since the problem (18) is not convex, the
optimization algorithm used for solving (18) was based on
the well known MATLAB “fminsearch” algorithm. To avoid
numerical singularities, the final selection has been done in
accordance with the requirements that the minimum of the
cost function associated with the matrix must be sufficiently
far from zero.

Thanks to the aforementioned optimal criterion, the set of
optimal indices were found as 7y p« = 1, 15+ =2 and r3 p« =3,
which gives rise to the following nonsingular mapping

dh (z) 1.0 0 0 0 0
din(z) 01 0 0 0 0
_ | dLlyin(z)| _ d fa(x1,x2,X3,X4,X5)
Oy (x) = diy(x) | = 00 0 0 0 1 (19)
szfh3(m) d fo(x4,%5,%)
dLyhs(x) dLy fs(x4,%5,%6)

Let then Oy (x) = Oy ¢+ (x) and ry = ry p« with k=1,2,3.
It remains to properly design the injection vector defined as

Cley)=1[0n &1 &2 &1 Go C3.3]T€R6 (20)

By subtracting (1)-(3) from (15)-(16), (19), the observation
error dynamics is

e(t) = f(2)— F(@)+ Oy (@) '¢ley)
ey(t) = h(&) — h(x)

@n
(22)

Thus, deriving the expression for the successive derivatives
of each output error e, up to the order ry, it yields:

elf) = Ly oy 1ul®) = Ly (@) + G ), 1</ < (23)

Considering that = & — e, in accordance with Lemma 1
in [18], (22) and (23) allow for constructing the following
diffeomorphism

D (e, &)

e=D(e, &)= |:<Dz(e,:i:):| (24)

D3 (e, )

preserving the origin, i.e. such that ® 1(0,2) =0V & € X,
and where the sub-blocks ®; = [¢ ;] € R™*, with @1 = ey,

k=1,2,3 and j = 1,...,r;, have the following canonical
component-wise representation
Pr1 = Qr2+G
o= (25)
1 = Phr—1+ G
Pher = Q1+ G

with @, 11 :L;f(i)hk(a“:) —L;f(m)hk(m), k=1,2,3. Taking into
account the real FC behavior, any bounded error in the state
estimation implies bounded drift terms ¢ ,, 11, i.e.,

—z|<e = |[@rp(@ @) < (26)

and then each output error dynamics (25) can be independently
stabilized by resorting to suitable HOSM algorithms. Since we
have three sub-dynamics respectively of order one, two, and
three, we design the first output injection entry as the STW
algorithm (27), the injection term for the second-order block
as a STW based velocity observer (28), see [25], whereas the
third and last dynamics will be stabilized by employing the
novel continuous third-order SM control algorithm in (29),
whose stability properties have been recently analyzed in [23],
[24].

A |<P1,1(f)|% sign (@1,1(2)) + C12(@11(2))

G = 27
GOot) = —Ap-sign(e1(7)) €12(0)=0 @7
Lat) = —on-|gui|dsign(¢2 (1)

i) = Tolom) sien(en (28)
Galt) = —BIL-|(p3,1(t)|%lsign(¢3>1(t))

Galt) = —BoL? |3 ()] sign (g3 (1)) (29)
Ga(t) = —PsL?-sign (@3, (0))

It is worth to remark that, in contrast to all existing third
order SM controllers, algorithm (29) is able to steer to zero
a perturbed third-order integrator dynamic as in (25)-(26)
without employing any nested differentiator, but employing
only the output estimation error @3 | = % —xg. Furthermore,
dispensing with the use of differentiators considerably reduces
the complexity of the algorithm [23], [24], and enhances its
robustness to the measurement noise.

With reference to the stability analysis of the proposed
observer, since the three subsystems (25) are decoupled, the
finite-time converging of the underlying output error ¢y
and their derivatives up to order r; can be guaranteed by
independently chosen positive parameters sets, respectively
(ll,lz), ((Xl,OQ) and ﬁl,ﬁz,ﬂ3,L. Thus, denoted L(Pk,ﬂz =
|or |7 - sign(@y ;) and z € RT, following [23], [24], [25], the
next positive definite quadratic function

3

V(@)=Y (@) Pegi(®;) = 0 (30)
k=1
with Py, € R™*"k positive definite and ¢;(®;) defined as
6l (@) =[lo.1? i G1)
61 (D) =[[gmilt i (32)
G1(®3) :[Ws.ﬂ% 932 Ws,ﬂz]T (33)

can be made a strict Lyapunov function for the whole error
dynamics (25)-(29). The detailed tuning procedure of the
injection term gains can be found in [23], [25]. It is worth to
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remark that, since all of the three error dynamics converges to
zero in finite-time, then the observer is able to reconstruct the
whole state of the PEM FC in finite-time too. Consequently,
the separation principle is automatically satisfied and the
oxygen excess ratio controller and the FC observer can be
separately designed.

Remark 1: Taking into account the robustness property of
the SM approach with respect matched uncertainty and distur-
bance, the evaluation of the equivalent control by filtering the
output injections variables {;; allows for implementing also a
FDI module [18], [16] for MIMO systems.

V. SIMULATION RESULTS

A number of case studies were analyzed to verify the effec-
tiveness of the proposed observer-based control scheme in the
presence of parameter uncertainty and noisy measurements.
The nominal model parameters were set on the basis of data
reported in [4], [32], [33]. The corresponding values, listed
in Appendices VII-D and VII-E, correspond to a 75-kW high
pressure FC stack fed by a 14-kW turbo compressor used in the
Ford P2000 FC electric vehicle. Simulations were performed
in the MatLab/Simulink environment using Euler fixed-step
solver with sampling time 7; = 0.1msec. In agreement with
standard performances of modern p-controller/DSP architec-
tures [40], [41] and AD/DA interfaces [42], [43], both the data
acquisition and the proposed observer-based control scheme
operate at Smsec of sampling rate.

A brief description of the simulations is now presented. In
TEST 1 the FC is fed in open-loop by a constant voltage, the
aim of this test being that of verifying the convergence features
of the observer. In TEST 2 the loop is closed by means of
the proposed controller (9). No parameter uncertainty in the
observer is considered for this test. For investigating the per-
formance deterioration arising from a mismatch between the
actual and the nominal parameters employed into the observer,
some parameter uncertainties are included in TEST 3. Finally,
TEST 4 investigates the performance under the simultaneous
effect of parameter uncertainties and noisy measurements. The
operating range for the load current is 0200 [A], and the
adopted current demand is /i (¢) = 1004 for ¢ € [0,15), 1504
for ¢ € [15,25), 1204 for ¢ € [25,35), 1904 for ¢ € [25,45].

In accordance with the previously discussed stability anal-
ysis, a feasible choice for the injection terms parameter (27)-
(29) is as follows (see [23], [24]): A, =110, A, =5, oy = 110,
o =35, B =132, B, =50.82, B35 =13.31 and L = 2.

Figure 1 shows a comparison between the actual and
estimated profiles of the unmeasured variables x3,x4,x5 during
TEST 1, in which the PEM FC was fed by a constant voltage
u = 132 [V]. The fast convergence of the observer and its
high estimation accuracy are both evident. TEST 2 shows the
resulting closed loop results. The optimal stoichiometry value
for the considered FC is )LOz,opt =2.06, see [4], [33]. In order
to apply the “frequency-based” tuning procedure outlined in
Section III-B, the stack current [ is set in the middle of the
admitted operating range, i.e. 100 [A], and it has been found
iteratively the constant voltage u = U, guaranteeing the opti-
mal stoichiometry value Ao, o, yielding Uy = 132 [V]. After

Actual (solid line) and estimated (dashed line) Xy profile

0.033
K
. I
o8y T N—,—, ——
0.027 i i i i i i i i
0 5 10 15 20 25 30 35 40 45
107 Actual (solid line) and estimated (dashed line) X, profile (kg)
X
3
o
g3
-6F,
-9H i i i i i i i i 3
0 5 10 15 20 25 30 35 40 45
Actual (solid line) and estimated (dashed line) Xg profile (kg)
0.015
_ 1
2 o001f1
0.005 i i i i i i i i
0 5 10 15 20 25 30 35 40 45
Time [sec]

Fig. 1. Actual and observed profiles of variables x3,x4,x5 in TEST 1
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Fig. 2. Actual and observed profiles of variables x3,x4,xs5 in TEST 2
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Fig. 3. Actual and observed loz, and set—point value, in TEST 2

that, we have arbitrarily chosen the frequency and amplitude
of the self-sustained oscillation as @ = 27 -6 [rad/sec] and
oy =2x 1073, Then, by a simple harmonic test, carried out
by feeding the system with the voltage u(¢) = Up+ 10-sin(wz),
the following values of magnitude and phase for the lin-
earized model (10) are obtained: |W(j@)| = 6.704 x 1074
and arg{W (jw)} = —138.46 [deg], respectively. Finally, by
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Fig. 4. Stoichiometry error steady-state behavior in TEST 2
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Fig. 5. Compressor supply voltage in TEST 2

applying the tuning rules (14), the gains of the STW controller
(9) were evaluated as p; =44.8712 and p, = 78.0974. It is
worth to remark that this procedure is basically experiment-
based and it does not require the knowledge of the plant
transfer function (10), thus it can be easily implemented in
practice. Figure 2 shows the actual and estimated profiles of
the unmeasured variables x3, x4, xs. The observer correctly
works in the closed loop as well.

Figure 3 focuses on the performance of the control loop by
showing the actual and estimated stoichiometry along with
the corresponding set-point value. Fast dynamics and high
accuracy of the control loop are evident. Figure 4-top reports
the profile of the sliding manifold (8), whereas Figure 4-
bottom shows a zoom from which it is apparent that the steady-
state accuracy and self-sustained motion due to presence of
parasitic actuator dynamic match the pre-specified magnitude
and frequency values. Figure 5 depicts the applied compressor
motor voltage.

In TEST 3, the performance of the proposed ob-
server/controller under parameter uncertainties is verified. Fol-

TABLE II
VARIATION OF SYSTEM PARAMETERS

Parameter Nominal Value  Variation
Stack Temperature (7 [K]) 353 +10%
Ambient temperature (7, [K]) 298 +10%
Supply manifold volume (¥, [m?]) 0.02 —10%
Return manifold volume (¥}, [m3]) 0.005 —10%
Compressor diameter (d. [m]) 0.2286 +1%
Compressor/motor inertia (Jep [kg /mz]) 5% 1073 +10%
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Fig. 6. Actual and observed profiles of variables x3,x4,x5 in TEST 3
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Fig. 8. Stoichiometry steady-state behavior in TEST 3

lowing [5], uncertainties up to the 10% of the nominal value
were taken into account, as listed in Table II. Figure 6 shows
the actual and estimated profiles of the unmeasured variables
X3,X4,x5. The main deterioration in the observer performance
reveals in a biased observation of the x3 variable (the air mass
in the supply manifold) while the estimates of the remaining
unmeasured variables x4,xs keep relatively accurate in the face
of the parameter errors. Figure 7 shows that the performance of
the observer based stoichiometry controller remains satisfac-
tory. The sliding variable time history and zoom, shown in the
Figures 8, show minor changes as compared to the previous
TEST 2, confirming the robustness of the adopted design.
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In the conclusive TEST 4, a realistic measurement noise has
been included in addition to the parameter uncertainty. Con-
sidering that common values of signal-to-noise ratio (SNR)
in data-acquisition systems are about 90 [dB] [44], all mea-
surements, were converted into the (4 +20mA range with
power transmission equal to P = 0.2 [W], and then an additive
gaussian noise with SNR = 80 [dB] was included. Figure (9)
reports the noisy and noise-free profiles of all the measured
quantities, showing that a remarkable level of noise was in
fact taken into account. Figure (10) shows the actual and
observed profiles of the unmeasured quantities, showing that
the only visible effect of the noise, as compared to TEST 3,
is the appearance of small oscillations of the observed x4
and xs profiles. Figure (11) shows the actual and estimated
stoichiometry, confirming that the proposed scheme works
accurately also in the simultaneous presence of noise and
parameter uncertainties.

VI. CONCLUSIONS

In this paper an observer-based controller has been proposed
for regulating the oxygen excess ratio of a PEM FC to
a suitable constant set-point value. The nonlinear observer,
whose design constitutes one of the original contributions of
the present paper, contains an output injection term based on
an original combination between second- and third-order SM
control algorithms, and it provides a finite-time converging
and theoretically exact (in absence of noise and parameter
errors) state reconstruction. The control loop, which uses the
observed oxygen excess ratio, is also based on the SOSM
approach. To tune the controller parameters it has been
adopted a novel procedure, supported by local linearization
and frequency domain arguments, which allows the designer
to affect the steady state behavior of the output response in
a quite direct and transparent manner. The overall approach
has been successfully demonstrated by thorough simulative
analysis considering relevant practical implementation issues
such as parameter uncertainty and measurement noise. Next
activities will be targeted to carry out experimental tests, on
one hand, and to consider as well more complex mathematical
models of the PEM FC, such as distributed parameter ones,
which can capture more accurately the complex transport and
reaction phenomena taking place inside the FC.

VII. APPENDIX
A. State-Space PEM FC Model Equations

o

5 10 15 20 25 30 35 40 45
Time [sec]

Xt = (Tem(u,x1) = Tep(x1,X2)) [Jep

X2 = (YRa/Vim) X (Tep(x2)Wep(x1,x2) — Ty (x2,x3) %
VVrm,out (x2«,x41x5>)

X3 = ch(x1 ,Xz) - VVrm,out (xz,X4,X5)

Xy = Wo,in(x2,X4,%5) = Woy.ou (¥4,X5,%6) — W0, react (L)

X5 = W]\;Z,l-n(xz,x‘hxs) - WNz,ouf(x‘thsx(v)

X6 = Rngc(Wcu,out (X4,X5,X6) — Wm,out (x()))/(l/rmMﬂ)

Fig. 11. Actual and observed /'Loz, and set—point value, in TEST 4

In particular, the magnitude of the stoichiometry oscillation
(see Figure 8-bottom) remains close to the required value of
2x1073.

B. Physical functions
o Accelerating and Load Torque

nem Ky (u —Kyx )/(Rcm cp)
Cp Tatmn(XZ ) ch (Xl 7x2)/(ncp']cpxl )

Tcm(u7x1) =
Tcp(xl«,XZ) =
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o Supply Manifold and Compressor Air temperatures

Tep(x2) =
Tom(x2,x3) =

Tarm(1+ n(xz)n;p1 )
VYmXZ/(Rax3)

« Mass flow rates

Wep(x1,32) = Coo + Crox1 + Caox} + Cor1x2
+Cr1x1x2 +C02x%
Wsm,out (x27x4 7X5) = Kunou (xz — Pvieca — RNz Tsth/Vca
_R()z Trtx4/ch)

((x2 — B3z — B33 —x5B34 — x4B35) %

(x2 —x2B6) "1+ (x2B36 — B37 — x5B33
—x4B39))e(x2)k(x2)

—x4(B1o —x5B11 +x4B12 — x6B9) X
J(xa,xs)xg ! (j(xa,x5)Bag — My, ) ™'
m(xq,xs

((x2B23 — Bag —x5B35 — x4 B¢) X

(x2 —x2B6) "'+ (x2B27 — Bag — x5B29
—x4B30))e(x2)k(x2)

(1= j(x4,x5)B1s(j(xa,x5)Bar + My, ) ")
X (B20 +x5B21 +x4B22 — x6B19)m(x4,x5)
By7 +x5B4g +X4B49 — X6 B4

Pab + Pasc(x6) + pasc(x6)? + pase(xe )

Wo, in(x2,%3,%4) =
Wo, out (Xa,Xs5,X6) =
Wiy in(x2,X3,X4) =
Wy out (X4,X5,%6) =

Wcu,out (X4,X5 ,X()) =
I/Vrm,om‘ (X(,) =

+pare(x6)* + parc(xs)’
C. Auxiliary functions
Bs \7! xg—
e(xy) = (1+ ,—L;_zngs) P clxe) = g
(r=0/v
) o . _(x .
J(xa,x5) = ey Vlfxz)— (,T,,%;) —1;
p _
k(x) = (1 + m) ;

. . ol
m(xg,x5) = (1+ By (j(xa,x5)Bar + My, ) ™! j(xg,xs)xy ")

D. Polynomial Coefficients of W, and Wi our [32]

Coo=4.83x1075; Cjg = —5.42 x 1075; Cyg =8.79 x 10~%; Co; =3.49x 1077; Cy
3.55%10713; Cop = —4.11 x 10719; p,1 =0.0012; pay = —0.0019; poz = —0.0015; poy =
0.0021; pas = 0.027; pas = 0.078.

E. Ford 75-kW P2000 FC stack Physical Parameters [4]

y=14 0= Tcp,in/Tamh; Oatm = 0.5, Gcain = 15 QPdes = 1; Omax =
1.55x1073; @y = 0.197; d, = 0.2286; efpmec = 0.9; Koo = 2.17 x 106,
My camax = 0.0028; mean, = 2.5 x 10%; n=381; ngy = 1; nep = 0.775; pamp
1 Paim = 101325, Pepin = Pambs PsatTum = 3-14 X 10} poar 7.1 = 47.06 x
103 puca = MycamaRTi/Vea; stda = 8.66 x 10%; C,, = 1004; F = 96485;
Jop =5 x 10755 Kynow = 0.36 x 107°; K, = 0.0153; M, = 28.84 x 10 3;
My, =28x 1073, Mp, =32x 1073; M, = 18.02 x 10~%; R, = 2.869 x 10%;
Rem =125 Ro, = 259.8; Ry, =296.8; R, =461.5; Toyup = 298; Tutm = Tamp;
Tep,in = Tamps Ty = 353; Tie = Tst; Vea = 0.01; Vi = 0.005; Vi, = 0.02;
X0, cain = (Y0, cainMo,) | (Y0, cainMoy, + (1 — Y0, cain) M, ); Y0y.caim = 0.21.

F. Auxiliary Coefficients

B = My@uesPsar, 7, Ksmou /Ma; B2 = Bipveas Bz = B1RN, Tyt /Vea
By = B1R0, Tt [Veas Bs = My@umPsat Ty | (MaPatm); Bo = QatmPsat Tum | Parm’
By = Mcainbsa,YorcamMo, + (1 —  Yo,caimMy,) "
B3 = QuesPsar, Ty — Pea,inPsar,T,y> Bo = Roy TuMoy Kea,out [Veas Bro = Bopucas
Biy = BoRn,Ty/Vea; Bz = BoRo,Ty/Vea; Bz = Rn,Ty/Veas
B14=R0, Tt /Veas Bi5s = Bo/Kea.ous Bis = Ro, Tu My, [ Vea; B11 = Mo,n/(F4);
Big = 1 = Y0, cainMo, / (Yo, ca.inMo, + (1 = Y0, cain)Mny); Bro = Keaou;
By = KeaoutPveas B2l = Kcu,outRNz TS!/ch; By = Kca,oufROz Tst/Vca;
B3 = BigBy1; Baa = B23pycas Bas = B23B13; Bag = B23Bia; Bar = B18Ksmours

Bag = B1gpveas B2o = BisRN, Tst /Veas B3o = B1sRo, Tyt /Veas B3t = Mypyeas
B3y = X0, cainB1; B3z = X0, cainB2; B34 = X0, ca,inB3; B3s = X0, ca,inBa;
B3 = X0,.cainKsmous B31 = Xoy.cainPveas B3g = X0, cainRny Tt /Veas
B3g = Xo,.cainRoyTst/Vea; Bao = Bis — Bis; Bai = Bi1aMp, — Bis;
By = 14 % 2C, Tp in(de/ (27/0)) 20,1
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