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The theoretical results relevant to the vibration modes of Timoshenko beams are here used as benchmarks for assessing the
correctness of the numerical values provided by several finite element models, based on either the traditional Lagrangian
interpolation or on the recently developed isogeometric approach. Comparison of results is performed on both spectrum
error (in terms of the detected natural frequencies) and on the [ 2 relative error (in terms of the computed eigenmodes): this
double check allows detecting for each finite element model, and for a discretization based on the same number of degrees-
of-freedom, IV, the frequency threshold above which some prescribed accuracy level is lost, and results become more and
more unreliable. Hence a quantitative way of measuring the finite element performance in modeling a Timoshenko beam
is proposed. The use of Fast Fourier Transform is finally employed, for a selected set of vibration modes, to explain the
reasons of the accuracy decay, mostly linked to a poor separation of the natural frequencies in the spectrum, which is
responsible of some aliasing of modes.
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1 Introduction

Several structural models of beams have been proposed in the last two centuries. In particular, four theoretical models can
be considered to be of paramount importance for standard structural mechanics applications, when there is no coupling be-
tween transversal and longitudinal vibrations and second- or higher-order effects can be neglected. The Euler-Bernoulli [83]
model takes into account bending stiffness and transversal inertia: it is very simple but effective in case of thin beam with
large span/depth ratio. Bresse [16] and, separately, Lord Rayleigh [85] improved this model considering also rotary iner-
tia, but not shear stiffness. The dual model, labeled shear beam, takes into account shear stiffness, but not rotary inertia.
Finally the idea of a beam model capable of taking into account both shear stiffness and rotary inertia was introduced by
Timoshenko in 1921 [86] and 1922 [87] and since then it is associated to his name. An interesting comparison among
the dynamics behaviors of these models can be found in [50]; a clarifying spectral analysis of coupled Timoshenko and
Euler-Bernoulli model is presented in [11]. A thorough critical review of these beam models has been recently proposed
by Elishakoff and his coworkers [41].

Often, it is not possible to obtain closed-form solutions for beam vibration problems; in such cases numerical approaches
become very important. ‘The development of these methods is still an active area of research, and interesting examples of
new approaches are presented in [77].

One of the most effective idea of the last ten years is the so-called isogeometric analysis (IGA). It was introduced
by Hughes et al. in [53] and is an isoparametric finite element approach based on Non-Uniform Rational Basis Splines
(NURBS) shape functions. Its main characteristic is the use of the same geometric description obtained by computer aided
design (CAD) techniques; for this reason mesh refinement is possible without going back to the CAD model.

In order to test the accuracy of the above mentioned numerical solution of free vibrations problems, the evaluation of
the complete frequency spectrum corresponding to an N degrees-of-freedom finite element model is an effective idea.
For finite element analysis, early examples have been proposed in [55] and [52]. Similar frequency spectra have been
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2 A. Cazzani, F. Stochino, and E. Turco: An analytical assessment of FE and IGA of the whole spectrum of Timoshenko beams

constructed for the isogeometric finite element method in [31] and [78]. In these papers the free vibrations of elastic rods,
Euler-Bernoulli beams, elastic membranes, Kirchhoff plates, thin circular plates and stiffened cylindrical shells have been
investigated, with an interesting comparison between standard and isogeometric finite elements.

Isogeometric models have produced interesting results for several problems of different kind. Ref. [57] presents a vibra-
tion analysis of Timoshenko beams, with particular emphasis on refinement schemes. Thanks to their effective geometric
description, IGA models have proven to be powerful in case of curved beam for both static ( [21], [20], [22], [27]) and
dynamic problems (see [58] for the Timoshenko beam model, and [89] for the Euler-Bernoulli one).

Free vibration analysis of composite beams is another trendy topic in computational mechanics: as meaningful examples,
the review work [49], and the analysis presented in [48] should be considered. Isogeometric analysis has proven to be very
accurate and convenient also in this case, see e.g. the work of Luu et al. [59].

Control problems have become very popular nowadays, with particular reference to beam structures and related models.
For example in [51] a FEM approach for an optimal control problem involving Timoshenko beams is presented, while the
opportunities offered by piezoelectric materials are depicted in [65].

As far as the authors know the complete frequency spectrum for free vibrations of Timoshenko beams has not been
studied yet; in particular it seems that a thorough comparison between isogeometric and standard finite elements for this
case has not been presented in the literature. For this reason this paper is devoted to this issue, with particular attention to
new methods for evaluating the accuracy in eigenmodes estimation.

The rest of the paper is organized as follows: in Section 2 the governing equations of the dynamics for a straight
Timoshenko beam are presented (see for details [23], [24]). Discussion is then focused on the eigensolutions: it is shown
that the spectrum is composed of two parts divided by a transition frequency which depends only on the ratio between
shear stiffness and rotary inertia. Depending on the applied boundary conditions this frequency may be, or may be not,
part of the spectrum. Then, in Section 3 modal analysis for the single-span Timoshenko beam model is presented for two
representative boundary conditions cases, namely the simply-supported and the doubly clamped beam. In Section 4 the
finite element models for Timoshenko beam, based on both the traditional Lagrangian formulation and the isogeometric
one are presented in a quite general form. Next, in Section 5, the numerical frequency spectra produced by these finite
element models are compared with those resulting from theoretical predictions; in this way a comparison in terms of the
predicted and computed frequencies is presented and discussed, similarly to what has been already done, in the literature,
for the Euler-Bernoulli beam model. In addition, the accuracy of approximating the eigenmodes is addressed by comparing
the relative error between theoretical and computed vibration shapes in a suitable /2 discrete norm. A Fourier analysis has
been also employed to investigate the accuracy of the eigenmodes produced by the discrete models. Finally in Section 6
some conclusions are drawn; future developments and possible applications of the present research are exemplified.

2 The governing equations of dynamics for Timoshenko beams

For a uniform, straight Timoshenko beam, the constitutive equations in terms of the generalized internal forces, 7" and M
(which stand respectively for the transversal shear force and the bending moment), taking into account that G and E are
shear and Young’s moduli, x, A and I the shear-correction factor, the area and the area moment of inertia of the beam
cross-section, read

T:GﬁA(av—&-qﬁ), M:El%. 1)
ox ox
In Eq. (1) the generalized components of beam displacement, v = v(z,t) and ¢ = ¢(z,t), appear; they are respectively
the transversal displacement of the centroid and the cross-section rotation, which depend (when dynamic problems are
considered) on both the abscissa, z, and time, t. The adopted positive convention for internal forces and generalized
displacement components are shown in Figure 1.

Linear and angular momentum balance equations, written in terms of kinematic variables alone, yield these coupled
equations of motion

0%v  0¢ 0%v
Gnd (ax * m) ~ A =0 @
0%¢ v 0%¢

In Eqgs. (2)—(3) p is the density of the material constituting the beam.
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Fig. 1 Timoshenko beam element showing the assumed conventions for generalized displacements (v, ¢) and internal forces (7, M).

This system of two second-order partial differential equations (PDEs) can be conveniently reduced to a unique fourth-
order PDE. The interested reader can find all relevant details in the companion paper [23]; here for conciseness’ sake only
the essential results will be presented. Indeed from Eq. (2) it follows

dp  p v 0% @
or Gk ot2  0x?’
and by proper use of multivariate differential calculus, ¢ can be eliminated in Eq. (3). The resulting fourth-order PDE in
terms of v alone is

gr2? 1 By 9v 40, Lo
92 + a2022 + + 0, )

0*v 7 E o*v v p*I 0%

P Gr Poor T Gror
which is the equation, first established by Timoshenko [86] in 1921, when he was developing a new beam theory able to
deal with both shear strain and rotary inertia. Similarly, if v is eliminated in Eq. (3), a fully-decoupled fourth-order PDE in

terms of ¢ alone is obtained

512 1+ 2 420 Lo
ot tGn) ozare T2 T Gron ©)

a4¢>_p]< E> o'9 029 pPIoYe

2.1 Solutions of the equations of motion

Solutions to Egs. (5§)—(6) are sought such that independent variables, viz. = and ¢, are separated. In particular it is assumed
that time-dependence is of an harmonic kind, so that free vibrations are possible. Thus one finds

v(x,t) = V(z)exp(iwt), oz, t) = () exp(iwt), @)

where i = 1/—1 is the imaginary unit; then, if primes are used to denote derivatives with respect to z, it follows from
Eq. (5) (similar expressions follow from Eq. (6), too)

2 2 2
ey P () B e (0 AN
1% +E<1+GH>V+E<GI€ I>V—0. ®)

This is a fourth-order ODE with constant coefficients, whose solutions are to be found in the form of exponential functions
V(x) = exp(A*x), where, in general, \* € C.
In particular, the characteristic equation associated to Eq. (8) is

2 2 2
st P B e pe” Wt AN
M+ (1+GK>)\ +7 (GK I>_0, )

i.e. a biquadratic algebraic equation, whose independent variable is A\*. The squared roots of Eq. (9) are therefore
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2 2,4 Z 2
2 pw E PPw E pw?A
A 2F < +Gn>+\/4E2 ( Gn) *

2 2, .4 2
2 pw EN | pw _E
A= 0E (HG,@) \/4E2 (1 Gn) -

2.2 Analysis of the eigensolutions

(10)

Y

While in Eq. (11) it is always )\§2 < 0, the sign of the other root, A\¥?, given by Eq. (10) depends on the value of w?; there

is a special value of w?, which correspond to a transition frequency,

(12)

such that the value of AIQ changes from positive to negative. As a consequence, when solving Eq. (9), the following three

cases must be distinguished.

Case 1. w? < @2.

For this range of angular frequency, it results: )\‘{2 > 0 and )\52 < 0. Hence, Eq. (9), has two real roots, namely + )\’1‘2,

and two purely imaginary conjugate roots, viz. %i4/ —)\52.

Case 2. w? = @2

In the present case, it follows: A7? = 0 and A\3® < 0. In particular,

*2 _ N2
A2 e = — A2,

with

~ A Gk
Ay = I<1+E>>O

13)

(14)

Consequently there is a null real root, whose multiplicity is two, and one couple of imaginary conjugate roots, namely again

+iy /252

Case 3. w? > 2.

This time it results \j? < 0 and \3% < 0.

As a consequence, all four roots of Eq. (9) are purely imaginary. In particular, there are two couples of conjugate roots,

i.e. +iy/—A5? and £iy/—\52.

2.3 The eigenmodes of Timoshenko beams

The complete solution to Eq. (8) and the corresponding equation which provides ®(x) can be computed in terms of real-
valued quantities only; results will be presented separately for the three cases outlined above. The relevant details are still

given in [23].
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Case 1. w? < @2
The eigenfunctions in terms of V(x) and ®(x) are
V(x) = Aj cosh Az + Agsinh Az + Az cos Aoz + Ay sin Ao, (15)
d(x) = —g(Ag cosh \;z + Aj sinh 5\136) + %(/L; cos Aoz — Agsin Aox). (16)
1 2
where the following proper (\2) and generalized (A1) real-valued wave-numbers apply
A=A >0,  Aa=-+y/-N2>0. (17)
In Eq. (16) the following short-hand notation has been adopted
2 2
. pw N pw
Case 2. w? = @2
The eigenfunctions have, in this case, these expressions
Viz)=C1+Cs cos Aoz + Cy sin Aoz, (19)
®(z) = D1 — * L Crz — L(Cysin o — Creosraz), (20)
Gk Ao
where, for the seek of a compact notation, the following definition has been adopted, see Eq. (14)
~2
N pe <9 GrA
= — — = — N 21
TGk T TEI 21)
Case 3. w? > &%
In this last case the eigenfunctions are
V(z) = Eycos Mz 4+ Egsin \yz + F3cos Aoz + Eysin Ao, (22)
B(z) = %(EQ cos Az — By sin \z) + %(& c08 Ao — B3 sin \oz), (23)
1 2
where the two independent, real-valued wave-numbers are given by
A= /A Ao = +1/=A\52 (24)
and the following short-hand notation has been adopted
2
pw 2
S i\ 25
aq GKZ 1 ( )

while « is still defined by Eq. (18),.
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3 Modal analysis of Timoshenko beams

The results of Section 2 show that the complete spectrum consists of two portions, none of which can be disregarded.

In the first part of the spectrum, which is relevant to natural frequencies w,, < w, the eigenmodes are given, in general,
by a linear combination of hyperbolic and trigonometric functions, see Egs. (15) and (16). Only for particular choices of
boundary conditions (BCs) it is possible to annihilate the contribution of hyperbolic functions: this happens, for instance,
in the case of a simply-supported beam.

In the second part of the spectrum, corresponding to natural frequencies w,, > @, modal shapes are instead given by a
linear combination of trigonometric functions depending on two different wave-numbers, A; and Ao, as Eqgs. (22) and (23)
show. In general, each of these eigenmodes involves both A1 and A2, since wave-numbers are entwined (or even entangled);
only for particular cases, e.g. the simply-supported beam, the contributions of wave-numbers become decoupled.

Moreover, even the transition frequency, w, might belong to the spectrum, and hence this condition has to be taken
into account, too. If the transition frequency is part of the spectrum, modal shapes are given by a linear combination of
trigonometric functions depending on just one wave-number, Az and of a constant function (for V), see Eq. (19), or a linear
combination of trigonometric functions and a complete linear polynomial (for ®), as Eq. (20) shows.

In any case, the particular blending of the above-mentioned functions, which provides the actual eigenmode, depends
on the applied BCs.

For a single span beam, as long as only transversal vibrations are envisaged, four basic end constraints might be encoun-
tered: clamped (or fixed: V' = 0 and ® = 0), free (I' = 0 and M = 0), guided (I" = 0 and ¢ = 0), supported (or hinged:
V = 0and M = 0). With these four basic constraints it is possible to devise ten different combinations of single-span
constrained beams, provided that combinations where the constraints are simply reversed (e.g. C-F and F-G) are counted
only once. These are: clamped-clamped (or doubly clamped, C-C), clamped-free (C-F), clamped-guided (C-G), clamped-
supported (C-S); free-free (F-F), free-guided (F-G), free-supported (F-S); guided-guided (G-G), guided-supported (G-S);
supported-supported (or simply-supported, S-S).

For the sake of simplicity the spectrum has been explicitly computed only for two cases, namely the simply-supported
(S-S) beam, and the doubly clamped one (C-C), which are somehow representative of all cases which can occur.

3.1 Material and geometric data

The case which has been analyzed is the following: a straight uniform and homogeneous beam, whose length is L = 2 m,
having a square cross-section with side length (either depth or width) B = 0.1 m; as a consequence, the cross-section
area and area moment of inertia are respectively A = B?2 =00l m?% I = B* /12 = 1/120,000 m*. Moreover, the
length-to-depth ratio (a rough measure of slenderness) is, in this case, L/B = 20.

Material density is assumed to-be p = 8000 kg/m?, Young’s modulus £ = 260 GPa, Poisson’s ratio v = 0.3 so that,
under the hypothesis of elastic isotropy, the shear modulus is G = 100 GPa. Finally for the shear correction factor the
standard value x =5/6 has been adopted, which is suitable for static analysis of a rectangular cross-section.

3.2 The case of a simply-supported beam

For such a beam, whose length is L, the boundary conditions require that

@Qr=0: V=0and M = 0; Qr=L: V=0and M =0. (26)
By virtue of Eq. (1)2 the homogeneous condition M (x) = 0 is equivalent to imposing ®'(z:) = 0. It follows then

1. for w? < &?

®'(x) = —d1(A; cosh A\ + Ay sinh :\1x) — ag(As cos Aoz + Ay sin Aox). 27

o' (z) = —afzécl — G3(C5 cos gz + Cy sin Moz). (28)
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3. for w? > &?

®'(x) = —a1(F1 cos \ix + Easin A\jz) — ag(E3 cos Aow + Eysin Aax). (29)

In what follows, the two parts of the spectrum and the transition frequency will be treated separately.

3.2.1 First part of the spectrum: w? < ©2.

When BCs are substituted into Egs. (15) and (27), the following homogeneous system of simultaneous linear algebraic
equations is obtained

AX =0, (30)
where the square matrix A and the column vectors X and 0 have these expressions
1 0 1 0 Ay 0
63} 0 a2 0 ) A ) o
A cosh \; L sinh \; L cos Ao L sin Ao L 7" As (7 0= 0 @D
dl cosh )\1L 6[1 sinh )\1L Qg COS )\2L (65 sin )\2L A4 0
Non-trivial solutions to this matrix problem exist, when the following transcendental equation is satisfied
sinh \; L sin Ao L = 0. (32)
Disregarding the value ML =0 (the only one which annihilates sinh A1 L), it must be
Mo L = kom, (kz S ]N) 33)

This gives, for L # 0, Ao = kom/L, and yields, when k = ko, the following frequency equation for the simply-supported

Timoshenko beam
A [k (1 + 2
I L Gk

This Eq. (34) was obtained for the first time in [86], and is again a biquadratic one, whose discriminant, A*, can be written
as

G
% gon
P

4
cﬁ+EG“Um)=o (34)

P> \ L

Ge\2 74\ A E\ (kr)” EN? (kr\*

AY = — — 2= 14+ — ) | — 1—— — 35
GG =1 0a) (7)< (-5) (7) 9

Then, the squared solutions to the frequency equation are

1 |Gk |A km\ E

2= == — 1+ — A*

2 z{p I+<L>(+GJ T } (36)
1[Gr[A  [(kxY E

2= == — 1+ — || — VA*

wy 2{;) I+(L>(+G/€> }, (37)

In the first part of the spectrum, the frequency of vibration corresponding to the n-th mode, w,,, must also comply with
these restrictions

Copyright line will be provided by the publisher
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wp <@ and  w, <wj,, (38)

where the upper bound wj;  on the value of w,,, corresponding to a given value of index k = ko,

« _ [2E Gk km
Yk AT GH+E<L>’ (39

descends from the requirement that the root (37) of Eq. (34) is strictly positive. So, the only admissible solutions are of this
kind

Wy = W, = Jm/w%(kg), (ke =1,...,k3), ki =max{ks € N|w, <®}. (40)

The meaning of Eq. (40) is that the ko-th frequency is given by the positive root of Eq. (37) once the value ko7m/ L has been
plugged into Eq. (34).

Thus the natural frequencies for the first part of the spectrum are completely identified; the corresponding eigenmodes,
Vi(z) = Vi, (x), @ (x) = Py, () follow immediately; by assuming, for instance, Ay, = 1, one finds

Vi, () = sin Aax; Dy, (z) = % COS Ao, 41)
2

where integer index ko belongs to this range: ko =1,..., k3. InEq. (41) Ay = Aa(wk,) and a2 = az(wy, ) i.e. they assume
the values corresponding to wy, .

3.2.2 Transition frequency: w? = &2

When BCs are substituted into Egs. (19) and (28), a new homogeneous system of simultaneous linear algebraic equations
similar to Eq. (30) is obtained, but in this case the square matrix A and the column matrix X are given by

1 1 0 0
2 L Cy
A e VY x2) G £
p 1 cos Ao L sinL 0 |’ ) Gy [ 42)
~9 _ B D
e Qo cos AL Gosin L 0 !

where A, and d are given by Egs. (14) and (21). The coefficient matrix A appearing in Eq. (42) has never rank(A) > 3:

the homogeneous system of equations is defective, and this is clearly seen, since it does not depend on coefficient D1 .
Therefore, when sin Ay L # 0, the above-mentioned matrix has precisely rank(A) = 3, and the only non-trivial solutions

are given by Cy, = C3 = C4y = 0 and D; = D1 # 0; in particular the eigenfunction can be normalized so that D15 = 1.
The eigenfunctions at the transition frequency, i.e. when w = @, are hence

Va(z) =0, Oy(x) =1. (43)
The mode described by Eq. (43) consists of a pure-shear vibration mode, where transversal displacement is always zero,

while section rotation assumes a constant value, which is the same for all cross-sections: this ensures that flexural effects
do not enter into the play.

3.2.3 Second part of the spectrum: w? > 2.

In this case, substitution of the BCs into Egs. (22) and (29), gives a homogeneous system of simultaneous linear algebraic
equations which is analogous to Eq. (30), but this time with A and X given by

Copyright line will be provided by the publisher
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1 0 1 0 By
_ a7 0 [6%) O _ EQ
A= cos A\ L sin \; L cos Ao L sin Ao L X = Es (44)
ajcos ML aypsin ML ascosAaL  assin oL Ey
Non-trivial solutions exist, when the following transcendental equation is satisfied
sin \{Lsin Ao L = 0. (45)
In order to satisfy Eq.(45), it must be
ML=kt or AL = ko, (kl, ko € ]N) (46)

The former occurrence implies

M=k

)

=

which can be satisfied by an infinite sequence of integer indices, k; € IN. When searching for admissible solutions for Aj,
one is faced again with the frequency equation for the simply-supported beam, see Eq. (34). But in this second part of the
spectrum, the frequency of vibration must comply with these restrictions

wp >@ and  w, > Wy, 47

where the lower bound wy; on the value of w;, (corresponding to a given value of index k = k1),

2F Gk km
* = —_— _— 4
YA GK+E<L>’ (“8)

descends from the requirement that the root (36) of Eq. (34) is strictly positive. So only solutions of this kind are admissible

Wy= wyy, = +1/wi(ky). (49)

As in the previous case, the notation employed in Eq. (49) means that the solution in terms of frequency is given by the
positive root of w?, once the value k7 /L has been plugged into it. In Eq. (49) the integer index & takes values inside this
range

ki=1,...,00. (50)

By virtue of (49) the natural frequency for this first contribution to the second part of the spectrum are completely identified;
the corresponding eigenmodes, by assuming Fs,, = 1, are

Vi, () = sin Az, Dy, (z) = % cos \1, (51)
1

where index k; takes the values defined by the range (50), while in Eq. (51) Ay = Aq(wy,) and @1 = a3 (wy, ), i-e. they
assume the values corresponding to wy; .
The latter occurrence (see Eq. (46)) gives

ﬂ-
>\2 = k2Z7

Copyright line will be provided by the publisher
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and provides, see e.g. Eq. (37), the same solution already discussed in Section 3.2.1

Wp =Wk, = +y/w3(ke), (k2 =k5+1,...,00), (52)

with the only remarkable difference that, being now w > @, index ks must take values in a range which extends beyond the
value k3 which has been defined in Eq. (40)2. On the other hand, the same upper bound for wy, represented by Eq. (39)
has still to be satisfied: indeed, if it is violated, the root given by Eq. (37) becomes negative.

As a consequence, if the same normalization is assumed, e.g. E4, = 1, the relevant eigenmodes, provided that index ko
is in the suitable range defined by Eq. (52), are

Vi, () = sin Ao, Oy, (z) = % cos Ao, (53)
2

which still coincide with Eq. (41), holding in the first part of the spectrum. This circumstance occurs only in case of a
simply-supported beam: other combinations of BCs never produce eigenmodes having the same shape in the first and in
the second part of the spectrum.

3.3 The case of a doubly clamped beam
When both ends of the beam, whose length is L, are built-in, there are only kinematic type BCs

Qr=0: V=0and®=0; Qr=L: V=0and ®=0. (54)

Again, the two parts of the spectrum must be treated separately.

3.3.1 First part of the spectrum: w? < &2

When BCs, Eqs. (54) are substituted into Egs. (15) and (16), this homogeneous system of simultaneous linear algebraic
equations, which is similar to Eq. (30) is obtained, where matrix A assumes now the expression

1 0 1 0
0 % 0 -3
= “ 1 2
A cosh \{.L sinh A\ L cos Ao L sin Ao L (35)
g sinh 5\1L g cosh ;\1L &2 sin Ao L _x cos Ao L
1 )\1 )\2 )\2
For the existence of non-trivial solutions, the following transcendental equation must be satisfied
~ 5\1 )\2 O[% d% . EN .
2(1 —coshAjLcos A2 L) + —— | <5 — = | sinh A\; Lsin Ao L = 0. (56)
oz \ A3 N2

For the doubly clamped beam it is not possible to arrive at a closed-form solution: natural frequencies w,, have to be
determined by solving Eq. (56) once the expressions of Ai(w), Aa(w), d1(w), ca(w) are plugged into it, producing a
complicated implicit transcendental equation in w.

It is necessary, of course, to restrict the search for solutions to the range 0 < w,, < @, since only in this range Eq. (56)
is guaranteed to assume real values. If the roots of Eq. (56) are then denoted by w,,, (n = 1,...,7), with

n=max{n € N|w, <&}, 57

the corresponding values of A, g, G, aig might be usefully denoted by

Ain =M (Wn),  Azn = Aa(Wn), Gin = a1(wn), 2n = aa(wn). (58)
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Then, once a solution w,, is found, the corresponding eigenfunctions can be determined. If, for normalizing purposes
Ay, = 11is assumed, then it follows

_ Xn sinh S\ML + sin Ao, L _ Ctgnj\ln (59)

= X N .
cosh A\1,,L — cos Ao, L ’ " GanAan

An = —0On, Aoy = )A(na Asp = On, On

These values allow completing by Eqs (15) and (16) the construction of the eigenmodes. For a doubly clamped beam, the
eigenmodes corresponding to the first part of the spectrum consist of all four functions cosh Ay, x, sinh Ay, x, cos Ay, z,
sin Ao, 2.

3.3.2 Transition frequency: w? = 2.

When BCs are substituted into Egs. (19) and (20), a homogeneous system of simultaneous linear algebraic equations similar
to Eq. (30) is obtained, where

1 1 0 0
0 0 % 1 gl
— - \2 — 3
A=l coshol  sindl 0 |0 X7V C (60)
~ 2 ~ _ ~ ~
L i 2eosiol Dy
Gk A2 Ao
The determinant of the coefficient matrix A might be simplified and becomes
det(A) = (1 SoL) — — P27 S Lsin ol 61)
= (1 —cos - — S1n
COS Ag 2%, Gr 2LsS 2

For an assigned value of L, Eq. (61) is completely determined and, in general, it is det(A) # 0: this implies that the
coefficient matrix is non-singular, so that the only solution to Eq. (30) is the trivial one, namely C; = C3 = Cy = Dy = 0:
as a consequence both V(z) = 0 and ®(x) = 0, and it comes out that (in general) the transition frequency is not part of
the spectrum for the doubly clamped beam, since at such frequency there are no vibrations.

This situation corresponds to values of the beam length such that it is impossible to place a suitable number of sine/cosine
waves along the beam span which can, at the same time, satisfy the BCs at both ends of the beam.

3.3.3 Second part of the spectrum: w? > 2.

As in the already considered cases, substitution of the BCs into Egs. (22) and (23), gives a homogeneous system of simul-
taneous linear algebraic equations analogous to Eq. (30), where in the present case

1 0 1 0

[e%1 (65) El
A= ' A " Ao x={ & (62)
cos A1 L sin A1 L cos Ao L sin Ao L ’ FEs
—% sin A\ L ?\é—icos ML _% sin Ao L %cos Ao L E4
Non-trivial solutions might be shown to exist, provided that the following transcendental equation is satisfied
YD 2 2
2(1 — cos A1 Lcos Ao L) — 172 <a; + ag) sin \{Lsin Ao L = 0. (63)
19 )\1 )\2

Again, for the doubly clamped beam it is not possible to arrive at a closed form solution: natural frequencies w,, have to
be determined by solving Eq. (63) once the expressions of A1 (w), A2(w), a1 (w), as(w) are plugged into it, producing a
complicated implicit transcendental equation in w.
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It is necessary, of course, to restrict the search for solutions to the range w,, > @, since only in this range Eq. (63)
is guaranteed to assume real values. If the roots of Eq. (63) are denoted by w,,,(n = 2 + 1,...,00), with 7 defined by
Eq. (57), the corresponding values of Ay, A2, a1, ag might be usefully denoted by

/\ln = )\1(0Jn), )\211 = )\2(wn)> Qip = al(wn); Qop = a?(wn)~ (64)

Once a solution w), is found, the corresponding eigenfunctions can be determined. If, for normalizing purposes Ey4,, = 1is
assumed, then it follows

_ Xn sin )‘lnL + sin A2nL

QA in
Ein=-Tn, FEon=Xn FE3n=Tn, Tn= -

a1n>\2n

y  Xn =

65
cos A\ L — cos Ay, L 65)

This allows completing by Eqgs. (22) and (23) the construction of the eigenmodes. For a doubly clamped beam all four
functions cos A 1,x, sin A1, 2, cos Ao, x, sin Ao, x appear in the eigenmodes which are relevant to the second part of the
spectrum.

4 Finite element models of Timoshenko beam

In order to verify the accuracy of the numerical solution in terms of both natural frequencies (the eigenvalues of the dynamic
problem) and of the vibration modes (the corresponding eigenvectors) the complete frequency spectrum has been computed
for different finite element models. Considering a given number N of DOFs, the complete discretized frequency spectrum
consists of N components.

The approach of studying the complete discretized spectrum has been proposed by Hughes [52][pp. 429-455] for the
longitudinal vibration of rods and the transversal vibrations of Euler-Bernoulli'beams by means of standard Lagrangian
finite elements. For these classes of structures, the same study has been performed by Reali [78] using an isogeometric
analysis (IGA) approach. As far as the authors know, the complete frequency spectrum for the Timoshenko beam model
has not been developed, yet, using finite elements. For this reason, in this paper, four different meshes have been adopted
with a Non Uniform Rational Basis Spline (NURBS) approximation, and two other models were built using standard Finite
Elements (FEM) with Lagrangian shape function. The nodal variables are in both cases the transversal displacement and
the rotation at each control point (for IGA), or at each node, for the standard FEM.

For the Lagrangian finite element models a commercial code has been chosen (see [33]), by adopting linear and quadratic
shape functions. In particular the linear (p = 1) model was built by means of 2-noded, elements, labeled B21 in the code
manual, which take into account both shear strain-and rotary inertia. Their shape functions, L1; and L1, (the first index
denotes the node, the second the polynomial order) are the usual linear functions, defined in the parameter space spanned
by £ € [—1, 1] -and depicted in Figure 2(a). The mass matrix associated to them is a lumped one.

1.2 1.2
11 11
1 1.0 SRS B
- 10 = ~ o] P
209 —— o 4997
g 4 -l Ly g038 . .
g 0.8 ] £07 . / T L \
c . c - ===+ Ly,
207 - 206 - —r
0] 7 e 0] B >\ 32 /\
206 ; 205 - -
e 2 o4l / /N
© 05 > 504 ; \
8 ] 803 a :
S 0.4 = CRaEN Y
g . § 027~ \
g & 0.1 /
- 0.2 d - -/ y \
- o 0.0 -
01— 01 e ]
0.0+ T T T T T T T T T -0.2 T T T T T T T T T T
-1 -08 -06 -04 -02 0 02 04 06 08 1 -1 -08 -06 -04 -02 0 02 04 06 08 1
¢ ¢

(a) (b)

Fig. 2 Lagrangian shape functions for Timoshenko beam finite elements: linear shape functions (a); parabolic shape functions (b).
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The quadratic (p = 2) model was obtained by means of 3-noded elements, which are also known as B22. In this case,
shear strain and rotary inertia have been considered, too. Variables are described by means of standard quadratic shape
functions (L2, Las, L32) which are depicted in Figures 2(b); for this model, however, the mass matrix is a consistent one.

Stiffness and mass matrices for these elements (B21 and B22) are built by numerical integration adopting 2 Gauss
points. The eigenvalue extraction algorithm for these models is the well known Lanczos algorithm [56].

For the IGA models, an in house home-made developed code has been adopted, which is based on a popular computer
algebra system with extended numerical facilities (viz. [61]) and is built above the GeoPDEs package [34]. The same code
has been already applied to static problems for curved beams in [20-22,27].

For the sake of conciseness only the basic ingredient of isogeometric analysis are provided here: the interested reader
who needs a more detailed description of B-splines and NURBS approximation is referred to Piegl & Tiller’s book, [70],
while a general introduction to IGA can be found in [30].

It can be stated that a curve x = x(§) has a p-degree NURBS representation when there exist n € IN, control points P; €
R?, with associated weights g; € R, j = 0...n, and a knot vector, i.e.aset 2 = {0 =& <& < oo < &pypr1 = 1}
such that, for any £ € [0, 1] (the standard parameter space for NURBS and B-splines)

x(§) =Y R ()P, (66)
7=0

where the NURBS basis functions {R; ,(£)} are expressed by

Rjp(€) = 225250 (67)
ZBJm(f)gj

=0

The most effective analytical expression for these kinds of functions is the Cox-De Boor recursive formula. It defines the
B-splines basis {B; ,(£)} of order p, which is required to build the NURBS basis function as follows

Bjo(€) ={ (1) fthef”v'viff . - (68)
By =="% B e =t ). (69)

Ei+p — & Ejapt1 — &1

A partition of the parameter space [0, 1] is defined by the knot vector =, which is a non-decreasing set of coordinates. It
is possible to have uniform and non uniform knot-vectors. The latter case corresponds to a set of unequally spaced knots,
which allow representing a larger number of shapes. Also the multiplicities of knot values have important effects on the
properties of the basis. It is possible, indeed, to modify the continuity of the NURBS by varying this parameter: repeated
knots would reduce it.

In this paper four isogeometric finite element models were developed for each case. They have different NURBS degree:
quadratic (p = 2); cubic (p = 3); quartic (p = 4); and quintic (p = 5). These models are characterized by a uniform knot
vector and produce a consistent mass matrix. For matrix integration the number of Gauss points is always assumed equal
to the NURBS degree. For example, for cubic elements, (p = 3), three Gauss points were used. In Figure 3 the B-spline
shape functions, which are the building blocks for constructing the NURBS ones, see Egs. (67)—(69), are plotted for several
different values of the degree p. It is useful noticing that these basis functions, similarly to the Lagrangian basis functions,
constitute a partition of unity, in the sense that for any ¢ it results

P
Z Bj k(&) = 1.
k=0
However, differently from Lagrangian basis functions of order p > 1, the B-splines basis functions (and the NURBS ones,
too) are always positive, as a careful check of Figures 2-3 confirms.

The generalized eigenvalue problem has been solved for the IGA elements by means of the native function eig, which

is based on the QZ algorithm [63].
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(c) (d

Fig. 3 B-splines basis function Bj,, for Timoshenko beam finite elements and several polynomial order. (a) refers to p = 2; (b) to
p=3;(c)top =4;(d) to p = 5. The first index refers to the j-th control point.

S Computational assessment of Timoshenko beam dynamics

The numerical results presented in this Section aim at assessing the computational performance of the Timoshenko beam
model in the simplest dynamic range, corresponding to free vibrations. From the finite element point of view, this corre-
sponds to assembling the mass and stiffness matrices, denoted by M and K respectively, and in solving the Generalized
(symmetric) Eigenvalue Problem (GEP)

(K — w?*M)¥ =0, (70)

where W denotes the eigenvector (i.e. the discretized vibration mode) associated to the natural frequency w, which holds
the place of the eigenvalue.

Once eigenvalues and corresponding eigenvectors are computed for the discretized system, the results are checked
against the theoretically exact values provided by the solution of the continuum problem which has been presented in
Section 3.

In particular, several aspects of the numerical solution have to be addressed: the accuracy of the computed spectrum
for the simply-supported and for the doubly clamped beam, the accuracy by which the (discrete) eigenvector reproduces
the corresponding eigenmode of the continuous system, and the detection of the last pair (natural frequency w,,, vibration
mode ¥,,) which, for a given number of DOFs, is still sufficiently correct for reproducing the continuous system. These
issues are considered separately in the next Sections.
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5.1 Numerical spectrum for a simply-supported Timoshenko beam

The whole frequency spectrum of a simply-supported Timoshenko beam, with the geometric and mechanical characteristics
already defined in Section 3.1 has been computed by means of the above mentioned numerical models. The frequency
spectra, which are relevant to a total number of DOFs equal to N = 100, N = 500 and N = 1000 have been considered,
and are plotted in Figures 4-6.

In each plot, the ratio between the numerical eigenfrequency w! and the corresponding analytical one w,, is reported
on the vertical axis, while the horizontal axis lists natural frequencies in increasing order. Each spectrum is plotted with a
different pattern to distinguish the polynomial degree p. Moreover, label FEM refers to the Lagrangian models while IGA
represents the isogeometric ones. The vertical arrow highlights the position of the cut-off frequency, w, see Eq. (12).

2.0
-4 ———— FEM, p=1
18 | - FEM, p=2 ,\
—-—--IGA, p=2 :
R - IGA, p=3 f
———r IGA, p=4 s
6 iGA p=5 /N
- I/ ,/._
< 1 / o
3 | / L\:\
=14 | 7l b
I /sl
3 - 1 // ,-',/,/
1 v 2
1.2 ! .- //
' | A S
I Y e R LN
1.0 i BEND GGV )\ NSO 7, o il
0.8
0 10 20 30 40 50 60 70 80 90 100

n

Fig. 4 Numerical errors of the frequency spectra for a simply-supported Timoshenko beam discretized with N = 100 DOFs. The dotted
vertical arrow represents the position within the spectrum of the cut-off frequency.
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] e :.dw"”‘”,fﬂ \/
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Fig.5 Numerical errors of the frequency spectra for a simply-supported Timoshenko beam discretized with N = 500 DOFs. The dotted
vertical arrow represents the position within the spectrum of the cut-off frequency.

The general trend of these spectra is very similar in all three cases, though, as the number of DOFs increases, curves
assume a smoother trend. Roughly speaking, IGA models produce very accurate results for almost 80% of the whole spec-
trum and exhibit better performances (which, of course, depend on the NURBS degree p and increase with it) in comparison
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Fig. 6 Numerical errors of the frequency spectra for a simply-supported Timoshenko beam discretized with N' = 1000 DOFs.The
dotted vertical arrow represents the position within the spectrum of the cut-off frequency.

with the FEM ones, in almost all the spectrum, excluding the very last part of it. Indeed there some outlier frequencies ap-
pear, which are due to the truncation error produced by the discretization of a continuum problem: these highest frequency
samples correspond to highly localized vibration modes (see Figure 7), which show a behavior comparable to a boundary
layer.
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Fig. 7 Eigenmodes corresponding to outlier frequencies, which are typical of IGA elements at the end of the discretized spectrum. In
the present case modes 499 and 500 are shown, with reference only to the transversal displacement, V' (x). NURBS order: p = 2 (a);
p=5(b).

The results of the Lagrangian (FEM) models are quite different in comparison with what happens in the Euler-Bernoulli
beam case, whose results can be found in [52], [54]). In that case, indeed, a quite important discontinuity can be detected
in the middle of the spectrum, while for the Timoshenko beam the behavior is less jumpy and globally smoother.

5.2 Numerical spectrum for a doubly clamped Timoshenko beam

The same analysis has been performed for a doubly clamped Timoshenko beam with the same geometric and mechanical
data, too. Only the case N = 100 DOFs has been studied, due to the difficulties in computing the exact frequencies, as it
has already outlined in Section 3.3.
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Fig. 8 Numerical errors of the frequency spectra for a doubly clamped Timoshenko beam discretized with N = 100 DOFs. The dotted
vertical line represents the boundary between the first and the second part of the spectrum. In this case, the transition frequency @ does
not belong to the spectrum.

The eigenfrequency errors are reported in Figure 8: the trend is similar to the simply-supported beam case. Again IGA
models produce more accurate results than the standard Lagrangian FEM models.

It is important to highlight that this circumstance proves the reliability and the robustness of the proposed approach,
independently of the applied boundary conditions.

5.3 Numerical assessment of the quality of the discrete eigenmodes for the Timoshenko beam

The accuracy of the GEP cannot be ascertained by looking only at vibration frequencies, as it has been done, up to now, for
the Euler-Bernoulli beam (see [52], [78]). For this reason, an evaluation of the numerically obtained eigenmodes has been
performed, for the simply-supported beam only, since in this case the exact eigenmodes are easily computed by Egs. (41),
(43), (51), (53), and, except for the transition frequency, they turn out to be pure sinusoidal functions.

Thus, with the aim of assessing the accuracy of the numerical results, for the simply-supported Timoshenko beam
discretized with /N = 500 DOFs, the whole set of 500 eigenvectors has been developed: each eigenmode has been recon-
structed by evaluating it in N, = 5001 equally spaced points along the beam span; the exact solution has been similarly
computed by evaluating in the same points the corresponding theoretical eigenmode.

For the sake of conciseness, and to avoid problems related to different normalization criteria, only the transversal dis-
placement component, V' (), has been taken into consideration, but conclusions easily extend to section rotation, ®, too.

As an accuracy check the [? discrete relative error (i.e. the relative error in the discrete [?> norm) has been computed for
each mode: if V*(x) denotes the exact eigenmode and V() the numerically computed one, it follows

1 O 2
= 2 V(@) = V(ay)]
po LT
= — ) (71)
1 9
Ejﬂ [V*(x;)]

Results are plotted in Figures 9-14, separately the two Lagrangian FEM meshes and the four NURBS-based ones.

In order to explain the somehow weird behavior of the 2 error plots, it is useful recalling that, in the continuum case,
the L? norm of sin jrz and of (sin jrx — sin kwa) (for k # j) in the [0, 1] interval are respectively given by
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Fig. 9 1% norm of the error for the eigenmodes of a simply-supported Timoshenko beam discretized with N = 500 DOFs and B21
linear elements. Each eigenmode has been represented by N, = 5001 equally spaced points along the beam span. The number within
the frame represents the first mode affected by non-negligible errors.
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Fig. 10 [? norm of the error for the eigenmodes of a simply-supported Timoshenko beam discretized with N = 500 DOFs and B22
quadratic elements. Each eigenmode has been represented by /N, = 5001 equally spaced points along the beam span. The number
within the frame represents the first mode affected by non-negligible errors.

vz

1
||sinjma| 2 = [/ (Sinjmc)de} =—,
0 V2

1/2

1
/ (sin jma — sin kﬂ'df)le'] =1

l(sin jrz — sinkmx)|| 2 = {
0

Consequently, when two different sinusoidal waves are considered, the L? error is equal to 1, while when the difference
between a sinusoidal wave and an almost vanishing function (as it happens for the eigenmodes corresponding to an outlier
frequency), then the L? error becomes equal to 1/1/2. Hence, the error in the L? norm is higher in the former case than it
is in the latter, and this justifies why the observed {2 error tends to reduce at the end of the spectrum.

On the other hand, the very high error values which are found at the beginning of the spectrum correspond to computed
eigenmodes which have an incorrect wave-number, as a result of some drift (or aliasing) of the corresponding natural
frequencies. This issue will be better illustrated in Section 5.4.
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However, looking at Figures 9-14, a faster decay of the quality of solution in terms of eigenmodes is detected in
comparison with the accuracy reduction in the frequency range. Indeed Lagrangian elements (see Figures 9-10) exhibit a
significant decay after only 38 (linear elements, B21) or 63 (quadratic elements, B22) modes out of 500. Instead, as long
as frequencies are concerned, reasonably good results (with error below 20%) were obtained up to mode 300, see Figure 5.
If IGA models are considered, their performances are superior even in terms of eigenmode reconstruction: for the quadratic
NURBS (p = 2), Figure 11, significant decay corresponds to mode 114, while, for the more refined quintic NURBS (p = 5,
see Figure 14), results are excellent up to mode 271.

In any way, the obtained results clearly show that the quality of approximation of eigenmodes is a crucial points for the
Timoshenko beam model, and these plots should be carefully considered before choosing the number, /N, of DOFs which
is necessary to adopt for reproducing, to within a given accuracy, the eigenmode corresponding to a fixed natural mode, say
the n-th.
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Fig. 11 [? norm of the error for the eigenmodes of a simply-supported Timoshenko beam discretized with N = 500 DOFs and IGA
elements with p = 2. Each eigenmode has been represented by N, = 5001 equally spaced points along the beam span. The number
within the frame represents the first mode affected by non-negligible errors.
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Fig. 12 [? norm of the error for the eigenmodes of a simply-supported Timoshenko beam discretized with N = 500 DOFs and IGA
elements with p = 3. Each eigenmode has been represented by N, = 5001 equally spaced points along the beam span. The number
within the frame represents the first mode affected by non-negligible errors.
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Fig. 13 12 norm of the error for the eigenmodes of a simply-supported Timoshenko beam discretized with N = 500 DOFs and IGA
elements with p = 4. Each eigenmode has been represented by N, = 5001 equally spaced points along the beam span. The number
within the frame represents the first mode affected by non-negligible errors.
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Fig. 14 [? norm of the error for the eigenmodes of a simply-supported Timoshenko beam discretized with N = 500 DOFs and IGA
elements with p = 5. Each eigenmode has been represented by N, = 5001 equally spaced points along the beam span. The number
within the frame represents the first mode affected by non-negligible errors.

5.4 Automatic check of the quality of the discrete eigenmodes for the Timoshenko beam

In order to check the accuracy of a numerically computed eigenmode, a simple method would consist in visually inspecting
and comparing it against the theoretically exact one. This task, however, is time consuming and becomes more and more
inconvenient, when the mode number increases (and the corresponding eigenmode becomes more and more complicated).

For the simply-supported Timoshenko beam, the component V' (x) of the eigenmodes, except for that corresponding to
the transition frequency, are pure sinusoidal functions, each one depending on a particular wave-number, A,,, which de-
scends from either \; or \o. Therefore, for the n-th natural frequency, the relevant eigenmode is given by this monocromatic
wave

kn
V,(z) = sin \pz = sin T”x (kn = ky ork, = ky). (72)
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In Eq. (72) the wave-number \,, = k,7/L can be thought of as the counterpart of the angular frequency w in the time
response; analogously, the counterpart of the time frequency f = w/(27) in the space domain is the so-called space-

frequency, fxn

A kn
fan = 5x — 3L (73)
This space-frequency (which corresponds to the number of complete sinusoidal waves included in the full span L of the
beam), completely characterizes the sinusoidal wave: indeed in the space-frequency domain, a function like that given by
Eq. (72) is completely identified by the frequency value k,, /(2L).

This suggests the idea of measuring the accuracy of the numerical eigenmodes by evaluating the corresponding Fourier
transform and analyzing the corresponding space-frequency domain. If there were no errors a single peak (theoretically,
a Dirac § function) corresponding to the exact value fy,, should be obtained in the space-frequency domain. Instead if
the numerical eigenvector presents some errors, the corresponding Fourier transform will produce either a shifted peak, or
some other peaks in addition to the principal one.

Effective algorithms for performing discrete Fourier transform are available: for instance, the fast Fourier trasform
(FFT), see [28]. The sampling space-interval Az = L/N,, = 0.0004 m determines the maximum space-frequency, the
well-known Nyquist frequency, which can be correctly resolved: fx nyquist = 1/(2Ax). In this case, fx Nyquist = 1250 m~L.

On the other hand, the interval between transformed points in the space-frequency domain, A f, depends on the number
N,, of space samples and on the sampling space interval: Afy = 1/(N, Az). For a given Az, the accuracy which can
be achieved, i.e. the space-frequency resolution, increases with IV, because A f becomes smaller; as a consequence, since
for numerical efficiency, FFT algorithms are based on transforming a number of points Ny which must be an exact power
of 2, a simple way to increase the frequency resolution is found by choosing N, large enough, and padding with zeros the
sampled signal: therefore it is possible to achieve a spacing of points in the space-frequency domain Af = 1/(N; Azx).

Here N, = 5001, and with the selection N, = 215 — 32768, the addition of Ny — N, zeros at the end of the sequence
of the signal points allows to achieve Afy = 0.076 m~!. The sampling interval in the space-frequency domain results
therefore rather small, with more than 13 samples in each 1 m~!-wide range. So, the space-frequency resolution of the
space spectrum is high. FFT has been performed with subroutine DFOUR1, extracted from [73].

For the sake of conciseness, only the 500 DOFs case was considered for the simply-supported beam, and, again, only
the V' (z) component of the eigenmode has been taken into consideration: the corresponding eigenvectors were calculated,
using both FEM and IGA models, and their values were taken on a set of IV, = 5001 equally spaced points along the beam
span. Results are expressed as plots of the square root of the normalized power spectrum (denoted in the Figures by the
symbol (N PS)l/ %) vs. the space-frequency, fx.

The numerical models produce good results for the first modes; of course, the higher the number of considered modes,
the larger the error becomes. This happens first, when a shift on the frequency domain can be detected.

Analyses were performed adopting a number of modes almost equally spaced in the natural frequency space: mode 85
(corresponding to theoretical values k; = 57 and f = 14.25 m~'); mode 168 (k; = 59 and fy = 14.75 m~'); mode 251
(ko = 161 and f\ = 40.25 m~'); mode 334 (k; = 214 and f\ = 53.50 m~!); mode 417 (k; = 150 and f» = 37.50 m~!)
and mode 499 (k; = 319 and f) = 79.75 m™1).

For example, Figure 15 (a) represents the FFT results corresponding to mode 85, and was obtained by applying the
transformation to the eigenvectors built with quadratic (p = 2) FEM and IGA models with p = 2 and p = 5.

The analytical peak, labeled by a grey arrow (or a purple one, in the color reproduction), is clearly represented, as well
as a shift of the FEM space-frequency peak which is a measure of the numerical error of this model. Instead, both IGA
models perform very well and their peaks match the theoretical one.

Figure 15 (b) is referred to mode 168; in this case both IGA with p = 2 and quadratic FEM models produce a significant
shift of the space-frequency peak fy; in addition, the FEM model shows some other peaks, too. These represent other
frequency components associated to that vibration mode, which can be thought of as numerical noise, since no physical
meaning can be assigned to them. On the other hand, the IGA model with p = 5 still produces excellent results.

Looking at a higher mode, for example mode 251, FFT analysis, shown in Figure 16 (a), highlights a good performance
of higher degree (p = 5) IGA model, while both quadratic FEM and IGA with p = 2 present several peaks in addition to
the principal one.

Higher errors are presented in Figure 16 (b), mode 334, where only the IGA with p = 5 can detect the exact principal
peak, but even in this case there are other peaks due to numerical errors. The performance of FEM and IGA with p = 2 is
worse, and this shows that the corresponding eigenmodes are meaningless.

If the last part of the spectrum is considered, e.g. mode 414, which is plotted in Figure 17 (a), the numerical errors
become higher and all models cannot detect the exact theoretical peak and present other small peaks, too. Finally, in
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Fig. 15 FFT of some eigenmodes almost equally spaced within the spectrum and numerically computed for the B22 Lagrangian finite
element and IGA elements with order p = 2 and p = 5. (a) refers.to mode 85: ks = 57 and f\ = 14.25 m™'; (b) to mode 168: k; = 59

and fy = 14.75m L.
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Fig. 16 FFT of some eigenmodes almost equally spaced within the spectrum and numerically computed for the B22 Lagrangian finite
= 161 and fy = 40.25 m~"; (b) to mode 334:

element and IGA elements with order p = 2 and p = 5. (a) refers to mode 251: ko

ke = 214 and f\ = 53.50 m™ .

a7 Figure 17 (b) the FFT of the outlier mode 499 is presented: both IGA models produce severe errors and any peak can be
43 hardly found. The FEM model still presents both a shifted principal peak and other two peaks without physical meaning,
w9 but its performance is poor. Hence, no model can predict even a rough approximation of the real eigenmode.
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Fig. 17 FFT of some eigenmodes almost equally spaced within the spectrum and numerically computed for the B22 Lagrangian finite
element and IGA elements with order p = 2 and p = 5. (a) refers to mode 417: k; = 150 and f = 37.50 m~!; (b) to mode 499:
k2 =319and f\ = 79.75m '

6 Conclusion

A complete review of the equations of motion for the Timoshenko beam model has been presented, at the beginning of
this paper, in the case of free vibrations. The fundamental result is that the vibration spectrum of a Timoshenko beam is
unique, but consists of two parts, none of which can be, in principle, disregarded. Specific attention has been devoted to
the special cases of a simply-supported and of a doubly clamped beam: they provide a rather simple but exhaustive enough
representative view of the different independent combinations which can be formed with the four elementary constraints
for a single span beam.

In the former case, the transcendental equation which provides the wave-numbers corresponding to natural frequencies
is factorized, and this property produces vibration modes (excluding the transition frequency, whose eigenmode is charac-
terized by a constant function) which have, in both part of the spectrum, a simple shape, consisting of an integer number of
sine/cosine half-waves.

In the latter case, instead, the transcendental equation does not factorize, and this produces much more complicated
vibration-modes: in the first part of the spectrum, both circular and hyperbolic sine/cosine functions are combined in each
eigenmode, while in the second part of it, there appears a combination of sine/cosine functions depending, however, on two
different wave-numbers. Moreover the transition frequency is not, in general, part of the spectrum, for this and for all other
combination of constraints, excluding the simply-supported case.

In the body of the paper, these theoretical results have been used to validate the eigenvalues and eigenvectors obtained by
several finite element models: two of them are based on a standard implementation of Lagrangian-interpolated displacement
(both linear and quadratic), while the remaining four are based on the isogeometric approach, with an approximation order
ranging from quadratic (p = 2) to quintic (p = 5). The analysis has been performed, similarly to what had been already
done in the literature for the Euler-Bernoulli beam model, by considering the whole spectrum generated by a given number
of DOFs. In particular, for the simply-supported case, the spectra corresponding to 100, 500 and 1000 DOFs (and hence to
100, 500 and 1000 natural modes) have been considered, and this has allowed to confirm that also for this structural model
the isogeometric approach provides more accurate results. For the doubly clamped beam, the difficulties in computing the
theoretical natural frequencies have limited the analysis to the spectrum generated by 100 natural modes; however, with
reference to the simply-supported case, the fundamental trends have been confirmed.

A further step, which had not been considered yet, for the Euler-Bernoulli beam model (where, however, natural fre-
quencies are much better separated than in the Timoshenko one) has been tried here, in order to assess the quality of the
computed eigenmodes. For this purpose, and limiting, for simplicity, attention to the simply-supported case and to the
transversal displacement component only, the [? discrete relative error has allowed to detect for the different finite element
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model the threshold (in terms of natural modes) above which the accuracy of the computed eigenmode deteriorates. By
combining this piece of information with the already computed error in the constructed spectrum, the conscious user of the
finite element method is given a method for globally assessing the quality of his/her models. Some useful clues about the
resolution, in terms of the number NV of DOFs, which is necessary to use if results must be accurate up to the n-th vibration
mode, are provided, too.

The results presented in this work could be used for an in-depth analysis of some current and more actual problems.
For instance, the case of curved Timoshenko beams might be interesting and useful for technical applications, particularly
the extension to the computational framework, by adopting the isogeometric approach; for 1D problems some recent
contributions appeared [20-22,27,32,45,46]. Again, the use of highly-efficient discretisation techniques, such as those
reported in [12,19,88] is promising: they provide more refined stress description and might therefore improve the accuracy
of numerical results.

Geometric nonlinearities have to be considered, as well, viz. by using the suggestions presented in [42,44, 74,79, 80],
while a complete dynamic approach for the generalized beam theory has been addressed in [39, 66-69, 72, 82] and in the
references cited therein.

The Timoshenko beam model is a particularly simple model from the point of view of micro-mechanical analysis.
Therefore, it can be thought of as a simple prototype for providing fruitful clues in.view of the development of new
and more refined mathematical models of continua. The interested readers will find many insight, looking at the current
research trend on generalized continua and their applications, for example in [8, 9] where modeling of bones is addressed;
in [6,7, 18, 36, 40, 64, 90] for gradient models; in [29, 71] for 2nd gradient models; in [47, 60, 62] for multi-constituent
materials and in [26] for some hints on non-local problems.

Pantographic problems, see [2,3,37,38,43,75,76] represent a link between higher-order continua and beam models which
might suggest fruitful ideas; in particular the review paper [35] considers the dynamic case. Homogenization theories are
treated in [25], graded materials in [4, 15] and micropolar continua in [5].

Finally, it has to be pointed out that an accurate evaluation of the spectrum is fundamental in problems which consider
damage detection, see for example [1, 13,14, 81] and references provided therein, or try to optimize the structural response
of smart structures such as the large one described in [10, 17,84].
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