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Diagnosability analysis
of labeled Time Petri net systems
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Abstract—In this paper we focus on two notions of diag-
nosability for labeled Time Petri net systems: K -diagnosability
implies that any fault occurrence can be detected after at
most K observations, while 7-diagnosability implies that any
fault occurrence can be detected after at most 7 time units. A
procedure to analyze such properties is provided. The proposed
approach uses the Modified State Class Graph, a graph the
authors recently introduced for the marking estimation of labeled
Time Petri net systems, which provides an exhaustive description
of the system behavior. A preliminary diagnosabilty analysis of
the underlying logic system based on classical approaches taken
from the literature is required. Then, the solution of some linear
programming problems should be performed to take into account
the timing constraints associated with transitions.

Index Terms—Discrete event systems, Petri nets, fault diagno-
sis.

I. INTRODUCTION

The explicit consideration of time is crucial for the speci-
fication and the verification of systems such as transportation
systems [5], communication protocols, circuits, or real-time
systems as well as to study a series of extremely important
problems such as state estimation, state feedback control and
fault diagnosis.

In the Petri net (PN) framework the first main distinction
is between Time PNs [23] and Timed PNs [20]. In Time PNs
enabled transitions may fire within given time intervals that
may either be associated with places or transitions (P-Time
PNs and T-Time PNs, respectively). In Timed PNs enabled
transitions fire as soon as given time delays have elapsed. As in
the previous case, delays may either be associated with places
or transitions (P-Timed PNs and T-Timed PNs, respectively).
In this paper we consider T-Time PNs and we call them Time
PNs (TPNs) for short.
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In [4] we solved the problem of marking estimation of a
labeled TPN. We first presented an algorithm for the construc-
tion of a graph called Modified State Class Graph (MSCG)
that collects all the information on the evolution of the labeled
TPN system; then, given an observation and a time instant we
illustrated a procedure based on the exploration of the MSCG
and on the solution of some linear programming problems
(LPPs), that allows one to determine the set of markings
consistent with the observation and the considered time instant.
Finally, we present a procedure to perform fault diagnosis
using the MSCG.

In this paper we analyze K-diagnosability and 7-
diagnosability of labeled TPNs. The problem of diagnosability
consists in determining a priori if a system is diagnosable, i.e.,
if it is possible to reconstruct the occurrence of fault events
observing words of finite length. When we deal with TPNs
two different diagnosability problems can be solved: After how
many observations are we able to detect a fault occurrence?
Or after how many time units are we able to detect a fault
occurrence? In the first case we study K -diagnosability, while
in the second case we study 7-diagnosability of the system.
Specifically, a TPN is said K-diagnosable if once a fault
has occurred its occurrence can be detected after at most K
observations. On the other hand, a TPN is said 7-diagnosable
if once a fault has occurred its occurrence can be detected
after at most 7 time units.

In this paper, in accordance with most of the literature
in this area, we assume that only a subset of transitions
can be observed, e.g., because a sensor that produces an
observable output when they fire is associated with them.
We call such transitions observable. The other transitions are
called unobservable (or silent) because their firing cannot
be observed. We consider fault transitions as a subset of
unobservable transitions. Moreover, we assume that the same
sensor can be associated with more than one transition, i.e.,
more than one transition may share the same label. We call
such transitions indistinguishable.

The main contribution of this paper consists in a procedure
to analyze K -diagnosability and 7-diagnosability. The basic
idea behind the proposed approach can be summarized as
follows.

The MSCG is first computed. Then, based on such a graph,
a preliminary investigation based on classical approaches from
the literature is carried out to establish if the underlying
untimed PN system is diagnosable. If it is diagnosable, for sure
the timed model is diagnosable as well. If it is not diagnosable,
a further investigation should be carried out because it could
happen that the information originating from time make the
system diagnosable. In more detail, an approach based on the



solution of an LPP is proposed. In very simple words, the
LPP enables us to establish if two sequences that produce the
same observations in the same time instants, one containing
a fault and the other one not, may actually fire, in the sense
that the unobservable events they contain are consistent with
the timing constraints associated with transitions that generate
them.

Note that a preliminary and partial version of this paper
has been presented in [3], where only K-diagnosability was
considered.

We believe that this paper provides an important con-
tribution to the discrete event systems (DES) theory, and
particularly to the PN literature, for two main reasons.

First, while the problems of diagnosis and diagnosability
have been extensively studied using logic DES [24], [8], [6],
[13], [17], there are relatively few works dealing with these
topics in the timed framework, both in the case of automata
[11], [18], [26], [16] and PNs [19], [28], [10], [22].

In particular, to the best of our knowledge, this is the first
time that problems of K-diagnosability and 7-diagnosability
using labeled TPNs are addressed in the literature.

Second, this paper is in line with our idea of building, as
well as we did for untimed Petri nets [1], [12], [14], [13], [15],
a research line that goes from state-estimation/fault diagnosis
of labeled Time Petri nets [4] to diagnosability analysis, up to
methods that make diagnosable a non-diagnosable time system
and/or optimally select sensors for ensuring diagnosability (see
[13] for untimed systems).

We conclude this section with a brief overview of those few
papers dealing with a problem statement closely related to the
one at hand.

Hashtrudi Zad er al. [18] introduced the concept of time-
diagnosability in the context of timed DES modeled by au-
tomata, containing in their events set an event which is the
tick of a global clock. The tick is assumed to be observable.
Time-diagnosability requires that the occurrence of the generic
fault f; can be detected and isolated after the occurrence of at
most 7; ticks. Hence, in the context of timed DES the concept
of time-diagnosability is close to K -diagnosability introduced
in this paper. However there are two main differences: First,
the timed DES model in [18] deals with activities with a
fixed time delay, while here time intervals are considered;
second, our approach relies on linear programming that is a
standard and efficient tool, while [18] considers an exhaustive
search on the graph. Finally, the use of linear programming
also opens the door to a future research on how to make a
system K -diagnosable/T-diagnosable (if possible) acting on
the transitions timing.

Another important contribution in the framework of timed
automata has been proposed by Tripakis in [26] where timed
automata with guards [2] are considered and the notion of
0-diagnosability (basically coincident with our definition of
7 diagnosability) is proposed and shown to be PSPACE-
complete in the case of § € Q. The approach proposed by
Tripakis to analyze §-diagnosability is based on the region
graph tool introduced in [2]. A main difference between
such an approach and the approach in this paper is that the
analysis based on the region graph tool simultaneously checks

logical ambiguities (two sequences have the same observable
projection, one containing the fault and the other one not)
and timing ambiguities (observable events may occur in the
same time instants). On the contrary, our approach first focuses
on logical ambiguities, and only in the case of a positive
answer to this issue, check for timing ambiguities. Finally,
another advantage of the approach presented in this paper is
that it provides a unified framework to study both K- and
T-diagnosability.

By the way it is important to note that the approach in
[26] cannot be applied to the MSCG even if the MSCG is an
automaton with guards. Indeed guards in the MSCG are in
general not defined by constant numbers (as in [26]) but are
functions of parameters defining guards in other edges. An
example that clearly points out this is provided in [4] where
the MSCG has been introduced first.

A. Structure of the Paper

Section II provides some background on labeled Time
Petri nets. Section III illustrates the two problem statements
considered in this paper and the assumptions on which they are
based. Some results that are useful in the following sections
are also proved here. Preliminary results on the Modified State
Class Graph are presented in Section I'V. Sections V and VI
explain how to analyze K -diagnosability and 7-diagnosability,
respectively. Finally, conclusions are drawn in Section VIII
where future lines of research in this framework are also
illustrated.

II. TIME PETRI NETS WITH LABELS

A. Background on Time Petri nets

A TPN is a Petri net also called Place/Transition net (P/T
net) where timing is associated with transition firing [21].
In particular, time intervals are associated with transitions: A
transition may fire at a given time instant if and only if it has
remained logically enabled for an amount of time within its
own time interval. More details are provided in the following.

As in P/T nets the net structure is defined as a quadruple
N = (P, T, Pre, Post) where: P is a set of m places; T is
a set of n transitions; and Pre : P x T — N and Post :
P xT — N are the pre— and post— incidence functions that
specify the arcs. The incidence matrix C' of the net is equal
to C' = Post — Pre.

A marking (i.e., the net state) is a vector M : P — N that
assigns to each place a nonnegative integer number of tokens,
represented by black dots. We denote M (p) the marking of
place p.

A transition t is said to be logically enabled at M iff M >
Pre(-,t). The firing of a transition ¢ at a marking M yields
to marking M’ = M + C(-,t). We denote A(M) the set of
transitions logically enabled at M, ie., A(M) = {t € T |
M > Pre(-,t)}.

A Time PN is defined as a couple Ny = (NN, Q) where
N = (P, T, Pre, Post) defines the net structure and Q : T' —
Q x (QUoo) defines the set of static intervals associated with
transitions. In particular, given a transition ¢; € T, the function



(@ associates two rational numbers with ¢; (the second one may
also be 00), namely Q(t;) = (I;,u;), where

Transition t; may fire iff it remains logically enabled for a
time interval included in [I;, u;]. The logical enabling condition
must hold consecutively (enabling memory policy) or may not
hold consecutively (total memory policy), depending on the
considered enabling policy [25].

A TPN N, with a marking M, at the initial time instant
70 = 0 is called a marked TPN, or a TPN system, and is
denoted (Ny, My).

A TPN evolution is defined by a time-transition sequence
(TTS), namely a sequence of pairs (transition, time instant),
that specifies the sequence of transitions that have fired,
and the corresponding time instants. As an example, the
firing of o = (t;,,71)(tiy, 72) ... (tir, 76) € (T x RE)* at
the initial marking M, means that transition with index i
has fired at time 7y, transition with index i, has fired at
time 7o, and so on. We denote this in a compact form as
Mo[ti, (71)) My [tiy (72)) Mz - - - [ti,, (7)) My, where obviously
it holds m; < 7 < ---7,. More concisely, we also write
My[o) M, or simply My[o) if we do not want to specify the
marking reached after the firing of o, but only want to denote
that o may fire at M.

Given a TTS o = (til,Tl)(tiQ,Tg)...(tik,Tk) S
(T x RS)", we denote as log(c) = t;ti,...t;, the logic
sequence of transitions associated with o, neglecting the time
instants at which they have fired.

A marking M is reachable in (Ng, Mp) if there exists a
TTS o such that My [0) M. The set of all markings reachable
from My defines the time reachability set of (N4, My) and is
denoted by R;(Ng, My). Note that R;(Ngy, My) is always a
subset (usually a strict subset) of the reachability set of the
underlying untimed PN [21].

A TPN system (N, M) is bounded if there exists a positive
constant k such that, for all M € R;(Ng4, My), M(p) < k.
By virtue of the above consideration, it obviously may happen
that a TPN system is bounded even if the underlying untimed
PN is unbounded.

Finally, the enabling degree of a transition ¢ logically
enabled at a marking M is the highest integer number k£ such
that M > k Pre(-,t). In simple words, in a purely logic
model, the enabling degree of a transition ¢ at a marking M
denotes how many times ¢ may fire at M.

In the rest of the paper we assume that the considered TPNs
follow a single server semantics and an enabling memory
policy. More details on this can be found in [25], [9]. In simple
words, when using a single server semantic each transition
represents an operation that can be executed by a single
operation unit (a single server). Therefore, regardless of the
current enabling degree, a transition may only fire once at a
time. The enabling memory policy implies that a transition has
no memory of any previous enabling, i.e., if it remains enabled
for a certain time and some other transition fires disabling it,
when it is enabled again it does not keep into account the
time intervals in which it has already been enabled. Assume
as an example that a transition models the execution of a given
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operation that requires a time interval defined by its lower and
upper bound. If such an operation is interrupted, it should start
from the beginning, i.e., the time required to perform the given
operation should be consecutive.

B. Labeling function and time-label sequences

A labeling function L : T — L U {e} assigns to each
transition ¢t € T either a symbol from a given alphabet L or
the empty string .

We denote as T, the set of transitions whose label is ¢, i.e.,
T, ={t €T | L(t) = e}. Transitions in T, are called
unobservable or silent.

We denote as T, the set of transitions labeled with a symbol
in L. Transitions in T, are called observable because, when
they fire, their label can be observed. In this paper we assume
that the same label v € L can be associated with more than one
transition. In particular, two transitions ¢1,t2 € T, are called
indistinguishable if they share the same label, i.e., L(t1) =
E(tg) =~ve€ L.

We extend the labeling function to define the projection
operator L : T* — L* recursively as follows:

(i) if t; € T, then L(t;) =y for some v € L;
(ii) if t; € T, then L(t;) = ¢;
(iii) if o € T* Nt; € T then ﬂ(Utj) = ﬂ(U)E(t])
Moreover, £(\) = ¢ where A is the empty sequence.

Furthermore, to avoid introducing too many different no-
tations, we also extend the labeling function to TTSs ¢ €
(T xRE)*. In particular, we denote as £(o) € (Lx (Rf U0))*
the observable projection of o that only contains those pairs
(label-time instant) relative to observable transitions. If no pair
contains observable transitions, one has L(o) = (¢, 0), i.e., the
observable projection coincides with the pair (empty word-
empty set) since we have no information on the transitions
that have fired and on their firing time instants.

III. PROBLEM STATEMENT AND PRELIMINARY RESULTS

In this section we formalize the problem statement and
clarify the assumptions on which our approach is based. Some
results that will be useful in the following are also proved.

We assume that the set of unobservable transitions is par-
titioned into two subsets, namely T, = Ty U T}.., where T’
includes all fault transitions (modeling anomalous or faulty
behavior), while T;.., includes all transitions pertaining to
unobservable but regular events (namely transitions modeling
a normal behavior). The set T is further partitioned into r
different subsets T}, where ¢ = 1,...,r, that model different
fault classes.

We make the following assumptions whose importance will
be clarified in the rest of the paper.

(A1) The considered TPN is bounded.
(A2) For all t € T, the bounds [ and u associated with ¢ are
rational numbers.

A. K-diagnosability

Given a TPN system and an integer K, we say that the
system is K -diagnosable with respect to (w.r.t.) a given fault



class if it is possible to detect the occurrence of some fault in
that class in at most K observations after the occurrence of
the fault.

The above definition can be formalized as follows.

Definition 1: Given a labeled TPN and an integer K, a net
system is K -diagnosable with respect to fault class T’ if there
do not exist two time-transition sequences ¢’ and ¢’ such that:

e o/ and o have the same observable projection, i.e.,

L(c")=L(c");

o there exists a fault transition ¢y € T} such that t; €

log(c") and Vt € T}, t ¢ log(o’);

e in ¢” the number of observable events after the first

occurrence of ty is K.
A TPN system is K-diagnosable if it is K -diagnosable with
respect to all fault classes. |

An analogous definition of K-diagnosability for logic PN
systems can be found in [30].

Remark. Other papers [24], [13], [7] in the framework of
purely logic DES provide a slightly different definition of
K -diagnosability. In particular, according to [24], [13], [7]
a system is K-diagnosable w.r.t. a given fault class if it is
possible to detect the occurrence of some fault in that class in
at most K events occurrences (observable and unobservable)
after the fault. In this paper we prefer to focus on the
definition in [30] since we believe that such a definition
better describes real practical problems. The following simple
example clarifies this. For simplicity of explanation, let us
consider the case of a timed LPN with a single fault f. Assume
that a sequence G(a, 7,) is observed and we know that no fault
has occurred while observing &. Furthermore, assume that the
only sequence that may actually occur after the observation
of 7 is (f,7f)(e1,m)(a, 74), where obviously 75 < 7 < 7.
Finally, assume that the system is 1-diagnosable according to
the definition that counts both observable and unobservable
events, then if the diagnoser computed the diagnosis state at
time 7, it would detect the occurrence of the fault. However,
since in practice the diagnoser does not compute the diagnosis
state with continuity, and it does not know when unobservable
events occur, the fault is detected at time 7, when the diagnosis
state is surely computed. The same obviously happens if the
system is 1-diagnosable according to Definition 1. Based on
the above consideration, we believe that our definition better
characterizes what can be effectively implemented in practice,
in the sense that a more evident physical meaning can be
associated with /K. Indeed, based on such a definition K — 1
is the maximum number of events that could be observed after
a fault, without detecting it; when the K -th observable event
occurs, for sure the fault is detected.

We finally observe that Definition 1 is the counterpart of
the definition of 7-diagnosability formally introduced in the
following subsection. Indeed, if a system is 7-diagnosable,
when 7 time units have elapsed after the occurrence of a fault,
for sure the fault is detected. Therefore, in both cases the
diagnoser knows exactly how to interpret the diagnosis state.
In one case because he measures the time, in the other case
because he counts the events he has observed. |

The following proposition relates the K -diagnosability of a
TPN system with the K -diagnosability of the underlying logic

PN system [30].

Proposition 2: Let (Ng, My), with Ny = (N,Q), be a
labeled TPN system with labeling function £. Let (N, M)
be the underlying logic labeled PN system. If (N, M) is K-
diagnosable, then there exists a K’ < K such that (Ng, M)
is K'-diagnosable.

Proof: 1t follows from the fact that the effect of the timing
structure can only be that of disabling sequences that are
enabled in the underlying logic model. On the contrary, it may
not occur that sequences that are firable in the TPN are not
firable in the underlying logic model.

O

Obviously if a Petri net system (either a logic PN or TPN)
is K-diagnosable, then it is also K’-diagnosable for any K’ >
K.

In this paper we provide a procedure to analyze K-
diagnosability of TPN systems under the following additional
assumption.

(A3) There do not exist cycles of unobservable transitions.

B. t-diagnosability

Given a TPN system and a positive real number 7 € RT,
we say that the system is 7-diagnosable w.r.t. a given fault
class if it is possible to detect the occurrence of some fault in
that class in at most 7 time units after the occurrence of the
fault.

The above definition can be formalized as follows.

Definition 3: Given a labeled TPN and a positive real
number 7 € RT, a net system is 7-diagnosable with respect
to fault class T% if there do not exist two time-transition
sequences ¢’ and ¢’ such that:

e o/ and ¢” have the same observable projection, i.e.,
L(c") = L(c");

o there exists a fault transition ¢y € T]’; such that ¢y ¢
log(c'), and t; € log(a”);

o the duration in time of ¢’ after the first occurrence of a
fault transition in T} is 7.

A TPN system is 7-diagnosable if it is 7-diagnosable with
respect to all fault classes. |

The following proposition relates the 7-diagnosability of a
TPN system with the diagnosability of the underlying logic
PN system.

Proposition 4: Let (Ng, My), with Ng = (N,Q), be a
labeled TPN system with labeling function £. Let (N, M)
be the underlying logic labeled PN system. If (I, M) is di-
agnosable, then 37 € R such that (N, M) is 7-diagnosable
for any 7 > T.

Proof: 1t follows the same reasoning used in the proof of
Proposition 2. In fact, the effect of the timing structure can
only be that of disabling sequences that are enabled in the
underlying logic model. On the contrary, it may not occur
that sequences that are firable in the TPN are not firable in the
underlying logic PN. Thus if the underlying logic PN system
is diagnosable, there always exists a positive real number 7
such that the TPN system is 7-diagnosable, thus it is also 7-
diagnosable for any 7 > T.

]



In this paper we provide a procedure to analyze 7-
diagnosability under the following additional assumption.

(A3’) There do not exist cycles of transitions (observable and
unobservable) the sum of whose lower bounds is equal
to zero.

As it will be better explained in Section VI, this assumption
guarantees a stop condition to the proposed approach.

IV. MODIFIED STATE CLASS GRAPH

The approach here presented adopts a graph called Modified
State Class Graph (MSCG) that we recently presented in [4].
The main feature of the MSCG is that it collects all the
information on the evolution of the TPN system. In this section
we provide its definition and the algorithm for its construction.

Let us consider a labeled TPN system (Ng, M), where
Ng = (N,Q), N = (P,T,Pre,Post), Q : T — Q x Q.
Let £:T — LU {e} be its labeling function defined over an
alphabet L. The Modified State Class Graph is a directed graph
whose nodes are called classes. With each class is associated
a set of states of the net, namely a reachable marking M €
R (N4, My) and a set of inequalities © that define the timing
constraints relative to all transitions enabled at M. Edges are
labeled as (t,v,A € [I*,u*]), where ¢t € T is the transition
whose firing leads from the marking in the tail node to the
marking in the head node; v = L(t) is the label associated
with ¢, A € [I*,u*] is a constraint on the time to go from the
tail node to the head node of the edge, [* <[ and u* < w.

The construction of the MSCG first requires the definition
of the Modified State Class Tree (MSCT) according to Al-
gorithm 1. The MSCG can be immediately obtained from
the MSCT simply merging duplicate nodes corresponding to
equivalent classes.

In [4] we proved that under Assumptions Al and A2 the
number of classes of the MSCG is finite.

Example 5: Let us consider the labeled TPN system
in Fig. 1. It is: T, = {tl,tg,tg}, T, = {t4,t5,t6,t7},
L(t1) = a, and L(t2) = L(t3) = b. There are two fault
classes: T; = {t5} and T} = {t7}. Moreover, it holds:
Q1) = Qlt2) = Qlts) = Qlts) = (1,2). Qlta) = (2,2),
Q(ts) = (0,2), and Q(t7) = (1, 1). Finally, the initial marking
is Mo=[10000].

The corresponding MSCG is shown in Fig. 2. Each class
is labeled with a reachable marking M € R;(Ng, My) and a
set of inequalities © that characterize the timing intervals of
the transitions enabled at that class. As an example, the initial
marking M, and the set of timing constraints Oy = {2 <
0y < 2, 1 < 6 < 2} are associated with the initial class
Cy. In fact, M enables t4 and t5, and it is Q(t4) = (2,2),
Q(t5) = (1, 2)'

Class C; is labeled with marking M; = [0 1 0 0 0]
resulting from the firing of ¢4 at My. At marking M; only t;
is enabled. Therefore this class is characterized by the timing
constraints ©; = {1 < 6, < 2}.

Moreover, according to Algorithm 1, each edge of
the MSCG is labeled as “t;,L(t;),A; € [max{0,1F},
ming, ¢, e A {uf}]7. As an example, the edge directed from
Cs to (5 is labeled “tg,e, Ag € [0,2]”, since the minimum of

Algorithm 1: Construction of the Modified State Class
Tree

input : A labeled TPN system.

output: Its Modified State Class Tree.

1 Initialize: The root node Cj is labeled with the initial
marking My and a set of inequalities ©¢ defined as
follows: Vt; € A(Mp), let 19 < 6; < u? where I =1;
and u) = u;. Tag the root node “new”.
while a node tagged “new” exists do

2 Select a node C;, tagged “new”.
3 for all t; € A(M}) do
4 if maz{0,15} < min;, tjeA(Mk){U?}: where ¥

( uf ) is the lower (upper) bound associated with
t; (t;) at class C}, then

5 Let M, = M;, + C(-,t;) be the marking
reached from M, firing ¢;.

6 for all transitions t, € A(M,) do

if t, € A(My), i.e., if t, was already
enabled at class Cy, and

My, — Pre(:,t;) > Pre(:,t,), then

let

7 Add a new node Cy labeled with marking M,
and a set of inequalities ©, defined as
follows: Vt, € A(M,), let
max{0,19} <0, < ul.
8 Add an edge from Cj, to C, labeled
“ti, L(t;), A; €

[ma:z:{(), lf}7 minj: 2] E.A(ka){u?}]”'
9 if there already exists a node equivalent to
Cy in the tree then

| tag node C; “duplicate”,

else
| tag it “new”.

10 | Untag node C.

the upper bounds of the set of transitions logically enabled at
Cy is 2. |

V. K-DIAGNOSABILITY ANALYSIS

The procedure we propose to analyze the K-diagnosability
of a TPN system can be summarized as follows.

Algorithm 6: [Analysis of K-diagnosability]
Inputs: A labeled TPN system (Ng, M) with labeling func-
tion L, fault classes T]'i, i €{1,...,r}, and an integer number
K.

Output: DiagK; € {0,1}, 7 € {1,...,r}: DiagK; = 1
(DiagK; = 0) means that the system is (is not) K -diagnosable
w.r.t. fault class T7.



Fig. 1. The TPN considered in Example 5.

1) Build the MSCG according to Algorithm 1 and let
DiagK,; =1, forall i € {1,...,7}.

2) Compute the nondeterministic automaton GG isomorphic
to the MSCG. Each state of GG corresponds to a class of
the MSCG. Edges are labeled with the second element
of the edges of the MSCG, namely the label associated
with transitions. In the case of silent transitions modeling
a fault, it is also specified to which fault class transitions
belong.

3) For any fault class ¢ € {1,...,r} compute all pairs of
sequences in GG having the same observable projection,
one containing a fault transition in T} and the other one
not, and such that in the faulty sequence, the number of
observable events after the fault is K.

4) If there are no such sequences for any fault class i €
{1,...,r}, then the system is K-diagnosable.

Else if for some fault class ¢ € {1,...,r} Step 3
provides some pair, then consider all such pairs and go
to Step 5.

5) Given a pair of sequences in G and a fault class
T}, find the corresponding timed sequences o =
(ti, 1) (ti;/ ;7)) and o = (ty, 7). .. (t’b'g/ﬂT//c,”)
in the MSCG. Let

7T =
o tin, L(tiy),
© Al e [max{O,lgf},mmj: tyeA(M0) Ui’}
b, £(t, ),
./
Cor, IAVINS [mam{O,lifl " N
min;. tjEA(qu,,l){“jk 3
C

qy.r

be the path associated with sequence ¢’ in the MSCG.

Analogously, let

! =
C ti’l’7£(ti’l’)7
© AV € [maz{0, 1}, ming. i ea,,){u]}]
ti;g’,,7£(tig,,71)7 .
Cour_, AV [ma:r{(),li;if”’1 '
mln] tje-A(waIk//,l){ujk 71}]
CCIW

be the path associated with sequence o”.

Given a class C, we denote out(Cy) the set of transitions
associated with edges that exit from C,;. We associate
with the two paths 7’ and 7" the following set of
constraints:

k/
doaAj<T, (al)
=1
k/
F-Y AI<
=1
min {ud*"}, (a2)

r:tTEout(qu, )

k//
dar<s (a3)
=1
k//
T Al <
=1

. et 4
reycamite, e (a)

A > max{O,lfll’1 ,

I=1,... K,
(01)
A/ < . Ql—l
< j:tjefrﬁlkr}%l){u] h
I=1,... K,
(b2)
AY > max{0,1; 7"},
I=1,... k",
(63)
A” < : 71—1
= jitj€¢r41%1h1}ql,1>{uj }a
I=1,... k",
(b4)
q/ q//
Z A; = ZA2/7 Vti/,ati”“ S To with
q q
=1 =1

same label and same
observable prefix

(©)
(d)
(1)
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C, [00001]7
1<0:<2

Fig. 2. The MSCG relative to the TPN in Fig. 1.

If the set of constraints (1) is feasible, let DiagK,; =
0: It means that there exist two sequences as the ones
described in the itemized list of Definition 1, then the
system is not K -diagnosable w.r.t. fault class 1. |

Proposition 7: Given a labeled TPN system (Ng, M)
with labeling function £, fault classes T}, i€ {1,...,7},
and an integer number K, Algorithm 6 allows to establish
if the system is/is not K-diagnosable w.r.t. fault class T},
1 € {1,...,r}. In particular, if DiagK; = 1 then the system
is K diagnosable w.r.t. fault class ¢, if DiagK; = 0 then the
system is not K diagnosable w.r.t. fault class .

Proof: At Step 1 we build the MSCG since it collects
all the information on the evolution of the TPN system. By
Assumptions Al and A2 the number of classes of the MSCG is
finite [4]. Moreover we let DiagK; = 1, foralli € {1,...,r},
namely we initially assume that the system is K -diagnosable
w.r.t. all fault classes.

At Step 2 we compute the logic version of the TPN system
by considering the graph G isomorphic to the MSCG. If
the logic system is K-diagnosable, all the more reason it
is K-diagnosable the TPN system (see Proposition 2), so
flag variables DiagK,; are not changed. To the best of our
knowledge all the approaches in the literature that allow to
perform such an analysis are based on Assumption A3. This
is the reason why such an assumption is actually made as one
of the main assumptions of the proposed approach.

If the logic system is not K-diagnosable, we need to verify
if the sequences that are “ambiguous” in the underlying logic
PN system, are also ambiguous in the TPN system, i.e., they
produce the same observations in the same time instants. This
verification is done by checking the feasibility of constraints
(1) whose physical meaning is explained in the following.
Obviously, this needs to be done for each pair of paths
corresponding to the pair of sequences o’, o”.

— Constraints (a) impose limitations on the total length of
the sequence. In particular, (al) (resp. (a3)) implies that, if
the sequence really corresponds to the considered path, then

the class at the end of the path, namely C,,, (resp. Cy,,,), is
reached at a time that is smaller than or equal to the time
instant 7. Note that the time instant 7 is an unknown but
should be equal for the two sequences. Now, since A (resp.
A7) denotes the time interval to go from Cy, | to Cy, (resp.
from Cy,,_, to Cgy, ), the sum in the left hand side of (al)
(resp. (a3)) is equal to the time spent to reach class Cy,, (resp.
Cy,.)- Constraint (a2) (resp. (a4)) imposes that class C,,,
(resp. Cy,,,) is actually the last visited class. This is verified if
the difference between 7 and the time spent to reach class C,,,
(resp. Cy, ) is less than the minimum of the upper bounds of
the output transitions of class qu, (resp. C ) Indeed, once
the node qu_, (resp. qu,,) is reached a transition enabled at
M,,, (resp. M, ,,) will fire at most after a time interval equal
to the minimum of the upper bounds of the transitions enabled

at Cy,, (resp. Cy,,,).

— Constraints (b) simply impose the limitations on the time
intervals Aj ((bl) and (b2)) and A} ((b3) and (b4)) as given
in the MSCG.

— Constraints (c) imply that the observable transitions of
the two sequences o’ and ¢” occur at the same time instant.

— Constraint (d) imposes that 7 is a nonnegative real
number.

If constraints (1) are feasible for a class i, then the corre-
sponding flag variable DiagK; is set to 0 because the system
is not K -diagnosable w.r.t. that fault class. [

Note that constraints (1) are clearly nonlinear. However,
they can easily be linearized using the procedure in [4]. For
the sake of brevity, the linear constraints corresponding to (1)
are not reported here.

Some remarks should be done concerning Step 3 of Algo-
rithm 6.

Several approaches have been proposed in the DES litera-
ture to compute pairs of sequences with the same observable
projection, one containing the fault and the other one not.
Two are the most commonly used. The first one has been
proposed by Sampath ef al. in [24] and is based on the notion
of diagnoser. The second one has been proposed by Yoo and
Lafortune [29] and uses the notion of verifier automaton. In
simple words the verifier automaton is the parallel composition
of the system with faults and the system without faults, with
a synchronization on the observable events.

In this section we present a numerical example to illustrate
Algorithm 6. Such an example has been implemented using
the approach in [24] to compute ambiguous sequences. This
choice has been done, even if the technique in [29] is more
efficient from a computational point of view as discussed in
Section VII, for the following three main reasons. First, it is
probably more intuitive. Second, it allows to deal with more
than one fault class simultaneously, while a different verifier
should be constructed for each fault class. Finally, an efficient
software [27], called UMDES, can be used to compute the
diagnoser and the cycles.

In the following subsection we discuss how Algorithm 6
should be particularized when using the technique in [24].



A. Analysis with the diagnoser approach

When the technique in [24] is used to compute ambiguous
sequences, Steps 3 and 4 of Algorithm 6 should be rewritten
as follows.

3’) Compute the diagnoser Diag(G) using the approach in
[24] and look for uncertain states! for any fault class
ie{l,...,r}

4%) If there are no uncertain states for any fault class ¢ €

{1,...,r}, then the system is K -diagnosable (this holds
for any K € N).
Else if there are uncertain paths® for some fault class
i €{1,...,r} (that may eventually include cycles), then
consider all pairs of sequences in G associated with
the corresponding uncertain path such that in the faulty
sequence the number of observable events after the fault
is K, and go to Step 5.

Steps 3° and 4’ can be explained as follows.

From [24] we know that if the diagnoser Diag(G) does not
contain uncertain states for any fault class 7' }, then G is K-
diagnosable for any K € N. Thus by Proposition 2 the TPN
system (Ng, M) is also K-diagnosable for any K € N.

If there are uncertain paths including uncertain but not
indeterminate cycles® in Diag(G) for some fault class T}, then
for any of such classes there exists a K*(i) € N such that the
underling logic system is K *(i)-diagnosable w.r.t. to T}. Thus
by Proposition 2 there exists a K (i) < K*(i) such that the
TPN system (N, M) is K (i)-diagnosable w.r.t. T}. However,
since we are not able to evaluate K (i) (as well as K*(i)), we
have to consider all pairs of sequences in G associated with
the corresponding uncertain path and such that the number of
observable events after the fault is K (Step 5).

All the more reason, pairs of sequences in GG associated with
uncertain paths should be considered in Step 5 if the uncertain
paths contain indeterminate cycles.

B. A numerical example

Let us consider again the TPN system and its MSCG shown
respectively in Figures 1 and 2, and introduced in Example 5.
We want to know if such a system is 2-diagnosable.

The nondeterministic automaton G, isomorphic to the
MSCG in Fig. 2, is shown in Fig. 3, and its diagnoser
Diag(G), obtained using the approach in [24], is illustrated
in Fig. 4.

Each state of the diagnoser is composed by a set of states
of the automaton GG and by a label that indicates if reaching a
certain state z; from xg no fault has occurred (N, that stands
for N1N2), or fault transition t5 € T} has fired but not 7 €

1A diagnoser state is uncertain w.r.t. a fault class 4 if it has at least a system
state with label N4 (no fault) for that class and at least one state with label
F'i (fault).

2A path (cycle) in Diag(G) is uncertain w.rt. a fault class i if it is
composed by uncertain states w.r.t. a fault class 4.

3A cycle in Diag(G) is indeterminate w.r.t. fault class 4 if it is uncertain
and if there exist: (i) a corresponding cycle (of observable events) in G
involving only states that carry F'4 in their labels in the cycle in Diag(G), and
(ii) a corresponding cycle (of observable events) in G involving only states
that carry N7 in their labels in the cycle in Diag(G). In [24] a procedure to
determine if an uncertain cycle is indeterminate is presented.

Fig. 3. The nondeterministic automaton G isomorphic to the MSCG of Fig. 1.

T]? (F'1, that stands for N2F'1), or, viceversa, fault transition
t7 has fired but not t5 (F'2, that stands for N1F'2), or both
fault transitions ¢5 and ¢7 have occurred (F'1F'2). Note that
the same state can have different labels because there could
be more paths from state z( to state x;.

Looking at G we see that there are three uncertain states
W.I.L. T}, namely S1, S4 and Sg, and no uncertain path (with
more than one state) or cycle. This implies that the TPN is
K -diagnosable w.r.t. the first fault class for any K > 1. Indeed
as soon as a new observation occurs we can establish if a fault
in the first class has either occurred or not, since any further
observation leads to a certain state.

On the contrary, there are three elementary uncertain cy-
cles w.r.t. the second fault class, namely, S3bSs, S5057aSs,
SebSsaSs, and S3aS5b57bSs. In particular, three out of four
uncertain cycles for the second fault class are also indetermi-
nate: S3bS3, S5bS7aSs5, SebSsaSg.

As an example, consider the uncertain cycle SgbSsaSs.
Let o/ = (tof) (01,73) (t2e78) (ta7h) (01,70) (f27)
(tord) (ta7) and o = (te7l) (trf) (t2,7)
(t4a7_41/) (tla'rg) <t677—</3/) (t7v7_§/) (t37TE/§/) (t4v7_(3/) (tlaT{/O)
be two timed sequences in the MSCG associated with
the pair of sequences xzgexiarsbrocriarsbroexria and
Toer1ax2broer1aT26T384b 0T a0 in G associated with the
indeterminate cycle SbSsaSg in the diagnoser. Sequence o’
includes t7; € T]? and such a transition is followed by 2
observable transitions, precisely ¢3 and ¢;. Transition ¢7 is not
in o’.

According to the set of constraints (1) we associate the
following set of constraints to ¢’ and o”’:
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XzFl, X3F1F2,
xsF1, x,F1F2}
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Fig. 4. The diagnoser of automaton G in Fig. 3.
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T— (A + AL+ A+ A+
+AL + A+ AL+ AG) <2
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+AL + Ay + Ay <7
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AL > 2,
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Ay > 1,
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AL <2
Al <2

“ 0. (b)
Aﬁl Z 25

Al <2, AY>1,
Al<2,

Al <2

v xFIF2} S,
{X()N, XOFZ, XlN,
x1F2, x,F1, x;F1F2, a | 1XNxF2,
x;3F1, x4F1F2} > x3N, x3F2,
F2 S
54 S (0N, x0F2, N,

Al + AL
Al + AL

Al + AL

= A7+ A
+ AL = A] A+ A

+ AL+ AL+ AL+ A =

= A+ AY A+ A+ A+
FAY + A+ Al

T>0  (d)

In the above set of constraints A} denotes the time interval
spent in class Cp. At time 7{ = A/ transition ¢4 fires leading
to class Cy. A denotes the time interval spent in class C. At
time 75, = A} + A} transition ¢; fires leading to class C, and
so on. Note that A/ denotes the time interval spent in class
(' the second time this class is visited.

The existence of a solution has been tested using the LINDO
package®, introducing a dummy objective function (we used
min 7) to obtain a LPP formulation. In particular, we found as

4LINDO website: http://www.lindo.com/

x,F2, x,F1, x,F1F2,
x;F1, x;F1F2,
xF1F2} Ss

N

optimal solution 7 = 12 that corresponds to L(o’) = L(c”) =
(a,3) (b,4) (a,7) (b,9) (a,12). Therefore the system is not
2-diagnosable with respect to the second fault class.

We conclude this section observing that K -diagnosability
strictly depends on transitions timing. As an example, no
solution is found if we assume Q(ts) = (1,3) instead of

Q(ts) = (0,2).

VI. 7-DIAGNOSABILITY ANALYSIS

In this section we propose a procedure to analyze the 7-
diagnosability of a TPN. Main steps are summarized by the
following algorithm.

Algorithm 8: [Analysis of 7-diagnosability]

Inputs: A labeled TPN system (Ng, M) with labeling func-
tion £, fault classes T}, i € {1,...,r} and a real positive
number 7.

Output: Diagr; € {0,1}, 4 € {1,...,r}: Diagr; = 1
(Diagt; = 0) means that the system is (is not) 7-diagnosable
w.rt. fault class T7.

1) Build the MSCG according to Algorithm 1 and let
Diagr; =1 forall i € {1,...,r}.

Compute the nondeterministic automaton GG isomorphic
to the MSCG. Each state of GG corresponds to a class of
the MSCG. Edges are labeled with the second element
of the edges of the MSCG, namely the label associated
with transitions. In the case of silent transitions modeling
a fault, it is also specified to which fault class transitions
belong.

For any fault class i € {1,...,7} compute all pairs of
sequences in G having the same observable projection,
one containing a fault transition in T} and the other
one not, and such that in the faulty sequence, the
subsequence that fires after the fault has the sum of
the path’s transitions lower bounds less than or equal
to 7 and the sum of the path’s transitions upper bounds
greater than or equal to 7.

2)

3)



4)

5)

If there are no such sequences for any fault class i €
{1,...,r}, then the system is 7-diagnosable.

Else if for some fault class ¢ € {1,...,r} Step 3
provides some pair, then consider all such pairs and go
to Step 5.

Given a pair of sequences in G and a fault class
Ti, find the corresponding timed sequences o/ =
(ta,71) ... (ti;/ ,T) and o = (ti, 1) ... (ti;’,, T )
in the MSCG. Let 7’ and " be defined as in Step 3 of
Algorithm 6, namely, respectively, the paths associated
with sequences ¢’ and ¢’ (containing the fault) in the
MSCG.

Let k < k" be the index associated with the first
occurrence of the fault transition in ¢”. We associate
with the two paths 7' and 7 the following set of
constraints:

k/
d A<, (al)
=1
k/
F-Y A<
=1
. q
gy 2
B AL (a2)
k//
S A7 <7, (a3)
=1
k//
F-Y A<
=1
. ! 4
rpemite, ot b (at)
k
F-Y Al=1 (a5)
=1
A} > max{0, lfll’l ,
I=1,...,K,
(b1)
A < min ul =y,
b= j:tjeA(Mqlfl){ J }
l=1,...,K,
(62)
Al > max{0,17 7"},
l=1,...,K",
(63)
A) < min ul=1,
- ,7':zjeA(Mqlfl){ J }
l=1,...,K',
(b4)
q/ q//
;AZ = ; A7), Yty ot € To with
N - same label and same
observable prefix
(c)
T>T (d)
(2

If the set of constraints (2) is feasible, let Diagr;, =

0: It means that there exist two sequences as the ones
described in the itemized list of Definition 3, then the
system is not 7-diagnosable w.r.t. fault class 7. |

Proposition 9: Given a labeled TPN system (Ng, M) with
labeling function £, fault classes T}, i € {l,...,r}, and
a real positive number 7, Algorithm 8 allows to establish
if the system is/is not 7-diagnosable w.r.t. fault class T},
i € {1,...,r}. In particular, if Diagr; = 1 then the system
is 7 diagnosable w.r.t. fault class ¢, if Diagr; = O then the
system is not 7 diagnosable w.r.t. fault class .

Proof: As in Algorithm 6, at Step 1 we compute the MSCG
since it collects all the information on the evolution of the TPN
system. By Assumptions Al and A2 we know for sure that
such a graph is finite [4]. We consider the logic version of
our PN system by considering the graph G isomorphic to it
(Step 2).

We consider all pairs of sequences that are ambiguous in
the underlying logic model and such that the time length of
the subsequence after the fault is potentially equal to 7. In
more detail (see Step 3) if 7 is less than the sum of the path’s
transitions lower bounds then such sequence can never fire
in an amount of time equal to 7, so we should not take it
into account. The same holds if 7 is greater than the sum
of the path’s transitions upper bounds. Note that Assumption
A3’ allows us to have a stop criterion. In fact, if Assumption
A3’ is not verified we could have cycles whose sum of the
lower bounds of all transitions is zero. If such is the case the
condition “7 greater than or equal to the sum of the minimum
lower bounds of the subsequence firing after the fault” is
always verified and we should consider sequences of infinite
length.

If no such pair exists, then the system is 7-diagnosable, else
we have to check if some of such pairs are actually enabled
in the TPN system, i.e., if there exist two sequences that can
produce the same observations in the same time instants. This
verification is done by solving the set of constraints (2) that
differs from (1) in constraint (d) and also includes constraint
(a5). In particular, constraint (a5) guarantees that the duration
in time of ¢” after the first occurrence of a fault transition
in T} is 7 (third item of Definition 3). Finally, constraint (d)
guarantees the feasability of the constraints, in fact if such a
constraints is not verified, constraint (a5) is never satisfied. []

In the following we present a numerical example to illustrate
the approach. As in the case of K-diagnosabily we use the
diagnoser to compute ambiguous strings in the underling logic
model. Details on this are provided in the following subsection.

A. Analysis with the diagnoser approach

When the diagnoser approach is used to compute ambiguous
strings, Steps 3 and 4 of Algorithm 8 should be replaced by
the following Steps 3 and 4”.

3”) Compute the diagnoser Diag(G) using the approach in
[24] and look for uncertain states for any fault class i €
{1,...,7}.

4) If there are no uncertain states for any fault class 7 €
{1,...,7}, then the timed system is 7-diagnosable (this
holds for any 7 € RT).



Else if there are single uncertain states w.r.t. some fault
class i € {1,...,r}, then for each uncertain state con-
sider the corresponding states in GG. Consider all exiting
edges from such states and take the minimum among such
upper bounds associated with the transitions that label the
exiting edges. If 7 is greater than or equal to the minimum
among such upper bounds, then the system can be 7-
diagnosable, (but we still have to look for uncertain paths,
see next Else if), else the system is not 7-diagnosable
w.r.t. fault class ¢ and we let Diagr; = 0.

Else if there are uncertain paths (including at least
two states and eventually cycles) for some fault class
i € {1,...,r}, then consider all pairs of sequences in
G associated with the corresponding uncertain path such
that in the faulty sequence the subsequence that fires
after the fault has the sum of the path’s transitions lower
bounds less than or equal to 7, and the sum of the path’s
transitions upper bounds greater than or equal to 7, and
go to Step 5.

The above two steps can be explained as follows.

From [24] we know that if the diagnoser Diag(G) does
not contain uncertain states for any fault class 7%, then G
is diagnosable. Thus, by Proposition 4 the TPN system
(Ng, Mp) is also T-diagnosable for any 7 € R™T.

The first Else if follows from the fact that if for some fault
class T}, with ¢ € {1,...,r}, there exists a single uncertain
state in Diag(G) such that 7 is less than the minimum among
the upper bounds associated with the transitions that label
the exiting edges of the uncertain state, then the TPN system
(Ng, My) is not T-diagnosable w.r.t. class T}. Indeed, if such a
case occurs, then 7 time units after the fault has occurred, the
system is still in an ambiguous situation, then the TPN system
(Na, Mp) is not 7-diagnosable w.r.t. the ith class. If such is
not the case, we have to look for uncertain paths (second Else
if).

The second Else if follows from the fact that, by Defini-
tion 3, if for some fault class Tj'i there exist an uncertain path
in Diag(G), and two sequences o’ and o’ in the MSCG that
satisfy the following three items:

e o’ and o” satisfy the first two items of Definition 1,

o the subsequence of ¢ that fires after the first fault in T]";
has the sum of the path’s transitions lower bounds less
than or equal to 7 and the sum of path’s transitions upper
bounds greater than or equal to T,

e o’ and ¢” lead to a feasible solution for constraints in
eq. (2),

then the TPN system (Ng, M) is not 7-diagnosable.

B. A numerical example

Let us consider again the TPN system in Example 5 and
Subsection V-B where K-diagnobility has been studied in the
case of K = 2.

Now, we want to know if the system is 7-diagnosable w.r.t.
the second fault class for 7 = 3.

Consider the uncertain path SgbSgaSg in the diagnoser.
Let o' = (ta,71) (t1,75) (t2,73) (ta,;71) (t1,75) (t2,75))
and " = (ta,!) (t1,7) (t2,78) (tas 7)) (b2, 7)) (Fssrd)

(tz,7) (ts,7¢) be two timed sequences in the MSCG asso-
ciated with the pair of sequences xpexiaxsbrocriarsb and
Toer1ax2broexiarscrsexsb in G relative to the uncertain
path at hand. Only sequence ¢’ includes t; € T J? and it
is followed by one observable transition (t3). Moreover, the
subsequence trts is such that the sum of the path’s transitions
lower bounds is less than or equal to 2 and the sum of path’s
transitions upper bounds is greater than or equal to 3 (in
particular, the sum of lower bounds is equal to 2 and the sum
of the upper bounds is equal to 3).

According to the set of inequalities in (2), we associate the
following set of constraints with these two sequences:
A+ A+ A+ AL+ AL+ AG ST
T— (Al + AL+ AL+ AL+

+AL + Af) <2
A+ AY + A + A + AL + Af + AT+ (a)
+AY < T
T— (A7 + AY + A5 + AY + AL + AG + A7+
+AY) <2
T— (A + A+ AU+ A+ AL+ AY) =3

AL>2, A1<2, Ay>1, Ay<2
Ay>1, Ap>2, Aj<2, Aj<2

(0)
AV >2, AP <2 Af>1, AY<2

Ay >1, Ay<2,

AL+ AL = AT+ AY
AL+ AL+ A= AT+ AY + A

Ny AL+ A A AL+ A= ()
= AL AL AL AL+ AL
AL+ A+ A

7>0 (d)

Using the LINDO package we find out that such a set of
constraints is feasible. In particular, assuming again a perfor-
mance index to be minimized equal to 7, we found the optimal
solution 7 = 10 that corresponds to L(c’) = L(0¢”) = (a,3)
(b,4) (a,7) (b,9). Therefore the system is not diagnosable in
3 time units w.r.t. the second fault class.

VII. COMPLEXITY OF THE PROCEDURE

In this section we analyze the complexity of each step of
the procedure to analyze K -diagnosability. Similar results can
be found if we study the computational complexity to analyze
the 7-diagnosability. They are not reported here for the sake
of brevity.

1) Construction of the MSCG. The number of nodes of
the MSCG increases exponentially with the system
complexity (net structure, and number of tokens in the
initial marking).

2) Computation of the nondeterministic automaton G iso-
morphic to the MSCG. 1t is obtained from the MSCG
simply working on the labels of the edges of the MSCG,
so requires no additional computational effort.



3) Computation of the pairs of ambiguous sequence in the
underlying logic model.
As already discussed, this step depends on the approach
considered, e.g. [24] or [29].
In the first case, if ng denotes the number of nodes
of the nondeterministic automaton GG isomorphic to the
MSCG, the size of Diag(G) is 2"¢, i.e., it is exponential
in the number of states of G. Then uncertain paths
including indeterminate cycles for some fault class T}
should be computed. This can be obtained in polynomial
time in the cardinality of the state space of the diagnoser
Diag(G).
In the second case [29] the number of states of the
verifier automaton grows polynomially with the number
ng of states of G, and the complexity of determining
the ambiguous sequences is also polynomial w.r.t. ng.

4) Verification of the ambiguity of a given pair of sequences

wrt time.

For any pair of sequences that is ambiguous in the
underlying logic model wrt a given fault class (such
that the number of observable transitions after the
fault is K), we first determine the corresponding pairs
of timed sequences o’ = (ty,71)...(t,,7;,) and
o = (L, ). .. (tig//,r,'c’,,) in the MSCG. Let a2
be the length of the longest of such sequences. To
establish if such sequences are ambiguous also in the
TPN model, we associate with them a set of non linear
constraints of the form (1), and evaluate if they are
feasible. This can be done solving an LPP obtained
linearizing the constraints (al) and (bl) (see [4] for
the details on linearization of such constraints). This
LPP has a number of constraints at most equal to
2 4+ 2(|T| 4+ 2lmaz|T|) + lnaz+1. In particular, one
constraint is of type (al) and one of type (a3). The
number of constraints of type (a2) and (a4) is equal
to the number of output transitions of the last node in
the path associated with each sequence, that is at most
equal to |T'|. Constraints of type (bl), (b2), (b3) and
(b4) are each in a number equal at most to lp,q.|T|.
The number of constraints of type (c) is equal to the
number of observable transitions that cannot be greater
than [,,,,. The number of constraints of type (d) is one.
Finally, the number of unknowns of each LPP is equal
to k' + k" +1, namely to the length of the two sequences
plus one (7), that is at most equal to 2/,,4, + 1.

We finally note that our approach is based on the solution
of some LPPs that can be solved using polynomial time algo-
rithms. Moreover there are many softwares, such as CPLEX,
that allow to compute LPPs in a very efficient way. However,
if the system evolution is very fast compared with the time
required to solve the LPPs, it may be impossible to use our
approach. Obviously, this is a limitation of the procedure, but it
is common to all approaches that require online computations.

VIII. CONCLUSIONS AND FUTURE WORK

In this paper we have analyzed K -diagnosability and 7-
diagnosability of labeled TPN systems. We have first formal-
ized the notions of K -diagnosability and 7-diagnosability for

a TPN. Then, using the Modified State Class Graph, we have
presented two procedures to analyze K-diagnosability and 7-
diagnosability of a labeled time Petri net system, respectively.
Both approaches require a preliminary diagnosability analysis
of the underlying logic model, and the solution of some linear
programming problems.

Several are the directions of our future research in this area.
First, we want to validate the effectiveness of the proposed
approach on a real case study, e.g. in the manufacturing or
transportation domain. Second, we plan to investigate the
possibility of making K-diagnosable (7-diagnosable) a TPN
system that is not K-diagnosable (7-diagnosable), acting on
the time intervals associated with transitions. Finally, we plan
to extend the proposed results to a decentralized/distributed
framework.
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