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Chapter 1

Introduction

1. The Korteweg-de Vries equation. Many nonlinear evolution equations admit travelling
wave solutions of the form

u(z,t) = ¢p(x — ct), (1.1)
where z € R (or z € R") is the position variable, ¢t € R is time, and c¢ is a parameter called the
wavespeed. The first such equation formulated has been the Korteweg-de Vries (KdV) equation
[30;, B1L, [67]

Ut + Ugge — OUU: = 0 (1.2)
to describe water waves travelling along a canal. After a long period (1895-1960) without new
applications of the KdV equation, Zabusky and Kruskal [93] coined the term “soliton” for the
elastically interactive solitary wave solutions of eq. which pass each other without losing
their shape and velocity. Gardner, Greene, Kruskal and Miura [47, [48] developed the so-called
inverse scattering transformation (IST) to solve the initial-value problem of the KdV equation.

To understand the IST, we consider the Schrédinger equation on the line

—" (2, A) + u(@) bz, \) = Ap(z,\), z€R, (1.3)

where u(z) is the (real) potential and \ = k? is an eigenvalue parameter satisfying Imk > 0. For
u satisfying the Faddeev condition

/oo do (14 |2]) |u(a)] < oo, (1.4)

we introduce the Jost solutions fj(k,x) and f,(k,x) by
filk, ) = e*®[1 +0(1)], x — +oo, (1.5a)
frlk,2) = e *[1 4+ 0(1)], = — —o0, (1.5b)

and compute the reflection coefficients R(k) and L(k) and the transmission coefficient T'(k) from
the asymptotic expansions

fi(k,x) = T(lk) ehr 4 %e_ikx +o(1), x— —o0, (1.6a)
ok, z) = T(l) emike 4 ?EZ; 2 4 o1), 2 — too, (1.6b)



as well as the finitely many numbers k (all positive imaginary and denoted ik1,...,ikyNy where
0 < k1 < ... < ky) for which eq. has a nontrivial solution in L?(R), along with these
so-called bound state solutions. This is the solution of the direct scattering problem. The inverse
scattering problem for the Schriodinger equation on the line, first solved by Faddeev [45] and
presented in [40, 43, B2, [75], consists of recovering the potential u(z) of Faddeev class from
one of the reflection coefficients, the bound state wave numbers ik1,...,iky, and N positive
parameters cy,...,cy (called the norming constants). The method consists of converting the
Riemann-Hilbert problem satisfied by the Jost solutions into a Marchenko integral equation and
to compute u(x) from its solution.

The inverse scattering transform (IST) now consists of three steps. First we let the initial
condition u(z,0) to the KdV equation be the potential in eq. and solve the direct
scattering problem to arrive at the scattering data

{R(k), {rj,c;} i}

We then evolve these data in time in an elementary way. Finally we solve the inverse scattering
problem starting from the time evolved data and find the potential u(z,t) as the solution of eq.
(1.1). The IST can be summarized by the following diagram:

direct scattering problem

- with potential u(z,0) R(k), Rj, Cj
iven u(x,0 .
& (2,0) forj=1,...,N
time evolution of
lIST scattering data l

i3 —8r3t
u(x,t) R(Kk)eSF 5, cije™ ™
inverse scattering problem
with time evolved scattering data

2. Nonlinear Schrédinger equation. Soon after the seminal papers [47, 48], many non-
linear evolution equations were discovered that can be solved by the inverse scattering transform
for some accompanying linear ordinary differential equation. In this PhD thesis we focus on the
direct and inverse scattering theory for the family of systems of first order ordinary differential
equations

00X (z, M)
Zjiax —

_ I Onxm [ Onxn k(x) _ XP(z, M)
7= (o, ) ver= (G o )s xen=(Fan). 09
I, denotes the identity matrix of order n and 0,x, the p x ¢ matrix with zero entries, V() is

the potential, and A € C is an eigenvalue parameter. The most natural such system occurs for
n=m =1 and [(x) = £k(z) and is called the Zakharov-Shabat system. It reads

V(z)X(z,\) =AX(z,)), z€R, (1.7)

where

—iw — k(@)X (2, \) = AXP(z, \), (1.9a)
z'aXd;ix’A) F k(2) Xz, \) = AXD (2, \). (1.9b)



It was introduced in [94] to solve the nonlinear Schrédinger equation
1qt = Quo £ 2|Q‘2q

by the inverse scattering transform. The work was generalized by Manakov [73] to solve a pair
of coupled nonlinear Schrédinger equations using the inverse scattering solution of eq. for
n=1and m =2, k(z) = (ki(z) kao(@)), l(z) = (h(z) la(x))" and I;(z) = +k;(x) (j = 1,2).
In this thesis we call the matrix Zakharov-Shabat system. In the literature one often finds
the terminologies AKNS system (after the extensive study made in [2]; see also [1, 4, B]) and
canonical system (primarily within the Odessa school and followers; cf. [19] for the history and
review).

In many applications such as to fiber optics we distinguish two special cases according to
the symmetry properties of the potential. In the symmetric case we have I(z) = k(x)*,
where the asterisk denotes the matrix conjugate transpose; in the antisymmetric case we
have I(z) = —k(z)*. The antisymmetric case occurs in fiber optics for anomolous dispersion
[61] 62], while the symmetric case occurs in the case of normal dispersion [61, 63]. In the an-
tisymmetric case (anomolous dispersion) multisoliton solutions abound. In the symmetric case
so-called dark soliton solutions (i.e., travelling wave solutions that do not vanish as x — +oo for
fixed t but instead oscillate) occur. In the literature the terms “defocussing” (symmetric case)
and “focussing” (antisymmetric case) abound, but in this thesis we do not use these terms.

In general, it is not easy to know beforehand if a given nonlinear evolution equation can be
solved by an IST relating it to the direct and inverse scattering theory of a Hamiltonian operator
H. Major light was shed on this problem by Lax [72] who derived nonlinear evolution equations
associated to H by means of an IST by studying so-called Lax pairs (H, B) of linear operators H
and B such that

H,= HB— BH.

We indicate Lax pairs for the KdV equation and the matrix NLS equation in Sec. For
examples of Lax pairs we refer to the literature (e.g., [4} 1, 3]).

3. Inverse scattering. Inverse scattering has been studied for its own sake long before the
inverse scattering transform supplied it with a major application. Borg [27, 28] recovered the
potential in the Schrédinger equation on a finite interval from its eigenvalues under two sets of
boundary conditions. Under Neumann boundary conditions one set of eigenvalues suffices [1§]. In
the early 1950’s Gelfand and Levitan [49], Krein [68], and Marchenko [74] (also [6]) developed the
inverse spectral theory (cf. [49]) and inverse scattering theory (cf. [68] [74]) for the Schrédinger
equation on the half-line RT. Faddeev [45] constructed its inverse scattering theory on the line
(also [75}, [40% 43| B2]). Starting from the late 1960’s, Melik-Adamjan [76] generalized the methods
of [68] to develop the inverse scattering theory for eq. on the half-line for arbitrary boundary
condition at £ = 0. The so-called Odessa group and other researchers which followed up on this
work denoted eq. by the term “canonical system.” The inverse scattering theory of eq.
on the half-line and on a finite interval, has been generalized in many directions and linked to
the study of reproducing kernel Hilbert spaces and specific classes of analytic operator-valued
functions while using the language of linear control theory (see [19] for a review of the literature).

Using the ideas of Zakharov, Shabat and Manakov, the authors Ablowitz, Kaup, Newell
and Segur [2] developed the inverse scattering theory and the inverse scattering transform for

3



the matrix nonlinear Schrodinger (mNLS) equation which can be solved by applying the inverse
scattering theory of eq. . This system of eq. is therefore often called the AKNS system.
Beals and Coifman analyzed the direct and inverse scattering theory associated with first order
systems of ordinary differential equations of AKNS type with arbitrary invertible and diagonal
matrix J and the corresponding nonlinear evolution equations with initial data in the Schwartz
class of test functions [21], 22, 23]. Earlier results on first order systems with real diagonal J
with Tr(J~!) = 0 have been given Gerdjikov and Kulish [51]. A comprehensive treatment of the
direct and inverse scattering theory for higher order systems of linear differential equations and
the corresponding IST can be found in [24]. More recent developments on higher order systems
and their accompanying IST appeared in [95, 41]. In [3] the direct and inverse scattering of eq.
has been given in almost full generality.

4. State space methods. In linear system theory (e.g., [20,39]), so-called state space meth-
ods are used to study various transformations of linear systems (such as conjugation, cascades,
cascade decomposition, input-output reversal, etc.) by using so-called transfer functions. When
the reflection coefficient is a rational matrix function, the inverse scattering problem for eq.
can be solved in closed form by state space methods. Alpay and Gohberg [12), [13], [14], [15], and
Gohberg, Kaashoek and A.L. Sakhnovich [55, 56] have thus solved the inverse spectral problem
for the canonical system eq. on the half-line as well as the inverse scattering problem on
the half-line in the symmetric case where [(xz) = k(x)*. The inverse scattering problem on the
full-line with rational reflection coefficient has been solved by similar methods by Aktosun et al.
[9] if I(z) = k(z)*, and by van der Mee [90] if [(x) = —k(z)* and there are no bound states.
Recently, Aktosun and van der Mee [11] have used the solution of the inverse scattering problem
for the Schrédinger equation on the line to obtain explicit solutions of the KdV equation for
initial data which are potentials having rational reflection coefficients.

So far state space methods in inverse scattering have primarily been used to solve inverse
problems for the matrix Zakharov-Shabat system on the half-line in the symmetric case for
n = m. Very few of these papers deal with the more interesting antisymmetric case. Further,
if nonlinear evolution equations were solved, the issues of local vs. global in time existence and
the obtainability of these solutions by the inverse scattering transform were never raised. In this
thesis we deal with all of these issues. For a comprehensive account of the literature on (primarily
local in time) existence of solutions of the multidimensional nonlinear Schrédinger equation in
Sobolev spaces we refer to [29].

5. Contents of the thesis. In [3] the inverse scattering theory of eq. has been
developed in full generality, but some details have not been given. In [3] discrete eigenvalues
are always assumed algebraically and geometrically simple and the definition of the norming
constants reflects this limitation. Further, as in [2] bound state norming constants are defined
as if the reflection coefficients extend analytically off the real line, which requires very strong
decay assumptions on the potential. The compactness of the Marchenko integral operator has
not been proved in full generality. The unique solvability of the Marchenko integral equation has
not been established in sufficient generality. In this thesis we intend to fill most of these gaps,
while developing inverse scattering theory in the notations of [9, 90]. Also in the symmetric and
antisymmetric cases we derive explicit solutions for rational scattering data if there are bound
states, as well as the most general multi-soliton solutions.

This PhD thesis is organized as follows. In Chapter 2 we specify the domain of the full
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Hamiltonian H = —iJ % — V and define some basic notions of spectral theory. In Chapters
3 and 4 we develop the direct and inverse scattering theory for eq. . In particular, we
study the Jordan structure of the discrete eigenvalues of the matrix Zakharov-Shabat system and
derive the Marchenko equations irrespective of Jordan structure. Further, in the symmetric and
antisymmetric cases we prove the unique solvability of the Marchenko equations and characterize
the scattering data, the latter if there are no bound states. Then, in Chapter 5 we give a brief
exposition of fiber optics transmission and study the inverse scattering transform for the nonlinear
Schrédinger equation in more detail. Finally, in Chapter 6 we introduce the state space method
in the antisymmetric and symmetric cases, derive multi-soliton solutions in a systematic way, and
plot some of these solutions. We also give a necessary and sufficient conditions for a state space
solution of the mNLS equation to be time periodic. In Appendix A we compare our notations
to those used in [2, B] and to those used in fiber optics theory. In Appendix B we discuss the
symmetry properties of various functions arising in direct and inverse scattering theory.

6. Notations and definitions. Let us now introduce some notations used throughout the
thesis. By R and RT we denote the real line and the (closed) positive and negative half-lines. By
C* and C~ we denote the open upper half and lower half complex planes, respectively. We write
Ct =CtUR and C- = C~ UR. Furthermore, let us write f = Ff for the Fourier transform

o0
fo = [ doe s
—0o0
Then, according to Plancherel’s theorem, (27)~Y2F is a unitary operator on L?(R), implying
the inversion formula -
f@) = @m7 [ dees o).
—0o0

The Fourier transform is a contraction from L!(R) into the Banach space of continuous complex-
valued functions on R vanishing at +o0o0, endowed with the supremum norm. We shall use the
same symbol to denote the Fourier transform on direct sums of n copies of L?(R) or L!(R).

For n € N we denote by H, the direct sum of n copies of L?(R) endowed with the scalar
product

n

Ukt Ao =3 P gtz = 3 / " bz (o) g (@),
k=1 Y~

k=1
Letting H*(R) stand for the Sobolev space of those measurable functions f whose Fourier trans-
form f satisfies

00 R 1/2
rrfr\Hs<R>=[/ d&(Héﬂf@)ﬂ < oo, (1.10)

we denote by H; the direct sum of n copies of H*(R) endowed with the scalar product

n

{fedi=1 gk i=1) = D (ks 96) o (R)-
=1

As aresult, HO = H,, (apart from a factor (27)~'/2 in the definition of the norms) for each n € N.
Introducing the Hilbert spaces

L*(R) = L3(R; (1 + £%)%d¢) (1.11)

5



for any s € R and letting L>*(R) stand for the orthogonal direct sum of n copies of L2*(R), we
see that the Fourier transform F is a unitary transformation from M2 (R) onto L2*(R).



Chapter 2

Domains of the Hamiltonian

It is well-known [64, [83] that, under sufficiently general conditions on the real potential, the
spectrum of the Hamiltonian H of the Schrédinger equation with real potential V' in the Faddeev
class consists of the continuous spectrum [0, c0) and at most countably many isolated negative
eigenvalues which can only accumulate at zero.

In this chapter we specify the domains of the free Hamiltonian Hy = —iJ % and the (full)
Hamiltonian H = —iJ % —V on the direct sum H,, 1, of n+m copies of L?(R). We distinguish
between potentials having their entries in L'(R) N L?(R) where Hy and H have the same domain,
and potentials having their entries in L!'(R). In Sec. we define the Jordan structure of
analytic operator-valued functions on open subsets of the complex plane. This concept is then
applied in Sec. to prove that the nonreal spectrum of H consists of isolated eigenvalues of
finite algebraic multiplicity which can only accumulate on the real line. In Sec. we briefly
discuss the effect of certain symmetries on the spectrum of H.

2.1 Domain of the free Hamiltonian
The free Hamiltonian Hy is defined as the unbounded linear operator
Hy = —iJ(d/dx)

1

on the dense domain H in Hyp4m, where

n—+m
J = diag(I,, —I,) = diag(1,...,1,—1,...,—1).
——— N————
n copies m copies

Denoting the Fourier transform on H,, ., by F we obtain

(FHoF ') (&) = —JEf (&) = | diag(—¢€, ..., —&,&,....€) | f(&).

n copies m copies

Thus Hj is selfadjoint and its spectrum is continuous and fills up the complete real line.

7



To compute the resolvent of Hy, we choose alternatively A € C* and A € C~ and consider
the system of differential equations

0X(x,))

e =X (z,\) — F(z),

where F' = (Fup Fdn)T with F,, € H, and Fy, € Hy,. Choosing A € Ct and partitioning
X = (Xup an)T as we did for F, we get

Xop( ) = (To(N) Fup) () 2 —i / dy XEIE, (y),

+o0 .
Xanlie.N) = (S0 Fun) (2) 2 =i [ dy =) By,
whereas for A € C~ we have

Xop( ) = (To(N) Fap) () 2 4 / dye AU (y),

Z

Xan (2, A) = (So(N) Fap) (2) = +i / : dy e TV (1),

—0o0

For A € C\ R we have therefore written the resolvent of Hy in the form

- (To(A) Onsam
()\IHn+m HO) o (0m><n SO()\)> 7

where Ty(\) and Sp(\) are bounded operators on H,, and H,,, respectively.

(2.1)

2.2 Domain of the Hamiltonian

Recall that H,, ! L is defined as the orthogonal direct sum of n + m copies of H (R), where
H~Y(R) is given by (1.10) with s = —1. We have the following

Lemma 2.1 Let W be an (n+m) x (n +m) matriz function whose elements belong to L*(R).
Then multzpl@catwn by W is a bounded linear operator from H}_ . into Hyim and from Hyim
into H,, +

n+m:

Proof. It suffices to prove this lemma for W € L?(R) and n = m = 1. In other words, it
suffices to prove that the operator of multiplication by W € L?(R) is bounded from H!(R) into
L?(R) and from L?(R) into H~(R). Indeed, for f,g € L?(R) we have

—

G T[T ey [T R a(k)
(7T, (1+k2)%> /_ /_ Wi )\/%/_ fibya a5

V2 T (0]
(2 / / Wk —k)f(k)d 7(1%2)%%,



where W is the Fourier transform of W. Thus

N|=

wr 9
‘<Wf’ (1+k2) )

1 o0 g(k
< @) [Wal £z / G I
—o0 (1+I{?2)2
< V2 W2l fll2lld2s

where we have used the Cauchy-Schwartz inequality. Thus, for any f € L2(R) we have (1 +
k2)*%V/V\f € L*(R) and therefore W f € H™'(R). Moreover, ||[W f|lg-1r) < V2 | W2l £1l2,
i.e., the operator of multiplication by W € L%(R) is a bounded linear operator from L?(R) into
H-1(R).

Next, for f € H'(R) and g € L?(R) we have

(7.9 = 2) 2 [ [ 30— by )k -

= (2m) /2 /Oo f(z%)/oo W (k — k)g(k)dk.

Thus
= . . ~o 1 dk
(WF.4)] < HWH2|!.9|!2/ FEI+R 2 <
—00 (1—|—k2)2
< VTW 20 gll2ll £l a2 wy-
Hence W f € L*(R) for f € HY(R) and |[W fl2 < 27V2|W 2|l Il i1 w)- n

It is now easy to prove the subsequent

Corollary 2.2 Let V' be a potential whose elements belong to

LY(R) N L*(R).
Then the premultiplication by V is a bounded linear operator from H}H_m nto Hp+m and from
Hypm into H,1,,. Consequently, for any X € C\R, (M3, ... — Ho)™'V and V(\I,,,, — Ho)™!
are bounded operators on Hytm-

As a result, if V is a potential whose elements belong to L'(R) N L?(R), then

d
H=Hy—-V=—iJ—-V
dzx

is a selfadjoint operator on Hj, 4., with domain D(H) = D(Hy) = Hp,,,. A similar result exists
for the Schrodinger equation ([64], Sec.5.3).

For general potentials V' whose elements belong to L*(R), it is in general no longer possible
to define the Hamiltonian H as above or even to have a Hamiltonian H defined on the same
domain as the free Hamiltonian Hy. We shall define the domain of H and discuss its discrete

spectrum of H in Subsection [2.4.2]



2.3 Jordan normal form

In the literature (e.g., [46, [71]) the Jordan normal form is usually defined for square matrices.
Given an eigenvalue \g of the n x n matrix A, we call zg an eigenvector of A at the eigenvalue
Ao if

(Molp —A)zg =0, xz9#0.

We call {zg,z1,- - ,z4—1} a Jordan chain of A of length ¢ at the eigenvalue Xg if (A\gl,, — A) zj_1+
xj_9 =0for j =2,--- ,qand (A, — A)xog = 0, g # 0. The vectors x1,--- ,x4-1 are called
generalized eigenvectors. It is clear that ¢ < n and dim Ker (Aol,, — A) < n. When looking for
a complete set of maximal Jordan chains of A at A\¢ for which the corresponding eigenvectors xg
are linearly independent and span Ker (Ao, — A), we obtain Jordan chains of A at Ao of lengths
q1 > q2 > -+ > g such that

am:dimKer()\OIn—A)m:Zﬁ{jzl,o'- T g > S}

Let us now generalize this concept. To this end, let X be a complex Banach space, A\g € C
and H(X, A\g) the linear vector space of germs of X-valued analytic functions in a neighborhood
of A\g. This means that we identify X-valued analytic functions whenever they have the same
values in some neighborhood of \g. Now let £(X,)) stand for the Banach space of bounded
linear operators from X into the complex Banach space ), where we adopt the notation £(X) if
xX=).

Let 2 be an open set in C and let X'* denote the adjoint of a complex Banach space X, i.e.,
X* ¥ £(X,C). Then F : Q — X is said to be analytic if either of the two following conditions is
satisfied:

o Vxog € X%, (F(-), o) is analytic (weak analyticity);

e VA € Q) we have lim F(Z)_f()\)
z_

z—A

— F'(\)|| =0and X — F'()) is continuous in X €

X

(strong analyticity).

It is well-known ([92], Theorem V3.1) that the above conditions are equivalent. Moreover, F' :
1 — L(X) is said to be analytic if one of the following conditions is satisfied:

o Vr € X, Vag € X*, (F(-)x, xo) is analytic;
e Vx € X, F(-)x is strongly analytic;
e F'(-) is strongly analytic with respect to the norm of £(X),
and, also in this case, it is easy to establish that the three preceding conditions are equivalent.

Given F € H(L(X,)), Xo), for any p =0,1,2,--- and writing

i .

FQ) =) (A=X)VF,  [A-X|<e
§=0

10



we define the linear operator ®,(F; \g) : XP — YP by

Fo 0
F K0

D, (F; \) = : .0 : (2.2)
Fyo1 Fpg -+ -+ Fy

Here AP and VP denote the direct sums of p copies of X and ), respectively. Then we easily
obtain

Dy (I3 20)Pp(G; Ag) = @p(H; Ao) (2.3)

whenever FG = H with F € H(L(Y, Z), o), G € H(L(X,Y), o) and H € H(L(X, Z), \o). It
is easily seen that ®,(F; ) is boundedly invertible for some (and hence all) p if and only if
Fy = F()\o) is boundedly invertible.

Let us restrict ourselves to those F' € H(L(X,)Y), o) that have only invertible values in a
deleted neighborhood of \g and for which F'(\g) is a Fredholm operator. Then

ap(F, Ao) = dim Ker ®,(F, \o)
is finite and for some ¢ € N we have
ag(F, M) < ai(F, ) < ... < ag_1(F, A) < ag(F, Xo) = ag1(F, Ag) = ... < 4o0.

The index q is called the ascent of F in \g and coincides with the order of the pole of F(A\)~! in
Xo. The numbers {oy,(F), Ao)}g;é determine the Jordan characteristics of F' in A.

Let FF € H(L(X,Y), o) and G € H(L(Z,W), o). Then F and G are called equivalent
in Ao (see, e.g., [54], Chapter II) if there exist operator functions E € H(L(X,Z),\o) and
E € H(L(Y, W), \o) such that E()\g) and E()\g) are boundedly invertible and

EF =GE

as germs of analytic functions in a neighborhood of A\g. Then F' is boundedly invertible in a
deleted neighborhood of Ay and has a Fredholm operator as its value in Ag whenever GG has these
properties, and in this case we have

ap(F, X)) = ap(G, X)), p=1,2,....

Let F' € H(L(X), Ao) and let ) be a complex Banach space. Then by the Y-extension of F
we mean the operator function F @ Iy € H(L(X @ V), \g). We then have

Ctp(F@Iy,Ao):Oép(F,)\o), p=12....

Considering F' € H(L(X,Y), Xo) and G € H(L(Y, X), Xo), it is easily seen ([54], p. 38) that the
X-extension of Iy — F'G is equivalent in Ay to the V-extension of Iy — GF.
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Let y € H(Y,Xo). Then the vector function y(A) = > > ;(A — Ao)"yn with a power series
having a positive or infinite radius of convergence, is called a root function of F at \g if

FA)y(A) =0

in a neighborhood in Ay and y(Ag) # 0. Then it is easily verified that

Yo 0

Y1 0

(I’p(F§ )\0) . =1.
Yp—1 0

for any p > 1. Thus the root functions of F' at Ay correspond to the nontrivial vectors in the
kernel of ®,(F'; \g) for any p € N. Then for p = 1,..., ¢ the dimension of the vector space of root
functions y(X) which are Y-valued polynomials of degree at most p — 1 coincides with a,(F, Ap).

2.4 Nature of the discrete spectrum

In this section we define the Hamiltonian operator H for all potentials V having their entries in
L'(R) by specifying its domain D(H). We also prove that the nonreal spectrum of H consists of
eigenvalues of finite algebraic multiplicity which can only accumulate on the real line.

We first prove the following two technical lemmas. For n = m = 1 the first lemma appears as
Lemma 4.1 of [66]. In the case of the Schrodinger equation it is known as the Birman-Schwinger
principle.

Lemma 2.3 Let Wi and Wy be (n +m) x (n + m) matric functions whose elements belong to
L%*(R), and let A € C\R. Then
Wi(A — Ho) ™' Wy

is a Hilbert-Schmidt operator on Hy4m whose Hilbert-Schmidt norm vanishes as |[Im\| — oo.

Proof. It suffices to prove that W1To(\)Ws is a Hilbert-Schmidt operator whenever A € C*
and Wi and W3 are n x n matrix functions whose elements belong to L?(R). Indeed, W1To(\)Wa
is an integral operator on a space of vector functions defined on R whose n x n matrix integral
kernel is given by

K(z,y) = —i VW (2)Wa(y)xe+ (x — v),

where yg+ stands for the characteristic function of RT. We have

/ dz / dylK (@, )] = / da| Wi () ? / dy e~ 2E VA 1 ()2

< / d| Wi ()2 / dy |Wa(y) > < W 3I1Wal3,

—00 —00

which shows W1Ty(A)Ws to be Hilbert-Schmidt. Since the integrand is bounded above by the
integrable function
Wi () P [Wa(y)[?,
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we can apply the Theorem of Dominated Convergence and prove that the Hilbert-Schmidt norm
of WiTy(\)Ws vanishes as Im A — +o0. |

Lemma 2.4 Let Wy and Wy be (n +m) x (n +m) matriz functions whose elements belong to
L%(R), and let A € C\ R. Then
Wi(A — Ho) W

is a Hilbert-Schmidt operator on Hy4m whose Hilbert-Schmidt norm vanishes as |[Im\| — oo.

Proof. The Hilbert-Schmidt operators on a separable Hilbert space such as H,,4,, are them-
selves elements of a separable Hilbert space (cf. [60]) if one imposes the scalar product

(T, S)yns = tr (T1(T2)"),

where tr denotes the trace of the trace class operator T7(75)*. If we now follow the proof of
Lemma [2.3] for the integral kernel

oK Mz
Sy (@:9) = 2T (@ — ) Wi (@) Wa(y)xes (@ — y), (2.4)
we see that the % Wi(\ — Ho)~'Ws is itself the integral operator with integral kernel (2.4)).
Moreover, applying the Theorem of Dominated Convergence we have for any Hilbert-Schmidt

operator T on Hy 1,

d _ -
o Wi(A = Ho) "Wy, T)gs = —(Wi(A — Ho) °Wa,T)us, A€ C\R.
Thus Wi (A — Hy)~'Wj is weakly analytic as a Hilbert-Schmidt valued vector function. But then
the derivation with respect to A € C \ R also holds in the Hilbert-Schmidt norm [92, Theorem
V3.1]. It is also easily verified, as in the proof of Lemma that W1 (\ — Hy)~2Ws vanishes in
the Hilbert-Schmidt norm as [Im A\| — oo in either of C*. ]

2.4.1 Square integrable potentials

If the potential V is an (n-+m) x (n+m) matrix function whose elements belong to L!(R)NL?(R),
then, according to Lemma V(A — Hp) ™1V is Hilbert-Schmidt whenever A € C\R. If we now
define the operator function

W) =A—H)A=Ho) ' =TIy, ., + V(A= Ho) ™",

then for A € C\ R
(W(X) = I, p)* = [VN = Ho) V] (A= Ho) ™"

is a Hilbert-Schmidt operator. Thus W(A) — I3, . has a compact square and hence is a Riesz
operator [86, Sec. 9.6], implying that W (\) is a Fredholm operator of index zero. Since Lemma
also implies that ||W(X) — Iy, || vanishes as [Im A\| — oo, it follows from the analyticity of
W () as a function of A € C\ R that W () is boundedly invertible for every nonreal \, except in
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a set of points whose only accumulation points are real. Furthermore, these exceptional points
are isolated eigenvalues of W of finite algebraic multiplicity ([60], Theorem I 5.1).

Now note that W and A — H are obviously equivalent operator functions for A € C\R. Hence,
the nonreal points of noninvertibility of W (A) are exactly the points of the nonreal spectrum of
H. Consequently, the nonreal spectrum of H consists exclusively of isolated eigenvalues of finite
algebraic multiplicity.

We have proved the following

Theorem 2.5 Let the elements of the potential V belong to L'(R) N L?(R). Then the nonreal
spectrum of H only consists of eigenvalues of finite algebraic multiplicity which can only accu-
mulate on the real line.

2.4.2 General integrable potentials

In the case of the Schrdodinger equation it is well-known [64, 82] that the Hamiltonian H is
selfadjoint and has the same domain as the free Hamiltonian Hy if the potential V is real and
belongs to L'(R) N L?(R). Under more general conditions on real potentials V one usually
introduces sesquilinear forms to prove the selfadjointness of H and to specify its domain. This
method can in principle be used in the case of the Hamiltonian of the matrix Zakharov-Shabat
system with arbitrary L'-potential. Since we are only interested in proving Theorem for
arbitrary L'-potentials, we proceed along a much shorter path towards the domain of H than in
[64, [82].

Let us now define sgn (V(z)) as the partial isometry in the polar decomposition [25] [46] of
the matrix V().

Lemma 2.6 Let k be a complex n x m matrix and I a complex m X n matriz, and let

0 k
V — nxn ) )
< ! Omxm
Then there exists a nonnegative selfadjoint (n +m) x (n 4+ m) matriz V' and a partial isometry

U such that V =U|V| = U(|V|/?)2, where |V| = |I| ® |k|, |V|'/? = |I|'/? @ |k|'/2, and |I| and |k|
are nonnegative selfadjoint matrices.

Proof. Let k = Uj|k| and | = Us|l| be polar decompositions of k and [, where the n x m
matrix U; is the partial isometry defined by U (k*k)Y/2 = k from the range of |k| < (k*k)Y/2 onto

the range of k£ and by zero on the kernel of k£, and the m x n matrix Us is the partial isometry
defined by Us(I*1)Y/2 = [ from the range of |I| = (I*1)1/2 onto the range of [ and by zero on the

kernel of [. Putting
Onxn Ul ’l’ 0n><m>
U= ) V] = )

we get V = U|V| with U a partial isometry, as claimed. We now define [V|/2 = [I|'/2 @ |k|'/2. =
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Now let V be an arbitrary potential whose elements belong to L'(R). Applying Lemma
we can write

V(x) =U(@)|V(2)["?|V ()2,

where the values of the (n+m) x (n+m) matrix function U(x) are partial isometries and hence
have at most unit norm and the elements of |V (z)|*/? belong to L?(R). Also the elements of
U(z)|V (z)|"/? belong to L*(R).

Instead of W, we now define

W) = Iy + VIV = Ho) MUV, (2.5)

where A € C\R. Then, according to Lemma the operator W(\) — I is an integral operator of
Hilbert-Schmidt type which vanishes in the Hilbert-Schmidt norm as |[Tm A| — co. Thus W () is
boundedly invertible on H,, 1, for [Im A| large enough. Using Theorem I 5.1 of [60] it follows that
W(/\) is invertible on H, 4, for all nonreal A, with the exception of a set of points which can only
accumulate on the real line. Moreover, these exceptional points of W are isolated eigenvalues of
finite algebraic multiplicity.

If we are in the antisymmetric case and n = 1, the above polar decomposition has been given
before by Klaus [65] who employed its factors to arrive at eq. (2.5) . In fact, in the symmetric

and antisymmetric cases (i.e., if [(z) = £k(z)*) we have
1 n><TL
U( 33 1/2 ( m><m> ’
01><m
4 ;
Vel = o (G Vi)
where p(x) = ||k(z)||, the Euclidean norm of k(z), is assumed nonzero.

To define the domain of H (or, equivalently, the range of (Aly,,, — H)™' for nonreal X
outside the discrete set of points of noninvertibility of W (X)), we depart from the identity

= M = Ho) sgn(V)|VIVPW () VIV (M, — Ho) ™ (26)
where all ingredients of eq. (2.6) have to be specified separately. In fact, for those A € C\ R for

which W () is invertible, the resolvent difference D(A\) = (A — H)~' — (A — Hy)~" is bounded on
Hp+m, as indicated by the following diagram:

-1
(A7, y ,, —Ho) . v,
n+m n+m ’ n+m
D(”l lv”m)—l
Hner <— H,, ! I — Hner
—(A—Hg)~! T san(V) VL2

In fact, the expression (2.6 defines the resolvent of the Hamiltonian operator H, as proved in
the following
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Lemma 2.7 For \,u € C\ R we have the resolvent identity
(A= H)™ = (= H)™ = (u = \)(A— H) " (= H) ™.
Moreover, the expression (2.6 defines the resolvent of an unbounded (but closed and densely

defined) linear operator on Hyqm.

Proof. Indeed, if W(\) and W (p) are invertible and X # p we simply substitute (2.6]) for A
and p into the right-hand side of (1 — A\)(A — H)"!(u — H)™! and employ the resolvent identity

(A=Ho) ™' —(n—Ho) " = (u—N(A—Ho) ' (n— Ho)™"

to obtain (A — H)™' — (u — H)~'. To prove that the left-hand side of (2.6) really is a resolvent,
we choose ¢ € Hy,1m such that (A — H)"1¢ = 0 for A € C\ R where W ()) is invertible. Then

0=|VI"2(A—H) Yo = [V|I"2(\ = Ho) ' — [W(\) — W\ V2N — Ho) 1o
=W VY2 — Ho) o,

and hence

(A—Ho) '¢=(A-H) '
+ (A= Ho) "sgn(V)|[V|"* W) V[V2(A = Ho) ™' =0,

which implies ¢ = 0. Using the same argument on the adjoint of (2.6), we see that (A — H )t
has a zero kernel and a dense range. Indeed, we should replace W () and (A — H)~! by

W = I, + VYU (N = Ho) V|2

and

— (A= Ho) VMW (R) V]2 (V)] (A — Ho) .

The resolvent identity then implies that this kernel and range do not depend on A € C\ R.
Therefore, we may define A — H as its unbounded inverse defined on the range of (A — H)™!. m

A second diagram shows that the square of D(\) = (A—H)~'—(A\—Hy) ™! is a Hilbert-Schmidt
operator on Hy . More precisely,

(A—Ho)~* V|2 w)!
B ——

1
Hn—i—m Hn—i—m E— n+m Hn—l—m

D(/\)2l ls

H — H,}
n—+m (A—Ho) n+m

— Hn+m Hner
sgn(V)[V|[1/2 W1

where S = [V|"/2(\ — Hy)2sgn(V)|V[/2. By Lemma[2.4] S is Hilbert-Schmidt.
We have shown that A — H is invertible whenever A € C\ R and W () is invertible. Thus the
nonreal spectrum of H is contained in {A € C\ R : W () is not invertible}. Consequently,
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Theorem 2.8 Let the elements of the potential V belong to L*(R). Then the nonreal spectrum
of H only consists of eigenvalues of finite algebraic multiplicity which can only accumulate on the
real line.

We have not proved that {\ € C\ R : W()) is not invertible} coincides with the set of
nonreal eigenvalues of H. We have not related the nonreal eigenvalues of H to the points of
noninvertibility of W(\) = (A — Ho) "1 (A — H) either. It is easily seen that D(H) = D(Hy) if the
entries of V belong to L'(R) N L2(R).

2.5 Symmetries of the Hamiltonian operator

In Chapter [6] we shall derive explicit solutions of the inverse problem for the matrix Zakharov-
Shabat system and for the matrix nonlinear Schrédinger equation for z € R, without even
bothering about the negative half-line. The rationale is that a treatment for x € R™ is analogous
to such an extent that a repetition of the derivations involved is unnecessary. Another approach
is to introduce symmetry relations that allow one to pass from a treatment for z € R to a
treatment for x € R™ and vice versa. In this section we therefore give an overview of the various
symmetries of the free Hamiltonian Hy and the full Hamiltonian H for an arbitrary L'-potential.
In Appendix B we shall discuss these symmetry relations in more detail.

1. The symmetric and antisymmetric cases. In the symmetric case (I(z) = k(z)*)
and the antisymmetric case ([(x) = —k(z)*) the potential V' and the Hamiltonian H have the
following properties:

{V(m)* =V(z) and H* = H, symmetric case, (27)

V(z)* ==V (z) and (JH)* = JH, antisymmetric case.
Thus in the symmetric case H is selfadjoint on H,,,, which implies that its spectrum coincides

with the full real line and there do not exist any discrete eigenvalues. In the antisymmetric case
H is selfadjoint with respect to the indefinite scalar product

[f,9l0 = (Jf,9) = /_oo dz ((f*"(z), 9" (2)) = (f*(2),9™(2))) - (2.8)

As a result [42] p. 80], the eigenvalues of H are located symmetrically with respect to the real
line in the sense that if A € C\ R is an eigenvalue of H, also )\ is an eigenvalue of H having the
same Jordan structure.

2. Changing the sign of z € R: V(—x) as a potential. For any function W of z € R we
define the function W& by

WH (z) = W(—z). (2.9)
Defining the unitary and selfadjoint operator U on H,4m by
U)@) =[P (@) = f(-z), zeR, (2.10)
we easily obtain the symmetry relations
Ho(UJ) = —(UJYHy,  H(UJ)=—(UJ)H™), (2.11)
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where H#) = —iJ(d/dzx) — V#) is the Hamiltonian corresponding to the potential V#). In
deriving we have made use of the commutation relations UJ = JU and HyJ = JHy and
the anticommutation relations JV = —VJ (which actually means that V has zero diagonal n x n
and m x m blocks) and UHy = —HyU. As a result of , the discrete eigenvalues of H®#)
are obtained from those of H (including their Jordan structure) by multiplying them by —1.

3. Changing the sign of x € R: —V(—x) as a potential. For any function W of x € R
we define the function W# by
W (z) = —W(-=z). (2.12)

Using (2.10]) we easily obtain the symmetry relations
HoU = -UHy,, HU=-UHWI, (2.13)

where H# = —i.J(d/dz) — V# is the Hamiltonian corresponding to the potential V#. In
deriving we have made use of the anticommutation relations JV = —VJ and UHy =
—HyU. As a result of , the discrete eigenvalues of H# are obtained from those of H
(including their Jordan structure) by multiplying them by —1.

It is now clear that in the antisymmetric case the discrete spectrum of H is symmetric with
respect to both the real and the imaginary axis if the potential is an even or an odd function of
x.

Here we summarize spectral symmetries in the following table. A profound study of the
effect certain symmetries of H have on its spectrum for the Zakharov-Shabat (n = m = 1) and
Manakov (n = 1 and m = 2) systems has been made in [66}, 65].

Table 2.1: For different symmetries we indicate under which transformation the discrete spectrum
of H remains invariant. This invariance regards both location of the eigenvalues and Jordan
structure.

antisymmetric case (JH)* = JH complex conjugation
even potential H# = H sign inversion
odd potential H# = H sign inversion

antisymmetric case
with even potential

reflection with respect to
the imaginary axis

(UJH)*=UJH

antisymmetric case
with odd potential

reflection with respect to

(UH)*=UH the imaginary axis
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Chapter 3

Direct Scattering Theory

In this chapter we study the direct scattering theory of the system of differential equations

—z’JCD(C(;;’)\) V(@)X (2, \) = AX(z,)), z€R, (3.1)
where
I, Onxcm Onxn k($)
J= (OM _ Im> V) = (l o 0Wm> . (3.2)

Here the n x m matrix function k£ and the m x n matrix function [ have complex-valued entries
belonging to L'(R) and A € R is an eigenvalue parameter. We call the function V the potential
matriz (or potential), k and | potentials and the parameter A the energy. Note that V(z) satisfies

As before we distinguish the following two special cases:

o symmetric potentials: l(x) = k(z)*, or V(z) = V(x)*, where the asterisk superscript de-
notes the matrix conjugate transpose;

e antisymmetric potentials: I(x) = —k(z)*, or JV (x) = JV ().

For n = m = 1 we have the so-called Zakharov-Shabat system and for n = 1 and m = 2 the

Manakov system.

In the symmetric and antisymmetric cases the direct and inverse scattering theory of
has been developed in [9] and [90], respectively, the latter only if there are no bound states. Here
we extend the formalism and results of [9,190] to the matrix Zakharov-Shabat system with general
L' potentials with and without bound states, filling up some of the questions left unanswered
in these papers. In part we cover the same material as in Chapter 4 of [3], proving many of the
statements left unproved there and greatly improving the treatment of the bound state norming
constants, where we rely on Section [B.3]of Appendix B for some of the technical aspects involving
symmetry. In Section of Appendix A we compare their formalism with ours in detail.
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After introducing the Jost solutions and Faddeev functions and deriving their continuity and
analyticity properties in Sections[3.1and [3.2] we represent these functions as Fourier transforms of
L functions in Section[.3l In Section 3.4l we introduce the reflection and transmission coefficients
and study their properties. In Section [3.5] we relate the spectral properties of the Hamiltonian
operator H to those of the inverses of the transmission coefficients, with full account of Jordan
structure. Finally, in Section we derive Wiener-Hopf factorization results for certain matrix
functions built from a reflection coefficient in the symmetric and antisymmetric cases. These
results are used to construct the scattering matrix from one of the reflection coefficients.

3.1 Jost solutions

In this section we define the Jost solutions of , i.e., the solutions proportional to the free
solutions e"’/% as either 2 — 400 or  — —oo. In [3] the Jost solutions are either (n +m) x n
matrix functions or (n+m) x m matrix functions. We shall instead define them as square matrix
functions of order n+ m. Apart from trivial notational changes, our Jost solutions are composed
of those defined in [3] by arranging them as columns in a square matrix function of order n + m.
For details on the distinction between our notational system and that of [3] we refer to Section
AT

For A € R, we define the Jost solution from the left, Fi(x,\), and the Jost solution from
the right, F.(x,\), as the (n +m) x (n + m) matrix solutions of satisfying the asymptotic
conditions

Fy(x,\) = e[ Ly ym +0(1)], = — +oo, (3.1a)
Fr(z,\) = MLy +0(1)], = — —oo0. (3.1b)
Using (3.1)), (3.1a)) and (3.1b]), we obtain the Volterra integral equations
Fy(z,\) = eMT — i / dye™ MDY () Fy(y, M), (3.2a)
Fp(z,\) =M% 40 / dye MYV () Fu(y, N). (3.2b)

Since the entries of k(x) and I(x) belong to L'(R), for each fixed A € R it follows by iteration
that (3.2al) and are uniquely solvable and hence that the Jost solutions exist uniquely.
Since Fj(x,\) and F,.(z,\) are solutions of a first order linear homogeneous differential equation
and hence the columns of one are linear combinations of the columns of the other, for each A € R
there exist (n + m) x (n + m) matrices a;(A) and a,(\) such that

ai(N)Fr(z,\) = Fi(x, ), (3.3a)
ar(N)EFy(z,\) = Fr(z, N). (3.3b)
Thus, from — we have
Fi(z,\) = e?%la;(\) + 0(1)], x — —oo, (3.4a)
Fr(z,)) = e*a,(\) + 0(1)], z — +o0, (3.4b)
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where

V) = Lom — 7 [ dye NIV () Ry, (3.52)
ar(N) = Inyn + iJ / dy e~ MYV () Fr(y, A). (3.5b)

We have

Proposition 3.1 For A € R the matrices a;(\) and a,(\) appearing in (3.4a) and (3.4b)), re-
spectively, satisfy

a(Nar(N) = e ar(A) = g, (3.6)
where
det a;(\) = deta,(\) = 1. (3.7)
Proof. At first, we prove eq. . We have

eMla;(N) +o(1)], = — —oo,
M Lyim +0(1)], x— +oo,

e - {

and

ei)‘Jx[Iner +0(1)], x— —o0,
Aolan() + o), @ - oo

Fo(z,\) = {

As a result of (3.3), we obtain Fj(z,\) = a;(N)F(z,A) = a;(A\)ay(\)F(z,\), which implies
aj(N)ay(N) = Iniym. Proceeding in a similar way, but starting from the identity F.(z,\) =
ar(N)Fi(z, A) = ar(N)ag(N) Fr(z, A), we find a,(N)a;(A) = Ingm.
In order to prove eq. , we observe that
d(e_ZAjwﬂ(‘r? )‘)) _ efi)\Jx d(ﬂ(x’ )‘)) _ Z')\Jeii)\‘]mﬂ((ﬂ, A)
dx dx
= e M TV (%) + Moygm] Fi(z, A) — iNTe 2T F (2, \)

= e MLV () Fi(z, N),

which implies (see, for example [81])

ddet(e"TFy(x, \))
dz

= tr(efi)‘JwiJV(x)) det(Fl(xv )‘))7

where tr denotes the matrix trace. By eq. (3.2), e */%iJV(z) has zero trace, and hence
det(e=™/*Fy(x, \)) is independent of x. Because of the relations lim, . e ™ F(z, \) = a;(\)
and limg oo e T F(2,\) = I,4m, we have det(a;(\)) = det(I,1m) = 1. Proceeding in a
similar way for e F,.(z, \), we find det(a,()\)) = det(I,1m) = 1. |

21



Proposition 3.2 Let X(x,\) and Y (xz,\) be any two solutions of (3.1]), and let A € R. Then
for symmetric potentials the matriz X (x,\)*JY (z,\) is independent of x and

aN) = JaN)*T, ar(V) 7 = Ja, (V)T (3.8)

in particular, aj(\) and a,(\) are J-unitary matrices. For antisymmetric potentials the matrix
X(z, \)*Y (x,\) is independent of x and

aN "t =a (N, eV =ar (V) (3.9)
in particular, a;(A\) and a,(X\) are unitary matrices.

Proof. If we differentiate X (x, \)*Y (z, A) (X (z, \)*JY (2, A), respectively) and use and
the selfadjointness of JV(x) (in the antisymmetric case) and V(z) (in the symmetric case), we
obtain that the matrix X (z, \)*Y (x,\) (X (z, \)*JY (2, A), respectively) does not depend on z.

Now we prove eq. (3.9) (the proof of is very similar). From Proposition we
have a,(A)Fi(z,A) = F.(x,\). So it is not difficult to see that in the antisymmetric case
Ey(x,\)*F(x,\) = ai(N)*a;(\) = In+m as © — oo and, analogously, F,.(x,\)*F.(xz,\) =
ar(A)*ar(A) = Lyym. Then eq. readily follows. ]

3.2 Faddeev matrices

In this section we introduce the Faddeev matrices M;(z,A\) and M, (z,\) in terms of the Jost
solutions . Using a decomposition of these matrices in suitable blocks, we study the analyt-
icity properties of these functions. Moreover, we study the analyticity properties of the analogous
submatrices of a;(A) and a, ().

Let us define the Faddeev matrices My(x, \) and M, (x, \) as follows:

My(x,\) = Fy(z, e ™M M, (x,\) = F.(x, \)e 2, (3.10)
From (3.1a]) and (3.1b]) we get
Mi(x,\) = Intm +0(1), x — +o0, (3.11a)
M, (z,\) = Inym +0(1), z— —o0. (3.11b)
Let us partition the Jost solutions and Faddeev matrices in the following way:
_ El(a:vA) EQ(:’Ca)‘) _ Frl(ﬂj,)\) FT2($5)\)
AN = () meay)s PN =0 ) (312
. Mll(l‘,)\) M12<.CL‘,)\) . MM(JI,)\) M,«Q({L‘, /\)
Wi = (G aen) e = (00 ane) 69

where Fjq, Fr1, Mj1, M1 are n X n matrices, Fjp, Fro, Mo, and Mo are n X m matrices, Fj3, F3,
M3, and M,3 are m x n matrices and Fjy, F,4, M4, and M,4 are m x m matrices. We shall adopt
this type of partitioning of (n + m) X (n 4+ m) matrices into blocks labeled 1,2, 3,4 throughout
this thesis.

Before studying the above analyticity properties of submatrices of the Faddeev matrices, we
recall the subsequent (cf. e.g. [80]).
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Lemma 3.3 (Gronwall) Let p € LY(R) be nonnegative, H a bounded positive function, and F
a measurable function satisfying

400
0< Flz) < H(x) + / dy p(y)F(y).

T

Then
0 < F(x) < H(x) exp { / : dyH<y>p<y>} | (3.14)

Proof. Let us first consider the case H(z) = 1. We observe that G(z) = exp{[.° dyp(y)}
is the exact solution of the integral equation G(x) =1+ [ dyp(y)G(y). This solution is easily
obtained by iteration:

(e e

Golo) =1, Guale) =1+ [ duply)Gnly).
Hence, any nonnegative function F' such that F(z) <1+ f;oo dyp(y)F (y), satisfies 0 < F(x) <
G(z).
Let us consider the general case. Dividing eq. (3.14) by H(z) and putting p(y) = p(y)H (y),
we have 0 < (F(z)/H(z)) < exp {f;oo dyp(y)}, which implies the lemma. ]

We now analyze the Faddeev matrix M;(x, \).

Proposition 3.4 Assume that the entries of k(z) and I(z) belong to L*(R). Then the following
statements are true:

1. For each fized x € R, My (xz,\) and Miz(x,\) can be extended to matriz functions that are
continuous in A € C* and analytic in \ € (CL Moreover, My (x,\) tends to I, as A — oo
in Ct and Mj3(xz,\) to Opxn as A — oo in CT.

2. For all A € C*, the matriz functions My (x,\) and Mz(xz,\) are bounded in the norm by
exp { [,7 dy max([|k(y)][, 1(y)1)}-

3. For each fivzed x € R, Ms(xz, \) and Myy(x, \) can be extended to matriz functions that are
continuous in A € C~ and analytic in A € C”. Moreover, My(z, \) tends to I, as A — oo
in C= and My (xz,\) to Opxm as A — oo in C—.

4. For all X € C~, the matriz functions My (z,\) and Mys(z,\) are bounded in the norm by
exp { [, dy max(|[k(y)], [1(x)I])}-

Proof. Using eq. (3.10) in (3.2a)), we obtain
Mi(x, ) = In4m — ij/ dy e~ M =DV (y)Fy(y, N)eM?

R / dy MOV () My (y, )N 0=,
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But, using eqgs. (3.2)), (3.10) and because of

ei/\J(y—x) _ (62')\(11—9&)[” Onxm )

Omxn 6M(x7y)[m

we can write

Mll(xa)‘) Ml2(x7)‘) _ In On><m —i ood ei/\(m_y)ln Onxm On k(y) %
Mg(z, ) My(z,)\)) ~ \0 Y N AV

o (Min(y,2) Mip(y. N (€207, O
Mi(y,\) Mu(y, A) Omxn €M@ )~

_ ITL Onxm . & ei)\(xfy) In OnXm

- <Om><n Im >_Z x dy< Omxn —GM(y_x)]m 8

x(’;‘(y)Mzg(y,A) /Zf(y)MZ4(y7>\)> (6“(3"5”)171 Onxm )

(y) M (y, A)  U(y)Miz(y, ) Omxn €@V,
Thus,
Miy(2,A) = I — i / " dy k(y) Mis(y, V), (3.15)
MisGe,N) = i [ dy k() Mgy, ), (3.16)
Mis(e,N) = +i [ dy )00 (3., (3.17)
Misr ) = I 1 [ dyl(s) Mia(y, ). (3.18)

Substituting (3.17)) in (3.15)), we have

Mp(z,\) =1, — i2/ dy k(y)/ dz 22E0](2) My (2, \)
x Y
- / dzk(2) / dy N1y Min (3, \)

0 Y )
=1, + / dy / dz e VD (2)1(y) M (y, ). (3.19)
Proceeding in a similar manner we obtain

Mis(e, ) = —i / dy e~ WDk (y)

+ / dy / dz e 2PAV=D L (1))1(2) Mo (2, N), (3.20)
z Y
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Mg, N) = =i [ dy e o-igy)

xT

—i—/ dy dz AV (2)1(y) Mis(z, N), (3.21)
x y

Myy(z,\) = I, + / dy / dz e PAEV ()1 (y) Mg (2, N). (3.22)
x Y

In order to derive the estimate in 2) we estimate (by (3.15)) and (3.17))) || M (z, N)|| + || Miz(x, V||
and find

M1 (2, A)|| + (| Mis (, M) || < 1+ /OO dy max(|[k(y) |, [1(y)]])*
X (1M (2, M| + ([ Mia (2, M)

Using Gronwall’s Lemma we have

[ M1 (2, A)[| + [|Mis(z, A)|| < exp {/OO dy max({|k(y)|l ||l(y)H)} ,

i.e., the estimate in 2). Proceeding in a similar way, we get (by using (3.16) and (3.18]))

[ Mz (2, A)|| + (| Mg (2, M) || < 1+ /OO dy max([|k ()|, [1(y)])x
X ([ Mig(, M| 4 [ Mia(z, M))),

and using Gronwall’s Lemma, we obtain the estimate in 4).

Iterating the Volterra integral equations (3.19) and (3.21]), we prove that the iterates converge
absolutely and uniformly in A € C*; similarly, we prove that the iterates of (3.20) and (3.22)
converge absolutely and uniformly in A € C—.

To prove the assertion concerning the large A limit we first consider Mj(z,A). Equation

(3.16) implies

1Moz (2, M| < lw™ (X 2)] exp {/OO dy max([[k(y)], [L()])},

where -
w® (A, z) :/ dy 2TV (y).
Approximating k by k, € [D(R)]"*™, where
DR)={¢:R— C: ¢ e C°(R), ¢ has compact support},
and taking into account that
1. w((lk)()\, ) < [ dy @M=, (y) — 0 as A — oo in C* (as a result of integration by parts);

2. wék)()\,:c) tends uniformly to w(k)()\,:c) as A — oo in CF,
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we have || Mjs(z, \)|| — 0 as A — oo in C+. Proceeding in the same way, we obtain the proof also
for Mis(x, N), Myo(x,\) and M,3(x, \). Moreover, if we define wél)()\,x) = [Fdy 2@V (y)
and proceed as for M (x, A), we find

Mt ) = Il < (02 exp { [~ dy maxrlL i} ) -0

as A — oo in C*. Analogously, we obtain the proofs for Mj;(z,\) and Mjz(z, ). |
We have a similar result for the Faddeev matrix M, (x,\). We omit its proof.

Proposition 3.5 Assume that the entries of k(z) and I(z) belong to L*(R). Then the following
statements are true:

1. For each fized v € R, Myi(x,\) and My3(x, \) can be extended to matriz functions that are
conlinuous in A € C~ and analytic in \ € (C;Moreover, M,1(x, \) tends to I, as X\ — oo
in C= and M,3(x,\) to Opxn as X — 0o in C—.

2. For all A € C—, the matriz functions M1 (z,\) and M,3(x, \) are bounded in the norm by
exp { [%, dy max(|[k()|, I1(»)ID}-

3. For each fized x € R, Myo(z, \) and My4(x,\) can be extended to matriz functions that are
continuous in A € Ct and analytic in A € CT. Moreover, M,4(x,\) tends to I, as X\ — oo
in Ct and My4(z,\) to Opxm as X — oo in CT.

4. For all A € CT, the matriz functions Myo(z,\) and M.4(z,\) are bounded in the norm by

exp { [* . dy max(|[k()|, [L(x)])} -

Let us now write

_ (an(N)  a(N) _ (arn(A) ar2(N)
aj(\) = (alg()\) al4()\)> , ar(N) = (ar?)(/\) ar4(/\)> . (3.23)

From (3.4al) and (3.4b)), we see that

ar(A) ai(N)\ _ My (z,)) e 22 M (x, \)

<a13()\) @l4(>\)) - IEIEIOO <62i>\xM13($, \) My(z,\) ) ; (3.24a)
art(A)  ap(N)) .. Ma(z,\) e 22 Moo (z, \)

<ar3()‘) a7"4()‘)> a &?Er—&l-loo <62i)‘zMr3($, )\) Mr4(x, )\) ) ) (3'24b)

Using the following expressions
Mi(2,\) = Ly — i / dy e~ MDY () My (y, \) M ), (3.252)

x

M, (2,)) = L +iJ / dy e OV (y) My(y, \)e” M @), (3.25b)
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and eqs. ([3.24a) and (3.24b]) we find the integral representations

an(N) = I, — i / "y k(y) Mis 9, ),

—0o0

ans(N) = —i / dy e 2N (y) Mia(y, V),

ai() = i / dy M1 Miy (5, V),

a1a(N) = L + 1 / dy 1(y) Mia(y, A,

— 00

an(N) =1, z/ dy K(y) Mya(y, ),
ar2()‘) - @/_OO dye” 2Myk( ) 7“4(3/7)‘)7

ars(A) = —i / dy e N1(y) My (y, \),

ara(N) = I — i / dy U(y) Mya(y, V).

— 00

(3.26)
(3.27)
(3.28)
(3.29)
(3.30)
(3.31)
(3.32)

(3.33)

We now present the continuity and analyticity properties of the matrices of a;s(\) and a,s()),

where s = 1,2, 3, 4.

Proposition 3.6 Assume that the entries of k(x) and l(z) belong to L'(R). Then the following

statements are true:

1. The matrices a;1(A\) and az4(\) are continuous in X € CT and analytic in A € C*. Moreover,
ai1(N) tends to I, and ara(N) to Iy, as X\ — oo in C+.
A

2. The matrices aj4(N) and a1 (
ar1(A) tends to I, and ajq(\

to I, as A — oo in C—.

) are continuous in X\ € C~ and analytic in \ € C~. Moreover,

)
3. The matrices aj3(\) and a,3(\) are continuous in A € R and tend to Opyxpn as X — fo00.
(A

4. The matrices aip(A) and ar2

Proof. The results follow from (3.26))-(3.33|) using Propositions and

For symmetric and anti-symmetric potentials we have

Proposition 3.7 For A\ € R the matrices aj2(\), aj3(A), ara(A), ara(N) satisfy

ara(AN) = —aiz(\)*,  ar3(A) = —aip(N)*  (symmetric case),

CLTQ()\)

=a;3(N)",  arz(A) = app(N)* (anti-symmetric case).

) are continuous in X € R and tend to Opxmas A — too.

Proof. In the symmetric case we obtain the result using a,(\)*J = Ja;(\), whereas in the
anti-symmetric case we prove the proposition using a,(\)* = a;()).

27



3.3 Representations in the Wiener algebra

In this section we introduce a particularly well-known Banach algebra: the Wiener algebra W4
(cf. [50L 53 54]). In order to prove that the Faddeev functions and the coefficients a;(\) and
a-(\) belong to WY for a suitable ¢, we define the L' matrix functions Bj(z,)\) and B,(z,\)
that are related to the Faddeev functions by eqs. and . These functions are in turn
related to the potentials k(x) and I(z) by egs. and to be discussed shortly.

Let W12 denote the Wiener algebra of all ¢ X ¢ matrix functions of the form

Z(\) =Zx + /00 da z(a)e™®, (3.34)

— 00
where z(a) is a ¢ x ¢ matrix function whose entries belong to L*(R) and Z = Z(40c0). Then
W1 is a Banach algebra with unit element endowed with the norm
[e.e]
1Z(Mllwa = [|Zeo |l +/ dov |[2()]]-

—00

By WY we denote the subalgebra of those functions Z(\) for which z(a) has support in R* and
by W1, the subalgebra of those functions Z()) for which Z = 0 and z(«) has support in R,
Then, as a consequence of the Riemann-Lebesgue lemma, W4 consists of those Z € W7 which
are continuous in CE, are analytic in C*, and tend to Zs, as A € co in CE. Furthermore,

Wi=WLaW! =W oW,

It is important to recall the subsequent matrix generalization of a famous result by Wiener
[011, [54].

Theorem 3.8 Given Z € W1 of the form (3.34)), let Zo be invertible and Z(\) nonsingular for
all X € R. Then there erxists w such that its elements are in L*(R) and

ﬂM1:@@1+/NMM®ﬁa

for A € R.

In order to prove that the Faddeev functions M;(z,-) and M, (z,-) belong to W"™™ for any
x € R, we proceed as follows. First we write

Mi(2,A) = L + / da By, 0)e™, (3.35)
0

M, (z,\) = n+m—}-/ da B, (z,a)e” e, (3.36)
0

where, for any z € R, Bi(z,-) and B,.(z,-) are L' matrix functions, without being concerned
with justifying such a representation. We then employ (3.35)) and (3.36]) to convert the Volterra
integral equations ([3.25a))-([3.25b]) into integral equations for Bj(z,a). By iterating the latter
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equations we prove the existence of the L' matrix functions Bj(x,-) and B,(z,-) and show that
the matrix functions defined in terms of them by and satisfy —. In
this way we avoid any appearance of circular reasoning.

Indeed, let us partition the matrix functions Bj(z, ) and B, (z,«) in (3.35) and (3.36]) into
(n+m) x (n + m) blocks as follows:

_ (Bn(z,a) Bp(z,a) _ (Bri(z,a) Bz, )
Bl(x’a)_<Blg(x,oa) Bl4(:r,a)>’ Br(m’a)_<BT3(m,oz) BT4(x,a)>'

Then eq. (3.35)) can be written as
(Mll(l'a)‘) MlQ(ZEv)‘)) _ ( In Onxm) + /OO do <Bll(x7a) Bm(l’,@)) ei)\Ja
Mz(z,\) Mz, A) Omxn  Im 0 Biz(z, ) B(z, ) '

So we have

My (z,\) =1, + /000 da By (z, a)e®, (3.37)
Mia(z,\) = /O ~ da Bio(z, a)e™ (3.38)
Mig(x,\) = /0 ~ da Bys(z, a)e™®, (3.39)
Myy(z,\) = I, + /000 da Byy(z,a)e™e. (3.40)

Taking into account egs. (3.15)-(3.18]) we can proceed in the following way: First, we substitute
the second member of (3.15]) into the first member of (3.37)) obtaining

~i [ ayk)Ma(y ) = [ daBua. )™
T 0
Now, if we apply eq. (3.39) in the first member of the previous equation we have
~i [Cayhty) [ da Bl )e™ = i [~ dac™ [T dyk(y) Bia(y. )
T 0 0 T
= / da By (z, ),
0

and therefore ~
B (z,a) = z/ dy k(y)Bis(y, ). (3.41)

Analogously, if we compare ( - with ( we have
/ g ) Mis () = [ do B cpe

Substituting eq. in this equation we find

z/ dyl(y)eQi)‘(y“)+i/ dyl(y)ezi)‘(y‘”)/ da By (y, &) l’\a:/ da Bjg(x, a)e®,
T T 0

0
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Putting oo = 2(y — ) in the first integral in the first member and av = & + 2(y — x) in the second
integral, we obtain

/ do Biy(r, ) = | / dorl( + 5)e — i / do e / dy U(y) Bu(y, a — 2(y — ),
0 T 0 x

implying
{ [T
Bis(z, ) = §Z($ + 5) + z/ dyl(y)Bn(y,a —2(y — x)). (3.42)
Proceeding in a similar way we getE|
—i e+3
Bia(e,a) = 5 ket §)—i [ dyk(y) Buly.a - 2y — o). (3.4
By(z, o) = / dy l(y) B2 (y, ), (3.44)
Bawa) =i [ dyky)Bay.) (3.45)
—1 a7
Brae.) = 5o = 5) =i [ dyl(e)Baly.a+ 2y - 2)), (3.46)
=3
9 a Y
Brae.0) = gh(o = 5) i [ dyk()Braly.a + 2y~ o)), (3.47)
=3
Bry(z, o) = —i/ dyl(y)Byra(y, o). (3.48)

Let us introduce the following mixed norm on the (n+m) xn or (n+m) X m matrix functions
B(z, ) depending on (z,a) € R x R*:

[o.¢]
IB(; )l = sup || B(x,-)[l1 = Sup/ do || B(z, ). (3.49)
zER zeR JO

Theorem 3.9 Assume that the elements ofk:( ) and l(x) belong to Ll( ). Then, for each x € R,

the four pairs of equations ( and , and , and -, and -

and (3.48)) have unique solutzons Bz, a) satzsfymg

1B(-s Moot = sup | B(z, )1 < oco.
zeR

Consequently, My(x,-) € W™ and M,(z,-) € W™ with norms bounded above by a finite
constant not depending on x € R.

'Note the (same) typo in eq. (4.11) of [9, @0].
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Proof. Let us give the proof only for egs. (3.41) and (3.42)), since the proof is similar for the
other pairs of equations. Taking norms in eqs. (3.41) and (3.42) we have

HBM($41HIS‘/wodyﬂk(yﬂlﬂBw(xva)W
133 o e+
H&A%MHSJW$+2W+/1 dy [Ly)I[ | B (y, e = 2(y — @)

Integrating with respect to a € R™, we obtain

\EN%JhS/WQWMwHWM%Nh

as well as

|Bis(, )|ls < /mdynz |+/ da/ ? g NI 1 Bulysa — 20y — )] <

/ dy Ity |+/ e ||/ dé || Bu(y, &) =

:/ e >r+/ dy )|l 1B (y. ) |-

where the change of variable & = a + 2x — 2y has been applied. Summing the preceding two
estimates we have

1Bus (0 )ls + [ Bis(z, ) < /dyuz
n / dy max(| k@), 1)) (1Bu . s + B, ).

Using the Gronwall Lemma we obtain

1B + 1Bt < [ dyliwes { [~ dy maxol i [ alie |
< IOl e L) I (ROl + KO}

Thus eqgs. (3.41))-(3.42) can be solved uniquely by iteration in the Banach space of continuous
functions in z € R with values in L'(RT; C(*+™)*") " endowed with the norm (3.49). [

Faddeev [45] was the first to derive estimates as those given in the proof of Theorem in
his treatment of the direct scattering theory of the Schrédinger equation on the line. Tanaka [88)]
has generalized and corrected some mistakes in these estimates (See also [40]).

Let us now define My (x, \), Mja(x, \), Mi3(z, A) and My (z, A) by (3.37)-(3.40) and M, (z, A),
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Myo(z, N), Mys(z,A) and M,4(z, A) by

M1 (z, N) :In—i—/ da By (z, a)e™ A, (3.50)
0
Myo(2, ) = / da Bya(x, a)e™, (3.51)
0
Mos(z, \) = / do By, 0)e=, (3.52)
0 o0
M, y(z,\) = er/ do Byy(z, a)ew‘a (3.53)
0

in agreement with . Then the eight matrix functions thus constructed make up the matrix
functions M;(z,A) and M,(z,\) as in which belong to W"™t™. Applying the Fourier
transform to (| - - we obtain the integral equations — and their analogues for
M (z, X)), Mya(z,N), Mys(x,\) and My4(z,A). Since the latter eight equations are uniquely
solvable, we have represented the Jost solutions in the form —, where the elements of
By(x,-) and B,(x,-) belong to L}(R*), as claimed.

The integral equations — allow us to derive the following relations for the potentials

k(z) and l(w)ﬂ
k(z) = 2iBpa(x,0"7) = —2iByo(x,
I(z) = —2iB3(x,0") = 2iB,3(x,

), (3.54)

0
0+). (3.55)

To justify (3.54)-(3.55)), let us fix &« > 0 and integrate the norm of the left hand side in (3.42))
with respect to z € R. We obtain

1 o v
BCall < 5l + [ ds [ deli@)1But.a -2 - ).
L

[N]1e)

and putting z = a — 2(y — ) in the integral in the second member of the previous formula, we

have
1
Bl < g I+ [~ ds [" a1 1Buto. 2] <

<3 {””lﬁ/m dy 1|l | B (v >|yl] .

Hence, for each a > 0, Ba3(-, ) is a matrix function with entries in L!(R). We now derive the
estimate

IBu.0) = 5l + 3l <5 [ dylil [ d= 1) 1Bul. 2] =
=o(1), a—0"

which justifies the identity () = 2iBj3(x,07). In an analogous way one proves a similar result
for Bjs(-, ), Bra(+, ) and By3(-, a).

ZNote the sign discrepancies with eq. (4.19) in [9, €0].
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Theorem 3.10 The coefficients a;(N\) and a-(\) are elements of W™,
Proof. Using eqgs. (3.5a) and (3.35) we have

G\ = Lo — i / dye= MUV () My (y, N eV =

—0o0

oo o0
=TInim — iJ/ dye= MYV (y) {Iner +/ da By(x, a)eM | MY,
0

—00

On the other hand, the relation
[y [ dae N B ape e -
—00 0

- / dy / dod ||V ()| |1 Bz, )| = [Vl | Bulz, s < oo

allows us to justify the use of the Dominated Convergence Theorem, which implies

al()‘) = dnd+m — ZJ/ dy eii)\JyV(y)ei)\Jy_

- iJ/ da/ dy e MYV (y) By(z, a) e ey, (3.56)
0 —00
But the first two terms in the right-hand side of eq. (3.56) can be written as
' ) » ) I —q foo dy efZi)\yk(y)
_ iIAJy iINJy _ n —0o0 -
In+m iJ /_OO dye V(y)e <’L ffooo dy teAyl(y) Im
_( In ~1 > dae P k(g)
%f—oooo dael)\al(%) Im7

and, in this way, we see that these terms are in W™, Moreover, we have

— ZJ/ da/ dy e—i)\Jyv(y)Bl(x’ a)ei)\Jaei)\Jy _
0 —00

= —z'J/ do {/ dy e_i/\JyV(y)Bl(x,a)ei/\Jy] eMe,
0

—0o0

~~

in L' as a function of «

where [ffooo dy e_i’\JyV(y)Bl(:E,a)ei’\Jy} is an element of L! as a function of o because of the

following estimate:

/da
0
_ /0 dol| Bi(z. o) / ayllV ()| < oo.

So, we have found that also the third term in (3.56]) is an element of W"™™ and consequently,
ay(A) is in W™ too.
The proof for a,(A) is similar. |

/ dy e~ MYV (y) By(z, )Y

[e.o]

g/ da/ dylle” YV (y) By(x, a)e ™| =
0 —00
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3.4 The scattering matrix

In analogy with the introduction of the reflection and transmission functions for the Schrédinger
equation on the line, here we introduce the scattering matrix for the matrix Zakharov-Shabat

system ({3.1]). First, we di

scuss the properties of this matrix function in the absence of symmetries

of the potentials. Successively we analyze the symmetric and anti-symmetric cases.
Recall that (cf. egs. (3.1a) and (3.4al))

ei)xJa:’ z — 400
Fi®A) 2 0 ag(3) — ot (aum az2(>\)> N (3.57)
as(N) au(N))’
Let us write
eiNz Ti(N) Om<m> T — 400
Tl(>\) Onxm ~ Oan TT()‘) 7 ’
Fy(z, X = = _ 3.58
i ) <0m><n T,,()\)) ST I, L()\) N ( )
L) In )’ ’
as well as
oM Ti(A) 0"””) — —00
Tl()\) On><m ~ Omxn TT(A) ’ 7
F(z, \ = 3.59
(z, ) <()an Tr()\)> e [ I R(/\)> e (3.59)
R\ In,
where we put
Ti(\) = ann(\) 71, T, () = au(N) 1, (3.60)
Ti(\) = a1 (M), T,(\) = ara(N) 7L, (3.61)
L) = app(Nagg(N) 71, L) = aizs(Napn(\) 71, (3.62)
R(\) = ara(N)ara(N) 7, R(\) = ars(Nann (M) 7L, (3.63)

provided the inverses appearing in (3.60))-(3.63|) exist. The quantities defined in eqs. (3.60) and
(3.61)) are called transmission coefficients and those in eqs. (3.62)) and (3.63)) reflection coefficients.

‘We observe that

ar(\) = <L€") L;:) (Té](rjz: T(j’(‘;)m_1>, (3.64a)
ar(\) = (RI(”) RI:‘)) (Téfjx)nl TS?AX)ﬂ)' (3.64b)
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In this way it is possible to define the scattering matrices as

S(A\) = (TI(A) RW) ; (3.65a)

E(A) TL(A)
S(\) = (7];’((:)) zi((AA)))’ (3.65b)

In order to define the reflection and transmission coefficients as matrix functions that are
continuous in A € R, we need the inverses appearing in (3.60))-(3.63) to exist. We therefore make
the following technical hypothesis:

’The matrices a;1 (), ar1(A), aiu(N\) and ar4(N) are invertible for all \ € R.‘

The following proposition is immediate from Theorem with the help of Theorem

Proposition 3.11 Under the technical hypothesis, the reflection and transmission coefficients
belong to WP*1 for suitable p and q.

As a result, under the technical hypothesis, the reflection and transmission matrices are
continuous in A € R, while as A — 400 the reflection coefficients vanish and the transmission
coefficients tend to the identity. Further, T;()\) and T (\) are meromorphic functions of A € C*
having finitely many poles. Also, T;()\) and T,()\) are meromorphic functions of A € C~ having
finitely many poles.

Proposition 3.12 Under the technical hypothesis, we have

deta;;(\) = detay4()), X eCH,
det ay1()\) = detay (), e C,

and therefore
det T;(A) = det T,.(N), (3.66a)
det T;(\) = det T,.(N). (3.66Db)
Proof. We prove only eq. (3.66a)), because the proof of (3.66b) is analogous. Put

. F; (ZL‘,)\) Fr (337)‘)
Fotan) = (fe) Bty

Using eq. (3.1)) we have
d —iAJx . . T
ar {f+(:v,>\)e AT } = [iJV () fr(z, \) +iNfr(z,A)] e AJ
— fy(z, )\)i)\Je—iAJx = fi(x, )\)iJV(x)e_i)‘Jx7

which implies (see, for example, [81])

d , )
T [det(f+(x, )\)e*’)“]m)} =tr (z’JV(:z:)e*MJ"”) det fy(xz,\) =0,
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because i.JV (x)e~M* has zero trace. So, det(fy (x, \)e"’%) is independent of z. Taking into
account the relations

lim fy(z,\)e M = <0

T—+00

In aTQ()\)e%/\x)
mxn ar4()\) ’

. —iXJx _ air(A) Onsxcm
mErPoo f+(xa )\)6 - (alg()\)e%/\x - )

we find det(fy (z, \)e"/*) = det a,4(\) = det a;; (\). As a result, using the technical hypothesis
that det a;;(\) and a,4(\) are nonsingular for A € R, we have

- 1 B 1
~deta; () detaqa(N)
that is eq. (3.66a). The extension of Proposition to A € CT proceeds by analytic continua-

tion. [ ]

det T)(A) = det T)(\),

Let us now derive alternative expressions for the reflection coefficients. Taking into account
Proposition |3.1| we can write

all()\) QZQ()\) arl()\) ar?()\) . I, Onxm
(az3(>\) az4(>\)) (CLTS()\) ar4(>\)> B (Omxn I, )’ (3672)
arl()\) ar2()\) all()\) al2()\) . I, Onxm
<aT3(A> ar4<A>) <al3<A> am)) - (omm L ) (3.67b)
and from these we obtain
ag(A)ar1(A) + ais(Narz(A) =0, (3.68)
arl(/\)alg()\) + arz()\)am()\) =0, (369)
all(/\)arg()\) + QZQ()\)(IT4()\) =0, (370)
arg(/\)a”()\) + ar4()\)a13(/\) = 0. (371)
Equation implies
RN = ar3s(Narn (V)7 = —aig(N) (N, (3.72)
while eq. , and lead to the expressions
L) = ap(Nau(N) ! = a1 (V) Lar(N), (3.73)
R\) = ara(N)ara(N) 7 = —ai (V) ap(N), (3.74)
L) = aNan (V)7L = —aa (V) Lars(N). (3.75)
In analogy with and we observe that
(TN Onxem I, —R(\)
= mv) (Cay ) (3:762)

N ) S
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We now easily prove that S(\) = S(A\)~! for A € R. Indeed,

_(Tu(n) LN\ (Ti(\) ROV _
w50 = (T 7n) (26 7)) =
_ < ar1(>\)_1 _arl()\)_laTQ()\)> ( all()‘)_l ar2(>‘)a7‘4()‘)_1) _
—a(N) "tz (N) aig(N) 7! az(Nap (A) ara(X)7!

=i i) (750 )

% (all()\)_l Onxm ) _ <ar1()\)_l Onxm > %
Omxn a7‘4()\)_1 0m><n al4(A)_1

(o) (B i) = T

where we have used (3.74)) and (3.75)) as well as (3.6]).

In the antisymmetric case the matrices a;(\) and a,(\) are unitary, so we have

9a)

arl(/\) = qaj

arg(/\) = qaj

—_
—~
>
SN—
£
=
—~
>
N—
I
3
N
—

), (3.77a)
A)*. (3.77b)

w

—~
>

£

(]

—~
>

N—
Il

TI(A) = Tl(/\)*7 TT<)\) - Tr<)‘)*'

Moreover, B
R = —a(\)* [as(N) '] = —aro(Nara(N) 7' = —R(N).
From egs. (3.73) and (3.75)) we obtain in the same way
LOV* = [auN) ] an(V)* = ara(V) ars(A) = —L(A).

In other words, in the antisymmetric case the scattering matrices S(\) and S(\) are J-unitary
and
S\ =S\ t=JS\)*J, AER.

In the symmetric case the matrices a;(\) and a,(\) are J-unitary, implying that

ait(N) ain () — aiz(N)*aiz(\) = I,
aig(AN)*aia(N) — aig(N)*aie(A) = Iy,
ar1(AN)*ar1(A) — ar3(N)*ar3(N) = Iy,
ara(N) ara(X) — ara(N)*ar2(A) = L.

These equations imply that aj; (), aig(N), ar1(N), and ar4(A) are invertible for A € R and hence
the technical hypothesis is always satisfied. As in the antisymmetric case, we have

TZ(A) = Tl()‘)*7 Tr()‘) = TT(X)*'
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Moreover,
RO = —ais(N)* [asN) " = ara(N)ara(N) 7 = R(V),

and
L = [aasN) ] ae(N)* = —ara(N) lars(N) = L(N).

In other words, in the symmetric case the scattering matrices S()\) and S(\) are unitary and
SN =S\ t=850\)% AeR.
In the symmetric case, we prove the following important properties.

Proposition 3.13 In the symmetric case the transmission coefficients Ty(\) and T,.(\) are con-
tinuous in A € Ct and analytic in X\ € CT, while

sup [[Ti(A)]| >0,  sup [|T-(N)]| > 0. (3.78)
AeC+t AeC+t

Moreover, the reflection coefficients R(A) and L(X\) satisfy the inequalities

sup [RVI| <1, sup||L(V)] < 1. (3.79)
AER AER

Proof. 1If \g € CT is a zero of det a;; (\), then there exists 0 # £ € C™ such that a;1(\g)€ = 0.
Then the asymptotic properties of Fj(x, \g) as  — Foo imply that

Fi(z, Ao) <0Wi1>

belongs to L?(R; C™™). Hence A is a nonreal eigenvalue of the Hamiltonian operator H, which
contradicts its selfadjointness. Thus det a;;(A) # 0 for A € CT. In the same way we prove that
det a,4(\) # 0 for A € CT. Hence, Tj(\) and T,.()\) are analytic in C™.

Using the unitarity of the scattering matrix S(A) we obtain the identities

T TIA) + RO RN =L, T\ To(\) + RO R(\) = L, (3.80)
T TN + LA L) = I, To(\)To(\)* + LA L) = Iy, (3.81)
T,0) ROV + L)V THO)” = O TN LO) + RO TH(N) = O (3:82)

Since Tj(A) and T,(\) are continuous in A € R, tend to identity as A — oo in CT, and take
nonsingular values only, there exist ¢;, €, € (0, 1) such that

[T (A&l = edl€ll, € €,

IT-(Mnll = erllnll,  ne C™,

As a result,
ILEIN < 4 /1 —¢f liéll, € ecCm,
IRl < V1=etlnl. neC™
which completes the proof. [
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We conclude this subsection by analyzing the cases in which the potential V' (z) is supported
on the half-line Rt or R~ (cf. [90, 9]). We have the following:

Proposition 3.14 If k(x) and I(x) are supported on RT, then L(\) and L()\) belong to W™

and have continuations that are continuous on Ct, are analytic on CT, and vanish as A\ — oo in

C+.

Proof. If k(x) has support in R*, then from (3.28) and Proposition | we find that a3
belong to Wg’,ﬁf", has a continuation that is analytic in C*, is continuous in C* and converges

t0 Opuxn as A — oo in C*. As a result, using eq. (3.75) we can conclude that also L()\) extends
to a function that is continuous on Ct, is analytic on C™ and vanish as A — oo in C*. ]

Proceeding in a similar way, it is easy to see that also the following proposition holds.

Proposition 3.15 If k(x) and l(x) are supported on R™, then R()\) and R(\) belong to Woi™

and have continuations that are continuous on Ct, are analytic on C*, and vanish as A — oo in

C+.

3.5 Bound states and scattering coefficients

In this section we prove that T;(\) and T,.()\) have the same pole structures in each pole A € C™.
More precisely, we prove that a;;1(\) and a,4(\) have the same Jordan structure in all zeros of
their determinants in C*.

We say that \g € CT is a bound state if Ay is an eigenvalue of the Hamiltonian H = Hy — V
and the corresponding eigenfunction belongs to H,,+.,. Now we prove the following important

Theorem 3.16 Let A\g € C™ be a bound state. Then the Jordan structures of Nlw, ., — H,
a1 (A) and ara(N) at Ao coincide. Analogously, let \g € C~ be a bound state. Then the Jordan
structures of M, — H, ar1(X) and aiu(X\) at Ao coincide.

Proof. Let us first find the eigenfunctions of H corresponding to a nonreal eigenvalue. Recall
that any column vector solution of (3.1]) has either of the equivalent forms

Fi(x,\e = F.(z,\)n
for certain vectors €, € C"™™. For A € CT these solutions have the asymptotic properties

{eMu +o(1)]e = e a,(\n + o(1)], = — +o0,
ei’\‘h[al()\)e +o(1)] = ei’\‘h[l +o(1)n, x— —o0,

but in order for them to be eigenfunctions of H they should also belong to L?(R;C**™). Thus
for A € C* the vectors € and i should have the form

€0 On><1
E = ) = )
<Om><1> K < 70 )
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where a;1(\)eg = ar4(A)no = 0. Hence the eigenvalues of H in C* are the zeros of det a;; (\) =0
or, equivalently [cf. Proposition , of det a,4(A) = 0 and the eigenfunctions correspond to the
nontrivial vectors g € Kera;1(A) and 79 € Ker a,4()), which implies that these null spaces have
the same dimension. Therefore, for A € CT the eigenfunctions of H have either of the equivalent

forms (o) (o)
Fii(z, A €0> (Frz z, A 770)
_ , 3.83
(enrer) = (Fxem (3:83)
where 0 # g9 € C™ and 0 # g € C™ satisfy a;1(N)eg = ara(A)no = 0. Analogously, for A € C~
the eigenfunctions of H have either of the equivalent forms

(i) = (R os

where 0 # £y € C™ and 0 # 79 € C™ satisfy a,1(N\)éy = a(N)7o = 0.
To obtain the Jordan chains corresponding to a eigenvalue A € C* of H, we should solve the
differential equations

JW V() Xo (2, A) = AXo(, \), (3.852)
—iJCU(‘;(;M — V() Xs(z, A) = AXs(2, ) + Xs—1(2, N), (3.85b)

where Xo(x, \) is any of the two vector functions in . Further, 0 # g € C" and 0 # g € C™
should satisfy a;1(X)eg = ara(A)no = 0 and all of the vector functions X,(-,A) should belong to
L?(R;C™*™). Similarly, to find the Jordan chains corresponding to any eigenvalue A € C~ of
H, we should solve egs. starting from any of the two vector functions in , where
0 # & € C" and 0 # 79 € C™ satisfy a,1(N)eg = aiu(A)no = 0 and all of the vector functions
X,(-, ) € LA(R; Cm).

To derive equations of the type from any solution X (z,\) of , we calculate its
successive derivatives with respect to A and obtain

X
—z'JdC(ZZ’)\) —V(z)X(z,\) = AX(x,\),
.. 00X 0X 0X

i1 0 )~ V(@) () = A (@A) X, ),

0 92X (92 82 8X

.0 0°X 0°X 0°X 83 1X

—ZJB— X (x,\) = V() X (,\) = A== B3 (x,\) + 8)\5 o (T A).

Thus X,(z,A) = (s!)71(8/0N)* X (z, \) satisfies the differential equations ([3.85). Once the solu-
tions Xo(z, A), ..., Xs—1(x, \) are known, any two particular solutions X(x, \) of the subsequent

differential equation differ by an arbitrary (A-dependent) linear combination of the solutions
Xo(x,A)yo o, Xo1(z, A).
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Putting F s(z,\) = (s!)71(9/0N)*Fi(x, \), we depart from gy € C" satisfying a;1(\)eg = 0,
where A\ € CT, and define €1,...,65_1,... by

nla) = Fiote. 0 ().
ata) = Fuale ) () + Rt (3
a(e) = Frale) (3 ) + Fate) (5) + Frale ) (7).

Then {vo,%1,...,1%s—1} is a Jordan chain of length s if and only if g # 0 and ¥p(—o0) =
P1(—00) = ... = 1Ps_1(—00) = 0. Computing the asymptotic behavior of the first n components
of each of the vectors 1g(z),...,1¥s—1(x) we obtain for t =1,...,s — 1

t
ei)‘xz (Zj') et—o[l +0(1)], x — +00,
P(r) =4 "1:0 N (3.86)
AT
Z— — | ean(Nep—o +0(1), z— —oc.
= ol (d)\)

Writing the second line of (3.86) as

t . t—r
AT (Zx)r 1 d\"
ey EEY 2 () e
r=0 p=0
we obtain the identity
€0
Oo(an;A) | | =0, (3.87)
€s—1

where 0 # g9 € C" and P, is defined by eq. (2.2)).
Next, putting F,s(x,\) = (s!)"1(8/ON)*F,.(x, \), we depart from 79 € C™ and define the
vectors N1, ...,Ns—1,... by

nta) = Bl 1)),

in(e) = Frale) () + Frale ) ()
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Bal) = Fr(a, ) (7?0 ) + P, ) (;’1) T Fro(A) (0) |

2

QLs—l(ﬁU)—sz_:lFr,g(w,)\)< 0 )

o—0 Ns—o—1

Then {1;0,151,...,};5_1} is a Jordan chain of length s if and only if 79 # 0 and y(+00) =
P1(4+00) = ... = s_1(4+00) = 0. Computing the asymptotic behavior of the last m components
of each of the vectors ng(z),...,ns—1(x) we obtain for t =1,...,s -1

1 /d\

Z — <d>\> e M a (N)m—o +o(1), x— +oo,

)z

(@) = t (—iz) (3.88)
e AT Z T o T — —00.

o=0

Writing the second line of ([3.88]) as

—iAx . (_ix)r - d\’
e Z o Z Y a ar4()\)77t—7‘—p7

r=0 p=0 p:

we obtain the identity
7o
Ps(ar;A) [ 1 | =0, (3.89)
Ns—1
where 0 # g € C™.
We have therefore derived the Jordan structure of H at any eigenvalue A € C* in two different

ways, relating it first to the Jordan structure of a;1(-) at A and then to the Jordan structure of
ar4(+) at A. Consequently, for s =1,2,3,... and A € C* we have

dim Ker ®4(a;1; A) = dim Ker @4(a4; ).
In the same way we deduce that for s =1,2,3,... and A € C™
dim Ker ®4(a,q1; \) = dim Ker ®4(ay; A),
which completes the proof. [

Corollary 3.17 Let A\ € Ct UC™ be a bound state. Then the geometrical multiplicity of \g as
an eigenvalue of H does not exceed min(n, m).

Proof. Suppose n < m and \g € C*. Then Theorem implies that the geometric
multiplicity of \gp as an eigenvalue of H coincides with the dimension of the kernel of aj (o),
which cannot exceed n, the order of the square matrix a;;(Ag). The proof is similar in the cases
n > m and/or Ao € C™. ]
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Corollary implies that the discrete eigenvalues of the Zakharov-Shabat (n = m = 1) and
Manakov (n = 1, m = 2) systems are geometrically simple, i.e., that there cannot be more than
one Jordan block per eigenvalue.

3.6 From reflection coefficient to scattering matrix

In this section we review some well-known results on the canonical Wiener-Hopf factorization of
matrix functions on the line and apply them to construct the scattering matrix from one reflection
coeflicient in the symmetric case and in the antisymmetric case.

Suppose W is a p X p matrix function defined on the extended real line which is continuous
on R and at +co0. Then

W) = WeOW-(A), A€ RU {oo},
is called a left canonical (Wiener-Hopf) factorization of W if

1. Wi ()) extends to a p x p matrix function that is analytic in A € C*, continuous in A € CT,
and has a limit as A\ — oo in C*.

2. det Wi(\) # 0 for all A € CE and as A\ — oo in CE.
A factorization of W of the form
W) =W_ (MW (A),  AeRU{oo},

where the factors Wy have the properties 1-2 stated above, is called a right canonical ( Wiener-
Hopf) factorization of W. If W = W, W_ = W, W_ are two left canonical factorizations of the
same matrix function, then there exists a nonsingular matrix G such that W (\)G = W, (\) and
W_()\) = GW_()). The same uniqueness property is true for right canonical factorizations. If
W has either a left or a right canonical factorization, then det W(\) # 0 for each A € R and as
A — +oo and its winding number (with respect to 4i) vanishes. Wiener-Hopf factorizations of
matrix functions have been studied in detail in [59] 38].

Let us recall the following well-known result [59, 53], B8] on the canonical factorization of
positive selfadjoint matrix functions of Wiener class.

Theorem 3.18 Let F € L'(R; CP*P) be such that
W) =1, + / dt e MF(t) (3.90)

is positive and selfadjoint for A\ € R. Then there exist unique functions F, € L*(R*; CP*P) and
G, € LY(RT;CP*P) such that

W) = [Ip+/ooo dte”tﬂ(t)] [I,,Jr/ooo dtei”FJr(t)r, (3.91)
W) = {Ip + /OOO dt ei)‘tG+(t)]* {Ip + /OOO dt e“tG+(t)] : (3.92)
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while

det ([Ip + /0 Tt ei’\tF+(t)]> 40, AeCH, (3.93)
det ([Ip + /0 "t ei’\tG+(t)]> #0, \eCH. (3.94)

Next, we apply this result to the antisymmetric and symmetric cases. First we consider the
antisymmetric case. In this case, we know that the scattering matrix S(\) is J-unitary. So, using
this information, it is possible to construct the scattering matrix S(A) in terms of L(\) or R(\)
alone. In fact, we find the following identities

TN — RO RA) =L, T T,(\) — RO R = L, (3.95)
T TN — LA L) =L, T\ T\ — L) L) = L. (3.96)
T,() RO)* = L)V THN)" = Oxns To(N)* L) = RO TH(A) = O (3.97)

Now given R(X) for A € R and assuming it to be continuous for A € R and to belong to W{i™*"
(see Proposition for a comparison), by applying Theorem we obtain the unique matrix
function Tjo(\) which is continuous on C¥, is analytic on C*, tends to I,, as A — oo in C*, and
which satisfies the following relation

Tio(A) Tio(A)* = I, + R(A) R(\)*,  AeR. (3.98)

In a similar way, the matrix function T,o()\) which is continuous on C*, is analytic on CT, belongs

to W} and tends to I, as A — oo in C+, is constructed in the following way:

Tro(N)* Tro(A) = I, + RA)*R(N), AeR. (3.99)
We then define the matrix function

Lo(N) = To(N) RO [To(W)] ™!, AeR. (3.100)

It easily follows that Tjo(X), Tro(A), R(N), and Lo(\) are the scattering coefficients if a;;(\) and
ar4(\) are nonsingular for A € C* (i.e., in the absence of bound states).

Next consider the four factorizations given in (3.95)) and (3.96]), where both a;1(A) and a,4(\)
are nonsingular for A € R and at least one (and hence both) of a;;(A) and ar4(A) is singular for
some A € C* (i.e., in the presence of bound states). Then there exist matrices B;(\) and B,()\)
such that

Tl()‘) = TlO(/\)Bl()‘)v TT(/\) = B’I‘()\)TT‘ ()‘) (3'101)

Then we easily see that
L(X) = B.(A\)Lo(MN)By(N). (3.102)

The matrices By(\) and B,(A) have the following properties:
e they are unitary for A € R;

e they tend to the identity matrix as A — do0;
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e they have no real poles;
e they have the same Jordan structure,

where the last statement follows from Theorem [3.16| Further, B; and B, can be extended
meromorphically to A € C~ by putting B, (\) = B(A)~!. Since multiplication of the extended
By ,(X) by a suitable scalar polynomial creates an entire matrix function of polynomial growth at
infinity and hence a matrix polynomial, the matrix functions B;(\) and B,(\) must be rational.
So we can conclude that Bj(\) and B, () are rational matrix functions with the same Jordan
structure.

Next we consider the symmetric case. Using the unitarity of the scattering matrix S(A), we
obtain the identities

TGO +RORN =L TN Tr() + RO R = Ln, (3.103)
T TiN) + L) L) = L TN Tr(N)* + L) LV = L, (3.104)
To(A) RO)* + L) TN = Oy Tr(A)* LV + BO) TH(A) = O (3.105)

We must take into account that Tj(\) and T,.(\) are continuous in A € R, tend to identity as
A — 00, and satisfy - - Then, given R(\) for A € R and assuming it to be continuous
for A € R, applying Theorem we obtain the matrix functions 7;(A\) and T, (\) which are
continuous on C*, are analytic on C+ and tend to the identity matrix as A\ — oo in C*+, which
satisfy the factorizations

T\ Ti(N)* = I, — RO RN, AeR, (3.106)
T.O)*T,(\) = I, — RO R(\),  AeR. (3.107)

Note that the absence of bound states implies that Tj(\) and T,.(\) are analytic in A € C*. We
then define the reflection coefficient from the left by

L) = —T,(\) RN [TV, AeR. (3.108)
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Chapter 4

Inverse Scattering Theory

In this chapter we develop the inverse scattering theory of determining the potentials k(z) and [(x)
from one of the reflection coefficients and bound state data. The potentials follow immediately
from the values at o = 0% of the solutions B(x,a) (where z € R and o € RT) of the Marchenko
integral equations, which are in turn derived from the Riemann-Hilbert problem satisfied by the
Faddeev matrices. We first discuss the general form of the Marchenko integral equations, both in
the so-called coupled and uncoupled forms, and how to retrieve the potentials from its solution.
We then go on to discuss its symmetries (separately for the symmetric and antisymmetric cases),
the compactness of the integral operator, and, in the symmetric and antisymmetric cases, its
unique solvability. Next, starting from the Riemann-Hilbert problem for the Faddeev matrices,
we derive its integral kernel explicitly, first in the absence of bound states, next if there are only
algebraically simple eigenvalues, and then in general. After a discussion of the symmetries of the
Marchenko integral kernels, we conclude by characterizing the scattering data in the absence of
bound states.

4.1 Analysis of the Marchenko equations

In this section we analyze the Marchenko integral equations without bothering with the precise
form of their integral kernels.

4.1.1 Coupled and uncoupled Marchenko equations

The Marchenko integral equations have as their solutions one of the eight matrix functions
Bis(z,a) and Bs(x,a) (s = 1,2,3,4), where a € RT is the independent variable and z € R
is a parameter. These eight matrix functions are related to the Faddeev matrices M;(x,\) and

M, (z, ) by (3.35) and (3.36)). According to Theorem they satisfy

oo
sup / do (|| Bis(z, @) || + || Brs(z, ) ||) < o0, s=1,2,3,4,
z€R JO
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provided the potentials k(z) and I(z) have their entries in L*(R). The relationship between the
potentials and the solutions of the Marchenko equations is given by (cf. (3.54]) and (3.55)))

k(z) = 2iBja(x,07) = —2iB,o(x,07), (4.1)
I(z) = —2iBj3(x,0") = 2iB,3(x,07).

In Sec. the integral kernels €2, €2,., €, and €, will be expressed in the reflection coefficients
and bound state data. Here we are primarily concerned with their properties rather than their
explicit form.

The eight coupled Marchenko equations are given by

By(w,0) = — /0 T 4B Bya(e, ) O (o + B — 22), (4.3a)
Bia(z,0) = —Qy(a + 22) — /0 " 4B Bu (5, 8) Yyl + B + 20), (4.3b)
Bys(z,0) = —Qu(a— 22) — /0 " 4B Bra(z, ) Ol + B — 22), (4.3¢)
Bus(w,c) == [ 49 Bu(z,0) O+ 5 +20), (4.3d)
and
Bua,e) =~ [ a9 Bu(z,0) B+ 5 +20), (1.42)
Bro(z,a) = —Qp(a — 21) — /0 h dB Byi(z, 3) Q. (a + 8 — 22), (4.4b)
Bis(z,a) = —Q(a + 27) — /OOO dB Bu(z, 8) Q(a + B+ 2z2), (4.4c)
Bry(z,a) = — /OOO dB Bys(z,8) Q(a + 8 — 2). (4.4d)

In other words, these eight equations consist of four pairs of two coupled integral equations.

Let us formally write (4.3a))-(4.4d) as follows:

Bn Bzz> (le Bl2> (On Ql> <On Ql)
+ i = — — 45&
(Bl3 By Bz Biy) \S4 Oy G O (4:50)
Brl Br?) <B7‘1 Br?) <0n Q?") <On QT‘)
<Br3 By Br3 By Qr Om Q'r Om ( )
where the integral operators depend on the parameter x € R. Passing to the conjugate transpose
we have
<Bl*1 Bl*?)) + <0n Qj) (Bl*l Bl*3> = <0” QT) (4.6a)
B, By) T\ep 0n) \B B % O
By B\ . (0 2\ (Bi Bl 0,
i =2 ) 4.6b
(G 52) (@ o) (52 22)=—(& o (46b)
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Substituting one equation of a pair of coupled equations into the other and vice versa, we
obtain eight uncoupled Marchenko equations. In fact, in view of egs. and we only
list the equations for Bj(z, ), Biz(z, ), Bra(z,«) and Bps(z, ), which turn out to have less
complicated inhomogeneous terms than those for By (z, ), By(z, ), Bri(z,a) and Bry(z, ).
For example, the uncoupled Marchenko equation for B,;(x,«) is rather complicated and reads

Bae.) = [ dyBi(a+y—20) Ry - 20)+
0

+ /00 dBByi(x, 3) /oo dy Q- (v + B — 22) Q(a + v — 27).
0 0

Formally we thus obtain the uncoupled Marchenko equations

By (I — Q) = -4, (4.7a)
By (I —u8y) = -, (4.7b)
By (I —0,9,) = -0, (4.7¢)
B3 (I —0,Q,) = —Q,, (4.7d)

as well as their conjugate transposes

(I Q* Ql) Bl2 = Ql s (483)
(1 Q QZ) Bl = —Ql, (4.8D)
(I oo ) = (4.8¢)
(I o Q) = O, (4.8d)
where the operators and right-hand sides depend on the parameter x € R.
In the symmetric case (I(z) = k(z)*) and the antisymmetric case (I(z) = —k(x)*), the integral
kernels turn out to satisfy the following symmetry relations (cf. Subsection [4.2.4)):
Q(a) = Q(a)* and Q,(a) = Q.()*, symmetric case, (4.9)
Q(a) = —Y(a)* and Q.(a) = —Q,.(a)*, antisymmetric case. '

Specifying the (adjoint) uncoupled Marchenko equations (4.5 in these special cases we obtain in
the symmetric case

(I-Q Q) B}, =-Q, (4.10a)
(I - Q) By = -, (4.10D)
(I-Q, Q) B =—-Q,, (4.10¢)
(I —Qr Q) By =—QF, (4.10d)
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and in the antisymmetric case

(I+9Q; ) B}y = -9, (4.11a)
(I+Q00) B = -, (4.11D)
(I+Q, Q) By = —Q,, (4.11c)
(I+9Q:9Q,) By = (4.11d)

4.1.2 Compactness of the Marchenko integral operator

In the sequel it will be apparent that, for every z € R, each of the eight Marchenko integral kernels
is a matrix function Q(« + () depending only on the sum « + 3 of its arguments «, 3 € RT,
where each entry of € belongs to L'(RT). Such integral operators are specific cases of so-called
Hankel operators and are known to be compact on a variety of function spaces [54]. Here we
shall actually prove these important properties.

Let Q belong to L'(RT). We consider the operator

(Hab) (@) = [ d39a-+ 0)b(5)
0
and prove the following

Proposition 4.1 Let p be a real number such that 1 < p < oo. Then Hg is bounded in LP(R™)
and the inequality
[Holl < ([ @+)

is satisfied.

Proof. When p =1, we have
| daltan @< [ da [ dsioea+ ) b))
0 0 0
:/0 dﬁ/ﬁ dy 1) 6(B)] < 192] 1y 101l L1 e -

For p = oo, we find

[(Hab) (0)] < Bl i) /0 a8 9+ B)| < Il bl

When p = 2, we consider the Fourier transform. For b*(3) = b(—3) we have the identity
b (w) = [*°_dBe™Pb(—f) = b(—w), and hence

(Hab) (@) = Qw)b(-w).
It is clear that Hgq can also be represented by the diagram

R4 L m(c) -5 pAe) T2 ) 2 re) I ey,
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where ¢ is any bounded analytic function in C™ [i.e., ¢ € H*(C™)]: As a result,
[Hall 22 < sup Q(w) — o(w)|,
weR
and therefore
| Hall < sup [Q(w)| < 1920,
w€eR

The boundedness of Hq on the other LP spaces follows with the help of the Riesz-Thorin inter-
polation Theorem [69]. In fact,

1

1 1—
[HollLr—rr < [Hallf: g1 l[Hall o oo < 1921 L1 1),
which completes the proof. ]

According to Nehari’s Theorem [79] we have the norm equality

H, = inf Qw) — .
[Holl g2 pertoo, Sup (w) — ¢(w)

In the general case we mimic the proof given in [54] to derive
Theorem 4.2 Let 1 < p < oo and Q € L*(RT). Then Hgq is a compact operator on LP(RT).

Proof. The proof is easy for p = 2. In this case we know that there exists a sequence
Q, € LY(R™) of functions of compact support such that || — Q,]|; — 0. So, we obtain

[Ho — Ha, || 2r+) = [Ho—0, [l L2@+) < 12— Qnll; -
Since obviously
| e [ asifua ) = [ dnlfamP <
0 0 0

and hence Hq, is a Hilbert-Schmidt operator, the compactness of Hgq is clear.

In the general case we proceed in the following way: For a > —1 the Laguerre polynomials
o0

((F(#;H))% Lﬁf”) , where I'" denotes the Gamma function, form an orthonormal basis of

<<F(n+n;<+1)> : Lo()as e )oo

n=0

L?(R*; 2% e~%dz). Thus

NI

is an orthonormal basis of L?(RT). So there exists a sequence of polynomials (py)o, such that

. oz
lim ‘Q — pprze 2
n—oo

= O’
1
and hence for a = 0 we get

_ (z+y)
pn($+y)e 2 = Z'Ys Cs(x)cs(y)a
s
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where the summation is finite, each v is a real number and c4(x) = z* e . Now it is easy to
check that the integral operator Hp % defined by the expression

has finite rank. Thus Hp .~ Is a compact operator. Since

_ © < _ -3
HHQ B, ot Lp(R+) — HQ b€ 2|, 7 0
also Hg is a compact operator on LP(R™). [ ]

4.1.3 Unique solvability of the Marchenko integral equations

In this subsection we prove the unique solvability of the Marchenko integral equations in the
symmetric and antisymmetric cases. The proofs will be carried out for the integral equations in
adjoint form, since they can more easily be modelled as the effect of a linear operator (actually,
the sum of the identity and a compact operator) acting on a vector in a Banach function space.
It is almost trivial to prove these results in an L? setting. Compactness arguments are used to
transfer them from the familiar L? setting to the general LP setting.

Theorem 4.3 Let 1 < p < oo. Then in the symmetric and antisymmetric cases the Marchenko
equations (£.3)-[@.4) are uniquely solvable in LP(R*;CF) for some suitable k € N.

Proof. First we assume that p = 2. In the symmetric case there are no bound states and
and €2, coincide with the Fourier inverse transforms of the reflection matrices R(\), L(\), R()\)
and L()\) apart from the factors e*2%. Since the euclidean norms of the reflection coefficients
are strictly less than 1 for any A € R and these coefficients are continuous in A € R and vanish
as A — +oo [cf. Proposition , the Marchenko integral operators are strict contractions on
L?*(R*; CF), which implies the unique solvability of eqgs. — for p = 2.

In the antisymmetric case we consider the uncoupled Marchenko equations. Then the linear
operators I +Q Q* and I +Q* Q governing these equations are bounded on L?(R*; C¥) and satisfy

(T +9Q0%)b,b) = [[bl|3 + |2 blI3 > [[b]13,
((1+9Q°Q)b,b) = [1bl3 + [[20]13 > [[b]13,
which implies their unique solvability for p = 2.

Let us consider the same uncoupled Marchenko equations for arbitrary p. Such an equation
has the form

(I+T)b= by,

where T' is a compact operator on LP(R*;CF) (1 < p < 00). Let us now consider the following
diagram, where all arrows represent natural (dense and continuous) imbeddings between Banach
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spaces:

L*(R*;CF) —— L*(R*;CF) + LP(RT; CF)
L2(RT;Ck) N LP(RT; CF) —— LP(RT; CF)

Here L?(R*;CF) N LP(R*; C*) is a Banach space with respect to the norm
([l = [bll2 + [[bl],
while L?(R*; C*) + LP(RT; CF) is a Banach space with respect to the norm
bl = inf  max ([|b2]l2, [|bpllp) .

b=ba+b,
bo€L?,b,eLP

If T is compact on L?(R*;C¥) and LP(R*;CF), it is also compact on L2(R*;CF) n LP(R*; CF).
Hence, I + T satisfies the Fredholm alternative on all four spaces L?(R*;CF) n LP(R*;CF),
L*(R*;CF), LP(R*;C¥) and L?(R*; C*) + LP(R*; CF). Obviously, using the invertibility of I +T
on L?(R*;CF), we have

Ker 2+, ckynpr@+;cry (L + 1) = {0}
and hence, by the Fredholm alternative, I + I is invertible on L?(R*;CF) N LP(RT;C¥). Next,

LP(RY;C%) 2 Imppge.cry (1 +T) 2 Impop.crynpowscry (I +T) = L*(RY;CF) 0 LP(RT; CY),

while the image Img+.cry (I +T) is closed in LP(RT; C*) and L?*(R*; CF)NLP(RT; CF) is dense
in LP(R*;CF). Therefore
Imypg+cr) (1 +T) = LP(RT; CF).

Hence, by the Fredholm alternative, I + I is invertible on LP(R*; C¥). |

4.1.4 The x-dependence of Marchenko operators

In this subsection we prove that the solutions of the previous Marchenko integral equations lead to
potentials k(x) and /() having their entries in L!(R). This requires us to study these equations

as functions of z € R. Therefore, we introduce the notations Ql(m), ng), ﬁl(m) and ﬁf@ to express
their dependence on x. We show that these integral operators depend continuously on x and
vanish as & — 400 in the operator norm, irrespective of the LP-space of vector functions on R
in which we are working.

We have the following:
Proposition 4.4 For x > 0, the Marchenko operators Ql(w) and ﬁl(r) depend continuously on x
in the norm, while

: (x))) _ . o@ _ 4
Jim 9 =0, im0 =0, (4.12)
For x <0, the Marchenko operators Qq(«x) and ﬁff”) depend continuously on x in the norm, while

lim Q@) =0,  lim [0 =o0. (4.13)
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Proof. We give the proof only for the first equation of (4.12]), because the proof of the other
equations is similar. We have for zo > 21 >0

Hoenb — Hggmb} (a) = /O dB (222 + a + B) — Yu(2z1 + a + B)] b(B).

Then, according to Proposition [4.1] in the operator norm we obtain, as a result of the Theorem
of Dominated Convergence,

oo = Hogeo | < [ dallu(2az +0) = 2o + o) =0

as rg — x1. In the same way,

ool < [~ dallu(za+ )l = [~ daliu(@)] =0
as x — +00. |

Corollary 4.5 The Marchenko integral equations (4.7a) and (4.7b) are uniquely solvable for
sufficiently large x. Similarly, the integral equations (4.7c) and (4.7d) are uniquely solvable for
sufficiently large —z.

Let us now suppose that the Marchenko integral equations and are uniquely
solvable for any z > 0 and the equations and are uniquely solvable for any =z < 0.
This is in particularly true in the symmetric and the antisymmetric cases (cf. Theorem .
Because of Proposition the linear operators I — €, I — QQ, I —Q,.Q,, and I — Q,.Q,
appearing in the respective equations depend continuously on x and vanish as |z| — oo in
the operator norm on the half-line indicated in the table below. Thus

sup (1 - Q7)Y < oo, sup (I - Q) < oo, (4.14a)
>0 >0
sup (I - QA7) <00, sup (I - 270F) | < oo (4.14D)
<0 <0

Theorem 4.6 Suppose that the Marchenko integral equations (4.7a) and (4.7b) are uniquely
solvable for any x > 0 and the equations (4.7c) and (4.7d)) are uniquely solvable for any x < 0.
Then the potentials k(x) and £(x) follow from ([@.1)) and (4.2) and have their entries in L*(R).

Proof. The estimates (4.14a)) imply that

o0
Sup/ do || Bia(z, o) || < o0.
0

x>0
Using (4.4al) we get
sup / dov|| By (z, )] < [0 sup / dov | Bis(r, )| < oo,
z>0 JO z>0 JO
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We now estimate (4.3b]):
| arBat 00l < [T aroen)+ (sup / dauBu(:c,a)r)sup [ e o+ 201
0 0 x>0 JO £>0.J0
< (145w [ dalButa ) 190 < o.
x> 0

As a result of (4.1) we have
/ dz k()| :2/ dov | Bia(z, 01 < oo.
0 0

To prove that f_ooo d ||k(z)||, [;° da||¢(z)], and ff’oo dx ||¢(z)|| are finite, we apply the same
argument to B,2, Bjs, and B3, respectively, in accordance with the table below. [

equation  solution  potential computed

4.7 B (z, @) k(x) for z >0
4.7h Bjs(z, ) {(x) for z > 0
Byo(z, a) k(x) for z <0
4.7d Bys(z, a) ¢(x) for <0

4.2 Deriving the Marchenko equations

As we have seen in Chapter the Jost solutions and Faddeev matrices are (n+m) x (n+m) matrix
functions, each partitioned into blocks of sizes n x n, n x m, m x n, and m x m, half of which are
analytic in CT and the other half in C~. To arrive at the Riemann-Hilbert problems satisfied by
(blocks of) the Faddeev matrices and ultimately at Marchenko integral equations, we introduce
modifications of the Faddeev matrices and Jost functions which are analytic in either C* or
C~, by rearranging the blocks into newly defined (n + m) x (n + m) matrix functions m4 (z, A),
m—(xz,\), f+(z,A), and f_(z,\). Next, we employ the asymptotic properties of m_(x,\) and
m_(x,\) as © — £oo to derive a Riemann-Hilbert problem satisfied by these functions. This
Riemann-Hilbert problem is then Fourier transformed to derive the Marchenko integral equations.
Using the notations of , let us define the following modified Jost solutions:

Fr2

xz,

_ A) (z,A)

frl@2) = (Flg@,» FM(x,A)) ’ (4.152)
. Frl({E,)\) Flz(l’,)\)

fo(z,\) = <Fr3(ﬂf, N Fl4(x,)\)> , (4.15b)

thus repeating the definition of fi (z, \) given in the proof of Proposition From Propositions
and [3.5it follows that f (z,\) is a solution of (3.1)) that is continuous in A € C+ and analytic
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in A € C*; similarly, f_(z,\) is a solution of 1’ that is continuous in A € C— and analytic in
A € C™. Using (3.13) and (4.15), let us also define the modified Faddeev matrices

_ Mll(‘r’ )‘) MT2(x’ )‘) _ —iAJz
m—i—(x?)\) - (Mlg(x, /\) MT4(.%',)\) - f+($,)\)€ ) (4.16&)
. Mrl(sc, )\) Mlg(l’, )\)
= (I7 )\) N <Mr3(xa )‘) Ml4($, )\)
Then according to (3.35) and (3.36) we have

) = f_(z,\)e M=, (4.16b)

my(z,\) = n+m+/ da by (z, a)e™ (4.17)
0

where by (x,-) € LY(R*; C"t™). Here

_ (Bu(z,a) Bpa(z,«a) _ (Bri(z,a) Bp(z,«)
b+(x,a)—<Bl3($7a) Br4(x,oz)>’ b_(x’a)_<Brg(x7a) Bl4(:c,oz)>' (4.18)

Let us now derive the Riemann-Hilbert problems satisfied by m (z, A\) and m_(z, A).

Theorem 4.7 Under the technical hypothesis, we have the Riemann-Hilbert problems
m_(z,\) = my (z,\)G(z, \), where G(z,\) = eMTJS(\)Je e, (4.19)
my (z,\) = m_(z,\)G(z, \), where G(z,\) = eM2JS(N\) Je ™M, (4.20)
Proof. It suffices to prove that
oz, \) = fi(z, Ne PG (z, N)er?, (4.21)

where e =2 G(x, \)e?* = JS(N)J. In fact, on either side we have an (n+m) x (n +m) matrix
solution of (3.1)). Using the asymptotic properties of the Jost solutions as © — 400 we have to

prove that
ar1(A) OnXm> < I, ar2()‘)) < Ti(A) —R(A)>
= , AeR 4.22
(e 0= (o ) 50 20 2
Using the asymptotic properties of the Jost solutions as x — —oo we also have to prove that
I, alg()\)> (all(k) Onxm) (Tl()\) —R()\))
= , AeR 4.23
<Om><n a4 () a(A) I —L(A)  Tr(N) (4.23)

Indeed, easy calculations on the right-hand side of eq. (4.22)) show that
Ti(A) — ara(N) L) = an(N) 7! = areNaz(Nan(A) = a1 (N)

where, in the second identity of the preceding equation, we have taken into account that from eq.
(3.67b) we find a,1(N)an (\) + ar2(N)aizg(N) = I, which implies a;1(A) ™! — ara(A)aiz(N)a; (V) 7t =
a,1(N). Also, using (3.75)

—a;4(N)LN) = —a,a(N)ara(N) Larz(N) = ap3(N).
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Finally, using (3.63)) and (3.61)),
—R(\) + Tr(Nara(A) = —ara(N)araN) " + arg(N)ara(V) ™! = 0nsxm,
ara(N)Tr(N) = ara(N)ara(N) 7L = Iy,
i.e., eq. (4.22)) is satisfied. Moreover, if we consider the right-hand side of eq. we obtain
using and
an(NTi(A) = an(Nan (N~ = In,
—L(N) + Ti(Nais(A) = —az(Nain(A) ™ + ais(Nan (A) ™" = Opxcn,
and, using

—a;; (MR = aig(MNapn (V) tap(N) = ap(N),
Then
T(\) — az(AM)R() = ara(N) ™1 — aig(N)ara(N)ara(\) ™ = aa(N),
where, in the second identity of the preceding equation, we have taken into account that from eq.
we have a;3(A\)ar2(A) 4 aia(N)ara(A) = I, which implies a'(A) — az(N)ara(Nat(N) =
ai4(N). So, we have proved that also eq. is satisfied and all components of belong
to the Wiener algebra V), for suitable p. [

The Marchenko integral equations are now derived by
(a) projecting (4.19)) onto ijgm and projecting (4.20]) onto WZ:BT”;

(b) stripping off the Fourier transforms to arrive at integral equations for the blocks of b (z, a)
and b_(x,a) defined by (4.18]).

This is straightforward if the transmission coefficients are analytic in CT, i.e., if there are no
bound states. We shall therefore discuss this case first. The result consists of Marchenko integral
equations of the type or in which Q; = R, Q. = [:, QO =R, and Q, = L. Next, we
assume that the poles of the transmission coefficients in C* are simple (as in [3]). This will lead
to additional terms in the kernel functions Q;, Q,, €;, and €,, which amount to a finite rank
perturbation of the integral operators. Finally, we consider the most general case, where the
transmission coefficients may have higher order poles in C* and the additional terms are more
complicated.

Throughout the remainder of this chapter we assume that the matrices a1 (\), ar1(A), aja(N)
and a,4(A) are invertible for all A € R, i.e., we depart from the technical hypothesis. According
to Theorem the elements of a;(A\) and a,(\) belong to some Y. Because of the hypothesis
made, we can apply Theorem to prove that the reflection and transmission coefficients have
their entries in WW. We may therefore write

R(\) = /_+OO da R(a)e ™, (4.24a)
L)) = /_ o da L(a)e™™, (4.24b)
R(\) = /_+0<> daﬁ(a)eim, (4.24c¢)



L) = / da L(a)e?, (4.244)
where R, L, ﬁ, and T have their entries in L'(R).
In Sec. we have derived the following symmetries for the reflection coefficients:

R(\)* = R(A\) and L(\)* = L(\), symmetric case,
R(\)*=—R()\) and L(\)* = —L()\), antisymmetric case,

where A € R. We thus obtain

ﬁ(a) = R(a)* and f(a) = L(a)*, symmetric case,
R(a) = —R(a)* and L(a) = —L(a)*, antisymmetric case,

=
[
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4.2.1 When there are no bound state eigenvalues

It is well-known that there are no bound states in the symmetric case. Here we discuss the
derivation of the Marchenko integral equations in general if there are no bound states, without
specializing them in the symmetric and antisymmetric cases, thus recovering the equations derived
in [9, [90].

Let us now derive the first four Marchenko integral equations.

Theorem 4.8 For a > 0 we have the Marchenko integral equations

Bo(z,0) = — /0 " 48 Bra(w, B)E(a+ B — 22), (4.25a)
Bis(z,a) = —R(a + 22) — /O " 4B Bu(x, B R(a + B + 20), (4.25D)
Bys(x,0) = —L(o — 2z) — /O h dB Bra(z, B) Lo+ 5 — 2z), (4.25¢)
Bu(z,0) = — /O " 4B Bus(x, BBl + B + 20). (4.254)

Proof. We note that eq. |D is an identity, where m_(z, ) — In4m € ijgm, my(x,-) —
Lyim € ngm and G(z,) — Lnym € W”+m. In the absence of bound states we also have
Ti(-) — In € W1 o and T,.(-) — I, € WY . Projecting 1' onto Wme, we obtain

My (x,A) — I, =1 o(Myi(z,N) = (Mrg(x,)\)L()\)efm)‘x), (4.26a)
Myp(x, A) =TI gMja (2, A) = —11- ,O(Mll(iﬂa)\)R()\)e%M)a (4.26D)
My3(z,\) = T o(My3(x, \)) = =TT o(My4(z, \) L(N)e A7), (4.26¢)
Myg(2,X) = Iy = T o(Mya(z, X)) = —TL_ o(Miz(z, \)R(N)e*), (4.26d)
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where I1_ q is the projection of WP onto W? o along WE . Moreover, we have taken into account
that Mj(z, \) — I, Myo(x, X)), Miz(x, ) and My4(x, X) — I, are elements of W, ¢, therefore the
terms My (x, \)T1(N), Miz(z, \)Ti(N), Myo(x, \)T(X) and My4(z, \)T-(N\) belong to Wy o and
can be deleted in the projection onto W”

Let us now simplify the right-hand 51des of - Using (4 and we can write

. +m A .
R(\)e*Ar = / da R(a + 2z)e”

. +m A~ .
L(\)e 2 — / do L(a — 2z)e™ e,

—00

Now, easy calculations show that

+o0 R
T o( Mo (z, \)L(N)e 27) / e~ A / dB Byo(z, B)L(a + § — 2x), (4.27a)
0 0
T (M (x, \)R(N)e* A7) :/ do R(ov + 2x)e A
+oo +oo R
T /0 Ao /0 43 Bu(e, A)R(a+ B +22),  (4.27b)
+o0 )
T o(Myq(x, \)L(N)e™222) / da L(o — 2z)e™
0
+<>O +o00
—z)\a T _
" /0 /0 48 Bua(w, B)ia+ 65— 22),  (4.27¢)
+oo —+00 R
T o(M3(x, \) R(N)e* A7) / e~ A / dB Biz(z, B)R(a + B + 2z). (4.27d)
0 0

Recalling eqs. (3.50)), (3.38), (3.52)), (3.40), (4.26)) and (4.27]) we obtain

/000 doce B, (x, a) /OOO do e_z)‘o‘/ dB Bya(z, B)L(a + B — 2), (4.28a)
/000 da e By (z, ) 000 da e R(a + 2x)

— /O " daeiro /0 dB By (z, B)R(a + B+ 2x), (4.28b)
/000 dae B s(x,a) = — 000 dae™L(a — 2z)

— /000 doe™ /OOO df Bry(z, ﬂ)f)(a + 3 — 2x), (4.28¢)
/OOO dae By (z,0) = — /OOO doce™ /OOO dB Bis(z, B)R(a + B + 2z). (4.28d)

Removing the Fourier transforms from the preceding equations, we get the Marchenko integral

equations (4.25). ]
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The proof of the followmg Theorem is very similar. We now project (4.20)) onto Wﬁ'gm
and use (4.24c]) and (| instead. To fac1htate checking some of the subsequent Marchenko
equations, we give a short proof of Theorem [.9]

Theorem 4.9 For o > 0 we have the Marchenko integral equations

Bu(z,0) = — /O " 4B Bz, B B(a + B + 20), (4.292)
Bys(r,0) = —Ta + —) — /O T dB Bz, Ao+ 5 — 22), (4.20D)
Bis(z,0) = —R(a + 22) — /0 " 48 Bu(w, A)R(a + B + 20), (4.29)
Bya(z,0) = — /O " 4B Bys(w, AT+ B — 22). (4.294)

Thus eqs. (4.3) and (4.4]) are satisfied for 2, = L O =R, Q= ﬁ, and Q, = L.

Proof. We note that my(z,-) — Lyym € Wﬁ:gm, m—_(z,-) — Inym € szm, and G(zx,-) —
Loim € W{erm. In the absence of bound states we also have T;(-) — I, € W, and T,()—1In €
W . Projecting l) onto Wﬁ:gm, we obtain

My (z,\) = Iy = Ty o(My1 (2, N)) = T4 o(Mia(z, \) R(X)e ™ 27), (4.30a)
Mya(2,0) = Ty oMo (2, \) = T4 o(My1 (2, \)L(A)e?7) (4.30D)
Myz(x, \) = T4 o(Miz(z, \)) = =Ty o( My (2, \)R(N)e™27), (4.30c)
Moy (2, 0) = Ly = Ty o(Mya(z, \)) = =Ty o(Mys(z, \)L(N)e?®), (4.30d)

where 11 o is the projection of WP onto Wﬁ 0 along WP,
Let us now simplify the right-hand sides of (4.30)). Using (4.24c]) and ( we can write

_ . +oo o .
R(\)e 2P — / da R(a + 2z)e?,

—00

_ . oo o .
L(\)e? e = / do L(a — 2z)e.

—00

We now proceed as in the proof of (4.27) and (4.28]). Removing the Fourier transforms from the
preceding equations, we get the Marchenko integral equations (4.29)). ]

4.2.2 When the eigenvalues are algebraically simple

By hypothesis, a;1(A), ar1(A), aa(X), and ar4(A) are invertible for every A € R. Therefore the
transmission coefficients Tj(\) and T,(\) have at most finitely many poles in C* and these neces-
sarily coincide. We denote these distinct poles in C* by ik, ...,ixy. Similarly, the transmission
coefficients T;()\) and T,.(\) have at most finitely many poles in C~ and these necessarily coin-
cide. We denote these distinct poles in C™ by —ikq,...,—ikxN. Let us suppose that all of these
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poles are simple. Then there exist unique n x n and m x m matrix functions 7j; (\) and T;1(N),
continuous in A € C*, analytic in A € C™, and approaching I, and I,,, (respectively) as A — oo
from within C*, such that

N
. 7150
Ti(\) = ——+ T 4.31
1(A) Z;)\_mj + T (M), (4.31)
N
j=1 !

where A € CT. Analogously, there exist unique n x n and m x m matrix functions Tj;(\) and
Ty1(A), continuous in A € C~, analytic in A € C™, and approaching I, and I, (respectively) as
A — oo from within C—, such that

N
leO
+ T (A 4.33
— =Y T, (433
N .
Z T30 4 Ty (N) (4.34)
A+ mJ ’
where \ € C—. ‘ . '
For j=1,...,N, put mf(x) = my(z,ik;) and for j =1,..., N put mJ,O(:L') = m_(z, —iR;).
Then for j = 1,..., N we have the partitioning
i) = (MA@ M@ oy (M @) M (@) (4.35)
- 10 j0 ) — = i0 0 . .
- Mg (x) My (w) M5 () My, (v)

We prove the following

Proposition 4.10 For o > 0 we have the following integral equations :

N o0

B (.’13‘, O[) == Z Mljlo(x)leoeilija - / ag Br?(l" ﬂ)f/<a + 8- QLU), (4363‘)
— 0
JN | A _ A

Bip(x,0) = =Y My (2)rjoe ™" — R(a +2z) — / dB Bu(z, B)R(a + B+ 2x),  (4.36b)
— 0
JN | A N A

Bs(w,a) = =Y My (x)mjoe " — L(a — 2z) — / dB Bya(z, B)L(a+ f —2z),  (4.36c)
1 0
JN | . A

Bu(,0) = = 3" M (@)rejoe% — / df Bis(z, B) R(a + B + 22). (4.364)
j=1 0
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Proof. Let us mimic the proof of Theorem [4.8 while concentrating on the extra terms stem-
ming from the transmission coefficients in the Riemann-Hilbert problem (4.19). To retrieve the

extra term in (4.36a]) we consider the proof of (4.25a)). Instead of (4.26a)) we now have
M,y (2, \) = I, = T o(My1 (2, N Ti(N)) — TI_ o (Mo (2, \) L(N)e22®)

N
. My (2, A) 1150 —2i)
= IH_g—————F"F"——= —11_o(Myo(z, \)L(\ ALY
@j; LR 0(Mya(z, A)L(A)e™ ™)

Let us analyze the extra term separately. Using that M (z,ik;) = mﬁ) () we have

My (2, A) Tij0 M} (@) ijo %y =N g—rsY 30
'iH_ _— = 27 = — d [ ¢ ye kiy J €T i0y
0 < )\ — ili]’ )\ — ilij /0 y 2 ( )leO
which implies the extra term in (4.36al). The other equations are proved analogously. |

In the same way we prove the following

Proposition 4.11 For a > 0 we have the following integral equations :

N 00 -
Bu(w, ) = =) M (@)7joe " ~ /0 dB Ba(w, B)R(ar + B + 2), (4.37a)
N . 00 X
Ba(z,a) = — Z MfQO(x)f'rjoe*’%ja — L(a — 27) — / dB By (z,B)L(a+ B —2x), (4.37b)
0

N R 00 A
Bl3(l‘) Oé) == Z Mg??(l‘)%ljoeikja - R(a + 21") - / dﬂ Bl4(x7 /B)R(a + 6 + 233)’ (437C)
0

j=1
N . - e°] ~
Bra(z,a) = = Y M} (2)Trjoe ™" — /0 dB Bys(w, B)L(a +  — 21). (4.37d)
j=1

In the proof of Theorem we have made clear that all eigenfunctions of (3.1) at an
eigenvalue A = ix; € C* have one of the equivalent forms

mx1 U

Fiteing) () = Brainy) (). (4.39)

where ¢; and 7; are nontrivial vectors satisfying a;i(irkj)e; = Opx1 and ap4(ikj)n; = Opmxi.
Since aj1(N)e; = (A — ik;) f(A) for a vector function f(A) that is analytic in a neighborhood of
irj, we obtain €; = im0 f(ik;). On the other hand, if €; = 70k € ImT, then a;(N)e; =
—i (A —ik;) [h — T;1(N)h] vanishes as A — ik; and hence a;;(Xg)e; = Opxi. Consequently, the
subspace of C" generated by the vectors €; coincides with the range of 7;9. Similarly, the subspace
of C™ generated by the vectors 7; coincides with the range of 7,.;0. Because these ranges have the
same dimension, we can find an m x n matrix Cjo and an n X m matrix Djq such that n; = Cjoe;

62



and €; = Djon; whenever €; and n; are related by (4.38). In other words, Cjo and Djy are each
other’s inverses on the subspaces of C" and C™ generated by €; and 7;. Letting them annihilate
the orthogonal complements of these subspaces, we have

Cjo = CjoD;oCjo, Djo = DjoCj0Djo,

where CjoDjo is the orthogonal projection onto the range of 7,.;o and D;oC)o is the orthogonal
projection onto the range of 7;0. In fact, Djg is the Moore-Penrose generalized inverse of C
and vice versa (cf. [25]). We call the matrices Cjo and Djo dependency constant matrices. Since

(4.38]) implies that
eI <Ml1(l‘,’t:/€j)€j> — efi® (MT2( )773> , (439)

Mis(,irj)e; M;4(z,ikg)n;
we get
40 _ —2kjx 750
M () = e 2 M (@), (4.40)
M (x)e; = X9 M) (z)n; (4.41)
Consequently,
M 3(1‘)7’7«]‘0 = G_Q’iijlle(l')DjoTrjo: 6_2ﬁijlJ'10(l')Flj, (4.42&)
M (2)mjo = €25 M2 (2)Cljomzo = €% M7y ()T, (4.42b)
M, ff(x)njo = 29T M () D jorrjo= e~ 2% M) ()T, (4.42¢)
MY (2)7ij0 = €97 Mg (x)Clomijo - = *9* My ()T, (4.42d)
where the norming constant matrices are defined by
Flj = DjOTrj07 Frj = jOle0~ (443)
Thus egs. (4.42)) can be written in the form
. Ti50 Onxm _ . Onxn 6_Q}errlj>
mo(x, ik, =my(T, iR, _ . 4.44
+( ]) <Om><n Tr;0 ) +( J) (ez‘ijmrr]’ Omxm ( )

In [2] norming constant matrices are introduced for the matrix Zakharov-Shabat system
with antisymmetric potential when the poles of the transmission coefficients are simple and the
potential has sufficient exponential decay. These quantities are defined in terms of reflection
coefficients evaluated off the real axis, which is only correct for sufficient exponential decay of
the potential. In [2] appropriate decay assumptions on the potential are made to justify their
definitions. Our definitions extend those given in [2] (and those given in the subsequent [, 3]) to
general L'-potentials without symmetries. In [I0] norming constant matrices are introduced to
study the small energy asymptotics of the matrix Schrédinger equation with selfadjoint potential.
These norming constant matrices relate two representations of the eigenfunction at a zero energy
half-bound state.
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Analogously, it is clear that all eigenfunctions of (3.1) at an eigenvalue A = —i%k; € C~ have
one of the equivalent forms

- 0 - €;
Fi(z,—iR;) < "Xl) = F.(x,—iRk; ) ( & ) , (4.45)
77] Omxl
where a,1(—ik;)€j; = Opx1 and al4(—i%j)ﬁj = O x1. Further, the vectors €; generate the range of
7150 and the vectors 7); the range of 7,jo. Because these ranges have the same dimension, we can
find an m x n matrix éjo and an nxm maﬁrix Ej[) Elch that ;= ajogj and g5 = ﬁjoﬁj whenever
g;j and 7); are related by (4.45)). Letting Cjo and Djo annihilate the orthogonal complements of
these subspaces, we have

Cio = Cj0D;oCjo, Djo = DjoC,joDjo,

where 6j()bj0 is the orthogonal projection onto the range of 7,0 and Ej()éj() is the orthogonal
projection onto the range of 7;9. In fact, Djg is the Moore-Penrose generalized inverse of C'jo and
vice versa. We also call the matrices Cjo and D,y dependency constant matrices. Since ([4.45])

implies that
= Ml(l’ —7;/%')€'> iy <M12(ID —Z:‘%)T])
et (T T ) = e I, 4.46
<MT3($, _Zﬁj)‘gj Ml4(x7 _ZH])UJ ( )

we get
My (x)77; = R MY (2. (4.47)
M3 (2)2; = €5 My ()7 (4.48)
Consequently,
M} (2)7rjo = MM} (2)Djo7rjo = ™" M} ()T, (4.49a)
M (x)7ij0 = e 2R M, (2) C o 0= e 2F7" My} ()T, (4.49b)
M} (2)Frjo = €*RTMIJ (2)DjoTrjo = 259 MYy ()T, (4.49c)
MY ()40 = e 2R My (2)Ciofijo= e 2" M} ()T, (4.49d)
where the norming constant matrices are defined by
Ly; = Cjoijo, Trj = DjoTrjo- (4.50)
Thus eqgs. (4.49) can be written in the form
i 7~—le Onxm o . Onxn e2ijrrj>
m_(x, —ik; - =m_(x, —tk; Com . 4.51
( J) <Om><n Trjo > ( ]) (6 2”]¢Flj Ormxm ( )

In [3] we find definitions of Ej and ij in terms of the residues of R and L at —ikj, even though
in general the reflection coefficients do not extend meromorphically off the real axis. This is
correct under appropriate decay assumptions on the potential.

Substituting equations (4.42)) into (4.36)) and using (4.43)) it is easy to prove the following
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Theorem 4.12 For a > 0 we have the Marchenko integral equations

By(z,a) = — /Uoo dB Bra(z, B) Qr(a+ B — 2x),

Bp(z,a) = =+ 22) — /000 dB B (z, 8) (a+ 5+ 2x),

Bys(z,a) = —Q (a0 — 2z) — /OO dB Bry(z, B) Qp(a + 0 — 2z),
0

Bl4($,04) = — /OOO dﬁBlg(x,ﬁ) Ql(Oé +,8+ 2$),

where
N
Qo) = R(a) + Y Tyje ™,
j=1
N
Q.(a) = L(a) + ZFTJ' e e,
j=1

In the same way we derive

Theorem 4.13 For a > 0 we have the Marchenko integral equations

Bj(z,a) = —/0 dfB Bia(z, 8) Q(a + B+ 2z),
Bro(z,0) = —Q,(a — 22) — /00 dB By (z,8) Q(a + 8 — 22),
0

Bis(x,a) = —Q(a + 21) — /000 dB Bu(z, 8) (a+ 6+ 2z),

Bry(z,a) = — /000 dB B,s(z,8) Q.(a + 8 — 22).

where

(4.52a)

(4.52D)

(4.52c¢)

(4.52d)

(4.53a)

(4.53D)

(4.54a)
(4.54b)
(4.54c¢)

(4.54d)

(4.55a)

(4.55D)



4.2.3 When the eigenvalues have any multiplicity

If some of the poles of Tj(\) or T,.(\) are not simple, the construction of the Marchenko integral
equations is to be modified. It is comparatively simple to convert the Riemann-Hilbert prob-
lem containing the principal parts of the transmission coefficient at the poles into an integral
equation of Marchenko type. However, it is not obvious how to generalize the insertion of the
dependency constants to the multiple pole case. For the 1-D Schrédinger equation with energy
dependent potential ikP(x) + Q(x) this generalization has been accomplished in [§], but it is
based on Wronskian relations relating Jost solutions of the Schrédinger equation with potential
ikP(x)+Q(x) to Jost solutions of the Schrédinger equation with potential —ikP(z)+ Q(x). Such
Wronskian relations can in principle be generalized to systems of ordinary differential equations,
but to have a meaningful result we need to relate Jost solutions of the original equations to those
of the adjoint equations. In this subsection we shall accomplish the same result without using
Wronskian relations by relating matrices of the type ®s(a;1; o) and Pg(arq; Ag) for the poles
Ao € CT of Ty()\) and T;.()\). By doing the same thing for the poles of T(\) and T'(\) in C~, we
avoid confining ourselves to the antisymmetric case, although Subsection will be devoted
to the simplifications arising from the antisymmetric case. It is not necessary to consider the
symmetric case, since there is no discrete spectrum and hence no need to account for bound state
information.
Let us assume that the transmission coefficients 7;(A) and T}.(\) have the form

is+1 Tljs
Ti(A) = Z Z m + Tio(M), (4.56)
7j=1 s=0
N 4] i8+1 Trjs
j=1 s=0

where Tjo(A) and Tyo()) are continuous in A € CT, are analyticin A € C*, and tend to the identity
matrix as A — oo in C*T. The usual technical hypothesis guarantees the finiteness of the set of
poles, while Theorem implies that Tj(\) and T}.(\) have the same poles i1, ..., iky and the

same pole orders gy, ..., qn. Obviously, 75, and 7,4, are nonzero matrices (j=1,...,N). Asa
result,
N gi—1 sl N g¢—1 .
1 1
TN =YY G =303 e [Cane e
j=1 s=0 j=1 s=0
N g¢—1 N q;—1
E 7-7“]5 c = TTJS da 6—1)\a SoTR O
— ZK/ 3+
]:1 s=0 j 1 S= O
Let us consider the series expansion
o
_ Jt S\t :
my(z,\) = (—i)'m% (z)(A —irj),  |A—ik;| < Rek;. (4.58)
t=0
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For j=1,...,Nand t=0,1,2,... we introduce the partitioning

ity — (Mh (@) Ml (x)
+ (Mf;<x> Mﬁ(x))’ (£59)

where Mljlt(x), MTJS(:L'), Ml];(x), and Mﬁ(:}:) have the sizes n X n, n x m, m x n and m x m,
respectively. Letting

m(x,)\):/ da e?b(z, o)
0

stand for any of two component matrices Mj;(x,\) — I, and M3(z, A) of my(x,\) — In+m and
(—4)tm7t(x) for the coefficient of (A —ik;)! in the Taylor series of m(z, \) at A = i, we obtain
after some calculation

jst+1 Tijs s G+l .
]._.[7 $ )\ _—_— = 77«71.775_ )77 ,
70< ( )()\—Z/{ )s+1) ; (/\_“{ )t+1 ( ) ljs
where s = 0,1,...,¢; — 1. Similarly, letting m(x A) stand for any of two component matrices

M,o(z, ) and Myy(z, ) — I, of my(x,\) — Iy1m, we obtain after some calculation

st Trjs - it j,s—t
H_ LL‘ )\ _—_— = 7”’#75_ YT ,
0 ( ( )()\ — K, )5+1> — (A — ik )ttt (@)7r4s
where s =0,1,...,q; — 1.
By inverse Fourier transformation, we therefore obtain the following.

Proposition 4.14 For a > 0 we have the following integral equations

a;—1 s t

oo N
Brl(xaa) - _/0 d/B Br2(x7ﬁ)£<a + ﬁ - 2[1}) - Z Z MLS t lesot[‘ € Kja? (4608‘)

7j=1 s=0

Bp(z,0) = —R(a + 2z) — /oo dB By (z, B)R(a + B + 2x)
0

N q¢rj—1 g th
S— t -
- Z Mg2 TTJS e "9, (4.60b)
j=1 s=0 t=0

Bra(z,0) = —L{a — 20) — /OOO 45 Bya(x, B) L + B — 22)

N QZJ*I S t
- Z M () mgs e, (4.60c)
j=1 s=0 t=
) N Grj—1 s ) t
Bu(z,0) = — /O 46 Bis o, B)R(a+ B+ 22) = 3 M (@)rgs Spe . (4600)

j=1 s=0 t=0
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Analogously, the transmission coefficients T;(\) and T,.(\) have the form

51
j ( Z)erl les

A—arr + TV, (4.61)
— (A iRy)sH

T Teis 4 i), (4.62)

where Tlo()\) and TTO()ﬁwe continuous in A € C—, are analytic in A € C~, and tend to the identity
matrix as A — oo in C~. The usual technical hypothesis guarantees the finiteness of the set of

poles, while Theorem implies that T;(\) and T-()\) have the same poles —i&1, ..., —iky and
the same pole orders qi, ..., Gy. Obviously, 7,3, and 7.j4, are nonzero matrices (j = 1,..., N).
As a result,

__ —1 Tlq Tl _ _
M oTi(N) =D > 4( ) sfl = js/ doce™ P afe %,

N §— (=i + = N -1 _
_ rjs —iAa ale —K; a
T ) =303 Gt = =303 e [T daeieaes
j=1 s=0 j=1 s=0
Let us now consider the series expansion
Z itm?" (2) (A + iKY, I\ +iKj| < Rek;. (4.63)

For j=1,... ,N and t =0,1,2,... we introduce the partitioning

ity _ [ Mh(@) M () |
- (M,fé(x) Mﬁ(x))’ (460

where M7!(z), Ml];(w), Mﬂ;(a}), and Ml{f(x) have the sizes n X n, n x m, m x n and m x m,
respectively. Letting

fn(x,)\):/ doce™2(z, o)
0

stand for any of two component matrices M;1(z,A) — I, and My3(x, A) of m—(z,A) — Inim and
i'mIt(x) as the coefficient of (A + i%;)" in the Taylor series of m(z,\) at A\ = —i&;, we obtain
after some calculation
(_i)s+1 7~'ljs S (_Z‘>t+1 .
I AN | = e (a
+0< (l‘ )()\+i/~€j)s+1 Z ()\—Fi%j)t"'lm ( )lesa

t=0
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where s = 0,1,...,¢; — 1. Similarly, letting m(x,\) stand for any of two component matrices
Mo (x, \) and Myy(z, \) — Iy, of m_(z,\) — I,4,, we obtain after some calculation

(=)t 7 s (—iy
oo (60 ) 375 ) = 35 T
t=0
where s = 0,1,...,3; — 1.

By inverse Fourier transformation, we obtain the following

Proposition 4.15 For a > 0 we have the following integral equations

=

Q=1 s ¢

B(z,a) = /0 " ap Ba(e, B)Ra+f+22) -3 3 % Mﬂf*t(mmjs%e—*ff‘*, (4.652)

j=1 s=0 t=0

Byo(z,0) = T(o— 22) + / " 4B By (2, BT + B — 22)
0

N Gr
=S Mlﬂ;*t(:c)%rjs%e"‘j“, (4.65b)

]\7 ~l]_1 S ) Oét _
- Mgé#t(x)ﬁjsge_”ja, (4.65¢)
j=1 s=0 t=0
00 N er_l S t
_ - j,S—t jad « —H:“Ot
Bra(z, ) = / 48 Bys(, B)L(a + 5 — 20) = 3 MG (@) gs Sy, (4650)
0 .

j=1 s=0 t=0

We now observe that the four equations (4.60al), (4.60b]), (4.65a)), and are coupled,
as are also the four equations ([4.60d), (4.60d), (4.65d), and ([4.65d)). When there are no bound
states, we have in fact coupled pairs of two equations each. If the bound state poles are simple,
dependency constants can be introduced to attain the same degree of coupling. We intend to
generalize this procedure when there are higher order bound state poles.

If {eg,e1,...,65-1} and {no,M1,...,ns—1} are the two s-tuples of vectors in C"™ and C™ satis-

fying (3.87) and (3.89)), we can write instead of (3.88]) and ([3.89)

s—1

an(N) 3 = in;)7en = (A — in;) fi(N),
o=0
s—1

ara(N) Y (A= i) 0 = (A — ;)" (M),
=0
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where fi(A) and f,()) are analytic vector functions in a neighborhood of ix;. Putting

g;—1

T = A= ir)) 5T (N) = D (A= ik))" % m54, 51 + (A — i) Ty (V),
s=0
qj—1

THEN) = A —ir) T T (N) = Y (A= ir))* i Tgq,—sm1 + (A = ir))” Trji(N),
s=0

where Tj;1(\) and 7741 () are analytic in i, we obtain

q;—1 q;—1

Z (A —iKj)€oys—q; = T}#(A)fl()‘)v Z (A= 1K5) Nots—q; = Tr#()‘)fr()\)?

o=q;—s o0=q;—s

implying that for s =1,...,¢;

0 0

0 e 0 4.

- € Im @y, (175 ik ), , € Im @, (175 iky), (4.66)
0 0

€s—1 Ns—1

where either column vector contains gq; — s zero entries which are by themselves zero column
vectors in C" and C™, respectively. Thus {eg,...,e5-1} induces a Jordan chain of a;;(\) at
A = ir; of length s or the zero string if and only if its natural extension to a chain of length g;
belongs to the range of @, (Tl#; ir;), and likewise for Jordan chains of a,4(\).

In the proof of Theorem it has been explained that the Jordan chains of H of length s
at the eigenvalue A = ix; € CT are given by any of the two equivalent expressions

1 s—1

ﬂl,a (-737 >\)51—U El,a ($7 )\)55—0—1
(Fu,o(x,/\)fo> ; 2.
Fizo(z,Neo)

o=0

1 N
Z F‘ZS,U(:L'a /\)5170 Z El,a(l'a )\)537071
o=0 o=0 J
and . .
s— 3\
Z Fr2,a($a )\)77170' Z FTQ,U(SL', )\)77370'71
<Fr2,0(«737 Ao o0 o=0
Frao(z,N)mo) " | & R et ’
Z Fr4,a<$; )\)771—0 Z F’I‘Q,O’(xu A)775—0—1
o=0 o=0 Y,
where
€0 o
@s(all; i/ij) = ®s(ar4; i/ij) = 0. (467)
Es—1 Ts—1
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When writing the entries in the Jordan chains pertaining to Fj; and Fj3 as a column of vectors
in C™ and C™, we obtain

€0 €0
CI)S(FU(mv ');Z"‘Qj) 7(I)S(Fl3(x7'>;iﬁj> . (4'68)

€s—1 Es—1
Similarly we get for the Jordan chains pertaining to F.o and Fy4

Tlo no
O (Fro(x,-);ing) :  Ps(Fralz,-);ing) : . (4.69)
Ns—1 MNs—1

The 1, 1-correspondence between the Jordan chains of a;;(\) and ar4(A) at A = ix; implies
the equivalence, in the sense of Sec. of the extensions a;; @ I,,, and I,, ® a,4 in CT. In other
words, there exist analytic (n4m) X (n4m) matrix functions E and E having only nonsingular
values such that }

E\) [an(\) @ L) = [In ® ara(N)] E(N), AeCt.

Consequently, for j =1,...,N and s =0,1,...,¢; — 1 we have
O (E;ik)Ps(an @ Im;ikj) = s(Ly & ara; inj)CI)s(E;inj),

where the matrices ®4(F;ir;) and ®4(E;ix;) are nonsingular. Letting

B0 = (O 1) B (7).

mxn

E*(A\) = (Omxn I E(A)< fn >

Omxn
we obtain for j =1,...,Nand s =0,1,...,¢q; — 1
D (B3 i) Ps(an;ing) = Pslars;ing)®s(E3;in;).
Starting instead from the equivalence relation
[an(N) ® L] EQ) ™' = EQ) ' I, @ aa(V)],  AeCH,
we derive for j =1,..., N and s =0,1,...,¢; — 1
O (an; irg) P (BT ikg) = @o(B1)%; k) @y (aras inj),

where



Thus there exist matrices block Toeplitz matrices

Cjo 0 o 0 Djg 0 . 0
le CjO ce 0 Djl Dj() . 0
(I)S(Cj): : .. : ’ ©S(Dj): : .. : ’
Cj,s—l e le CjO Dj,s—l . Djl Dj()

satisfying

such that the range of ®4(D;)®,(C;) coincides with the kernel of ®4(a;1;ix;) and the range of
O, (C;)®4(Dj) coincides with the kernel of ®4(ar4;ik;). In particular,

O, (Cj)[Ker ®g(apr;ikg)] = Ker ®g(arq;ing),
O, (Dj)[Ker ®g(arq;ing)] = Ker @g(ar;ing),

while ®,(C;) and ®,(D;) act as each other’s inverses between these two subspaces. We shall call
the matrices Cj, and D, (j =1,...,N,0=0,1,...,q; — 1) dependency constant matrices.
In analogy with we introduce the norming constant matrices I'jj, and T'vjo (j =
N,o0=0,1,...,¢; — 1) by

Dy (Iy5) = —i CI)S(DJ')(I)S(T?;Z‘”J% Dy(Lrj) = —1Ds(C} )q)s(ﬂ#Qi’ij)7 (4.70)
where
Tjo 0 ... 0 Tjo 0 ... 0
o= | T T O 2| T T e O
Flj,'sfl Flj'l Fl.j[) Irjs—1 .. T'rj1 I'rjo

Therefore, deleting the argument ix; and any x-dependence from all ®, matrices to avoid clutter
we compute for s =1,...,¢;
(I)S(MW)CDS(T?#) D( 7’2)(1)771(6Z “)@ (Tﬁ)
= BU (), (Fiy ) (D)) s (TH)
‘7 .
BI0 i1 ()0, (1) 0, (I j) = i (Fin) @7 (™) Dy(T'y5)
= i@ (M) @7 () DT ()B4 (Ty5)
)

£ 07 (M) Dy (Fro) Dy (TH)

?

LBy (M) BT(e2A7) D (T)5) = i@ (€2) Dy (Myy) B4 (Ty;),
where we give the following clarifications:
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a. At the equality signs carrying the first, third, and fifth question marks, we use that ®%(e?)

and either of ®4(Fy2) or ®4(F1) intertwine for suitable p, where

I 0 0
I I
D[ INTY _ iOVTT i N kT (iz)1p p 0
PL(e"") = Dy(e" V¥, ik5) =€ , .
i s—1 .
((521)!1 (Zm)lp Ip

This intertwining relation follows from
Fy(z,\) = e My (z,\) = My (z,\)e®
and likewise for F,o and M,s.

b. At the equality sign carrying the second question mark, we use that ®4(D;) maps the
n-vectors pertaining to the Jordan chains of length s into the corresponding e-vectors, in
combination with the second of . This means assuming s = ¢;. However, this is OK
for any s = 1,...,¢;, because ®;(A)P,(B) = ®,(C) implies ®4(A)Ps(B) = ®,(C) for any
sel,....q

c. At thg equality sign carrying the fourth question mark we apply t'he identity fb?(ei’\m)Q =
@7 (A7) which is in turn based on the rather obvious relation (¢A*1,)? = e2?],.

In this way we derive the following analogs of (4.42):

Oy (Mo, ); M) @ (T ) = i B (€207 1; X))@ (Miy (,); A ) @5 (T)

= i By (M (w,); X)) s (€27 L5 1) ®4(T), (4.71a)
(I)S(MB(xv ');)‘j)q)s(Tl#;)‘j) =1P (6722( mIma)‘ ) s( 7“4( ) /\j)q)S(FTj)

= i By (Myg(z,-); \j)Bs(e 2O AN B(Tyy), (4.71b)
Py (Myy(z, ')SAj)q)S(TﬁQ‘j) =i® (622( IImv)\ )@s(My3(w ')'A')é (Flj)

= i D (Mig(x,-); Aj) s (€27 [ \) @ (T), (4.71c)
O (M (z, ')§Aj)¢8(ﬂ#§Aj): o (6_21( )mlna)‘) Dy (Mya(, )')‘j)(I)S(FTj)

= i By (Mya(,); Aj)®s (e 20 s Xj) B (Tr)), (4.71d)

where \; = ix;. The four equalities between the first and third member can be written in the

. TP O ) .
O (my(x,-);ik;) P | ik
Oan T'I"

20y
= z’(I)S(m+(x, ');iﬁj)(I)S ((eglr(wfmn,y . ‘ 7lj> ;i’k';j> ’ (472)
)

Ome

concise form

where () = qj_ol (A —iK;)°Tj. » and y5(A) = >0 01 (A —1kj)Trj 5.

o= o=
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Let us now write the entries in the Jordan chains pertaining to F,.; and Fj.3 corresponding to
the eigenvalue —ik; € C~ as a column of vectors, obtaining

€0 €0
(I)S(Frl ($, '); —’L'/%j) , (I)S(FT3($, '); —Z'/%j) . (4.73)
Es—1 Es—1

Similarly we get for the Jordan chains pertaining to Fjs and Fyu

o Mo
Qs(Fra(z, ) —ikj) | ¢ |, Ps(Flalx, ); —iky) | ; (4.74)
Ms—1 MNs—1
where B _
€0 o
D (ap; —i/%j) = O (ay; —i/%j) = 0. (4.75)
Es—1 Ns—1
Putting
51
T N =0+ i) BTUN =Y (A +R;)" (=) 75—+ + 7)) Trn (V).
—
tij*Ol

TEN) =\ + 7)) T, (N)=Y " (A + i7" (i) 74, —s—14+(i + 7)) Trja (V),

s=0
we have in analogy with (4.66)
0 0
0 = . 0 —H# ..
_ € Im &g, (17"; —iky), _ € Im &g, (1775 —ik;), (4.76)
€0 Mo
Es—1 ﬁsfl

where either column vector contains g; — s zero entries which are by themselves zero column
vectors in C™ and C™, respectively. Moreover, there exist block Toeplitz matrices

Cio 0 ... 0 Djp 0 ... 0
. Ci Cjo ... O ~ Dji Djo ... 0
o Cp=| T 7 Coe(pp=| " .y
(:*]78,1 éjl éJO Dj,sfl Dﬂ DJO

satisfying
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such that the range of ®,(D;)®4(C;) coincides with the kernel of ®4(a,1; —ik;) and the range of
O, (Cj)Ps(Dj) equals the kernel of ®4(ajq; —ik;). In particular,

D (
D (

Cj)[Ker @4 (ay1; —if;)] = Ker ®y(ay; —ik;),

Dj)[Ker ®(ayy; —if;)] = Ker ®g(a1; —ik;),

while ®4(C;) and ®4(D;) act as each other’s inverses between these two subspaces. We shall call
the matrices C‘,,U and Dj,(, (j=1,. ,N,oc=0,1,... ,¢; — 1) dependency constant matrices.

In analogy with (4.50) we introduce the norming constant matrices I';;, and T'yj, (j =
1,...,N,0=0,1,...,G; — 1) by

Bu(Ty) =i u(CH)OL(T] 5 —ifig),  ®u(Tyy) =i @u(D)) (T} s —iRy),  (477)
where
Tiyjo O ... 0 Trjo 0 ... 0
N e PR 5
Flj,.s—l flj.l Fl.jo Trjs—1 oo Tpji Thjo

We then derive the following analogs of (4.49):

By (Mia(z, ) \)s(T : 0) = =i By (207 L; X)) Do (Mya (,); 1) @4 (Try)

= =i @, (M1 (2, )5 A7) (€507 [ 1)) 04 (T, (4.78)
B (Mg, ) M) @s(T7 3 A) = =i (e 507 [y 0) @ (Mia (i, )3 Ay) D
= —i @y (Mua(x, ); \j)®a(e 57 L 0)@,(Tyy),  (4.78b)
B (Ma(,); \)@s(T] 3 Aj) = =i Da(€¥ 07 L 1))@ (Mys (i, )3 A) @5(Thy)

= =i @, (M, ); ) s (€507 [ 1)) 04 (T, (4.78¢)
B (M (1, ); \j)a(T] 3 Aj) = =i (e 20 L5 0) B (Min(w, )5 Ag) s (T)

= i @, (Ma(z,); \) sl 5O L ) @4(Ty),  (4.784)

where \; = ix;. The four equalities between the first and third member can be written in the
concise form

lealii
T 0
O, (m_(x,-); —ik;)P ! ) =ik
(. )s iR) ((Om ﬁ) )
Onxn e2i(.)x7rj . i
= —i®y(m_(x,-); —ik;) D (<e‘2’( oy " s —ikj ), (4.79)

where 7,;(A) = S5 (A + ;)T and 7,5 (A) = X970 (A + ;)7 Trj o
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Let us employ (4.71d]) to write (4.60al) in a more convenient way. Indeed, the second term in
the right-hand side of (4.60a) can be written as follows:

g—1 s
)

(]

(_ia)t —Kjo \s—t 3 rf,s—t ss41

T (=) "My () i s,
S=0 t=0 —— - #V.
(@441 (e Osin;)]e [®st1 (M (@,)3i65)]s—¢ (Dot 1 (T} 5ik5)lg; —s—1

where [®5,1(C)], = Cp. This expression can in turn be written as

4 [Bapa (e 00y (a, )T )|
g;—1

_ [(I)S_H(e—i(.)ae—Qi(JaMﬂ(w’ ')Frj;i"ﬁj):|

g;—1

S .
(<ilo+22])" N
=YY e O ) T M (@) gy,
s=0 t=0 :

Similar considerations apply to egs. (4.60bf)-(4.60d)).
We now easily derive the following theorem.

Theorem 4.16 For o > 0 we have the Marchenko integral equations

BT1($,06) = _/OO dﬁBr2(xvﬁ) QT(a+ﬁ_2x)7 (480&)
0
Bia(r.0) = ~Oula+20) — [ dB Bu (e, ) Sula+ 5 +20), (4.80b)
0
Bys(z,a) = —Q (a0 — 2x) — /OO dB Bra(z, B) Qo+ f — 2x), (4.80c)
0
Bu(z,a) = —/0 dB Biz(z, B) (o + B + 22), (4.80d)
where
N gj—1 o
Q = + Z Z g lj qj—1—s> (481&)
j=1 s=0
) N q;j— 1 O[S
Q(a) = L(a) + ]2::1 ~ s' Frj,qj—l—s- (4.81b)

In the same way we prove
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Theorem 4.17 For a > 0 we have the Marchenko integral equations

By (z, «) / dB Bia(z, 3) Q(a + B+ 2z2), (4.82a)
Bro(z,0) = —Q,(a — 22) — / dB By (z,8) Q(a + 8 — 27), (4.82b)
0
Bi(x,a) = —Q(a + 21) — / dB Biy(x, 8) Q(a + B + 2z), (4.82c¢)
0
Bra(z,a) = —/ dB Bys(z,8) Q(a + 8 — 2x), (4.82d)
0
where
_ N 41 o’ _
Ql + Z Z 8! _Hjarlj@j_s_l, (483&)
7j=1 s=0
_ -~ N G-l o’ U
QT L —|— Z g e_ﬁjarrj,qj_s_l. (4.83b)
7j=1 5=0

4.2.4 Symmetry relations in the antisymmetric case

Let us now discuss the simplifications in deriving the Marchenko integral equations in the anti-
symmetric case. As we have seen in Sec. [2.5] in this case the spectrum of the Hamiltonian H
is symmetric with respect to the real line, i.e., we have N N (same number of poles in C¥),
Rj=FRj,and ¢j=¢q; (j=1,...,N). Moreover [cf. Sec. ,

T =T, T, =T.0)", (4.84a)
R(\) = —R(\)*, L(\) =—L\)%, (4.84b)
R(a) = —R(a), L(a) =— L(a)*. (4.84c)
Thus in the absence of bound states we have the symmetry relations
a) = —U(a),  Dyla) =~ ()", (4.85)

for the Marchenko integral kernels. In this subsection we show, with the help Sec. [B.3| of
Appendix B, that these symmetry relations remain true if there are bound states [cf. egs. ]
In the case of simple poles of the transmission coefficients these symmetry relations have been
derived before in 2| [3] on the basis of their treatment of the norming constant matrices. In their
proof residues of reflection coefficients are employed, which greatly restricts the class of potentials
that can be treated. Our treatment of the norming constant matrices necessitates a profound
study of the symmetry relations of various quantities in Appendix B.

Using (4.56)), (4.57)), (4.61), and we easily derive the following symmetry relations for
the Laurent expansion coefficients of Tj(\) and T,.(\) in ik;:

7:ljs = (les)*7 7-rjs = (Trjs)*7 (486)
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where j = 1,...,N and s = 0,1,...,¢; — 1. According to (4.85) and (4.86)), eqs. (4.85) are

equivalent to the equalities

Lijo = —Tije)"s Trjo =—(Trje)", (4.87)
where j =1,...,N and s =0,1,...,¢; — 1. In Sec. We shall prove (4.87)) if the poles of the
transmission coefficients are simple.
4.3 The characterization problem

The characterization problem can be described as follow: Give necessary and sufficient conditions

for a matrix
a(k) b(k)
c(k) d(k)
to be the scattering matriz of a potential V(x) € L'(R). More precisely, if we specify when the

diagram below is such that the correspondence between the data within the boxes is 1,1, we
arrive at the so-called characterization of the scattering data.

direct scattering problem R(k) or L(k)

k(z), ¢(x) € L! plus
bound state data

inverse scattering problem

In the case of the Schrodinger equation the characterization problem for the so-called Faddeev
class potentials (i.e., the real potentials V(z) such that [* da (1 + |z[)|V(z)] < co) has been
resolved in [75, [77] (also [7]). As far as we know, no solution of the characterization problem for
the matrix Zakharov-Shabat system has been published. In the symmetric case on the half-line
Melik-Adamjan [76] has given a complete characterization of the Jost solution as scattering data
to retrieve an L'-potential, but his proof only implies that the tail of the potential is in L'. In
this section we present the most general characterization result in the symmetric case (where
there are no bound states) and in the antisymmetric case without bound states.

4.3.1 Symmetric case

In the symmetric case the characterization problem can be solved in a particularly elementary
way. In fact, in this case the potentials are linked by ¢(z) = k(z)* and there are no bound states.
We then have ) )

Q(a) = R(a),  Q(a) = L(a),

which are related to the reflection coefficients by eqs. (4.24al)-(4.24b)):

RO\ = / ™ da Rla)e e, (4.882)
o
L) = /_ do L(a)e . (4.88D)
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In the following diagram we indicate the 1, 1-correspondence between selfadjoint potentials
with entries in L'(R) and the scattering data.

R(\) = fj;o do R(a)e—ika
direct problem SHEOZ\DER HRA()‘)H <1
o) =k@)"| ——— S da|[R(@)] < o0,
inverse problem o0
OR : { supye LV <1
[ da||L(o)] < oo.

Indeed, let the potentials satisfy k(x) = ¢(z)* and have their entries in L*(R). Then R(\)
and L(\) have their entries in the Wiener algebra W (cf. Theorem and egs. and
(3.63)) and hence can be represented by (4.88), where the entries of R(a) and L(a) belong to
LY(R). Moreover, since the scattering matrix S()) is unitary and the transmission coefficients
are nonsingular and depend continuously on A € R, we have as a result of

sup |[R(N)| < 1, sup [[LN)| < 1. (4.89)
AR AER
On the other hand, if the reflection coefficients satisfy (4.88]) with

[ da (1@ + IE@)]) <, (4.90)

—0o0

as well as , then the Marchenko integral equations and are uniquely solvable
for any « > 0, while the equations and are uniquely solvable for any x < 0 (see
Theorems . Further, the potentials defined in terms of their solutions by and have
their entries in L'(R) (see Theorem [4.6)).

The scattering data consist of just one reflection coefficient, while the other reflection coeffi-
cient is to be computed in the process. In fact, given R € W™ gatisfying the first of ,
L(\) is to be evaluated from the unitarity of the scattering matrix

(T RO
S(A)‘(Llu) Trm)’ AER,

where L € W™*™ T} is an invertible element of W}™" with T;(+00) = I,,, and T, is an invertible
element of W™ with T,(+00) = I,. Indeed, using unitarity we first determine the unique
matrix functions 7;(\) and T}.()) such that 7j is an invertible element of W1 " with Tj(+00) = I,
T, is an invertible element of W™ with T, (+o00) = I, and (3.106) and (3.107) are satisfied.
These factorization problems have a unique solution, as a result of Theorem We then define
L(X) by (3.108). On the other hand, given L € W™*™ satisfying the second of ([4.89)), we first
determine the unique matrix functions 7;(A) and T).(\) such that 7} is an invertible element of
W™ with Tj(+o00) = I, T, is an invertible element of W™ with T}.(£00) = I,, and the two
equations @ are satisfied. These factorization problems again have a unique solution. We
then define [cf. (3.105)]

RO\ = -TNLW LA AeR

We then derive a uniquely solvable Marchenko integral equation and hence a unique potential.

79



4.3.2 Antisymmetric case

If bound states are present, the characterization problem in the antisymmetric case is more
complicated than in the symmetric case and hence we do not study this general situation. On
the other hand, when there are no bound states, the characterization problem can be solved as in
the symmetric case. In this situation the potentials are linked by ¢(x) = —k(z)*. We then have

A~

Y(a) = Ra),  Q(a) = L(a),

which are related to the reflection coefficients by eqgs. (4.24al)-(4.24b)):

R(\) = /+OO da R(a)e™, (4.91a)
- |
L) = /_ do L(a)e=. (4.91D)

In the following diagram we indicate the 1, 1-correspondence between selfadjoint potentials
with entries in L!(R) and the scattering data.

R(\) = [T da R(a)e™

72 da IIi?(a)II < 00,

-— _ 00 T —ia
OR . {L()\) = [T da L(a)e

inverse problem T -
f_oooo da||L(a)| < oo.

0(z) = —k(z)* direct problem {

—
in L!

without bound states

Indeed, let the potentials satisfy k(x) = —¢(z)* and have their entries in L'(R). Then R(\)
and L(\) have their entries in the Wiener algebra W (cf. Theorem and eqs. (3.60) and
(3.63)) and hence can be represented by (4.88), where the entries of R(a) and L(a) belong to
L'(R). On the other hand, if the reflection coefficients satisfy with

oo
| da (IR@] + 1E@)) < . (4.92)
—0o
then the Marchenko integral equations and are uniquely solvable for any x > 0,
while the equations and are uniquely solvable for any z < 0 (see Theorems .
Further, the potentials defined in terms of their solutions by and have their entries in
L*(R) (see Theorem [4.6)).

The scattering data consist of just one reflection coefficient, while the other reflection coeffi-
cient is to be computed in the process. In fact, given R € W™*™ L()\) is to be evaluated from
the J-unitarity of the scattering matrix

Ty RO
SW:(LZW w))’ .

where L € W™ T} is an invertible element of W™ with T;(+o00) = I,,, and T, is an invertible
element of W™ with T,.(£00) = Ip,. Indeed, using J-unitarity we first determine the unique
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matrix functions 7;(\) and T;.()) such that 7j is an invertible element of W™ with Tj(+00) = I,
T, is an invertible element of W™ with T}.(+00) = I,,, and the two equations are valid.
These factorization problems have a unique solution (cf. Theorem [3.18)). We then define L())
by . On the other hand, given L € W™*"_ we first determine the unique matrix functions
T;(A\) and T,(X) such that T; is an invertible element of W™ with Tj(+o0) = I, T, is an
invertible element of W™ with T;(+00) = I, and the two equations (3.96) are satisfied.

These factorization problems again have a unique solution. We then define [cf. (3.97)]

R\ =TiINLW LN, AeR

We then derive a uniquely solvable Marchenko integral equation and hence a unique potential.
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Chapter 5

Nonlinear Schrodinger Equations and
Applications to Fiber Optics

In this chapter we give a brief exposition of fiber optics transmission and discuss the inverse
scattering transform method for solving the matrix nonlinear Schréodinger equation. In Sec.
after a discussion of group velocity dispersion and nonlinearity effects, we introduce the nonlinear
Schrédinger equation. We then go on to discuss a generalization to account for polarization effects.
In Sec. we discuss (bright and dark) solitons and their interactions. In Sec. we find the
Lax pair of operators determining the inverse scattering transform method for solving the matrix
nonlinear Schrodinger equation. In Sec. we derive the time evolution of the integral kernels
of the Marchenko integral equations.

5.1 Basic facts on fiber optics transmission

Compared to the information carriers of radio transmissions, lightwaves have a much shorter
wavelength and can therefore in principle carry information much more efficiently than radio
waves. In fact, lightwaves can carry hundreds of thousands of times more information in unit time
than radio waves. Furthermore, in suitable transparent materials a lightwave can propagate over
tens or even hundreds of kilometers before facing a serious problem of energy loss. Since a strictly
monochromatic lightwave has no information content (except for its frequency, amplitude, and
phase), a lightwave has to be modulated to carry information efficiently. A modulated lightwave
may be expressed in the following way

E(z,t) = Re |E(z, t)e!Foz=wot) | (5.1)

where t is time, F(z,t) is the modulation amplitude, or modulation, of the electric field E(z,t),
and wg and kg are, respectively, the frequency and wave number of the unmodulated lightwave.
Contrary to the case of strictly monochromatic light, the modulation depends on the spatial
coordinate z along the fiber.

At z = 0 where the fiber begins, the information content of the modulated lightwave depends
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on the width of its Fourier spectrum, i.e., on the size of the support of the function
E(z,Q) = / E(z,t)e™" dt (5.2)
—00

at z = 0. Even if we succeed in eliminating signal loss on transmission along the fiber (for
example, by using optical amplifiers), there are nevertheless two unavoidable limitations that do
not allow one to have perfect transmission, namely group velocity dispersion and nonlinearity of
the fiber. We shall discuss these two phenomena separately.

1. Group velocity and group velocity dispersion. In a dispersive medium the angular
frequency w depends on the wave number k in a nonlinear way, by means of the so-called dis-
persion relation. The group velocity of a wavepacket is the velocity with which the variations
in the shape of the wavepacket’s amplitude propagate through space. The group velocity v, is

defined by the equation
ow 1
U9 =58 W (5.3)

where w is the angular frequency and k is the wave number. Group velocity is to be distinguished
from the phase velocities

vp(k) = —— (5.4)

of the single components of the wavepacket. Electromagnetic waves in a material such as an
optical fiber and waves along the surface of a fluid are major examples of wave motion in a
dispersive medium.

Group velocity dispersion originates from the slightly different velocities with which the var-
ious frequency components E(z,)) of E(z,t) propagate along the fiber. In a dispersive medium
such as an optical fiber the dielectric constant € depends on the frequency w. As a result, different
components of a wavepacket travel with different speeds and tend to change phase with respect
to one another. Thus, in a dispersive medium the energy flows at a speed that may greatly
differ from the phase velocity (w/k) = (¢/n), where k is the wavenumber, ¢ the speed of light in
vacuum, and n the index of refraction of the medium. Considering two frequencies, w; and we,
in a wavepacket, the relative delay Atp of arrival time at the distance z is given by the so-called
group delay

AtD ~ k:"(wl — wg)z, (5.5)

where k" is the derivative of the reciprocal group velocity &’ with respect to the frequency w, i.e.,

k” def 87” _ _i% _ _(k/)28(1/k/) _ —1 62("}. (56)
Ow v2 Ow Ow (Ow/0k)? Ok?
Group velocity dispersion becomes a more serious problem as the frequency difference w; — wo
increases.
We recall that, anomolous dispersion occurs if k” < 0, and normal dispersion if k¥ > 0. Here
we observe that k” and ‘327‘5 have opposite signs.
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2. Nonlinearity effects. The refractive index of a material such as an optical fiber may
change under the influence of an electric field, which can be either externally applied or be
generated by a lightbeam travelling along the fiber. This phenomenon is known as the optical
Kerr effect. Especially the dependence of the refractive index on the electric field generated by a
lightbeam travelling along the fiber is a major contributor to information loss in the propagation
along the fiber.

When an electric field is applied, the dielectric material polarizes and a polarization current
is induced. The effect of polarization is expressed in the following way

D=eE+P,
where ¢ is the dielectric constant of the vacuum and P is the polarization vector given by
P = —ené(E),

e being the absolute value of the electron charge, n the density of the electrons which contribute
to the polarization and & represents the displacement of electron position in a dielectric molecule
induced by the electric field E defined in (5.1). The index of refraction n is given by the phe-
nomenological relation
|2

n=mng+ n2|2|, (5.7)
where ng is the refractive index in the absence of an electric field and ns is the so-called Kerr
coefficient. Thus the Kerr effect induces the nonlinear phase shift (or self phase modulation)

mzng|E|?
—

For most materials used in fiber optics the Kerr coefficient ny is comparatively small (about
10720 m2W =1 for typical glasses).

_ Y T2, —
A¢n = o na| Bl (5.8)

3. Nonlinear Schrédinger equation. If we take into account group velocity dispersion
and the Kerr effect to describe the evolution of E in the direction z of propagation of information
(i.e., along the fiber), we arrive at a so-called master equation. This equation, first derived by
Hasegawa and Tappert in 1973 in [62], has the form

3E k” OQE won2
"9: T 2o "o
Here 7 = t — k’z is a time variable in which the effect of group velocity dispersion has been
subtracted. Further, k” is defined by (5.6)), wo is the carrier angular frequency, ns is the Kerr
coefficient, and c is the light speed in vacuum. In applications, where anomolous dispersion
prevails, k" is almost always negative.
By rescaling the physical quantities E, z, and 7" in the master equation we arrive at the
nonlinear Schrodinger equation

|E|?E = 0. (5.9)

dq i 0%q

85



It is well-known that eq. can also be derived starting from the Maxwell equations (see, for
example, Hasegawa in Chapter 1 of [89]).

The nonlinear Schrédinger equation pertains to an idealized situation, where there are
no amplifiers, there is no loss beyond group velocity dispersion, and the (negative) fiber dispersion
k" does not depend on Z. Letting G(Z) be the amplifier gain, " the loss rate over the distance
20, and letting k” depend on Z, we have the more general equation

: 2
g; = ;d(Z)gT%—FﬂqPq—F[G(Z)—F]q. (5.11)

4. Generalizations of the nonlinear Schrédinger equation. The nonlinear change in
the index of refraction of a medium in which an electromagnetic wave is propagating, may cancel
the diffraction divergence and lead to waveguide propagation of the radiation. The theory of
such phenomena in two dimensional geometry has been developed by Zakharov and Shabat [94]
for waves having the same polarization everywhere. Manakov [73] generalized the method used
in [94] to the case of waves of arbitrary polarization

Following Chandrasekhar [33], we introduce a plane of reference passing through the direction
of propagation of the electromagnetic wave and two unit vectors, ¢; parallel and ¢, perpendicular
to this plane, such that ¢. x ¢ points in the direction of propagation. Let us write the electric
field vector E as a sum of right- and left- hand polarized wave:

E = E\é, + Eya.

Using the orthogonality of ¢, and ¢, we obtain the following system of equations for £ and Fo:

0E, O%’E
287751 + 8.7321 + k (|E1’2 + ’EQ’Q) E1 =0, (5.12)
OBy  O°E
i+ Sk (1B + Bf) By = o, (5.13)

which represent a generalization of (5.10)). In fact, equation ([5.10) is obtainable from egs. (5.12)
and (5.13)) by substituting Fo = 0.

5.2 Soliton solutions

Hasegawa and Tappert [62] were the first to show theoretically that an optical pulse in a dielectric
fiber forms a solitary wave based on the fact that the wave envelope satisfies the nonlinear
Schrodinger equation (5.10). However, at the time, the technology was not ready to support
this important intuition. In fact, neither a dielectric fiber with small signal loss existed nor the
dispersion properties of the fiber were known. Consequently, it was necessary to consider the case
of normal dispersion where the group dispersion, &”, is positive, i.e, when the coefficient of the
first term on the right-hand side in eq. is negative, because, in this case, a solitary wave
appears as the absence of a light wave (a so-called dark soliton) [63]. In the preceding sections of
this chapter, we have already discussed the solution of the nonlinear Schrédinger equation by the
inverse scattering method. According to this theory, the properties of the envelope soliton of the
NLS equation can be described by the complex eigenvalues of the Hamiltonian H = —i.J % —V(x),
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where the potential V() specifies the initial envelope wave form. Because of this, the solitary
wave solution proposed by Hasegawa and Tappert is called a soliton. Seven years after the
prediction by Hasegawa and Tappert, Mollenauer et al. [78] succeeded for the first time in the
generation and transmission of optical solitons in a fiber, thus confirming experimentally the
Hasegawa-Tappert predication.

In this section we introduce the concept of soliton from the physical point of view. We divide
the treatment in two subsections: the first of these is devoted to the so-called bright solitons
which appear as solutions of eq. when £” is negative (anomolous dispersion), the second
to the dark solitons which occur when k" > 0 (normal dispersion).

5.2.1 Bright solitons

Let us recall the nonlinear Schrodinger equation

;92
% = %% +ilgl*q,
x
where, with respect to eq. , we have made the change of variables t = Z and x = T. This
equation can be solved by the inverse scattering transform, where the corresponding eigenvalue
equation Hy = A is the Zakharov-Shabat system. For the sake of simplicity, we consider the
antisymmetric case (with n = m = 1), where the eigenvalue equation is given by

.0
—z% — k(2)hs = My, (5.14a)
0
i2%2 | (@) o1 = M. (5.14b)
ox
If we write the eigenvalue of this equation as
B+iA
\ = ZZ , (5.15)

the one-soliton solutions have the following form (cf. (6.68]))
1Bz o—i(A?—B?)t ;iC1

Kz, t) = iAcosh(A[a: —2Bt] + Cy)’

(5.16)

Equation implies that the absolute value of k(z,t) has the form ¢(z — 2Bt) and hence
represents a travelling wave with velocity 2B. In particular, if B = 0, the absolute value of k(x, t)
no longer depends on t. On the other hand, the argument of k(x,t) is a linear function of = and ¢
(in fact, arg k(z,t) = Bx — (A% — B?)t+C if £A > 0, and arg k(z,t) = Bz — (A2 -~ Bt +Cy +7
if £A4 < 0), which only depends on t if B = 0 and only depends on z if A = £B. For B # 0
we have argk(z,t) = (z — ((A%2 — B?)/B)t), which represents a travelling wave with velocity
(A2 — B%)/B. 1t is remarkable that, contrary to the case of the Korteweg-de Vries equation
[47, 48], the speed of the soliton is not proportional to its amplitude.

We have plotted |k(z,t)| and argk(z,t) as functions of = for four different values of ¢ using
MatLab Version 6.5, thus illustrating the travelling wave behaviour of these functions (with
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possibly different, zero or nonzero, wavespeeds). In these plots we have represented |k(z,t)| and
arg k(x,t) for ¢ = 0 (red solid curve), t = 1 (green dashed curve), ¢t = 2 (red dashed curve), and
t = 3 (green solid curve). When either |k(x,t)| or arg k(z,t) does not depend on ¢, the plot shows
just one green solid curve. In Fig. we have plotted these functions for a case where B = 0,
i.e., where |k(z,t)| only depends on z and arg k(x,t) only depends on ¢. Next, in Fig. [5.2] we have

7N\
/o \
/ \

Figure 5.1: |k(z,t)| as a function of x for any t and argk(z,t) as a function of x € [-5,5] for
t=0,1,2,3for A=1, B=0,C; =m, and Cy = 0.

considered a case where A = B > 0, i.e., where arg k(z,t) only depends on z. Finally, in Fig. [5.3

03[ \ \ 4
/ \

Figure 5.2: |k(z,t)| as a function of = € [—5,10] and argk(z,t) as a function of x € [—5,5] for
t=0,1,2,3for A=B=1,Cy =, and Cy = 0.

we have dealt with the most general case where neither B = 0 nor A = +B. It is important to
note that the amplitude A and speed 2B of the soliton are characterized by the imaginary and
real parts of the eigenvalues A in (|5.15]).

5.2.2 Dark solitons

In the wavelength range shorter than the zero group dispersion point where &” = 0, soliton
solutions no longer exist. In fact, there exist so-called dark soliton solutions which do not decay
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Figure 5.3: |k(x,t)| as a function of x € [—5,10] and arg k(z,t) as a function of = € [—5,5] for
t=0,1,2,3for A=2,B=1,C; =7, and Cy = 0.

as x — Foo for fixed t.
For k” > 0 eq. (5.10) can be rewritten by using a new distance normalization, zo = t2/k” as

8q o ) 82(] 2
87 = —Qw —l—z]q\ q. (517)

In the preceding equation, ¢ is the same rescaled quantity which appear in (5.10)), while Z is the
distance normalized by zg. Now using variables x and t instead of T and Z, respectively, we have

dq i % .

Dark solitons are solutions of the preceding equation which, as the bright solitons, have the
property that they propagate without change of shape. Contrary to bright solitons, dark solutions
do not vanish exponentially as x — oo for fixed ¢, but rather oscillate as x — doo for fixed
t. In order to obtain the expression of the dark soliton solution, we follow the treatment of [61),
Sections 4.7 and 5.4] and [89, Chapter 1]. Since we are looking for a localized solution ¢ of eq.

(5.18) that it is stationary in ¢ (i.e., is a stationary shape of the packet), we ensure that the
solution will be single-humped by imposing the following conditions:

1. |q|? is bounded below by ps > —oco and above by pp < +00;

2 2
2. |g|? has a global minimum at p; where aalgg > 0;
3. pp is the limit of |q|? as z — Fo0.
In order to evaluate this solution, we introduce two real variables, p = |q(x,t)|?> and o =

arg(q(z,t)), i.e.,

a(,t) = plw,1)? 7).
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Substituting this expression in eq. (5.18) (and dividing the real part to the imaginary part), we
find after straightforward but long calculations

p=npo[l— a? sech?(\/po az)] (5.19a)
2113 a po(3 — a®)
o= [po(1 —a*)]? z + arctan ﬁ tanh(y/po ax)| — ft, (5.19b)
1—a*)2

where py denotes the asymptotic value of p and a? = 2<£0 po < 1. Unlike a bright soliton, a dark
soliton has an additional new parameter, a, which de&gnates the depth of modulation. We also
note that at © — 400, the phase of ¢ changes. The expression for a dark soliton simplifies when
a = 1: in this case the solution does not depend on ¢ and reads

q(z,t) = /p tanh(\/pz).

Dark solitons were observed for the first time experimentally in fibers by Emplit et al. [44]
and Krokel et al. [70] by transmitting a lightwave along a fiber under the normal dispersion.

5.2.3 Soliton interactions

In a communication system, it is desirable to launch the pulses close to each other as to increase
the information carrying capacity of the fiber. But the overlap of the closely spaced solitons
can lead to mutual interactions and therefore to serious performance degradation of the soliton
transmission system.

By numerical investigation Chu and Desem [34] have shown that soliton interaction can lead
to a significant reduction in the transmission rate by as much as a factor of ten. On the other
hand, Blow and Doran [26] found that the inclusion of fiber loss results in a drastic increase
in soliton interactions. In order to reduce soliton interactions, various ideas has been proposed.
For example, Chu and Desem [35] suggest using Gaussian shaped pulses. In this case, the
interactions are reduced because of its steep slope but this is achieved at the expense of creating
larger oscillatory tails. A more realistic way of reducing the interactions is to launch adjacent
pulses with unequal amplitudes [30, [37], thus effectively maintaining their initial pulse separation.

Soliton interactions are described by two-soliton solutions of the NLS equation. We have
already seen that the eigenvalues of eq. are related to the amplitudes (through the imagi-
nary part of \) and the velocities (through the real part of \) of the solitons. If the real parts,
A, of the eigenvalues are equal, the solitons are said to form a bound state. This means that the
solitons undergo periodic oscillations in shape, which are determined by the imaginary part of
the eigenvalues (B). However, if the values of A are different, they no longer form a bound state
and the two-soliton solutions break up into diverging solitons as t — +oo.

5.3 IST for the nonlinear Schrodinger equation

In this section we change the terminology used in this chapter till now. In fact, we choose the
variables in such a way that the variable that until now is denoted by Z will be indicated by ¢
and the variable T by .
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The inverse scattering transform has been developed to solve the Korteweg-de Vries equation
using the direct and inverse scattering theory of the Schrodinger equation in a series of seminal
papers by Gardner, Greene, Kruskal, and Miura [47, 48]. The method was soon employed to
solve the nonlinear Schrédinger equation using the direct and inverse scattering theory of the
Zakharov-Shabat system [94]. Within a few years various nonlinear evolution equations came to
the fore which could be solved using the direct and inverse scattering theory of a linear partial
differential equation [2, 4]. Lax [72] realized that the inverse scattering transform is based on
the interplay of two, generally unbounded but closed and densely defined, linear operators H
and B on the same complex Hilbert space, forming the so-called Laz pair (H,B), where H is a
time dependent Hamiltonian operator and B is a time independent operator generating a unitary
group {U (t) }+er, satisfying the time evolution equation

H, = BH — HB. (5.20)
Using that Uy = BU = UB and U(t = 0) is the identity operator, we see that

% (U(=t)HU(t)) = —U(—t)BHU () + U(—t)[BH — HB|U(¢) + U(—t) HBU(t) = 0.

Consequently,
H(t)=U({t)H(t =0)U(-t), (5.21)

which implies that the spectrum of H(t) does not depend on ¢, which is generally known as the
isospectrality property. In the case of the Korteweg-de Vries equation we have H = —(d?/dz?)+u
and B = —4(d®/dx3) + 3u(d/dx) + 3(d/dz)u, both defined on the Hilbert space L%(R).

Let us now find a Lax pair for the matrix Zakharov-Shabat system

—iJaaxX(J:, A) = V(e)X(z,A) = AX (z,N), z € R, (5.22)

where A is a spectral parameter, X (z,\) is a square matrix function of order n + m, J =
diag(I,, —I,), and
0 k(z) >
Viz)=1{( /=0 5.23
@ =G o (5.23)

has its entries in L'(R). We now seek a pair (H, B) consisting of the Hamiltonian operator

d
H=—iJ— —V(x,t
¢ dq; (x7 )

(B B
B_<53 ﬁ4>’

where (31 is an n x n differential operator in z, (B2 is an n x m differential operator in z, B3 is
an m x n differential operator in x, and (4 is an m x m differential operator in z. The Lax pair
must satisfy the operator differential equation

and the spectral evolution operator

H, = BH — HB, (5.24)
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where the t-dependence of H is confined to the potential term.

Applying (5.24) we obtain

i <ﬂ 4y, ) kB — fal = 0, (5.25)
i (ﬁ dd dd ) +kBy — Prk = —ky, (5.26)
) d d

-1 <ﬁ3d I — s ) + 401 — Bal = — Ly, (5.27)
v (@de - (il’ﬂ4> + {032 — B3k = 0. (5.28)

Now assume that (31, 02, 83, 84 are second order linear differential operators in z whose matrix
coefficients B,; (p =1,2,3,4, j =0,1,2) depend on x:

d d2
ﬂ ﬂpO + /Bpl + ﬂp2 (529)

Then, following [43] Sec. 6.1], we obtain the four operator identities

[i(B10)a + kB30 — a0l — Borls — Booley)

F[i(B)e + ks — Bl — 2ali]
2
+ [i(B12)z + kB32 — B2l % =0, (5.30)

[i(B20)a + kBao — Brok — Piiks — Bi2kea)

+ [i(B21)e + kBar — Brik — 2812k, + 20320 di
2 3
+ [i(B22)x + kBaz — Pr2k + 22ﬁ21] d 5+ 2100 d = —ky, (5.31)

[—i(B30) + £B10 — Baol — Barly — 542&:9:]

+ [—i(B31)x + €611 — Barl — 2B42l, — 2130 di
2 3
+ [—i(B32)x + P12 — Pazl — 2iF31] % - 22’532% = 4, (5.32)

[—1(B40)a + £B20 — Paok — P31k — B32kzs]
+ [—i(Bar)x + €021 — P31k — 2032k, ] 4

dx
2

+ [—i(B12)z + 22 — B32k] dd 5 = 0. (5.33)

Clearly, the coefficients of d/dz, d?/dx? and d3/dz? in (5.30)-(5.33]) should vanish. If the coeffi-
cients of d®/dz3 vanish, we get

B2z = (32 =0,
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which we substitute in (5.30)-(5.33). If the coefficients of d?/dx? vanish, we get

(B12)z = 0,
kBa2 — P12k + 2if21 = 0,
(B2 — Pazl — 2if31 = 0,
(B12)z = 0,

which means that 315 and (49 are constant matrices satisfying the relations
1
P21 = 27.[512]? — k2], (5.34)
1
P31 = Z[fﬂm — Ba2?]. (5.35)

If the coefficients of d/dx vanish, we get

i(B11)z + kB31 — a1l = 0, ( )

i(Ba1)z + kBa1 — P11k — 2012ks + 2iB20 = 0, (5.37)
—i(B31)x + €011 — Barl — 2842l — 2iB30 = 0, ( )
—i(B41)z + £B21 — Ba1k = 0. (5.39)

Substituting (5.34)) and (5.35)) into (5.36) and (5.37) we get

(Bur)e = 3 KEro — Prob], (5.40)

(Bar)z = %Wfﬁu — Baolk]. (5.41)

In the case n = m = 1 (Zakharov-Shabat system) kl and [k are scalar functions and hence ;1
and (41 are scalar constants. In the case n = 1 and m = 2 (Manakov system) we can only
conclude that (311 is a scalar constant.

Finally, equating the coefficients of the terms not containing a factor d/dx or a factor d?/dz?
we get

i(810)x + kB30 — Baol — Parly = 0, (5.42)

i(B20)z + kB0 — Brok — Briks — Br2kzz = —kt, (5.43)
—i(B30)z + €610 — Baol — Barly — Bazlys = —Ly, (5.44)
—i(Ba0)x + £B20 — Baok — Bs1ks = 0. (5.45)

For general n, m we now assume that 817 and (41 are constant matrices. We already know
that (29 = Opxm and B33 = 0,,x, and that (1o and (349 are constant matrices. Thus (319 is
a constant n X n matrix commuting with k¢ [See @D] and (40 is a constant m X m matrix
commuting with ¢k [See (5.41)]. Using (5.34) in (5.37) and (5.35) in (5.38) we obtain

ko = 5 (Bfhoke + kabin) + (Buuk — Kfn), (5.46)

210830 = _%(€x512 + 3Ba2ls) + (P11 — Burl), (5.47)
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respectively. With the help of (5.22))-(5.35)) and (5.42)-(5.43) we get from ([5.47))

2fr0)e = 5 (KBl — > prs(k0)a, (5.48)

where we assume that 417, commutes with k¢ and (12 commutes with £¢,, and

2Bio)e = 5 ({Brsk)e — 2 ua(TR)a, (5.49)

where we assume that (341 commutes with £k and (49 commutes with £k,. For n = m = 1 these
assumptions are always satisfied. Thus there exist constant matrices v; and 4 such that

1 3

2010 + 5kBa2l + 5 12kl = 271, (5.50)
1 3

2010 + SlP12k + 5 Bazlk = 24, (5.51)

where we recall that $12 commutes with k¢ and (42 commutes with ¢k. Substituting ([5.50))-(5.51))
into (5.44) and using ([5.46) we obtain

1 1
b = 4 (Brolkae — 2k0k] = [kaw — 25CK]Baz) + o (Buike + kaBa1) + (M — hya)- (5.52)
On the other hand, substituting (5.50)-(5.51)) into (5.43)) and using ([5.46)) we obtain
1 1
Zt = *Z(wxaz - 2€k€]ﬂ12 - /342 [EI:E - 26[456]) + §(€xﬂll + ﬂ41£x) - (E’}/l - 74€) (553)

We have thus derived the coupled system — of nonlinear evolution equations, where
the elements of the constant matrices (12, 842, B11, B41, 71, and 4 are parameters.

Let us assume /(x) = k(x)* (symmetric case) or ¢(x) = —k(x)* (antisymmetric case). In
order to convert the coupled system — in two uncoupled equations, one the adjoint
of the other, we must assume 7y = —f12, Bjy = —ba2, 81 = P, B = B, 71 = M, and
i = —74 to obtain as the adjoint of . Writing (19 = i012, Baz = 1842, 71 = 171, and
Y4 = 174, Where Blg, B42, ¥1 and 44 are constant hermitian matrices, we obtain

I D . o
ik = Z(—ﬂu[k‘m F 2kE*K] + [kuo F 2kK"K]B42)
1. - -
+ 51(511/% + kyfa1) + (=1 k + kAs). (5.54)

Here we shguld take notice of the anciliary co~nstraints that £11 commutes with kk*, 841 commutes
with k*k, B12 commutes with k(kx)f, and (40 commutes with k*k,. Taking 611 = 91 = Onxn,
Ba1 = Y4 = Omxm, B12 = —21I,, and 4o = 21,,, we obtain from ([5.54) the usual mNLS equation

ikt = ko F 2kk"E, | (5.55)

where the plus sign refers to the antisymmetric case and the minus sign to the symmetric case. In
the literature the symmetric case is often called defocussing and the antisymmetric case focussing.
Summarizing (and without using any of the symmetry relations ¢ = +k*) we now make the
following special choice of 3,4:
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Bpg | P=1 p=2 p=3 p=4
G=0]| ikl  —kn  —, —ilk
qg=11| Opxn —2k =20 Omxm
q=2| =2, Opxm Omxn 2il,

For this special choice we have for the isospectrality generator

2
ike— 20 g o
B = dx? d
B d d%
IV R 2%
. gdm ik + ldxz

5.4 Time evolution of the scattering data

In this section we discuss the time evolution of the scattering data. To do so rigorously, we should
in principle employ wave operators W= (e.g., [64]) defined by

: itH  —it H
W:l:d) = tl}imoo elt (& i 0¢7 ¢ E Hn+m,

prove the existence of the limit appearing in their definition, and derive their main properties.
Instead, we follow a semi-rigorous approach (as, for instance, in [4, 43] 1, [3]) to describe the time
evolution of the scattering data.

Let us now derive the evolution of the Jost solutions and scattering coefficients if the initial
potential V' (x,0) is replaced by V (z,t), where

vien = (% o)

and k and /¢ satisfy the coupled system of nonlinear evolution equations (5.52)) and (5.53)). Let us
first discuss the asymptotics of the isospectrality operator B as x — +oo. Taking into account
that k and ¢ tend to 0 as * — oo we find

L2
B = 2 Owem) _ g, &
T\ Onxn 2igs dz?’

Put Uy (t) = eB><. Then for each Sobolev index s € R we have the commutative diagram

s Uss (t) s
n+m n+m
7| |7
2.5 28
Ln+m (R) 20620 Ln+m (R)7

so that {Uso(t) }ter is a strongly continuous group of unitary operators on each of the Sobolev
spaces ‘H;, . Formally applying Us(t) to e for some vector 77 and using the linear operators
in the above diagram we get

oo (m)2E 2it€? 5 A)ie oml/2F-1 . ~
Uoo(t)eM‘]xﬁ G (:-21‘15525((2—’__ ;)nﬁdn —>( ) eQZt)‘2JeZ>‘Jm77. (5.56)
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Using HFj(-,\) = AFi(-, A), HE,.(,A) = AF.(-,\), and U(t)H = H(t)U(t) we obtain

H@)(U(t)Fy)(x, A)
H(t)(U(t)Fr)(x, A)

AU E)(, A),
AU E,) (2, N).

Hence, apart from a right factor €22t U(¢)Fy(-, \) and U(t)F,(-, \) are the left and right Jost

solutions of the matrix Zakharov-Shabat system with potential V(x,t). In other words,
UMF)A) = VR, 2), 2= oo, (5.57)
(UBF,) (2, ) = MY E (2,)), 1 — —oo, (5.58)

where we compare a solution of the matrix Zakharov-Shabat system with potential V' (z,t) to one

with potential V(z) as © — 400 (in (5.57)) and as x — —oo (in (5.58)). Recalling eqgs. (3.1al),
(3.1bf), (3.4a)), and (3.4b)) we easily obtain

. 2
67)\]1‘622>\ tJ7 x — +00,

. 2
e“‘]‘”al()\;t)e%\ tJ’ x — —00,

(U®)Fi) (2, A) ~ {

and ,
621)\ tJez)\Jae7 x — 400,

et Fy(w, \) ~ {BQiAQtJeiAJxal()\)’ T — 00,
Now, using eq. , we find

eziAQtJal()\) = ay(\; t)e2i)\2tJ. (5.59)
Proceeding in a similar way, but starting from the relation (5.58)), we get

€2i)\2tJar()\) = ar(\; t)e2i>\2tJ. (5.60)

Using eqgs. (5.59) and (5.60)), we can immediately write down the following set of relations

an(\) = an(Ait),  ap(hit) = ™ ap(N), (5.61a)
art(N) = ari(Ast),  ara(Ait) = e a5 (N), (5.61b)
a(N) = au(Ast),  a(ht) = e N ag(N), (5.61c)
ara(N) = ara(Nit),  ars(Nit) = e 4V q,5(0), (5.61d)
which imply
Ti(Ast) =Ti(N),  Ti(ht) =Ti(N),
T:(Nt) =T(N), Tr(Xst) =T (N), (5.62)
and
R\ 1) =™ R(N),  R(\t) =e RN,
LAt) = e L)), L(At) = "V T(N). (5.63)
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The IST to solve the matrix nonlinear Schrodinger equation is now described by the following

diagram:
direct scattering problem
k‘( O) with potential k(z,0) R()\), Kj, Pj
X .
’ forj=1,...,N
time evolution of
J NLS scattering data J{
S 92 42
k(x,t) ePNTR(N), kg, e VT
inverse scattering problem

with time evolved scattering data

5.5 Time evolution of Marchenko integral kernels

In this section we derive a linear PDE for the Marchenko integral kernel €2 and explicitly determine
the convolution integral operator mapping Q(«;0) into Q(a;t).
In the absence of bound states the time evolution of the scattering data amounts to

R(\) — "R,

where the reflection coefficient R(\) can be written as the Fourier integral (4.24a) and hence

+oo

R(a) 1/ AP R(N).

Using the Theorem of Dominated Convergence it is clear that R has the time evolution
R+ 4i0>R =0, (5.64)

provided [* dA(1+ A?)|R(A)| < oo. Since R = Q is the Marchenko integral kernel, we can use
Q) as scattering data and arrive at the following diagram:

direct scattering problem
with potential k(z,0)

k(z,0) Q(a; 0)
lNLS (O + 4i02)2 = ol
k(x,t) Q(ast)

inverse scattering problem
with propagated scattering data

Equation can be interpreted in a more general way by letting the Fourier transform
act from L?*(R) onto H* for any s € R. Since R is continuous and vanishes as A — +o0, every
entry of R belongs to L?*(R) for s > —%. Thus every entry of R belongs to H;5 for s > —% and
(5.64) remains true.

Let us now derive the linear PDE for the Marchenko integral kernel if there are bound states.
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Theorem 5.1 Suppose all of the poles of the transmission coefficients are simple. Then every
entry of £ belongs to H® for s < —% and

0 + 4i92Q = 0. (5.65)

Proof. Let us now study the time dependence of dependency constant matrices if the poles
of the transmission coefficients are simple. Then implies that 7750 and 7,j0 do not depend
on t. From and it is clear that the vectors €; and 7; describing the eigenfunctions
according to are to be replaced by proportional vectors, where the proportionality constant
depends on t. Since

(Ut)Ey ) (z, )\)e*Qi)‘QtJ ~ Fo(x, A1), x — %00,

by taking A = ix; we obtain

Fl(x,i/{j;t)e_%“?t‘] (%J) ~ FT(:L’,mj;t)e_Qi”?t‘] (3) , T — £00,
5
which leads to
2 -2 -2 2
esz/ithj _ eZZthDjO(t)le7 €72m3't0j0(t>€j — €2mjt7’]j,

where Cjo(t) and Djo(t) are the time dependent dependency constant matrices. Therefore,
Cj (t) = 64m?t0j0, Dj (t) = ei4m?tDj0.
Using ((4.43|) we obtain

[y(t) = 6_4iﬁ'?trlj7 Lyj(t) = €4m§trm’-

Equation (5.65)) then follows from (5.64) and (4.53al). ]

We are interested in finding the solutions of eq. (5.65)). To this end we observe that the
following relations hold

Fi(e) = / Ty fy)e® = —iefe), feH'(R),

F1(€) = —ief'(€) = (—i€)2f (&) = —€2F(€), f € HA(R).

Then, if every entry of Q belongs to H?, applying the Fourier transformation to eq. (5.65) we
obtain
0 = —4i020 = 4i€Q), (5.66)

which admit as a unique solution the function
Q(&,t) = €10 ¢, 0). (5.67)
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Taking into account that

. 1 N —iyed . 1N —iyE AE2tR
Qy,t) = lim 2 )y dée Q€ t)= lim — . dé e "™ 0 (€,0)

N—+oo 27 N—+oo 2T
1 N . o, [ .
= Nlim 2/ de e~ Wt t/ dz e%Q(z,0),
—400 4T J N —c0

if we suppose that every entry of Q(-,0) belongs to L*(R)NL?(R), we can apply Fubini’s Theorem
to obtain

00 N
Q(y,t) = lim dz <1/ d¢ e_ig(y_z)e‘ligt) Q(z,0),

N—+oc0 —co 27 N

which can be written as

N
Q(y,t) = lim h dz <1/ d§€4it[€—slt(y_z)]2) e~ Teri(v=2)° Q(z,0).
’ N—+oo J_ 27 N ’

Making the following change of variable n = 21/|¢|[{ — i (y— z)] the preceding equation becomes

Q. t) = tim [ ( MR '"2t>
y,t = im 7]61 .
N—oo | Am /It Joy /- V- & 2]
e‘ﬁi(y—zf"ﬁ(z,o). (5.68)

Introducing the Fresnel integrals [5, 7.3.1-7.3.2]

C(z) = /OZ dt cos <%t2) , S(z) = /OZ dt sin (gﬁ) ,

which have the property that C(+o0) = S(+oo) =1 (cf. [5, 7.3.0]), we easily calculate
2/t [N—
Vi dn et — !
Nﬂ+oo Ay /|t 2,/Jt][— N—Z (y—=2)] 21/ t| Jo

b [/-5-00 dn cos(n?) + it /+OO dnsin(nQ)} _ it
om/|t] LJo 0 4y/2x[t]”

As a result, using the Theorem of Dominated Convergence, eq. ([5.68|) can be written as

0o —z)] .
1) = / dz Hm (sz ™ em?t) "
1+it [T
4./2m|t| J-

where every entry of Q(-,0) belongs to L!(R) N L?(R). If every entry of Q(-,0) belongs to L?(R)
we have

xe T W0z, 0) = dze—rmi<y—Z>2Q(z, 0), (5.69)

. 1 + it N 7i’i(yfz)2
Qy,t) = NLWW wdze To7 Q(z,0). (5.70)

In other words, we have proved the following
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Theorem 5.2 Let every entry of Q(-,0) be an element of L'(R) N L?(R). Then the solution of
eq. (5.65)) is given by

144t [T

= — dz e*%i(y*'z)QQ(zz,O).

Qy,t)

If every entry of (-,0) belongs to L*(R), the solution of (5.65) is given by

1+t [N

= lim ——— [ dze w'@2’Q(z,0).
N—+o00 4 27T|t‘ N

Q(y, 1)

Theorem describes the strongly continuous group of unitary transformations on the
Sobolev spaces Hj,,, generated by the skew-selfadjoint differential operator —4i(d/da)?. A
similar unitary group has been introduced to describe the solutions of the initial-value problem
to the linearized Korteweg-de-Vries equation [4, Example 1.5.1] and the time evolution of the
Marchenko integral kernel [4, Subsection 7.3.1] (also [2]). It is also known that, for ¢ > 0, the
group action (-, 0) — Q(-, ) is a bounded linear operator from (a direct sum of copies of) L!(R)
into (a direct sum of copies of) L (R) (cf. [29]), a result which is also known to be true for the
Schrodinger equation [52].
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Chapter 6

State Space Solutions of the
Marchenko equations

In Sec. we introduce the so-called state space methods to write the Marchenko integral
equations as integral equations with separated variables, thus leading to their explicit solution.
By varying the Marchenko integral kernel in time while preserving its state space form, in Sec. [6.2
we also derive explicit solutions of the matrix nonlinear Schrodinger equation which encompass
all known multi-soliton solutions. In the symmetric case these solutions may be local in time,
but in the antisymmetric case most relevant to fiber optics they are global in time on each half-
line. We shall discuss the extent to which these explicit mNLS solutions are those obtained by
the inverse scattering transform. In Sec. we derive all multi-soliton solutions of the matrix
nonlinear Schrodinger equation. In Sec. [6.4] we give necessary and sufficient conditions for a
multi-soliton solution to be time periodic. We then go on to plot the modulus, argument, real
part, and imaginary part of the solution to the NLS equation (n = m = 1) in the antisymmetric
case, where we illustrate various interesting special cases.

State space solutions of 1-D inverse spectral and inverse scattering problems for so-called
canonical systems (in fact, matrix Zakharov-Shabat systems in the symmetric case, where n = m)
have been studied extensively since Alpay and Gohberg [12] derived the solution of the inverse
spectral problem on the half-line in state space form. The corresponding solution for the inverse
scattering problem soon followed [13]. Subsequent research in this area led to a plethora of papers
on these inverse spectral and inverse scattering problems [14], [15] [17) 55, 56, B8, 57, [16], 84, 85].
The inverse scattering problem for the matrix Zakharov-Shabat system (with n = m) on the line
with rational scattering data was solved in the symmetric case [9] and in the antisymmetric case
without bound states [00]. A review on the literature relating the direct and inverse spectral
theory of canonical systems on finite intervals and on the half-line to the theory of certain classes
of analytic operator-valued functions was given in [19].

In [55 56] the state space formulas were modified to arrive at local in time solutions of
certain nonlinear evolution equations on the half-line. Recently solutions of the Korteweg-de
Vries equation on the half-line in state space form were derived in [I1] in a particularly simple
way.

So far state space methods in inverse scattering have primarily been used to solve inverse
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problems for the matrix Zakharov-Shabat system on the half-line in the symmetric case. Very few
of these papers deal with the more interesting antisymmetric case. Further, if nonlinear evolution
equations were solved, the issues of local vs. global in time existence and the obtainability of these
solutions by the inverse scattering transform were never raised. In this chapter we apply state
space methods to both the antisymmetric and symmetric cases, derive multi-soliton solutions in
a systematic way, and relate these results to the literature.

6.1 State space method: symmetric and antisymmetric cases

In this section we frequently employ representations of rational n x m matrix functions W(\) of
the form

W(\) =D —iC(\—iA)"'B, (6.1)

where A, B, C, and D are p X p, p X m, n X p, and n X m matrices. Apart from the imaginary unit
factors i, the representations occur as transfer functions of linear continuous time systems
[20, B9] and are often called realizations. The realization of W is called minimal if the matrix
order p of A (the so-called McMillan degree of W) is minimal. In fact, a realization is minimal
if and only if for sufficiently large integer r the rn X p matrix col,(C,.A) and the p x mr matrix
row, (A, B) defined by

C
CA

CO]T(C, A) déf CA2 ’ I'OWT(_,ZL B) d:ef (B AB A?B o Ar_lg) ’

CAr—l

have full rank. Thus minimality is equivalent to the pair of statements

[ Ker (CA™™") =[] Ker (B*(A")"") = {0}. (6.2)

r=1 r=1

Minimal realizations have the property that W ()) and (A —i.A)~! have the same poles with the
same pole order.

For minimal realizations the following uniqueness result is well-known (cf. [20] 39] and other
books on linear systems theory).

Proposition 6.1 Suppose
W(A) =Dy —iCi(A—idy) "By = Dy — iCo(A — idy) "' By
are two minimal realizations of W. Then there exists a unique nonsingular matrix S such that

A1 S = S Ay, B = SBs, C1S =0y, Dy = Ds.
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We first consider the antisymmetric case. If R()\) is a rational scattering matrix (of size
n x m) without real poles and vanishing as A — oo, then there exist complex matrices A, B, and
C of respective sizes p X p, p X m, and n X p such that

R(\) = —iC(A—iA)™'B, XeC, (6.3)

where 4 has minimal matrix order and hence does not have purely imaginary eigenvalues. A
similar minimal realization exists for L(A). Since R(\) does not have any obvious symmetry
properties, there is not much that we know about A, B, and C apriori.

We now recall that

where R() and L(a) are suitable matrix functions. Since the integral kernels of the Marchenko
integral equations based on R()) for z € R* only depend on R(a) for o > 0, it is sufficient to
consider only the sum IT; R(\) of the principal parts of R(\) at the poles in C*. Similarly, since
the integral kernels of the Marchenko integral equations based on L(\) for z € R~ only depend
on L(a) for a > 0, it is sufficient to consider only the sum IT; L(\) of the principal parts of L(\)
at the poles in CT. In fact,

+o0 R . +o00 R )
I, R(\) = / daR(a)e™™  TI,L(\) = / da L(a)e™?e,
0 0

We then have the following minimal realization of IT; R(\):
I, R(\) = —iC(A—iA)"'B, AeC, (6.4)

where the matrix order of A does not exceed the McMillan degree of R(\). Further, A has all of
its eigenvalues in the right half-plane. We now easily get

R(a) =Ce 4B,  a>0, (6.5)

where

—aA __ — (_a)r r
e —z_:o o A

stands for the matrix exponential.

Taking the adjoint in (6.3)) and (6.4) we get
ROV =iB (A +iA")7'c", TR :/ da R(a)" e,
0

where we have singled out the sum IT_R(\*)* of the principal parts of R(\*)* for A € C~. So
we should in fact replace (A, B,C) by (—A*,C*, —B*) to get R(A\*)* instead of R(\). Then

R(a)* = B*e A" ¢, a> 0.
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We now easily compute that for o, 3 > 0 and z € R™

/OOO ABR(B+ v+ 22) R(a + B + 2z) = B¢~ 0F20A" y e (at20)Ag (6.6)
/0 - dBR(B+ v+ 22)R(o + B + 22)* = Ce” 20 A ype(at20) A% x| (6.7)
where
Xo = /0 h dB e BPA e PA, (6.8)
Xp = /0 h dB e PABB* e PA”, (6.9)

are the unique solutions of the Lyapunov equations
A*Xe + Xc A =C*C, AXp + XpA* = BB*. (6.10)

These solutions are easily seen to be nonnegative selfadjoint. Moreover, Xp and X are nonsin-
gular whenever the realization in (6.4 is minimal. Indeed, if Xoy = 0, then

0= (Xoy,y) = /0 dp |Ce Ay,

and hence Ce #4y = 0 for § > 0. Taking the Laplace transform we obtain C(\ 4+ .A) "'y = 0 for
A in the right half-plane and hence for A in a neighborhood of infinity. As a result, we obtain
from the Neumann series expansion CA" 'y = 0 for » = 1,2, ..., which implies y = 0 because of
the minimality of the realization in . Consequently, X is nonsingular. In a similar way we
prove the nonsingularity of Xp. If we do not assume minimality of the realization , then the
same reasoning implies that

KerXo = () Ker (CA™),  KerXp = () Ker (B(A7) ).

r=1 r=1

Thus minimality of (6.4) is equivalent to having both of X and X' nonsingular.

Theorem 6.2 Suppose that there are no bound states. Then forAx € RT the solutions of the
Marchenko integral equations (4.11a)) and (4.11b)) (where Q(A) = R(X)) are given by

Bj(z,a) = -C [Ip + e @Ay pe 2 A XC} ! e 20 A xype—(at2) AT o, (6.11)
Bp(z,a) = —C [Ip + e Ay 2 A XC} ! e~ (at2m)Ap. (6.12)
Bjs(z, o) = +B* [Ip + ¢~ 2 Xce_MAXB} o e~ (at20) A" o, (6.13)
By(z,a) = -B* [Ip + efzxA*Xce*QIAXB} _e*ZIA*XCe*(O‘”x)AB. (6.14)
Consequently, for x € R we have
k(z) = —2iC [I, + e 22 AXpe 204" X ] ! 72 AB, (6.15)
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It is easy to see that I, + e 2*AXpe~2"4" X is invertible whenever I, + e~ 2*4" Xpe 204X,
is, since they have the form I, +T'S and I, + ST for certain matrices S and T". More precisely,
let us consider the expression I, + e 22 AXpe 2" A" X and write it in the form I, + TS where

1 1
T = e 22 Axge 204 Xé/ > and S = Xé/ > and X 5 and X3 are the positive selfadjoint matrices
having X and X¢ as their squares. Then

1 11 w1 1 1\ * 1 . 1
I, + ST = I, + X2e A3 X5e A X3 =1, + (Xg e—%Axg) <XB2, e 2mA Xg) :

So, we find

where ) )
0(x) = X2e 2PAXE.

Proof. We first give the proof for eq. (6.12)) and for eq. (6.15]), because eq. (6.13)) is proved
likewise. Now, we consider the following Marchenko equation (obtained from eqs. (4.3b]) and

(4.44))
Bua(a,c) = =l +20) — [ dB Bu(e.0) [ dvul -+ -+ 20)" U+ + 20)
Substituting and into the preceding equation we obtain
Bi(z,0) = — /0°° A8 Bia(z, B)B e~ BT20)A o (a2 AR _ oo—(at2m) AR
which can be written as
Bp(z,a) = — [C + (/000 g Blg(x,ﬂ)B*eﬁA*> eQxA*XC} e~ (ot Ap

where

oo [o¢]
/ do Blg(m,a)B*e*"‘A* [I—l—/ dg eQxA*X(;eQIAeﬁABB*eBA*}
0 0

= —C/ do e~ (@20 AR —aA”
0

Taking into account egs. and , we have

*

* —1
— _Ce—2a7.AXB |:I + 6—21‘./4 XC€_2$AXB:| ’

/ da By (z, a) B e A
0
implying
* -1 *
Bp(z,a) = — [C — Ce 2 Axp {I 4+ e 20A XcefzxAXB} e 20A XC] e~ (at20) AR,

Equation (6.12)) then follows as a consequence. Equation (6.15]) follows with the help of (3.54)).
Equations (6.11]) and (6.14]) follow from eqs. (6.12)) and (6.13) with the help of eqs. (4.4a]) and
(4.3d]) using (4.9). [ |

105



In the general situation, i.e., if bound states are present, we have

N jil s
Ya) = R)+ > N (_1)Srlj% eI, (6.16)

j=1 s=0

Again, from the theory of the transfer functions, since the second term on the right hand of eq.
(6.16]) tends to 0 as aw — %00, it follows that €;(«) can be represented in the form

A0
() = Ce B +Ce B =(C C)e <0 “4) <g>. (6.17)

Now, if we consider the following correspondences

(@) ) eea

we reduce the above derivations to the case already analyzed in the absence of bound states.
In general, the third member of does not lead to a minimal realization and hence the
corresponding Lyapunov solutions are not nonsingular. However, the matrix A @ A can always
be replaced by a matrix of reduced order as to lead to a minimal realization. Nevertheless, eqs.

(6.11)-(6.15) based on the matrices appearing in the third member of (6.17)) are correct (albeit

potentially cumbersome).

Let us return to (6.15) and write instead of (6.15))
-1
k(z) = —2iCx;? [X(jl + e 22 A ype2A } e~ AR

x . -1

_ _Q,L-CXC—1€2:B.A [BQQ:AXC—1€2:E.A + XB} B
* * -1

_ _QiCXCTleQIA |:XB—162;L‘AX0—162:C.A + Ip] XB_lB

* -1 *
= —2icx;! [eQxA XgleQwAXgl —I—Ip] XA X 1B
_1 _1 .
= —2iCX, 7 (2" Z + L) X 2PN Ay B,
_1 _1
where Z = Xy 262””“4260 2 and the realization (6.4)) is minimal. Then Az and X are nonsingular

and
k(@) < 2(ellxz e x5 B, (6.18)

which is exponentially decreasing as x — —oo. Thus k(z) is a C°°-function which decays expo-
nentially as x — Foo.

In the symmetric case we do not have to take into account the bound states, while we
employ the symmetry relation Q;(a) = Q;(a)* instead of Q;(a) = —§(a)*. The above derivation
can then be repeated in full, except for occasional sign changes. As a result, we arrive at the
following theorem.
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Theorem 6.3 Forx € R the solutions of the Marchenko integral equations (4.10a]) and (4.10D))

(where Q(X) = R(X)) are given by

By (z,a) = 4+C [Ip — e AY g e 2A XC} ! e 20 A ype—(at2m) A" o, (6.19)
Bp(r,a) = —C [Ip — e 2wA yp o 2wA XC} - e_(o‘+2$)“48; (6.20)
1ﬁ3(x,a)::-—B*[Jb-e‘QmA*AQ;e*2xA;tB}_1e‘<a+22%4*c*; (6.21)
Bu(z,a) = +B* [Ip — e Ay, e—2~"fAXB} Tl (et Ag (6.22)

Consequently, for v € R we have
. -1
k(z) = —2iC [Ip — e Ay 224 XC] e AR (6.23)

The only remaining issue is the existence of the inverses appearing in —. However,
when repeating the above calculations these inverses must exist in order to make the Marchenko
equation uniquely solvable. If we were to replace C by eC for an arbitrary € € C with |e] < 1, we
would replace (o) by eQ;(«) without compromising the unique solvability of the Marchenko
equation. This is due to the fact that the spectral radius of the integral operator is strictly
less than 1. In that case X¢ is replaced by |¢|?Xc and hence the inverted matrix in by
I, - le|?e~2*AXge 24" X, implying the invertibility of

2 293 —20A 2w A* 13
I, — |e|*0(x)0(x)" = I, — |e["Xie "™ Ape” =" XA.
As a result, for x > 0 we have for the spectral norm

10)]| = HXéeW‘Xé

<1. (6.24)

6.2 Solving matrix NLS equations by state space methods
We know (see eq. ) that the Marchenko integral kernel satisfies the following equation
0 + 4i02Q = 0.
It is easy to see that a solution of the preceding equation is given by
Q(a;t) = Ce e 1A, (6.25)
In fact, if we calculate the derivatives with respect to ¢ and «, we obtain
O = —diCe AN B 920 = CA2e A AR,
which imply eq. . Note that we can write in the following way

Qa;t) = Ce 2 oA 23 (6.26)
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We therefore expect to derive solutions of the matrix nonlinear Schrodinger equation by solving
the inverse scattering problem as in Sec. but replacing A, B and C by A, e~ 24 B and
Ce_Q“AQ, respectively. The only potential limitation is the possible nonexistence of the inverse
matrix constructed during the inversion procedure.

Exactly as in the preceding section we first discuss the antisymmetric case. Here, egs.

and become
XC(t) _ /Oo dg efﬂA*ezit(A*)QC*CefzitﬂefﬁA _ e2it(A*)2X0672it.A2’ (6.27)
0
XB(t) _ /Oo g efﬁAefQitAzBB*eZit(A*)zefﬁA* _ efZitAZXBQQit(A*)Z’ (6.28)
0
so we can easily compute for a, 3 > 0 and x € RT

o0
/ ABN(B + v + 2x:t)* Y + B+ 203 t) = B*e2HA) e~ (120 A" (t)e—(a+2z>Ae—2z'tA2 B,
0
(6.29)
/0 AB (B + 7 + 22 ) o + B+ 23 1)* = Ce 24 =120 A o (@t 20) A7 2i(AT) o
(6.30)

We have the following

Theorem 6.4 For z € Rt and t > 0 (where Q(\;t) = R(\;t) in the absence of bound states)
the matriz functions

A2 A2 A2 * o271
Bj (a:,a;t) — _Ceszt.A [Ip + 67236.»4672115./4 XBe4zt(.A ) 672:):./4 X06722t¢4 } %

« e~ 20 A —2itA? XBe4it(A*)2€—(a+2x)A*C*; (6.31)
. . s . 71
Bl2 (.ZL', o t) _ _Ce—21t.A2 [Ip + e—Qer—ta.A2 XBe4zt(A )26—236A XCe_ZZtAT %
x e~ (at20) A —2itA g, (6.32)

Bis(, 0 1) = +Be2tA)’ [Ip n e_QxA*e%t(A*)?Xce—zum?e—gmAXBem(A*)?} -

x o~ (aF22) A" 2it(A*)? o (6.33)
By(z,a5t) = —B* XA {Ip + G_QM*62“(“4*)2XC€_4itA2e_mAXBem(A*)Q} h %

x @ 2A" 2it(AT)? y o—ditA® —(at20)Ap. (6.34)

are the solutions of the Marchenko integral equations (4.11al) and (4.11b)). Consequently, for
x € RY and t > 0 we have the following solution of the matriz nonlinear Schrédinger equation:

) . . . ) -1 )
k(zit) = _9iCe—2itA? I+ e—2er—2@tA2XBe41t(A )? g2z A Xce_2”“42] 22 A—2it A’

(6.35)
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We omit the proof, because it is very similar to the proof of the Theorem[6.2} The existence of
the inverses appearing in — can be proved as in the paragraph following the statement
of Theorem [6.21

In the symmetric case we have employed the unique solvability of the Marchenko integral
equations to prove the existence of the inverse matrices appearing in —. When in-
troducing time dependence, we can no longer be sure that the (modified) Marchenko integral
equations with A, B and C replaced by the respective matrices A, e~ 21A° B and Ce~2A” remain
uniquely solvable. Therefore Theorem should be generalized as if the potential k(x,t) only
exists for small .

Theorem 6.5 There exists 71 > 0 (possibly 71 = +00) such that for v € R and 0 <t < 71 (in

the symmetric case Q(\;t) = R(\;t) because there are not bound states) the matriz functions

A2 12 . *\2 * A2 -1
Bll(x,a;t) _ +C6721t.,4 |:Ip _ 672:1:./467211&4 XBe4zt(.A ) 6721.4 XcefZZtA } %

« o~ 2wA —2itA? XBe4it(A*)2e—(a+2x)A*C*. (6.36)

7

A2 A2 A2 x 4271
Blg(x,a;t) _ _Cef2zt.A |:Ip _ 67233./4672115,4 XBe4zt(.A ) 6721./4 Xceszt.A :| %

x e~ (20 A —2it A 3. (6.37)
Bu(z, ;1) = _B*e2it(A7)? [Ip B e—zxA*ezz’t(A*)2Xce—4itA26—2wAXBe2it(A*)2} - %
« o~ (at2z) A" 62z‘t(A*)QC*; (6.38)

. v oinr g ) e —1
Bu(z, a;t) = +B*eHUA)? [Ip AT AT o it AR =20 A 2i1(A )2} %

)

w e~ 28A (AT o o —Ait A%~ (o+20) AR, (6.39)

satisfy the Marchenko integral equations (4.10a]) and (4.10D). Consequently, for x € R and
0 <t <7 we have the following solution of the matriz nonlinear Schrédinger equation:

k(z;t) = _9iCe—2itA [Ip _ 6—2xA6—2itA2XBe4it(A*)26—21A*Xce—Zit.AQ} -1 o~ 2mA 2t A 3 (6.40)

Proof. Equations (6.37)-(6.40]) are immediate from (6.20))-(6.23]), on changing A, B and C in

it A2 Y : . N . .
A, e 24 B and Ce2"4% provided the inverses occurring in them exist. However, these inverses
exist, provided

10(z,8)[] <1, (6.41)
where

_ol/2 _2pA41/2
H(x,t)—XC(t)e 2 Xpiy-

To prove the existence of the inverse of
[(z,t) = 1, - e—ZxAXB(t)6—2:JcA* XC’(t)a
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we observe that the inverse matrix I'(z,0) ™! exists for every z > 0 and tends to I, as z — —+o0.
Thus sup,>q [|T'(z,0)7!|| is finite. We now write

F(:Z:vt) - F(l‘, 0) = S_QIA[XB — XB(t)]e—QxA*XC
+ e X — (X — X)) (X — Ko

Put f(t) = ||I, — e 24| = ||I, — €2*(A")*||. Then f(t) depends continuously on t € R* and
vanishes as t — 07. Hence,

X8 — Xpll < fO[L+ fO)]l|Xs],
[Xe = Xew | < FOIL+ fFO][[ X

Moreover, |e™2%4|| = |le=2*A"|| < Me™ for certain M, a > 0. Consequently,
IT(x,t) = T2, 0)]| < M2e™*|| Xp || X || f ()L + FOIL + F(£)(L+ f(1))].

Thus there exists 71 > 0 such that the right-hand side is strictly less than inf,>o ||'(z,0)7t]| 7!
for 0 <t < 71. For these t the matrix I'(z,¢) is invertible for every x > 0. Since detI'(z,t) =
det(I, — 0(x,t)f(x,t)*), we finally obtain (6.41) for 0 <t < 7 and = > 0, as claimed. [ |

Similar state space methods can be used to derive explicit solutions of the Korteweg-de Vries
equation where the initial condition is a real Schrédinger equation potential corresponding to a
rational reflection coefficient. In this case the explicit solution has the form

2
u(z,t) = —25(’12 logdet I'(z, 1),

where det I'(z,t) > 0 for 0 <t < 7 and > 0 (cf. [11]). Here 71 can be finite as well as infinite.
In fact, the matrix trace can be used to substantially simplify the expression for u(zx,t) compared
to the analogous expression for the matrix KdV equation. No such simplification occurs for the
matrix nonlinear Schrédinger equation, not even in the case n = m = 1.

The exact solutions (6.35]) and (6.40)) of the matrix nonlinear Schrédinger equation are based
on the application of the inverse scattering transform as if changing the triple (A, B,C) into the
triple (A, e~ 2itA’3 , Ce2itA? B) to produce a solution of the differential equation (5.65)) is a correct
way to implement the time evolution of the scattering data. When dealing with the multi-soliton
solutions in Sec. this is indeed the correct way to go. Unfortunately, in general we have
derived state space solutions on the positive and negative half-lines by using separate realizations
of the form E| This leads to the correct result for ¢ = 0, i.e., we have solved the inverse
scattering problem in a correct way. For 0 # ¢t € R, however, it is by no means clear (and, in
fact, it is in general not true) that the solutions obtained belong to the same Sobolev space of
matrix functions of z as their initial data. Similar considerations have induced the authors of
[11] to give explicit solution of the KAV equation on the positive half-line only.

!To do so on the negative half-line, we should in principle repeat the calculations of Sections and or
apply the symmetry relations of Sec. [B-2] of Appendix B to convert the results on the positive half-line to those
on the negative half-line.
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6.3 Multi-soliton solutions

In this section we find all multi-soliton solutions of the matrix nonlinear Schrodinger equation on
the line in the antisymmetric case. This means solving the inverse scattering problem for the
matrix Zakharov-Shabat system in the reflectionless case where R(A) = 0xsm and L(A) = Opyxn.
Let us assume that
Q) = Ce 4B, a>0,

where A is a p X p matrix with all of its eigenvalues in the open right half-plane, B is a p x m
matrix and C is an n X p matrix such that

(] Ker(CAY) = ) Ker(B*(A*)) = {0}.

j=0 j=0

Then the solutions of the Marchenko equations (4.3a)-(4.3d)) and (4.4a)-(4.4d)) are given by (6.31])-
(6.34)). Using (3.35)) we obtain

My (x,\) =1, + /000 da By (z, a)e™®, (6.42)
Mia(z, ) = /O " do B(x, 0)e=2 (6.43)
Ms(x,\) = /000 do Bys(x, a)e, (6.44)
My(z,\) = I, + /000 da Byy(z, a)e™ ™, (6.45)

where z € R™. Further,
k(z) = —2iBa(z,0") = 2iB,o(z,0").

We have seen that k(z) as given by (6.15) makes sense for x € R and is in fact an n x m
matrix function with entries in C*°(R) which are exponentially decaying as x — +o0. Let us now
solve the direct scattering problem for this antisymmetric potential. According to (3.26))-(3.29))

we have

an(\) = I, — i / "y k(y) M (9, V),

—0o0

ai(A) = —i / dy &M (y) Mua(y, N),

—00

ais(\) = —i / dy Mh(y)* Min (3, \),
s\ = I, — z/ dy k()" Mis(y, ).

— 00

It is easy to prove the following
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Theorem 6.6 In the antisymmetric case, the following equations hold

an(\) = I, —iC X5t (A +iA*)~tcr, (6.46)
a2(A) = Opsen, (6.47)
a13(A) = Omxn, (6.48)
ai(\) = L, +iB* X5' (A —iA) ' B. (6.49)
Consequently,
Ti(\) = an(N) ' = L +iCX;" (A +i[A —ccx;']) " ¢, (6.50)
To(A) = [auN)*] ' = Lo +iB* (A\+i[A"—Xx5'BB*]) " X5'B. (6.51)

Moreover, the bound states are given by the poles of Ty(\) (or T-(\)) in Ct, which we observe to
coincide and to have the same order.

Proof. In the antisymmetric case, using eqs. (4.11al)-(4.11d|) and Theorem we immedi-
ately obtain

* -1 *
My (2, \) = I, — iC [Ip + e~ 20A ypem2mA XC} e A AT (A 1 A*) T e, (6.52)
. -1
My (z, \) = iC [Ip + e 2 A ype oA XC} e" AN —iA) B, (6.53)
* -1 *
Ms(z, ) = iB* [Ip 4 2A Xce*QMXB} e 2 AT (4 A"y er, (6.54)

* -1 *
My(z, \) = I, + iB* [Ip + ¢ 2mA xce—mxg} e A Xpe A (N — i A) T B, (6.55)

where we have taken into account the following relations
+oo . .
/ da ere—A" — A+ iA*)fl ,
0
400 .
/ dae e A = (N —id)"t.
0

In the sequel of the proof we also use the well-known formula

d -1 _ 1 d -1
%F(az) = —F(x) <dxF(x)> F(x)~. (6.56)
Applying formula (6.56]) we find
d . -1 . -1
et e x| =2 e P A e x| X
x

* * -1
x e~ 2rA {AXB + XB.A*} g 2wA Xo [Ip -+ e 2wA Xp e 2zA Xc]
. ~1
=2 [Ip + e 20A yp e 2mA XC] X

* * -1
x e 2ABB* ¢~ %A [Ip +Xoe BA xp e A } Xe, (6.57)
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where, in the second identity, we have used eq. (6.10). Now, in order to prove eq. (|6.46)), we
substitute in eq. (3.26)) the expressions of the potential k(x) and M;3(x, \) given by (6.15)) and

(6.54)), respectively, getting

app(N\) =1, — 2@'/

—00

+oo N —1
dxC [Ip + e A yp e~ 2 XC] X
* -1 *
% emeABB* |:Ip + 67212./4 XC efoAXB] 672:1:.,4 (A + iA*)_l c*.

Then, because the following identity holds

-1

* * «1—1
|:Ip +€—2IA XC €—2$AXB:| — e—QwA [Ip + XC e—QIAXB 8—21‘./4 ,

we can write (taking into account eq. (6.57))

teo g . -1
an(\) =1, —i / dz —C [Ip+e*2x«4x3 e 2mA XC} XA +iAn) e (6.58)

o dx

If we now consider that

[Ip e 20A g, o 20A" XC} -1 . {Ip, as r — +00
Opxps as  — —00
where
[Ip L 20A gy 20 XC}_I —x [Xgl LAy, e—2xA*j|_
= Xl 2 A [621,4 X 2P A 4 XB} 2o A
we obtain

an(N) = I, —iC X5 (A +iA") "' e,
which completes the proof of eq. (6.46]). Moreover, if we use the well-known formula
(I+TR Sy '=1-T(R+ST)"'s (6.59)

for T'=1iC, R=(A+1iA*), and S = C*, we find that eq. (6.50) is satisfied.
Now, using the same scheme we prove eq. (6.49). In fact, substituting in eq. (3.29) the
expressions of —k(x)* (obtainable by (6.15)) and Mjs(z, A) (given by (6.43)) we get

too * * -1
dx B*e 22A [Ip + Xo e 20A xp e 20A } X

au(N) = I + 2¢/

—00
. —1
 C*C [Ip e 2A yp o204 XC] e 22 A (N A B
+oo * -1 *
= I +2i / dwB* |1+ 4 X e 2 A xp| 72 A X
— 00

. -1
X CCeHA L, 4 Xp e 24 g 24| (A= id) B,
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Exactly as above, we calculate
d

dx
* % -1
x e~ 22A {A*Xo + XA} e A Xy [Ip + e 2BA yp e 2mA XB}

. -1 . ~1
[+ e A Xpe 2 A x| =2 |1+ A Ao e 2 A | x

. —1
—9 [Ip 4 2AT y o 20A XB] x

. . —1
x e 2mATCHC e 20A [Ip + Xpe 24 Xo 6_23”“4] XB, (6.60)
where eq. (6.10)) has been used in the second identity. Consequently, considering eq. (6.60)), we
have
. oo d * —2zA* —2zA -1 -1 - n\—1
apg(A) = Iy + 1 dx %B [Ip +e Xce XB} Xg' (AN—1A)" B. (6.61)
Therefore,
au(\) = Ly +iB* X51 (A —iA) "' B, (6.62)
which implies B
ara(\) = apgN)* = I, —iB* (A +iA") " X5'B, (6.63)

and eq. is proved. Moreover, if we use with T'=iB*, R= (A +1iA*) and S = ?CEIB
we find that eq. is satisfied.

Next, we prove eq. . Substituting in eq. the expressions of the potential k(x)
and My (x, \) given by (6.15) and (6.55]), respectively, we have

+oo . . -1
app(N\) = —2/ dx e~ 222C {Ip + e A xp e 2A XC} X

—00

* -1 *
x e AR {Im +iB* [Ip + e 24 xg e—%AXB} e A Xp e A (N — i A) T B}

+oo . . -1
= —2/ dz e3¢ [Ip + e 22A yp e 22A XC} e AR
—oo

dz

where we have used ([6.56]) to write the second identity. Integrating by parts the second integral
in the second identity of the preceding equation, we get

+oo . . -1
- 22'/ da e~ 2 (dC [Ip + e 22 A ypem2wA XC} ) e A (N —iA) T B.

t+oo ) ; -1
ap(N\) = —2/ dx e 2 ¢ [Ip + e %A yp e 2A XC} e AR
. —1 . . +oo
o [C [Ip L e2wA gy o~ 20A XC] ¢~2ia(—id) (\ )1 B}
+oo . -1 . .
+i / dzC [Ip + e 2mA yp om20A XC] (=2i) (A — i) e~ 20— (\ —4)~" B
—0o0
. -1 . , +oo
=i [c [Ip + e %A ypem2mA XC} e~ 2EA=1A) (N — i) B] = Opxem.

—00
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Since the scattering matrix is J-unitary, we also obtain
al3(>\) = Omxn,
which completes the proof. ]

We need the following lemma to prove that the transmission coefficients T;(\) and T, () are
unitary matrices for A € R.

Lemma 6.7 The following relations hold :
XA —cCc ca Xo=—-A, Xp[A - Ap'BB X = —A (6.64)
Proof. We have (cf. with (6.10))
A" Xe + Xc A =C*C, AXp + Xp A" = BB™.

Thus

XU [AT —CrC A Xo = XS AT Xe — XG0P C = X A Xe — X5 (A" X + X A) = — A,
and, in a similar way

Xp [A* = X5'BB | X! = Xp A X5 — BB X! = Xp A X" — (AXp + XpA*) Xt = —A,
which completes the proof. [

Lemma [6.7| implies that

A= X5 BB = X (- A) X, AT -CCAL = Xo(—A)XS (6.65)

As a result, eqgs. (6.50)-(6.51)) can be written as
Ti(\) = I, +iC (A —iA) " x5t Cr, (6.66)
Tr(\) = I, +iB* X5 ' (A —iA) ' B. (6.67)

Hence,

TiN* = I, —iC X5 (A +iA") 7 C¢* =an(N) = T1(\) 7,
To(N)* = Ly, —iB* (A +iA%) 7 X8 = aiu(\) = T.(\) 7,
and, consequently, T;(\) and T, (\) are unitary matrices for A € R.

We have seen (cf. with Sec. 6.2)) that the time evolution of the scattering data is governed
by eq. (5.65)). Thus if we are interested in finding the evolution of the transmission coefficients,

we have to make the following change of data in eq. —:

i A2 A2 A2 A2 2 12
A— A, B 6—2115.A B, Cw— Ce—QZt.A . Xg— 6—2115.,4 XBe2zt.A . Xo— 62“"4 Xce—2ztA )
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With the above changes we get
Ty(\;t) = I, +iC o 2itA? (A — z’A)*l p2itA? Xc—l 21t (A")?  —=2it(A*)? ox _
= I, +iC (N —iA) " AL ¢ = Ti(N),
T,(\;t) = Iy, + iB* o 2it(A*)? [2it(A%)? X§1672it,42 (A — iA)*l p2itA? B =
= I +iB* X5 (N —iA) " B=T.(\),

which shows that the transmission coefficients are invariant while the scattering data evolve.

Equation represents a multi-soliton solution of the matrix nonlinear Schrédinger equa-
tion for z € R and ¢ € R. When interpreting k(x,t) as an antisymmetric potential in the matrix
Zakharov-Shabat system, we have zero reflection coefficients. The matrix A in the minimal
representation of the Marchenko kernel

Q) = Ce ®AB, a>0,

corresponds to the poles of the transmission coefficients 7;(\) and T,.()).
Applying the same method in the symmetric case leads to a guaranteed breakdown for some
x < 0, because

. 1 1 1 1\ *
det I, — e 22 Axpe 224 XC} = det [Ip - (Xga“;«g) (xga“‘xg) ]

is the determinant of a selfadjoint matrix whose eigenvalues tend to —oo as © — —oo. Hence
this determinant must vanish for certain negative x. Thus in the symmetric case there do not
exist multi-soliton solutions. This is understandable, because there are no bound states in the
symmetric case and multi-soliton solutions are believed to correspond to bound state poles of
the transmission coefficients. Instead, in the symmetric case there exist so-called dark soliton
solutions, but it is by no means clear how to get them by the state space method.

The literature abounds with multi-soliton solutions, in most cases for n = m = 1. For
example, in [96] the following expression

eiBr—i(A?~B?)t+iC1

k(x,t) =+A
(1) cosh(Ax — 2ABt + ()

(6.68)

where A, B, C1, Cy are arbitrary real constants, represents a soliton solution of the nonlinear
Schrodinger equation 1' Putting

A=(a), B=(1), C=(c),

where a = p + ig with p > 0 and 0 # ¢ € C and taking into account that

Xy = / 4 e B —B—ia) — L
0 2p
oo 2
Xo = / dB e PPtia) |2 ¢=Blp—ia) — @7
0 2p

2We have substituted k£ = 2 and made the substitution ¢ — —t to account for the different NLS equation.
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eq. (6.35]) becomes

. . 2 _

_2ice_2$(p+2q)6_4Zt(p2_q2)68tqp |562p(x 4qt)
k(.%', t> |c|2 X 2p 2p(x—A4qt)’
1 + W6—4xp616tpq |c|€

where 2pzg = In (%) Thus we have

_giprae—4it(p2—q2)—2ixq
cosh(2p(z — xzg — 4qt))

Equation coincides with eq. (6.68)) if we choose

k(x,t) =

(6.69)

. 2
A = 2p, B = —2q, +e/C1 = —ii, Cy = —2pxy = In (p) .

]
The transmission coefficients are easily seen to be given by

At
A —ia’

Tl(/\) = Tr(/\)

In the same way we can make the second soliton solution in [96] correspond to ours by taking
A = (a) with a >0, B= (1), and C = (¢) with 0 # ¢ € C. The multi-soliton solution in [96]
corresponds to A being a diagonal matrix with distinct entries in the right half-plane, B being a
column vector with entries 1, and C a row vector with nonzero complex entries.

6.4 Graphical representation of multi-soliton solutions

In this section we give the graphical representation of the solutions of the matrix nonlinear
Schrodinger equation obtained by the state space method in the antisymmetric case. We know
(see eq. ) that these solutions exist globally in ¢ € R. When we have constructed the plots
corresponding to these solutions, we have observed that sometimes the figure obtained displays
time periodicity. This fact is very interesting because the solutions obtained with the state space
method of the KdV equation are almost never periodic. Thus, we have studied this question in
detail.
Before giving the main result we prove the following lemma.

Lemma 6.8 Let A be an n x n matriz. Then €4 is periodic if and only if A is diagonalizable

and its eigenvalues are integer multiples of the same nonzero real number.

Proof. (=) Let ¢4 be periodic. Then there exists 7 > 0 such that

ei(t-i—‘r)A — eitA t e R.

)

From the preceding equation we get
eiTA =7
=1,.
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Moreover, every eigenvalue A of A satisfies the following equation

eiT)\ -1
which implies
2k
A=Y ez
T
Thus there exist an invertible matrix S and integers k1 < ... < k, such that
T
_ 2k
S71AS =P <T‘SIms + Ns> , (6.70)
s=1
where my + ... +m, = n and Ny,..., N, are nilpotent matrices, that is N* = Om,.. Then we
can write
T Ps— 1

I - S 1 ZTAS @6272’“’ iTNs _

s=1 j=0

from which we obtain

and consequently, we get

Now, taking into account that p “_1 Gaid ) N{7! is invertible because it has the form Iy, + M
where M is a nilpotent matrix, we ﬁnd

Ns =0y, for s=1,...
From eq. (6.70) we obtain

- 2k
lAS = — Iy
S—1AS @1< . )

which implies that A is diagonalizable and \; = 27;]“5 ,fors =1,...,r are its eigenvalues.
(<) Let A be diagonalizable with distinct eigenvalues Ay, ..., A, with respective multiplicities
mi,...,m,. Then there exists an invertible matrix S such that

STIAS = P (AeIm,) -

s=1
Thus
S@( ’LT)\SI ) 71.
As a consequence, €™ = T,, iff there exist integers ki, . .., k. such that T\, = 27k (s=1,...,7).
In other words, Aj,..., A\, are integer multiples of 27 /7. ]
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We now have the following main result regarding periodicity of solutions of the matrix NLS
equation in the antisymmetric case.

Theorem 6.9 Let A have minimal square matriz order in the representation of the solu-
tion of the matriz nonlinear Schrodinger equation. Then this solution is periodic if and only if
eHitA g periodic. The latter is satisfied if and only if A is diagonalizable with positive eigenvalues
and the squares of these eigenvalues have rational ratios.

Proof. Let us represent the Marchenko integral kernel {2; corresponding to the antisymmetric
potential k(x,0) as
Q) = Ce 4B, a € RY,

where A has minimal square matrix order and has its eigenvalues in the open right half-plane.
Then the realization C(k —iA) !B is minimal and the corresponding solution of the matrix NLS
equation is given by . Letting €;(c; t) stand for the Marchenko kernel corresponding to the
antisymmetric potential k(z,t), we have

(e t) = Ce @AtAtB o eRY, teR. (6.71)

Now let k(x,t) be periodic in t. Then egs. (3.43]) and (3.44]) imply that the solution Bjs(z, «;t)
of the Marchenko integral equation with kernel €;(a;t) is periodic. We now apply Theorem |B.1
given in Appendix B and the analyticity of €;(c;t) in « to prove that there exists 7 > 0 such
that

Q(ast+71) = Q(ast), a€RT, teR.

Substituting (6.71) and expanding the resulting equation in a power series in a we obtain for
k=0,1,2,...and t e R
CAke4iA2tB _ CAk64iA2(t+T)B.

By the minimality of the realization we get for ¢t € R

At _ AR (t+T) g

Y

which implies
B*(A*)l |:64i.A2t]* _ B*(A*)l [64iA2(t+7)}*
for I =0,1,2,... and t € R. Using minimality again we get
e4iA2t _ e4iA2 (t+7), teR.
We now apply Lemma plus the fact that all eigenvalues of 4 have a positive real part.
Then A? is diagonalizable, its eigenvalues are real (and hence positive), and the ratios are rational.
Since a nonsingular matrix with diagonalizable square is itself diagonalizable, we conclude that

A is diagonalizable, has only positive eigenvalues, and has rational ratios for the squares of these
eigenvalues, as claimed. [
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We have applied the Symbolic Toolbox of Matlab Version 6.5 to plot the real and imaginary parts
as well as the absolute values and arguments of the NLS solution k(z,t) given by eq. in
various cases. The different types of plots are given. On one hand, we have plotted Re k(x,t),
Im k(x,t), |k(z,t)|, and arg k(z,t) as functions of (z,t), which results in a surface in R3. On the
other hand, we have plotted these quantities as functions of x for different values of ¢, leading to
curves in the same figure corresponding to different t-values.

In Figures and the solution of the NLS equation is shown for p =n =m = 1,
A= (3), B= (1), and C = (2), which represents a one soliton solution that is periodic in time [cf.
Theorem [6.9]. In Figure[6.1] we have plotted Re k(z,t) and Im k(x,t) as a function of z € [—3, 3]

Real Part Imaginary Part

0 ~- /]

_atb \“
1t J |

2 I I I I I 6 I I I I
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 6.1: The real and imaginary parts of k(z,t) as a function of z € [-3,3] for t =
0,0.5,1,1.5,2 for the model specified by the realization with matrices A = (3), B = (1), and
C=(2).

for five different values of £. It is interesting to observe that these curves assume their maximal
and minimal values for the same z, which suggests that argk(x,t) is constant for a fixed ¢. In
Figure [6.2] we have therefore plotted |k(z,t)| and arg k(z,t) as a function of (z,t) € [—3,3]x[0,2],
which confirms |k(z,t)| only depends on = and arg k(z,t) is time periodic.

In Figures and the solution of the NLS equation is shown for p =n =m =1,
A= (3+1i), B= (1), and C = (2), which represents a soliton solution that is not periodic [cf.
Theorem [6.9]. In Figure [6.3| we have plotted Re k(z,t) and Im k(z,t) as a function of z € [—3, 3]
for five different values of ¢, with virtually the same graph for certain different ¢-values. The
surfaces which represent |k(x,t)| and argk(z,t) and appear in Figure are more complicated
than those drawn in Figure [6.2

In Figures and the solution of the NLS equation is shown for p = 2, n = 1,
m =1, A= diag(1,2), B= (1,1)7, and C = (3,2), which represents a time periodic two-soliton
solution [cf. Theorem|[6.9]. In Figure [6.5|we have plotted Re k(z,t) and Im k(z, ¢) as a function of
x € [—3, 3] for five different values of ¢, displaying time periodicity (with period 7). The surfaces
which represent |k(x,t)| and arg k(z,t) and appear in Figure are very complicated, but the
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|k(x,1)]

(5}

Figure 6.2: |k(z,t)| and argk(z,t) as a function of (z,t) € [—3,3] x [0, 2] for the same model as

in Figure [6.1}

time periodicity of |k(z,t)| is apparent.

In Figures and the solution of the NLS equation is shown for p = 2, n = 1,
m=1 A= ( L1

9y _1 1 Y

is not periodic [cf. Theorem [6.9]. In Figure we have plotted Rek(x,t) and Imk(z,t) as a
function of x € [—3,3] for five different values of ¢t. The surfaces which represent |k(z,t)| and
arg k(x,t) appear in Figure

Aktosun has produced graphical representations of the solutions of the KdV equations on the
half-line using Mathematica. This has led, among other things, to an animation of the solution
of the KdV equation as a function of time [97]. Although we have not displayed them in this
thesis, we have also produced similar animations of the modulus of k(zx,t) using MatLab.

B = (1,1)T, and C = (3,2), which represents a two-soliton solution that
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Real Part Imaginary Part

3+ 4
ot 4
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-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

Figure 6.3: The real and imaginary parts of k(z,t) as a function of z € [-3,3] for t =
0,0.5,1,1.5,2 for the model specified by the realization with matrices A = (3 4+ 1), B = (1),
and C = (2).
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Figure 6.4: |k(z,t)| and argk(z,t) as a function of (z,t) € [—3,3] x [0, 2] for the same model as
in Figure [6.3]
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Real Part
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-0.5F
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-3

Figure 6.5: The real and imaginary parts of k(z,t) as a function of z € [-3,3] for ¢
0,0.5,1,1.5,2 for the model specified by the realization with matrices A = diag (1,2), B = (1,1)
and C = (3,2).
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Figure 6.6: |k(z,t)| and argk(z,t) as a function of (z,t) € [—3,3] x [0, 2] for the same model as
in Figure 6.5
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Figure 6.7: The real and imaginary parts of k(z,t) as a function of z € [-3,3] for ¢
0,0.5,1, 1.5, 2 for the model specified by the realization with matrices A = < 1 1>, B=(1,1)T,

and C = (3,2).
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Figure 6.8: |k(z,t)| and argk(z,t) as a function of (z,t) € [—3,3] x [0, 2] for the same model as
in Figure [6.7}
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Appendix A

Comparison of Notations

In this thesis three different notational systems have been used, namely our own system based
on [9] 90], that of Ablowitz and co-workers (see [3]), and that adopted in fiber optics [61]. Here
we specify how to move from one system to the other.

A.1 Comparison with notations of Ablowitz et al.

In [3] the differential equation studied is as follows:

Ov _[(—ikIn  Q

where @Q is an N x M matrix function with entries in L'(R), R is an M x N matrix function
with entries in L'(R), v is an (N + M)-component vector, and k is a spectral parameter. Thus
by putting

kE=—M\, Q(z) = ik(z), R(z) = —il(x),

we convert (A.1) into (3.1). These authors use J = (—In) @ Ins, which corresponds with our —.J
if N =nand M = m. In [3] the Jost solutions ¢(x, k), ¢(z, k), ¥ (z, k), and ¢ (z, k) are defined
as those (N + M) x N, (N + M) x M, (N + M) x M, and (N + M) x N solutions that satisfy

o(x, k) ~ <0]\{[]>\ZN> e ke G(x, k) ~ <01}LM> ek x5 —o0, (A.2a)
Wz, k) ~ (01};]”) e*r o Y(x, k) ~ (015111\4) e 1 4o (A.2D)
Thus in our notations
(V(x, k) ¥(z,k)) = Fi(=k,x),  (o(z,k) (z,k)) = Fo(=k, ). (A.3)
These authors then introducdl]
M(z, k) = e ¢(x, k), Mz, k) = e "¢z, k), (A.4a)

'What the authors of [3] call Jost solutions, we call Faddeev functions.
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N(z, k) = e *y(z, k), N(x, k)=e*(z, k). (A.4b)
We have in our notations
(N(z,k) N(z,k)) = M(—k,z), (M(z,k) M(z,k)) =M (—k,z). (A.5)

For any (N + M) x J matrix A the authors of [3] introduce the notation
Alup)
A (A

where AP) is N x J and A is M x J.
In [3] the so-called scattering matrixﬂ

S(¢) = (a@ b(@), £ eR, (A.6)

is introduced such that

N
®
=
I
<
2
=z
8
=
+

where a(k) is N x N, a(k) is M x M, b(k) is M x N, and b(k) is N x M. Thus in our notations

() o) == (D ool n

On the other hand, in [3] we have

(z

~—
o)

—~
2y

~

W@, k) = p(x, k)d(k) + p(x, k
U@, k) = d(z, k)e(k) + ¢(x, k)d(k)

where c(k) is N x N, (k) is M x M, d(k) is M x N, and d(k) is N x M. Thus in our notations
5(]€) d(k) B N all(—k:) alg(—k:)
(@) etin) =0 = (i) o). )

The authors of [3] observe that the matrices in (A.7]) and (A.8) are each others inverses and have
determinant 1, and that det a(k) = det ¢(k) and deta(k) = det €(k).

2We use this terminology for a different matrix.
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In [43], for n = m = 1, the authors introduce the four 2-column vector functions

(

as r — —0O0

Yp = Re™" R —
Q;T = Re*’(x, R — as xr — —o0
P = Le_icm, L —

as r — 400

as r — +00

)—‘oOH?—‘Ooﬂ

b= Leicr, [

Here ¢y, ¥y, 1y, 1y are the Jost solutions of the Zakharov-Shabat system

()= () ()

Because 1, and v, (so as vy and @;l) are linearly independent, for ¢ real, we have

[ororitrtt g [UZ b
Y =T th + 71 Y= 1-Yr + Ly

where the scattering coefficients 7, 7_ only depend on ¢ € R, and with r_7, —7_r; = 1. Putting
A = (, we have in our notations

F = <¢l|@;l> , F= (%Wr) . ap = (:_ :;:) .= <§;—r t) .

A.2 Notations used for the NLS equation

In the literature there exist various conventions regarding the way to write the NLS equation.
The aim of this section is to discuss the main notations used and to make a comparison between
their notations and ours.

We recall that in this PhD thesis we have essentially followed the notations used by Hasegawa,
Tappert and Matsumoto in [62] [63], [61] when discussing fiber optics applications. Following these
authors, in order to derive the NLS equation we consider the equation

6E k// 82E + wong
—_ =
0z 2 Ot 2¢

|E|?’E = 0. (A.9)
where E represents the modulation of the electric field and the quantities k", z, wy and 7 are

already introduced in Chapter 5. Now if ¢y is the scale size of the wavepacket, putting zg = %
and applying the following rescaling

Z=z/z, T=r1/ty, q= %E,
V c
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we obtain the NLS equation

dq i 0?q 9

dq i 0%q . 9

from theirs by making the change of variables t — Z and z — T. Now in [3, 1} 2] we see that
the NLS equation is written as

= —i— F 2ilq|%q. (A.12)

Also this equation can be found starting from eq. (A.9), in fact if we put zp = % and consider
the normalized variables (always in eq. (A.9))

Z=z[(2%z), T=r1/to, qz“%ﬁ,
we get eq. (A.12).

A more complete discussion of the normalization of eq. (A.9)) can be found in [87]. In this
book the NLS equation has the following form

Ou  sign(fa) 0%u

Taking ¢ = u, t — ¢ and z — 7, we arrive at
g _sign(B) g | 5
Yor T 9 oz lal"q,

which implies

dq  sign(B2) 9%q 5
= g lde

When sign(f2) < 0 eq. is very similar to eq. and can be reduced to eq. .
On the other hand, when sign(32) > 0 we find a copy of eq. . We have already observed
in Chapter 5 that in the optical communications literature the case sign((32) < 0 corresponds to
anomalous dispersion, while sign(f2) > 0 corresponds to normal dispersion.

(A.14)
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Appendix B

Symmetry Relations

In this appendix we discuss four different transformations of the potential, namely conjugation
(V(z) — V(z)*), anticonjugation (V(x) — —V(x)*), inversion (V(z) — V(—z)), and antiinver-
sion (V(z) — —V(z)), and discuss their impact on the Jost solutions, the Faddeev matrices,
the scattering coefficients, the reflection and transmission coefficients, the matrices B;(x, «) and
B, (x,a), and the Marchenko integral kernels. We also discuss specific relations for these quanti-
ties in the symmetric case (V(z)* = V(z)), in the antisymmetric case (V (z)* = —V(x)), for even
potentials (V(—z) = V(x)), and for odd potentials (V(—z) = =V (z)). In this way we elaborate
on the symmetry theory expounded in Sec. We start with the detour of constructing the
Marchenko integral kernels from the functions B;(z, «) and B,(z, a).

B.1 Integral equations for the Marchenko integral kernels

In this section we study the extent to which the Marchenko integral kernel can be evaluated from
the corresponding solution B(x,«) by solving the Marchenko integral equation with the roles of
known and unknown function reversed. It appears that ;(a) (o > 2x) can be computed uniquely
from Bja(z,a) (o > 0) for sufficiently large x. Similarly, it appears that Q,(a) (@ > —2x) can
be computed uniquely from Byo(z,«) (o > 0) for sufficiently large —z.

Let us write the Marchenko integral equations (4.3b)), (4.3c]), (4.4b)), and as follows:

Qa+2z) + /:o dB Bii(z, 8 — a)(B + 2z) = —Bpp(z, a), (B.1a)
Q, (o — 2z) + /:O dB Bra(z, B — a)Q(6 — 22) = —Bys(x, ), (B.1b)
Q(a —22) + /:O dB B (z, B — a)Q(8 — 22) = —Bya(z, ), (B.1c)

Qo+ 2z) + /:O dB Bi(z, 3 — a)(B + 2z) = —Bjz(z, ). (B.1d)

Letting Bjs(x, ) and Bys(x, ) be known and have their entries in L!'(R*) for any x € R and
s =1,2,3,4, we thus obtain Volterra integral equations of convolution type.
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Proposition B.1 Given the matriz functions Bis(x,«) or Bys(x,a) in each of egs. (B.1)) and
fixing x € R, the following statements are true:

a. Equation (B.1a) is uniquely solvable if and only if det My (z,A) # 0 for every A € Ct.
Moreover, there exists xg € R such that (B.1a)) is uniquely solvable for x > xg.

b. Equation (B.1D) is uniquely solvable if and only if det My4(z,\) # 0 for every A € C+.
Moreover, there exists xg € R such that (B.1b|) is uniquely solvable for x > xg.

c. Equation (B.1ld) is uniquely solvable if and only if det Myq(z,\) # 0 for every A € C—.
Moreover, there exists xg € R such that (B.1d)) is uniquely solvable for x < xy.

d. Equation (B.1d)) is uniquely solvable if and only if det My (x,\) # 0 for every A € C—.
Moreover, there exists xy € R such that (B.1d)) is uniquely solvable for x < x.

Proof. Each of egs. (B.1) has the form
Q)+ [ BB 00 = Fl), €k,

where the entries of B and F belong to L' (R*) and a solution €2 is sought with entries in L!(R*).
Applying the standard theory of systems of convolution equations on the half-line [59, (3], we
have unique solvability if and only if the so-called symbol

WA <1, + /0 dy e B(v)

is invertible for each A € C*, where p = n, m, n, m respectively. In fact, by Fourier transformation
we obtain

W(A) /OOO da e?Q(a) :/OOO da e F(a).

Thus we obtain for the Fourier transformed solution
/000 dae?*Q(a) = W)L /000 da e F(a).
Since Theorem implies the existence of Z with entries in L!(R*) such that
W) =1, + /OOO da e Z(a),
we obtain the unique solution
Qfa) = F(a)+ [ d5 2(3 - )F(9)

The second statement in part a follows from the fact that M (z,A) — I, as © — +o0,
uniformly in A € C*t. Parts b-d are proved in the same way. [
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B.2 Inversion and antiinversion
As in Sec. for any function W of 2 € R we define the functions W#) and W# by
W () = W(-z), WH ()= -w(-=z).
Defining the unitary and selfadjoint operator U on H,4m by
UHz) = f(-z), zeR,

we then have the following symmetry relations [cf. (2.11]) and (2.13])]:

Ho(UJ) = —(UJ)Hy
H(UJ) =—(UJ)H
HoU = —UH,
HU = -UH

inversion H®#) = —iJj(d/dx) — V#)

antiinversion | H# = —iJ(d/dzx) — VI#]

Replacing (z,A) by (—z,—\) in (3.2b]) and making the change of variable y — —y we obtain
the Volterra integral equation

Fo(—z,—\) = ™" + iJ/ dye” MWV (—y)Fr(—y, =)

T

— Nz _ iJ/ dy e MWDV () FL(—y, —N). (B.2)

Multiplying the first line of (B.2)) from the left and the right by J and using JV (z)J = =V (x),

we obtain

JF, (=2, —\)J = T — iJ/ dy e= MYV () JE (—y, —A)J
T

M _ iJ/ dy e~ MW=y ) () T (—y, —\)J. (B.3)

In a similar way we can manipulate (3.2a)). Because (3.2a)) and (3.2b]) are uniquely solvable for
any L'-potential V, we obtain for the Jost solutions corresponding to H#) and H#!

F®(@,0) = JF(—2,-\)J,  FH#(2,)) = JF (=, —\)J, (B.4a)
F#(@,)) = Fy(~2,-N), F#(2,)) = Fi(—z, - )). (B.4b)
Using (3.10) we get for the Faddeev matrices
M) (2, ) = IMo (=2, =\, MP)(2,)) = TMy(—2, —A)J, (B.5a)
M (2, \) = My (=2, —N), M#(2,0) = My(—z, —)). (B.5b)
Taking the appropriate limits of (B.4) as z — 400, we obtain for the scattering matrices
a®(\) = Jap (-N)J,  aP(\) = Jay(=\)J, (B.6a)

r

() = ar(-N), P () = a(-N). (B.6b)
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Equations lead to identities of the following type:

PN =an(-2),  af () = anu(-N),
a'N) = —ana(=0), a0 = —as(—N),
gl M) =an(=)),  af (V) = anu(-N),
al(N) = a,a(—), a1 (\) = ay3(—2)
Using (3.35)) and ( - in . we obtain
B#(z,0) = JB.(~2,0)J, B®¥(z,0) = JB/(~x,0)J, (B.7a)
BM(z,a) = B,(—z,a), B#(z,0) = B/(~z, ). (B.7b)

It is now easily understood that the technical hypothesis applies to the inverted and antiin-
verted Hamiltonians H#) and H® whenever it applies to H. Under the technical hypothesis
we then easily prove the following identities:

TN =T(-N | TPV =To(-N) | [N =Tu(-N) [ T =T (=)
TN =T(-N | TV =T, | | T 0 =T\ | T ) = To(-N)
R#(N) = —=L(=A) | L#(X) = —=R(=\) | | RFI(\) =L(=)) | L#(\) = R(-))
BP0 =-L(-N | I =-Rn | | RPN =120 | ¥ 0) = R(-))
These identities can be written as four identities for the scattering matrices
SEHN) = JS(=A)J = JS(—=\)"1, (B.8a)
SHI(N) =8(=A) = S(=A)~L (B.8b)

It is now immediate from the above table and egs. (4.56)), (4.57), (4.61)), and (4.62) that we have
the following correspondences for the poles of the transmission coefficients, their orders, and their

Laurent series expansion coefficients (j =1,...,N, s =1,... Nk
Hg#) _ ’f[[j#] = i, q](-#) _ qj[#} =g,
#) _ _[# _ = #) _ _[# ~
7—l({'s - 7—l[js] = Tijs» Tr s Tr[']s] = Trjs; (BQ)
Rj#) _ '%[7'#] = K}, #) _ qj[#} =g,
~(# ~|# #
7-l(js) = les] = Tijss T(']S) - Ti]s] = Trjs-

Let us now study the effect of inversion and antiinversion on eigenfunctions. Applying (4.38)
to the inverted potential V#) we have

(#) On
Fl(#)(x,mj) (063 ) = Frg#)(x,i/ﬁj) (77(;)1> .

mx1 5

Using (B.4al) and making the change z — —x we get

(#) 0,
Fr(m’ _i“j) (dgj 1) = _Fl(x? _iﬂj) <17(;5)1) :
mx j
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A comparison with (4.45) leads to &; = 55-#) and 7; = —nj(#). Therefore,

6jO = - ](#)7 EjO = _DJ(O#), Cjo = —6%#), Djo = —E%é). (B.10a)
In the same way we obtain with the help of (B.4b)
Co=Cll, D=0, c=0%, D,=D. (B.10D)
With the help of we arrive at the identities
Ty=-1%, T,=-1% 1r,=-1T7, 1,=-T7. (B.11a)
In the same way we obtain with the help of (B.4b)
Ty = F%ﬂ, IS Fl[jﬂ, Iy = fﬁ, T, = f}jﬂ. (B.11b)

The previous table and, for algebraically simple eigenvalues only, the previous table plus egs.
(B.10) lead to the following symmetry relations for the Marchenko integral kernels:

0 (0) = -0r(e),  QP(a) = ~Wy(a), (B.12a)
2" (0) = -0, 2P (a) = —(a), (B.12b)
Af0) =),  2H(a) =Qy(a), (B.12¢)
0 =0, 2P = (). (B.12d)

For even potentials (V = V#)) we have Q; = Ql(#) and €, = Q) and therefore we obtain
the symmetry relations

(Oé) = _ﬁl(a)7

Q,
Q(a) = —Q(a).

Instead, for odd potentials (V = —V&# = V[#]) we get the symmetry relations

B.3 Conjugation and anticonjugation

In this section we study the impact of conjugation and anticonjugation on various quantities,
assuming there are no bound states.
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1. Dualizing the matrix Zakharov-Shabat system. Let us begin our discussion with
the following variation on the matrix Zakharov-Shabat system for A € R:

0
ox

—F(m,)\)F(x,)\)_lJ
= —F(z,\ {ng};(l‘ )\)} (x,)\)_lJ

—i— (F(x,\)™ ") J =i F(z,\)*

(z, )7
= —F(x, )" T { A\ + V(2)} F(z, ) F(z,\) 1T
—F(z, )V T My +V(2)} T
—F(:L’, )‘) ! {)‘In—i-m - V( )} ) (B'l?’)

where F' stands for either the left or the right Jost solution. Here we note that Jost solutions
are invertible matrices of order n + m. Let us now consider the matrix Zakharov-Shabat system
itself satisfied by a Jost solution:

—iJg];(:U, N) = (Mo + V(@)} F(z,\).

Let us now take the complex conjugate of this equation and write it in the following two
equivalent forms:

—isx (JF(z,\)*J)J = —JF (2, \)*J {\ppm — V(2)*},

—iaa (F(z,\)*) J = —F(2, \)* {\Monim + V(2)*} .

Xz

def

Then using the superscript (x) for quantities pertaining to the conjugate potential V(*)(CE) =
V(z)* and the superscript [#] for quantities pertaining to the anticonjugate potential VI*(z) =
—V(x)*, we obtain

FO @, NV =JF(@@ N, FM@, )™ = F(z, \)*. (B.14)

2. Symmetries for Jost solutions, Faddeev matrices, and scattering coefficients.
Let us now employ (3.1a)), (3.1b)), (3.4a), and (3.4b)) in (B.14). We get

F N = J[F(, M), E® (e, \) = J[Fu(z, A1, (B.15a)
F (@, \) = [F(z, 0], EW(z, \) = [Fp (2, N (B.15b)

For the scattering coefficients we get

al? (\) = Jla (NN = Ja. (N, (B.16a)
a ) = Jla, (V)7 = Ja(N)*J, (B.16b)
a1 () = [ ()7 = a (V) (B.16¢)
a (N = [ar (V)] = (M) (B.16d)



From (B.15)) and (3.10) we get the following symmetry relations for the Faddeev matrices:

M (@, X) = JIM(2, )70, MO (2, \) = J[My(z, A7, (B.17a)

r

M (2, \) = [My(a, A1, MM (2, \) = [My (2, \)*] 7" (B.17b)

Consequently, in the symmetric case (V(*) = V) the Jost solutions and scattering coefficients are
J-unitary matrices, while in the antisymmetric case (V! = V) these matrices are unitary. This
is in agreement with Proposition

It is now easily understood that the technical hypothesis applies to the conjugate and anti-
conjugate Hamiltonians Hy — V®) and Hy — V¥ whenever it applies to H. Under the technical
hypothesis we then easily prove the following identities:

00 =TV [ TN =T, | | 00 =T | T =T, (0"
TV =1 | TV =10 | | TV =1 | TE0) = T,00*
RO =TV | W) =RO)* | | REO) = L) | LH) = —R(V)*
RY0) =Ly | V0 = ROV R0 = —Loy | TH ) = ROV

SO =S =S (B.18a)
SHON) = TSN T = TSV, (B.18b)
Thus S(\) is unitary in the symmetric case and J-unitary in the antisymmetric case. It is now

immediate from the above table and eqgs. (4.56), (4.57)), (4.61), and (4.62) that we have the
following correspondences for the poles of the transmission coefficients, their orders, and their

Laurent series expansion coefficients (7 = 1,. .., N,s=1,... Nk
Tz?s) = Tlé’i = (T135)", 7153*2 = ij]s = (Trjs)",
R = e = (M3s)*, T = g = (igs)”

3. Symmetries for the functions B, (x,a). It is in general not easy to derive symmetry
relations for Bj(z, a) and B, (x, «), and eventually for the Marchenko integral kernels in the pres-
ence of bound states, under conjugation or anticonjugation. This requires introducing “adjoint”
Jost solutions and Faddeev matrices based on the adjoint matrix Zakharov-Shabat system .
From and the proof of Proposition it is clear that

det M;(z, \) = det M, (z, \) = 1. (B.19)

Also, Ml[*] (z,\) and Ml*} (z,\) can be divided into blocks labeled 1,2,3,4 in such a way that
Ml[f} (z,N), Ml[;} (z,N), Mg](x,)\), are Mq[z} (z,\) are analytic in C* and Mii] (x, N), Mi’g] (x, N),
Ml[;} (z,A), and MZ[Z] (z,A) are analytic in C~. From (B.17b) it then follows that the blocks 1,2 of
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M, (z,\)~! and the blocks 3,4 of M;(z,\)~! are analytic in C* and the blocks 3,4 of M, (z,\)™!
and the blocks 1,2 of M;(x, \)~! are analytic in C~. In fact, these blocks of the inverse Faddeev

matrices belong to the corresponding Wiener algebras. We therefore write

My(z,\) 7t = n+m+/ dae_i)“]o‘Cl(x,a),
0

M, (z,\)7! = n+m+/0 da MO (x, @),

(B.20a)

(B.20b)

where ||Ci(z,-)||1 and ||Cy(x,-)||1 are finite for x € R. The same result can be derived using

Theorem [3.8] Equations (B.17) and (B.20) imply

Bl(*)(x,a) = JC(z, )" J, Bﬁ*)(aj,a) = JCr(x,a)"J,
Bl[*] (z,a) = Ci(z, )", Bl(z,a) = Cp(x, 0)*.

T

We now define ny(z, \) and n_(z, A) as follows:

mxn Om>< OmX’fL Im

R P i /I CR VIR i o) YISV
n_(z,\) = <0izn %";j) My(z,\) !+ <(()):1sz Or};m) M, (z,\)7L
Then
ny(z,A) = Ingm + /000 da e?c, (z,a),
n_(x,\) = Intm + /000 dae ™ ™c_(z,0).
We then have the following analog of Theorem [4.7]

Theorem B.2 Under the technical hypothesis, the Riemann-Hilbert problems

where H(x,\) = eMES(N)e M and H(z, \) = ¢S (N)e™, hold true.

Proof. In analogy with (B.22) we define

g+(ac,)\) _ (()In 0n><m> Fl(.%,)\)_l + <0n><n On><m> FT(ZL‘, )\)—1’

mxXn Om>< Oan Im

mXxXn 0m>< Oan Im

g_(x7)\) = <OI7L 0n><m> FT(I‘,A)il + (Onxn Onxm) .Fl($, )\)71‘
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(B.22a)

(B.22b)

(B.23a)

(B.23b)

(B.24a)
(B.24b)



Then (as in Fy,.(z,\)"t = e 20 (2, 0)71)
gi(z,\) = e Mo (x,N), g—(z,A) = e Mon_(2,\).
Then it is easy to verify from the asymptotics as * — +oo that
g-(2, ) = S(N)g+ (2, ), g4(z,A) = S(\)g—(2, ).
These two identities can then rewritten as . ]

For later use we write
Ny(z,\) = My(z,\) 7, Np(x,A) = My (z,\)7L

Then Njs(x,\) and Npg(x, ) (s = 1,2,3,4) are the blocks in the usual partitioning of N;(z, A)
and N, (z,A). From (B.17) and (B.22)) we easily derive the symmetry relations

m_(z,\)*, \eCT, (B.25a)
n (@A) = Jmy (2,0, 2@ ) =mo(@, ), AeCT. (B.25b)
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Because of (B.19)), the blocks of N;(z,A) and N, (x,\) coincide with the corresponding blocks of
the cofactor matrices of M;(x,\) and M, (x,\). For n = m = 1 we find the obvious relations

Np(x,A) = Myy(x, N), Nig(x,\) = —Mja(x, N),
Niz(z, A) = —Miz(, A), Nu(z, ) = My (z, A),
Nyi(z, A) = Mypg(z, M), Nya(z,A) = —Mypo(x, \),
Nys(xz,\) = —=M3(x, \), Nyg(z,N) = My (2, A)

For n = 1 and m > 2 the only remaining elementary relations are as follows:
Np(x, \) = det Myy(x, M), Nyi(z, ) = det Npg(z, ).

4. Dual Marchenko integral equations. Mimicking the proof of Theorems and
we now easily derive the “adjoint” Marchenko integral equations

Cin(r, ) = /0 T 48 u(a+ B+ 20)Cia(a, B), (B.262)
Cia(, @) = Qu(a + 22) + /0 T 4B + B+ 20)Culx, B), (B.26b)
Ciz(z,a) = Q(a+22) + /Ooo dB (o + B+ 22)Cp(z, B), (B.26¢)
Cia(z, ) = /0 T 4800+ B+ 22)Cial ), (B.26d)
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and

Cra(w.0) = [ 3B (a+ 5 - 200Cae. ) (B.27a)
Cra(z,a) = Qp(a — 2z) + /000 dB Q. (o + B — 22)Cry(x, B), (B.27b)
Cral, ) = Qo — 2) + /0 T B0 (a+ B — 20)Co (x, ). (B.27¢)
Cuafar0) = | T 4B+ - 2)Cra(z, ), (B.27d)

in the absence of bound states.

5. Symmetries for the Marchenko integral kernels in the absence of bound states.
The symmetry relations for the reflection coefficients as presented in the previous table lead to
the following symmetry relations for the Marchenko integral kernels:

O (r,0) = Wz, 0)", O (x,0) = Yz, a), (B.28a)
O (z,0) = 0p(z.0), O (2,0) = Q(z,0), (B.28b)
O(z,0) = Oz, 0)", @) = -0z, a), (B.28¢)
Az, 0) = —0(x,0)*,  O(z,0) = - (x,0)". (B.28d)

Here we make use of eqs. (4.24a))-(4.24d)) to convert symmetry relations for the reflection coef-
ficients into symmetry relations for their Fourier transforms. Thus in the symmetric case we
have the symmetry relations

Oz, 0) =Wx,0), O (@ 0) = Y@ a), (B.29a)
Q) (z,0) = Q(z,0), O (2,0) = (@), (B.29D)
while in the antisymmetric case we have

O (z,0) = ~Q(z,0)", Az, a) = —(z, ), (B.30a)
(z,a) = —Op(z,0), O(z,a) = Q. (z,a)" (B.30b)

B.4 Conjugation symmetries and bound states

So far we have derived the symmetry relations only if there are no bound states, where
we could just as well have applied the symmetry relations for the reflection coefficients. If there
are bound states, the situation is far more complicated. We restrict ourselves to the case where
all of the eigenvalues are algebraically simple.
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Let us derive egs. (B.26) and (B.27) if the poles of the transmission coefficients are simple.

In analogy with (4.36)) and (4.37]) we first derive the identities
N

Cn(z,a) = — Z efﬂjaleoNﬂ'?(x) + / dg R(a + B+ 2x)Ci3(x, B),
i=1 0
N . A o

Cip(z,a) = — Z e %0 N7 (x) + R(a 4 2x) + / dB R(a + B+ 2x)Ciu(x, B),
i=1 0

N 00

Cra(x,0) = =Y e ™7 joNjy (x) + Lo — 2z) + / dB L(a+ 8 —22)Cpa (x, 3),
— 0
]N | .

Cra(z,0) = — Z e_“jO‘TrjoNljf(x) + /0 dB L(a + 3 —2x)Cra(z, B),

—1

e

where Nljso(x) = Nis(x,ik;) and Ni(z) = Nys(z,ikj) (s = 1,2,3,4). We now replace eigen-
solutions of the matrix Zakharov-Shabat system by “left” eigensolutions which are row vector
functions with entries in L?(R) satisfying . These left eigensolutions have either of the
equivalent forms

€j (In Onxm) Fr(xai’{j)_l ="y (0m><n Im) ﬂ(mviﬂj)_la
where 0 # €; € C*™ and 0 # n; € CH*™ satisfy
gjap (ikj) = O1xn, 1;jar4(ik;) = O1xm-

It is then clear that e; and n; are exactly the row vectors &7 and {7, jo for arbitrary nontrivial
&€ € CY" and ¢ € C'*™, respectively.

In analogy with (4.44])) we obtain

Tuio 0 . 0 e*2l€j1‘Al i .
<O ! nxm) ny(x,ik;) = <€2m?1’><£rj ! n(z,ik;), (B.31)

mxn  Trjo Omxm
where ny (x,ir;) is defined in the proof of Theorem and
Ay = 1150C o, Arj = TrjoDjo,
for dependency constant matrices satisfying
n; =¢€iCjo, & =mn;Djo,

which are each other’s Moore-Penrose generalized inverses. Using (B.31|) we then obtain the
Marchenko integral equations (B.26al), (B.26b)), (B.27¢), and (B.27d)), where

N

V(o) = R(a) + Y Aye ™, (B.32a)
j=1
A N

Qo) = L) + Y Apje ™, (B.32b)
j=1
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It remains to prove that we have found the same integral kernels as in (4.53)).
In the same way we can depart from the left eigensolutions

gj (In Onxm) ﬂ(m, _Z.'%j)_l = ﬁj (Omxn Im) Fr(.ﬁ, _i'%j)_lv
where 0 # €; € CI*" and 0 # M, € CHXm satisfy
gjar1(—ikj) = O1xn, 1;a14(—1K;5) = O1xm.

We then obtain
7~'le Onxm ey Onxn B_QijAl]) i
- n_(x,—ik;) = e n_(x, —ik;), B.33
<Om><n Trj0 > ( j) <62H]xArj Omxm ( J) ( )

where
A = 7150C o, Arj = TrjoDjo,
for dependency constant matrices satisfying

n; =€;Cj,  &€; =m;Djo,

which are each other’s Moore-Penrose generalized inverses. Using (B.33)) we obtain the Marchenko
integral equations (B.27a)), (B.27b)), (B.26¢)), and (B.26d), where

M-

Il
i

Qi(a) = R(a) + 3 Apye e, (B.34a)

J

Q. (a) = f(a) + rje e (B.34b)

M=
g

1

J

It remains to prove that we have found the same integral kernels as in (4.55)).

Proposition B.3 Let the poles of the transmission coefficients be simple. Then

Ay =Ty, A =T, Ay =Ty, A, =Ty (B.35)

Moreover, under conjugation and anticonjugation we have the following symmetries:

Fl[;] = —Fz(;) =— (fzj)*, FE;] = —I‘ff;.) =— (Ej)*, (B.36a)
T =T = - (@), Th=-T\ =) (B.36b)

Equation (B.35)) implies the Marchenko equations (B.26]) and (B.27]), where the integral ker-
nels are given by (B.32) and (B.34) and coincide with those defined by (4.53)) and (4.55). As
explained in Subsection in the antisymmetric case these integral kernels satisfy the sym-

metry relations (B.30)).
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Proof. From linear algebra it is known that « is a left eigenvector of the p X p matrix A at the
eigenvalue \ (i.e., A = \a) if and only if a* is a right eigenvector of A* at the eigenvalue . As
aresult, Cy and Dj, are each other’s inverses between the ranges of 7%, and 7.7, 6;0 and 5;0
are each other’s inverses between the ranges of 7:[;‘0 and %:jo, and the matrices extend pairwise
by means of zero matrices to pairs of matrices that are each other’s Moore-Penrose generalized
inverses. A similar set of four matrices can be constructed by defining them by means of the
intertwining relations

750Cj0 = DjoTrjo,  TrjoDj0 = CjoTij0, (B.37a)
7150C 0 = CjoTijo, 7rjoDjo = DjoTrjo, (B.37b)
and extending them by zero to form pairs of matrices that are each other’s Moore-Penrose

generalized inverses. The uniqueness of such matrices then implies (B.35]). Using (B.37)) together
with (B.35)) we obtain (B.36)), as claimed. ]

We now derive the main symmetry result.

Theorem B.4 Let the poles of the transmission coefficients be simple. Then the Marchenko
integral kernels satisfy the symmetry relations (B.28§)).

Proof. Equation (B.35)) implies the Marchenko equations (B.26)) and (B.27)), where the inte-
gral kernels are given by (B.32)) and (B.34) and coincide with those defined by (4.53) and (4.55)).

Equations (B.36)) and the symmetry relations for the reflection coefficients then imply (B.28). m
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