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ABSTRACT

We consider a nonlinear pseudo-differential equation driven by the fractional p-
Laplacian (—A4); with s € (0,1) and p > 2 (degenerate case), under Dirichlet
type conditions in a smooth domain 2. We prove that local minimizers of the
associated energy functional in the fractional Sobolev space W "#(£2) and in the
weighted Hélder space C?(12), respectively, coincide.
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1. Introduction and main result

The ‘Sobolev versus Holder minimizers problem’ is a classical one in nonlinear analysis, arising from the
application of variational methods to boundary value problems of the following general type:

{Lu = f(z,u) in 2

u€eEW. 11)

Here 2 C RV is a (generally bounded and smooth) domain, W is a Sobolev-type function space defined on
2, incorporating some boundary condition, L : W — W?* is an elliptic differential operator in divergence



form (linear or nonlinear), and the reaction f : 2 x R — R is a Carathéodory mapping satisfying suitable
growth conditions. In many relevant cases, weak solutions of problem (1.1) coincide with critical points of
an energy functional J € C1(W) of the form

J(u) = M —/ F(z,u)dx, (1.2)
p 7]

where p > 1 and F(z,-) denotes a primitive of f(z,-). Among critical points, local minimizers play a special

role, as they are the starting point to apply mountain pass or minimax schemes, as well as Morse-theoretic

arguments aimed at multiplicity results.

In order to localize solutions of (1.1), truncations of the reaction are often employed: as a typical example,
when f(-,0) = 0, positive solutions are detected by using a modified functional J. defined as in (1.2), but
with f replaced by f.(z,t) = f(x,t") (here ¢ denotes the positive part of ¢ € R). Alternatively, one may
truncate f(z,-) outside a sub-solution and a super-solution of (1.1) in order to ‘trap’ solutions within a given
functional interval. Among many examples, we refer the reader to the classical works [1,24,29]. In all these
cases natural constraints are employed, so that weak comparison arguments ensure that critical points of
the truncated functionals are critical points of J as well. A drawback of the truncation method is that the
topological nature of such critical points is a priori lost in the process, along with the valuable information
that can be derived from it: in particular, it is not a priori ensured that local minimizers of the truncated
functionals are minimizers of J. For instance, this is the case for the truncation at 0, as J and J; only agree
on the positive cone W, , which in general has an empty interior.

In [4], Brezis and Nirenberg proposed an answer to this issue for the Dirichlet problem with L = —A and
W = HZ(R2), by proving that local minimizers of J in H}(£2) coincide with those in the space C = C1(£2)
(whose positive cone has a nonempty interior). Such result relies on classical elliptic regularity theory, as well
as on the linearity of the operator (coincidence is first proved for 0, and then extended to any minimizer u
by translation). A key point is that minimizers of J on closed balls in H}(£2) solve a problem of the form
(1.1), involving a Lagrange’s multiplier as well.

When nonlinear operators are considered, the question becomes more involved. In [14], Garcla Azorero,
Peral Alonso and Manfredi extended the coincidence result to the p-Laplacian operator L = —A,, with
W = WyP(2) (p > 1) and again C = C'(12). In this case, to deal with non-zero minimizers, a simple
translation would not work, but the authors overcame such difficulty by employing the nonlinear regularity
theory of Lieberman [23] for a more general operator than —A,,. Since then, ‘Sobolev versus Holder’ results
were proved for a number of (1.1)-type problems involving several operators (both linear and nonlinear)
and boundary conditions (see for instance [9,15,21,27]). In particular, we mention the approach of Brock,
Tturriaga and Ubilla [5], where constrained minimization of J is performed on balls in L4(£2) (¢ < p*), so that
the modified equation is still of p-Laplacian type, though involving an additional power term (see also [10]).

When it comes to nonlocal operators of fractional order, problem (1.1) is naturally set in a fractional
Sobolev space, but C'-regularity up to the boundary is not to be expected any more. For instance, given
s € (0,1), the function (1 — \97;|2)f|r solves

(=AY u=1 in B
u=0 in RV \ By,

but clearly |Vu| blows up near the boundary. The issue, moreover, does not only involve the boundary
behavior: for f € L>(RY), the optimal interior regularity for solutions of (—A)*u = f is C?* when s # 1/2,
so that when s < 1/2 we cannot expect even Lipschitz continuity in the interior (see [28]). In the fractional
framework, the natural function space to work with is constructed through a weighted Holder regularity
condition, namely assuming that u/d§, admits a continuous extension to 2, where d$,(z) = dist(z, RV \ 2)*.
We denote by C = C?(£2) the space of such u’s, equipped with the norm [ullco = supg [ul/dg,, while we set



L = (—A)* (the fractional Laplacian of order s € (0,1)) and W = H(§2). In [18], equivalence of minimizers
for J in W and in C was proved following the approach of [4] (see also [2,12] for similar results).

In this work we propose a ‘Sobolev versus Hoélder’ result for a nonlinear nonlocal equation driven by
the degenerate fractional p-Laplacian, namely the nonlinear extension of (—A)°. For any s € (0,1), p > 1,
N > ps we define the Gagliardo (semi-)norm of a measurable function u : RY — R as

iz, =[], lute) = )l d

where we use the abbreviated notation
dx dy

Y
|z — y[N TP

Further, let 2 C RN be a bounded domain with a C*!-boundary and set

dp =

WeP(2) = {ue LP(RY) : |ju|lsp < 00, u=0a.e. in RV \ 2}.

The space W, (£2), endowed with the norm || - ||5,, is a separable, uniformly convex Banach space with
dual denoted by W‘S’pl(()). The embedding W, (2) — L%({2) is continuous for all ¢ € [1, p*] and compact

for all ¢ € [1, p%), where
Np

T N- ps
denotes the fractional Sobolev exponent. We define the fractional p-Laplacian as an operator (—A)
WEP(02) — W= (£2) given by

*

Ds

s
p

() = [[ | (0le) =) ole) = ()

i.e., (—A); is the Fréchet derivative of u + [[ul% ,/p (see [16] for details). Note that (—A); is both nonlinear

P P
and nonlocal. We will consider the following Dirichlet problem:
(=4)yu= f(zx,u) %n .QN (1.3)
u=0 in RV \ £,

f 2 xR — Ris a Carathéodory mapping obeying the following at most critical growth condition for a.e.
x e P andallteR:

(@, )] S Co(L+ "7 (Co>0). (1.4)
According to the general formula (1.2), the energy functional for problem (1.3) is J € C*(W;P(12)), defined
by

_ ullg,
Ju)=—==— [ F(z,u)dz,
p Q

with .
F(aat)z/o f(z,7)dr.

In the present case, the role of the space C is played by the weighted Holder space

o) = {u c V(D) : T € 00(6)},

endowed with the norm

- u
llullco = ’ & 1l

Our main result is the following, proving coincidence of Sobolev and Hélder minimizers of J:



Theorem 1.1. Letp > 2, s € (0,1), N > ps, 2 C RN be a bounded domain with a Ct*-boundary,
f: 02 xR — R be a Carathéodory mapping satisfying (1.4). Then, for any ug € WP (R2), the following are
equivalent:

(i) there exists p > 0 such that J(ug + v) = J(uo) for allv € W3P(2), |v||sp < p;
(ii) there exists o > 0 such that J(ug +v) = J(ug) for allv € W3P(£2) N C2(R2), [vllco < o

We make some comments on Theorem 1.1:

(a) Choice of the space. There are many reasons why C9({2) is a natural choice where to settle this kind
of result. Mainly, such choice is dictated by the results of [17] (see also [19,20]), where an a priori
bound places solutions of (1.3) in the space C%(2) = {u € C%(2) : u/d$, € C*(22)} for some a > 0,
which compactly embeds into C%(£2) (see Section 2 for details). Plus, in [7] (see also [22]) the following
version of Hopf’s lemma was proved: any solution u > 0 of (1.3) with non-negative right hand side either
vanishes identically, or u/d$, > ¢ in 2 for some ¢ > 0. In particular, these signed solutions belong to
the interior of the non-negative cone in C?(2).

(b) Method of proof. Our strategy is more in the spirit of [5] rather than of [14], with constrained
minimization on LPs (£2)-balls in order to deal with possibly critical problems, and employs as well a
special monotonicity property of (—A); (see Section 3 for the detailed proof). Notice that in references
such as [4,5,14] only the implication (i) = (i) is considered, as the other one is trivial due to
CY(R2) < WyP(2). A typical feature of the nonlocal framework is that C%(£2) is not included in
WP (82), so we have to prove both implications.

(¢) Applications. The semi-linear case p = 2 of Theorem 1.1 proved in [18] has already been applied in a
number of settings, see e.g. [8,13] and the monograph [25] for a general theory of fractional boundary
value problems. We hope that Theorem 1.1 will prove to be equally useful in the quasi-linear setting.
Already in [16, Theorem 5.3], a multiplicity result for problem (1.3) was proved under the conjecture
that a version of Theorem 1.1 holds: such result is now fully achieved. In Section 4, we will briefly
describe an illustrative application. Besides [16], see [11,30] (focused on problems with critical growth)
and the survey [26].

(d) The singular case. We remark that our result is only proved in the degenerate (or superquadratic)
case p > 2. This is due to the fact that the C¢(£2)-regularity mentioned above has so far only been
proved in this setting. For the singular case p € (1,2), the boundary regularity issue is therefore still
open. Provided the answer is positive, the singular counterpart of Theorem 1.1 (with exactly the same
statement except p € (1,2)) could be easily proved arguing as we do below using Lemma 2.4 instead
of Lemma 2.3.

Notation. Throughout the paper we will use the short notation a” = |a|" 'a for all a € R, > 1. We will
denote || - || the usual norm of L?(2) for all ¢ € [1,00]. Finally, C' will denote several positive constants,
only depending on the data of the problem.

2. Preliminaries

In this section we introduce some technical results which will be used in the proof of our main theorem.
First, we recall that u € W"?(£2) is a (weak) solution of problem (1.3) iff for all p € W (£2)

(D)) = /Q flz,u)pd,

ie., iff J'(u) = 0 in W=# (). We recall from [6, Theorem 3.3, Remark 3.8] the following a priori bound
for weak solutions of (1.3):



Lemma 2.1. There exists ¢g = £o(N,p, s,Co) > 0 such that if u € WP (£2) solves (1.3) under the growth
condition (1.4) and K > 0 fulfills
\u|p: dzx < g,
{lul>K}
then ||ul|oe < C with C = C(N,p, s, Cy, ||u||sp, K) > 0.

The bound in Lemma 2.1 is not uniform in ||ul|sp, due to the critical growth in (1.4), therefore in order
to prove equi-boundedness of a sequence (uy,), of solutions to (1.3) one not only needs an a priori bound
on |lup||s,p, but also an equi-integrability estimate. For strictly subcritical reactions the dependence on K
can be dropped, and the former is sufficient.

In addition to C?(f2) defined in the Introduction, we will also use the following weighted Hélder space
(see [18] for details):

(D) = {u € CO(Q): dis c ca(ﬁ)}, (a € (0,1)),
Q
with norm () /% () — u(y) /d, ()] |

|l —y[”

lullce = llullco + sup
T#Y

The embedding C¥(£2) < C9(2) is compact for all a € (0,1). The space C¢(£2) is related to the global
regularity theory for solutions of the following problem:

AP u=g(x) in 2
{i:())p " in RV\ 02, 21)

with g € L (£2). Weak solutions are defined just as those of (1.3). From [17, Theorem 1.1] we have the
following result:

Lemma 2.2. Let p > 2. Then, there exist a,C > 0, both depending on {2, p, and s, such that any weak
solution uw € WP(02) of (2.1) with g € L*>(R2) fulfills

1
lullce < Cllglia-

Another useful tool for our argument is the following monotonicity property of the fractional p-Laplacian,
which we present separately in the degenerate and singular case:

Lemma 2.3 (Degenerate Case). Let p > 2. There exists C = C(p) > 0 such that for all u,v € Wg*(£2) N
L () and allg > 1

+q—1||P
|- <cat(-ayu- (a0 w-v)).
,p
Proof. First we prove the following elementary inequality (recall the notation a” = |a|r71a introduced
above for a < 0): for all a,b,¢,d € R such that a — b = ¢ — d it holds
a%;l _ p+;+1 p < quq (cp,l _ dp,l) (aq _ bq)’ (2.2)

with a constant C' = C(p) > 0 independent of q. We may assume that a > b and ¢ > d since the former is
equivalent to the latter, so that being ¢ — ¢"~! increasing for all 7 > 1 all the factors of (2.2) are nonnegative.
We apply [3, Lemma A.2] with g(¢) = t? and



to get

ptq—1 ptq—1 (p +q—1)P p—1
(" o ) < Pl ) (),

Besides, p > 2 implies that t — tP~2 is increasing on R, hence

Lol =(p—1) / P2 dt

c—d)/2
> (p —1)/ 172 dt
—(c—d)/2
1

—1
= 2p*2 (C — d)p .

Recalling that a — b = ¢ — d and concatenating with the previous inequality, we get
2
(ap+571 — bp+gil’)p w ( p—1 _ dpfl) (aq _ bq)’
PP q
which yields (2.2). Now pick u,v € WP (2)NL>(£2), so (u—v)? € WP (12). By (2.2) with a = u(z) —v(z),
b=u(y) —v(y), c =u(z) —u(y) and d = v(z) — v(y), we have

//RQN —o(@) " = (uly) —o(y)

<O A);u— (=A) v, (u—v)7),

+ 1
H(u—v pg

which proves the assertion. [J

In the singular case, the monotonicity is slightly different:

Lemma 2.4 (Singular Case). Let p € (1,2). Then, there exists C = C(p) > 0 such that for all u,v €
WP (2)NL>(2) and allg > 1

g+1 2
(u—v)2z
(|E||P +||v||p||)2_p\ 2{(=A)u= (-4 (u =0,

Proof. Again we start with an elementary inequality:

g+l a+1|2

az bz | <Cq(c” ' =d ") (a® —07) (3 + d2)2;2p, (2.3)

for all a,b,c,d € R such that a — b = ¢ — d, with a constant C' = C(p) > 0 independent of ¢g. As in the
previous proof, we may assume that a > b and ¢ > d. By the Cauchy—Schwartz inequality and the assumption

a —b=c—d, we have
2
{aqgl bqgl} {q; 1 / |t| }

@ /b #17Y dt (a — b) (2.4)

R
_Tq(a

/N

—b9) (c—d).

1
On the other hand, [¢| < (82 + d2) 2 for all ¢ € [d, ¢], which, along with p < 2, implies for all ¢ € [d, c]

‘t|2—1) < <02 +d2)277p



In turn, the latter implies

c
cfd:/ > 7P [¢P 2 at
d
2-p [€
< (P +d)? / P2 dt
d

1 2 2 2%17 p—1 p—1
:E(c +d) (c —d ),

which inserted into (2.4) gives (2.3). Now pick u,v € W;P(£2) N L>®(f2) and set, for any z,y € RV,
a=u(x) —v(x),b=uly) —v(y), c =u(r) —uly) and d = v(z) — v(y). Using (2.3) and Holder’s inequality
with exponents 2/p and 2/(2 — p), we get

o @Hi’p //W o(a)F — ()~ o)

/7 ()" (o) - <»Pw«w@—w@217wwyfmwwq
ol () — u(m)? + (v(@) — v(y))2) T

< g8 (((~2)u— (=250, (u— D) ¥ (a2, + ol2,) 7,

N\’U
[lhs]

dp

with a different C' = C(p) > 0, still independent of ¢. Raising to the power 2/p we conclude. O

3. Proof of the main result
In this section we prove our main result:

Proof of Theorem 1.1. First we prove that (i) implies (i7). Assuming (i), we have in particular J’'(ug) = 0
in W~ (Q), hence by Lemma 2.1 ug € L*°(f2). In turn, by (1.4) we have f(-,u) € L*(§2). Then,
Lemma 2.2 implies u € C%(12).

We argue by contradiction, assuming that there exists a sequence (uy,), in W;P(£2) N C2(£2) such that
up — ug in C2(2) and J(uy,) < J(up) for all n € N. Then we have u,, — ug in L>(2), hence

lim/ F(m,un)dz:/ F(x,up) dz.
noJe 2

So we have
lim sup ——= = lim sup {J(un) + / F(z,up) dz
n p n ?
uol|?
< Juo) + [ Flevug)do = 105
[0 p

in particular (uy,) is bounded in W**(£2). Passing to a subsequence, we have u,, — ug in W;'?(§2), hence

» < limninf l[wnls.p-

By the uniform convexity of WP (£2), it is easily seen that the latter implies u,, — ug (strongly) in W, ().
Then, for all n € N big enough we have ||u, — uglls,p, < p along with J(u,) < J(up), a contradiction. Thus,
(i) holds.

Now we prove that (ii) implies (i). First note that, by (ii), for all o € W5P(£2) N C2(2) we have

<J/(u0)7 Lp) = 0.



Since WS™P(£2) N C2(R) is a dense subspace of W™ (£2), we have J'(ug) = 0 in W5 (£2). As above, using
Lemmas 2.1 and 2.2 we deduce that ug € C2(£2), in particular ug € L>(£2). Again we argue by contradiction,
assuming that there exists a sequence (i), in Wy (£2) such that @, — up in WP (2) and J(a,) < J(ug)
for all n € N. Set for all n € N

On = llin —uollps,  Bn={ueW5P(2): |lu—uollpz <n}-

By the continuous embedding W3 (£2) < LPs (£2) we have 8, — 0, and B, is a closed convex (hence, weakly
closed) subset of Wy (£2). Due to the critical growth in (1.4), we cannot directly minimize J over B, so
we introduce a suitable truncation. Set for all t € R, x > 0

[t]x = sign(t) min{|¢|, x}.

For all u € W;"(£2) we have by dominated convergence

lim /()/Ouf(x,[t]n)dtdxz/QF(x,u)dx. (3.1)

K——+00

FixneN, g, € (0,J(ug) — J(@y)). By (3.1) we can find k,, > |Jug|lcc + 1 such that

‘/ Fn(xﬂn)dm—/ F(x,ﬂn)dx‘ < &np,
e 0

where we have set

Fal@t) = £ ), Fn(x,t):/o fol, 7 dr.

Note that, by (1.4),
| fa(a,t)] < Cn = Co (L+ w5271

Set for all u € W;(2)

P
Jn(u) = M —/ F,(z,u)dx,
p Q

hence J,, € C*(WyP(£2)), is sequentially weakly lower semi-continuous and, being p > 1 and |F,(z,t)| <
Cyr(1 + [t]), it turns out to be coercive. Thus for any n > 0 we can find w,, € B, solving the minimization

problem
In(un) =m, = uiean Jn(w). (3.2)

Note that, by the choice of €,, and x,,, we have
In () < In(Gn) < J(Up) +en < J(ug) = Jp(ug). (3.3)
We claim that there exists A,, > 0 such that the following identity holds in W’S’p/(()):
(—A)IS, Up + Ap(Up — uo)p:_1 = fu(x,up). (3.4)

Indeed, recalling that u,, € B,,, two cases may occur:

(a) If |lun — uol|px < On, then by (3.2) and the continuous embedding Wi™*(£2) — LP5 (), u, is a local
minimizer of J,, in Wy (), hence J},(u,) = 0. So, (3.4) holds with \,, = 0.
(b) If Juy, — uollps = dy, then we apply Lagrange’s multipliers rule. Set for all u € W3 (2)

Ju = wol o
— s — 5P . — n
Iw) = — =5 M, {uewgr(@): 1) - 3




then I € CY(WP(R2)) and M,, is a C'-manifold in W;P(2). By (3.2), u,, is a global minimizer of .J,,
on M, so there exists A,, € R such that in W_S’pl(ﬂ)

Ty (un) + A1 (un) =0,
which is equivalent to (3.4). Besides, by (3.2) again we have

<J7/l(un)7u0 - Un>
T/ (n), w0 — ) =

A = —

By construction we have that u, — ug in LPs (£2), as n — co. Moreover, by Lemma 2.1 and (3.4), we have
Up € L (£2). The next and most delicate step of the proof consists in proving that

Uy — U in L*(02). (3.5)
Subtracting (1.3) from (3.4), for all n € N we get in W’S’p/(())
(=) up — (—A)5 uo + An(ty — u)Ps = g (3, up — up), (3.6)
where for all (z,t) € 2 x R we have set
gn(@,t) = fu(z,t + uo(2)) — f(, uo(x)).
By (1.4), we can find C' > 0 (independent of n) such that for all n € N
g (. )] < C U+ |17 7). (3.7)

We set wy, = u,, —up € Wy*(£2) N L (£2) and test (3.6) with wi € WP (£2), for ¢ > 1:

(=4), un — (=A); uo, wi) + Ay, /|w \pﬁq 1dx—/gn(ac wy) wl dz

/ |wn|qd$+/ |wnlps+q 1dm}

We now apply Lemma 2.3 and the continuous embedding W™ (2) < LPs (£2) to get

ph(pta—1) £ pig-l
2 <ol
n $,p

< CP™H (= A); un — (= A); uo, wi),

P

which, along with A\, > 0 and (3.8), implies for alln € N, ¢ > 1

S(pta—1) = *
[ =5 o] <ot [ [ funldos [ 00 o) (3.9)
(9 n 2

with C > 0 independent of ¢ and n. Next, we shall derive an iterative formula from (3.9). We define
recursively an increasing sequence (g;); by setting
Pipt+aq—1)

q =1, Gjy1 = /7,
! p

so q; — 00 as j — oo. In particular, we can find 7 € N such that

_ N(pi; -1
g=q; > ¥ (3.10)
ps



By (3.9) with ¢ = ¢;, we have for all j,n € N
L* *
[/ ‘wn|th+1 d$:| Ps < qufl [/ |wn|f1j dx—i—/ ‘,wn|203+¢1j*1 dx}.
0 2 Q

We aim at absorbing the last integral into the left hand side. By Holder’s inequality we have
P (ptq;—1) £
dx} Ps

. pr—p
*
‘wn‘;ﬂs dl‘} Ps [/ |wn| P
0

/ |wn|1’>:+q1—1 da < |;/
0 2

P

Since w, — 0 in LPs (£2), for all n € N big enough we may assume

. PE—P 1
Ps R —
[ hwaltds] <

So for all j =1,...7 we have
53 1 Z
[t aa] <@ [t g [ [ e s
2 2 2 £

which yields
»
{/ |wy, |9+ dx] Ps g ZC’qff1 / |wp, |V dx.
Q Q

Iterating on (3.11) for j = 1,...7, we find C, @ > 0 such that for all n € N big enough

lwnllz < Cllwnllf-

q N
o>
ps_l ps

Since (wy, ), is bounded in L'(2), it is so in L7(£2) as well. Now recall (3.10) and set

By (3.7) and Holder’s inequality we have
/I%wmwmfdxg(7/X1+¢wuﬁdx<<1
Q Q

Again we test (3.6) with wd € Wy (£2) N L>(£2), ¢ > 1. As above, by using Lemma 2.3 we get

r
Ps <Cq”_1/gn(m,wn)w2dm
Q
1
F/

<cot[f PRSP [ w7 aal

1

ph (p+q—1)
{/ |wp| ™ P dm}
(7
=

<COg! L/LIUHJQF’dx}F,

with C > 1 independent of n and ¢. By (3.10) we may set
Y= p%, > 1,
pr

)

(3.11)

and define recursively two sequences (p;);, (g;); (different from the previous (g;);) through
pj

. pip—1)
Po = Ds> pj+1=7Pj+ST Qj:;'

(3.12)



So we have p;,q; — 00 as j — oo and setting ¢ = ¢; in (3.12), we have for all n,j € N

z e
[ twalsvras] ® <o [ [l a)?
k0] 2

(recall that ¢; > 1, hence qf RS qf ), which rephrases as the following recursive inequality:

/\w [P+t de < (C'gf) /|wn|p3dx : (3.13)

Iterating on (3.13) for j € N and recalling that ¢; ~ 77 /7 as j — oo, we have

-1 ;
. j—1 2l
[ wap e < Tl [ [ junl
Q o Q
i ) j—1 . j—4 * J
< C,YJ ’Yp'r‘ Zz:o iyJ [/ |wn|ps dx:|’Y ,
2

with an even bigger C' > 1 independent of j, n. Set

oo
S = Ziv_z < 00,
i=0

then we have for all n,j € N

. S . 47
[ ol e <7 [ P ]
2 2

Note that, since w,, — 0 in LPs (£2), the integral on the right hand side is less than 1 for all n € N big enough.
Raising the last inequality to the power 1/p;, we get

Lj pF/SLj * ;i
Jwnlly <€ ™ [ [ da] 7
Q
_ * n
<2 | [, a],
Q
where 3,7 > 0 have been chosen such that for all j € N

n<f<6
pj

Summarizing, we find C' > 1 such that for all n, 5 € N big enough
lwnllp; < C llwallye.
Letting 5 — oo and recalling that w,, € L>({2), we have for all n € N large enough

.
[wnlloo < Cllwnllp:*

Finally, from w,, — 0 in LPs (£2) we infer w,, — 0 in L>(£2) as well, thus proving (3.5).
We can now conclude the proof. For n € N big enough, (3.4) rephrases as

(—A)5 un = f(&,un) — An(un — ug)P* L in W5 (), (3.14)

with A, > 0 (possibly A, — 00). As a consequence of (3.5), the sequence (uy), is bounded in L>°(§2), so
by (1.4) we see that (f(-,un)) is uniformly bounded as well. To go further we need a uniform bound on



(An (s, — ug)Ps~1),,. Testing again (3.6) with w? (with w, = u, — ug, ¢ > 1) and applying Lemma 2.3, we
get for all n € N big enough

)\n/ |w,, |Ps 171 dxg/ g(z, up) wl dx
0 0

<C / |w,|? dz
7
pr—1

q
<C[[ o aa] T g
2

(with C > 0 independent of n, ¢), which implies

pi—1

-1 Faoq
M llwnllpi 7,y < CQP5+a=t,

Letting ¢ — oo, we have
A llwnl8™ < C,

i.e., (An (un — ug)?s 1), is a bounded sequence in L°(£2). Then, (3.14) and Lemma 2.2 imply that (uy, ), is
bounded in C%(£2). By the compact embedding C%(£2) < C%(£2), passing to a subsequence we have u,, — ug
in C9(2). So, for all n € N big enough we have |lu,, — oo < o

On the other hand, being (uy,), bounded in L>°(2), for n large enough we have J, (u,) = J(uy), so that
by (3.3) we have J(uy) < J(up). Thus we reached a contradiction to (ii), and () is proved. O

4. An application

To conclude we just want to give an example of how our result works, presenting a nonlinear extension
of [8, Theorem 3.3]. We make on the reaction f in problem (1.3) the following assumptions:

H f: xR — Risa Carathéodory map such that

(i

(i

|f(x,8)] < Co(1+t|7 ") for ae. z € 2,allt €R (Co >0, q€ (p,pl));
f(z,t)t >0 for a.e. x € 2, all t € R;
lim supjy| o0 % < 0 uniformly for a.e. x € {2;

lim inf;_,¢ FﬁT,;t) > % uniformly for a.e. x € (2.

(42

N

(v

Here A2 > 0 denotes the second (variational) eigenvalue of (=4)s in WP (2) (see [3] for details). Under

these assumptions, we prove the following multiplicity result for problem (1.3):
Theorem 4.1. Let H be satisfied. Then, problem (1.3) admits at least three nontrivial solutions.

Proof. We just sketch the proof, referring to [8] for details. First we introduce two truncated reactions and
their primitives, defined for all (z,t¢) € 2 x R by

fr(z,t) = f(x, :i:ti), Fy(x,t) :/0 fe(z,7)dr

(here t* = max{=+t,0}), and note that f. are Carathéodory with subcritical growth due to H (7). We
introduce the corresponding truncated energy functionals Jy € CY(W;*(£2)) defined by

[ull¥p

Ji(u) = »

- /Q Fi(z, u) dz.



By H (iii), J4 is coercive and thus it admits a global minimizer uy € Wy (2). Using H (iv), we easily see
that uy # 0. Clearly, v, is a weak solution of the auxiliary problem

(=A)pu= fr(z,u) in 2

u=0 in RV \ £,

hence by Lemmas 2.1, 2.2 we have u;, € C%(£2). Besides, by H (ii) and the fractional p-Laplacian Hopf’s
lemma, (see [7, Theorem 1.5]), we have uniformly for all z € 92

im u+_(y) > 0.
23y—x d?) (y)

Thus, u lies in the interior of the positive order cone C?(£2), of C?(£2) (see [16, Lemma 5.1]). Since J, = J
on C%(2),, we see that u, is a local minimizer of J in the C?(£2)-topology. By Theorem 1.1, uy is as well
a local minimizer of J in the W{"*(£2)-topology.

Arguing similarly on J_, we detect a local minimizer u_ € —int(C%(2),) of J. Plus, J satisfies the
Palais—Smale condition, hence by the mountain pass theorem it admits one more critical point @ € W™ (2).
Exploiting condition H (iv) and the variational characterization of the second eigenvalue A5 (see [3, Theorem
5.3]), we see that @ # 0. Finally, we use Lemmas 2.1, 2.2 to deduce that @ € C9(£2).

All in all, uy,u_, @ € W5P(2) N C2(2) \ {0} are three nontrivial solutions of (1.3). O
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