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In recent years, the concept of Microgrids (MGs) has become more popular due to
a significant integration of renewable energy sources (RESs) into electric power sys-
tems. Microgrids are small-scale power grids consisting of localized grouping of
heterogeneous Distributed Generators (DGs), storage systems, and loads. MGs may
operate either in autonomous islanded mode or connected to the main power sys-
tem. Despite the significant benefits of increasing RESs, many new challenges raise
in controlling MGs. Hence, a three layered hierarchical architecture consisting of
three control loops closed on the DGs dynamics has been introduced for MGs. The
inner loop is called Primary Control (PC), and it provides the references for the DG’s
DC-AC power converters. In general, the PC is implemented in a decentralized way
with the aim to establish, by means of a droop control term, the desired sharing of
power among DGs while preserving the MG stability. Then, because of inverter-
based DGs have no inertia, a Secondary Control (SC) layer is needed to compensate
the frequency and voltage deviations introduced by the PC’s droop control terms.
Finally, an operation control is designed to optimize the operation of the MGs by
providing power setpoints to the lower control layers.

This thesis is mainly devoted to the design of robust distributed secondary fre-
quency and voltage restoration control strategies for AC MGs to avoid central con-
trollers and complexity of communication networks. Different distributed strategies
are proposed in this work: (i) Robust Adaptive Distributed SC with Communica-
tion delays (ii) Robust Optimal Distributed Voltage SC with Communication De-
lays and (iii) Distributed Finite-Time SC by Coupled Sliding-Mode Technique. In all
three proposed approaches, the problem is addressed in a multi-agent fashion where
the generator plays the role of cooperative agents communicating over a network
and physically coupled through the power system. The first approach provides an
exponentially converging voltage and frequency restoration rate in the presence of
both, model uncertainties, and multiple time-varying delays in the DGs’s commu-
nications. This approach consist of two terms: 1) a decentralized Integral Sliding
Mode Control (ISMC) aimed to enforce each agent (DG) to behaves as reference
unperturbed dynamic; 2) an ad-hoc designed distributed protocol aimed to glob-
ally, exponentially, achieves the frequency and voltage restoration while fulfilling
the power-sharing constraints in spite of the communication delays. The second
approach extends the first one by including an optimization algorithm to find the
optimal control gains and estimate the corresponding maximum delay tolerated by
the controlled system. In the third approach, the problem of voltage and frequency
restoration as well as active power sharing are solved in finite-time by exploiting
delay-free communications among DGs and considering model uncertainties. In
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this approach, for DGs with no direct access to their reference values, a finite-time
distributed sliding mode estimator is implemented for both secondary frequency
and voltage schemes. The estimator determines local estimates of the global refer-
ence values of the voltage and frequency for DGs in a finite time and provides this
information for the distributed SC schemes.

This dissertation also proposes a novel certainty Model Predictive Control (MPC)
approach for the operation of islanded MG with very high share of renewable en-
ergy sources. To this aim, the conversion losses of storage units are formulated by
quadratic functions to reduce the error in storage units state of charge prediction.
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Chapter 1

Introduction

1.1 Concept of Microgrids

1.1.1 Why microgrids?

Electric power systems have been playing a key role in technological advances, in-
frastructure development, and economic growth since their invention [1]. Conven-
tional power systems typically use fossil fuels (for example, coal, natural gas, or oil)
nuclear and hydro power plants [2]. Unfortunately, the performance of most of them
leads to a significant increase in greenhouse gas emissions. Hence in recent years,
researchers have been encouraged on how to reduce greenhouse gas emissions and
fossil fuel consumption in the area of power systems. One of the effective ways to
reduce greenhouse gas emissions is by replacing conventional generators with Re-
newable Energy Sources (RES) [3], for example Photo-Voltaic (PV) power plants or
Wind Turbines (WT). Most renewable energy sources are relatively small-sized in
terms of generation power and therefore often connected to the power system at the
medium and low voltage levels, and typically interfaced to the network via AC in-
verters. To facilitate the integration of a sizeable number of renewable Distributed
Generation (DG) units, the concept of Microgrids (MGs) has become increasingly
popular [4, 5, 6].

A microgrid is a small-scale power system, generally consisting of conventional
generators, RESs, Energy Storage Sources (ESSs) and loads interconnected by trans-
mission lines [7, 8, 9]. MGs can be typically operated in grid-connected or island
mode. In grid-connected mode, the MG is electrically coupled with a transmission
network via the Point of Common Coupling (PCC). In case of failures, it can be dis-
connected from the transmission network and operated as an islanded MGs. Small
power systems that do not have a connection to a transmission network due to their
geographical location, e.g., islands or rural areas, also fall into the class of islanded
MGs. In islanded operation, all fluctuations of renewable generation and load must
be covered locally by adapting the power of the remaining units. Maintaining this
local power equilibrium makes the islanded operation particularly challenging.

1.2 Hierarchical control of MGs

Designing a suitable microgrid control is of special significance for stable and eco-
nomically efficient performance. The microgrid control system adjusts voltage and
frequency for either operating modes, satisfactorily shares the load among DGs, con-
trols the power flow between the microgrids and the main grid, and optimizes the
microgrid operating cost. In grid-connected mode, frequency synchronization and
voltage support are provided by the main grid, which has synchronous generators
and large rotating inertia reserves. When disturbances and faults occur, a microgrid
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FIGURE 1.1: The hierarchical control system of MGs.

can switch to islanded operation. In this mode, the microgrid can supply power sup-
port for critical loads in the event of upstream network power outages. In islanded
mode, control systems must synchronize frequency and voltage to the setpoint val-
ues and restore pre-fault power conditions. Transients should be set when switching
between modes [10, 11, 5].

These operational needs are met in current microgrids through a hierarchical
control structure [12, 13, 14]. The hierarchical control system of MGs has been re-
cently standardized into three levels, namely, primary, secondary, and operation
controls (see Figure 1.1) that operate in different timescales.

1.3 Primary control (PC) of MGs

1.3.1 Why Primary Control?

As depicted in Figure 1.1, the lowest control layer is referred to as primary control.
This control layer typically operates on a fast time-scale (in the range of tens of mil-
liseconds to seconds). The task of PC layer is to enforces the MG’s stability while
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establishing the power sharing among DGs, as well as perform plug-and-play func-
tionalities [10, 15]. This control layer is often designed in a decentralized way by
means of a droop control term [5]. This control is an autonomous control that rely
on the physical coupling of the units via the electrical lines and do not require inter-
communication links between the DGs. Primary controls, however, may cause the
frequency and voltage amplitudes of MGs deviate from the setpoint values [14, 16].
Therefore, Secondary control can be used to compensate these deviations.

1.4 Secondary Control (SC) of MGs

1.4.1 Why Secondary Control?

The SC layer is located above the PC. This layer typically operates on a timescales
from seconds to minutes and compensates the unavoidable deviations of the DG’s
output voltages and frequencies from the expected set-points [10, 17]. Furthermore,
it can be used to achieve active power sharing [14]. However, optimizing the per-
formance of MGs using these control layers is very difficult. For operations that
are economically and environmentally significant, it is usually necessary to act on
changing states of charge of storage units as well as changing load and available
infeed from renewable sources. In addition, it is desired to include optional bounds
of the units in the MGs. Unfortunately, realizing these aims using primary and sec-
ondary control is difficult. Therefore, an operation control layer is often considered
on top of them.

1.5 Operation control of MGs

1.5.1 Why operation control?

The high level is usually called operation control or energy management, which in
many publications is also referred to as tertiary control (TC). This layer typically op-
erates on a timescale from minutes to fractions of hours. The goal of this control
is to optimize the operation of the MGs by providing power setpoints to the lower
control layers. The power setpoints of units are normally obtained by solving opti-
mization problems that contain a cost function along with a set of constraints that
represent the MG behavior [18]. As the share of RES increases, it becomes difficult
to predict the stored energy over an entire day. Since the dispatch of units extremely
rely on the stored energy and the forecast of the available renewable power, it is hard
to achieve a meaningful operation schedule for MGs with a high share of RES over
a prediction horizon of, for example, one day. Hence, [19, 20, 21] combined optimal
dispatch and schedule to form a single optimal operation control layer.

Various the operation control approaches are designed based on the Model Pre-
dictive Control (MPC). Indeed, MPC is employed in the operation control of MG to
predict the system behavior into the future using forecasts of renewable infeed and
load as well as the current measurement of the state of charge.

1.6 Literature Review

1.6.1 Secondary Control Strategies

The conventional SC to solve the restoration problem in MGs employs a centralized
control approach which gathers all the information of the individual DGs and then
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transmits the control command to each DG [22, 23, 24, 25, 26, 27]. However, the
current trend is to discourage centralized strategies [28] which bring disadvantages
such as latency and delays due to all-to-one communication; the need of costly cen-
tral computing and communication units; limited scalability and reliability of the
power system due to single-point failures.

In the literature also decentralized approaches have been proposed. Worth to
mention, for instance [26, 29], where second-order sliding-mode control strategies
are proposed, respectively, to regulate voltages while compensating the effects of
load variations, nonlinearities, and model uncertainties, and for the robust load fre-
quency control and economic dispatch of power in partitioned power networks. A
decentralized secondary frequency control is reported in [30], where the stability and
optimal frequency regulation is confirmed using an LQR optimal solution. Authors
in [31] also propose a switched secondary frequency restoration, in which the control
scheme switches between two configurations by a time-dependent protocol. More-
over, estimation-based decentralized secondary control approaches are introduced
in [32, 33, 34] to control voltage and frequency of microgrids.

On the other hand, although decentralized approach works satisfactorily in most
of today’s power systems, in accordance with [35], strategies that employ only lo-
cal information may become unfeasible in future power system developments, for
which, due to the large penetration of renewable power generation which increases
power fluctuations, more flexibility in the control system is needed.

To overcome these limitations, multi-agent consensus-based controllers have been
proposed to take advantage of their inherent scalability and flexibility features [36],
in order to address the frequency regulation while minimizing generation costs (eco-
nomic dispatch) [37, 17] or the SC restoration problems [38, 39, 40, 41, 42, 43, 13].
Additionally, multi-agent based distributed approaches can more easily deal with
packet loss and/or latency in communication as compared to the centralized solu-
tions [44].

In [38] the secondary distributed voltage and frequency restoration task is ad-
dressed. However, due to the requirement of all-to-all communication among DGs,
its communication overhead was significantly greater than that of the centralized
strategies [24]. Furthermore, no formal stability analysis was presented. Among the
existing investigations, references [39]-[13] appear to be the more closely related to
the present research. An overview of the main features of these existing proposals
as well as the main improvements provided by the results presented in this chapter
are explained hereinafter, separately for the frequency and the voltage restoration
problems.

Review of Frequency SCs

Based on a Distributed Averaging Proportional Integral (DA-PI) scheme, [39] first
proposed the use of the consensus paradigm to restore the frequencies in an islanded
MG modeled in terms of coupled Kuramoto oscillators. A consensus-based Dis-
tributed Tracking (DT) approach, is proposed in [40]. Both papers [39, 40] also imple-
ment active power sharing functionalities, but the corresponding approached only
possess local exponential stability properties. Additionally, in [39] the frequency set-
point must be constant and globally known to all DGs. The approach in [40] allows
to arbitrarily modify the steady-state frequency value of the MG by only acting on
a particular virtual DG, referred to as “leader”, which directly communicates only
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with a small portion of DGs. This feature is particularly useful during islanded op-
eration when more active power is required [45], or to seamlessly transfer the MG
from islanded to grid-connected mode [46].

Review of voltage SCs

DA-PI and DT solutions have also been employed in the SC layer for voltage restora-
tion purposes. The DA-PI approach in [41] is only capable of providing a tuneable
compromise between the adverse tasks of voltage restoration and reactive power
sharing accuracy to arbitrarily affect the restoration voltages. Other solutions can be
found in [47, 48, 49]. DT schemes such as those in [40], [42]-[13] focus on the exact
voltage restoration problem only, disregarding the reactive power sharing issue.

A commonly used approach is to convert the voltage restoration problem into
a linear DT consensus problem by using feedback linearization techniques. Then,
after linearization, voltage restoration can be achieved by using different DT con-
sensus strategies, such as power fractional finite-time consensus control [40], linear
proportional-derivative based consensus [42], and sliding-mode (SM) based adap-
tive neural networks [43]. Worth also to mention [13], where the agent-based con-
cepts are combined with that of virtual impedance to perform the SC objectives. It
is worth remarking that all these works had the full information requirements on
the DGs models and parameters. However, MGs are complex systems subjected to
disturbances, uncertainties, and changes in the operating conditions. Thus [14] pro-
posed two continuous sliding-mode control (SMC) protocols, aimed to restore both
the DG’s frequencies and voltage, in the case of undirected communication among
agents, thus introducing the concept of robustness in the SC layer design.

Feedback linearization techniques yield the underlying requirement of a per-
fectly known MG mathematical model which is rather unrealistic in practical power
system scenarios, due to the presence of unmodelled dynamics, parameter uncer-
tainties, abrupt modifications of the power demand, and the presence of nonsmooth
nonlinearities introduced by the PWM-based power converters, thus making the
performance of the control system prone to these uncertainties. Furthermore feed-
back linearization may also yield numerical problems (e.g., due to the online com-
putation of nonlinear coordinate transformations or high-order Lie derivatives) that
can compromise the effectiveness of the whole control system. For these reasons,
in this work some robust distributed secondary control strategies whose design is
completely model-free and robust against system uncertainties.

1.6.2 Challenges in secondary control of islanded MGs

The challenges in secondary control of islanded MGs in this thesis are divided into
two parts.

Challenge in communication delays

Although all the mentioned strategies rely on communication networks, none of
them takes into account the presence of neither delays nor asynchronous commu-
nications that may, as discussed in [50] destabilize the power-system. Hence, more
recently the design of SCs subjected to communication delays attracted many re-
searchers. For instance, a local stability conditions based on a small-signal analysis
of the frequency SC, under a constant communication delay among agents, is dis-
cussed in [51]. On the other hand [52], through the stochastic differential equation
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theory, discussed the stability conditions of a stochastic distributed frequency SC un-
der a single, time-varying, communication delay. Lastly it is also worth mentioning
the voltage SCs proposed, resp, in [53, 54] under the assumption of a single constant
communication delay, and [55, 56] in the case of multiple constant delays. Finally,
note that all these strategies consider only constant single/multiple delays, or sin-
gle time-varying delays, and that none of them consider model uncertainties. Thus,
one of the core question of this thesis is “how to solve the problem of voltage and
frequency restoration in droop-controlled inverter-based islanded microgrids with
multiple time-varying delays and model uncertainties”?

Challenge in solving the problem of restoration in finite-time

It is worth noting that, most of the secondary control-related works studied the fre-
quency/voltage regulation and active power sharing with the asymptotically con-
vergence speed. To accelerate the convergence speed, a finite-time frequency syn-
chronization method and a finite-time approximate consensus strategy were, respec-
tively, proposed in [57] and [58], where the voltage and reactive power control are
not considered. Additionally, in [59] and [60], finite time frequency regulation strate-
gies with bounded control inputs are proposed in autonomous microgrids, however,
their voltage control algorithms are asymptotically convergent. A sliding mode con-
troller based on a distributed Radial Basis Function Neural Network (RBF-NN) is
suggested in [61] which only focuses on restoring the output voltage of all DGs to
a reference value. Moreover, secondary restoration schemes for voltage and fre-
quency control is proposed in [62] based on sliding mode controller. However, the
problem of establishing active power-sharing is not guaranteed. In [17], feedback
linearization techniques combined with a Lipschitz continuous distributed tracking
controller is proposed to achieve the SC aims in a finite time. It is worthwhile to
note that the underlying requirement of the exact knowledge of the MG mathemat-
ical model and parameters for feedback linearization purposes is rather unrealistic
in practical scenarios. Therefore, the second challenge in designing SCs is “how to
restore the DG’s voltages and frequencies to the desired values in a finite time under
parameters uncertainties and unexpected load variations”?

1.6.3 Operation Control Strategies

Several control schemes have been reported for the operation of islanded MGs.
These approaches according to the way they handle uncertainties can be categorised
as: (i) certainty equivalence, wherein a forecast in the form of the mean value is
fully reliable, (ii) worst-case, where no possibility information is presumed, (iii) risk-
neutral stochastic, where a forecast probability distribution is fully reliable, and (iv)
risk-averse, where uncertainties in the forecast probability distribution are consid-
ered. The last section of this work focuses on designing a novel certainty equivalence
model predictive.

In this context, a two-stage operation control algorithm is recorded in [63], that
includes a schedule and a dispatch layer. By using genetic algorithms, a day ahead
schedule for MGs is also designed in [64]. To dispatch generators of islanded MGs,
an energy management approach is proposed in [65] by adapting power setpoints
and droop gains of the units. Furthermore, a method is provided in [66] to sched-
ule islanded MGs. Additionally, [67] proposes an operation controller based on a
rolling horizon strategy. Another operation control is introduced in [68] to address
an energy management problem for deterministic forecasts of load and renewable
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generation. Furthermore, in [69, 70, 71, 72] MPC approaches for the operation of
islanded MGs are reported.

Although all the mentioned strategies are promising, most models are limited to
one of the following: (i) They do not consider a possible limitation of infeed from
RES [68, 65, 63, 66, 69, 70]. (ii) The dynamics of the storage units are not modeled
[65]. (iii) The formulations do not include storage dynamics with power conversion
losses [65, 68, 63, 66, 69, 70, 71, 72]. (iv) It is not assumed that conventional units
can be turned on and off [65, 63]. (v) They do not explicitly model the power flow
over a transmission network [68, 65, 63, 66, 69, 70]. Additionally, the authors in [65,
71,72] only take into account power sharing of grid-forming units. Thus motivated,
we extend the works in [71, 72] by including the conversion losses model in the
proposed controller in order to reduce the prediction error in the storage units.

1.6.4 Challenge in operation control of islanded MGs

The challenge of designing operation control in this thesis is how to reduce the error
in storage units state of charge prediction by including the conversion losses model?

1.7 Thesis Contribution

To address the mentioned challenges in the previous subsection regarding secondary
control, this thesis proposes distributed secondary strategies for AC MGs. Three
different distributed strategies are studied and introduced in this work: (i) Robust
Adaptive Distributed SC with Communication delays (ii) Robust Optimal Distributed
Voltage SC with Communication Delays and (iii) Distributed Finite-Time SC by Cou-
pled Sliding-Mode Technique. As mentioned in Section 1.6.2, most of the existing
time-delay tolerant MG control protocols are linear. Thus, because of a MG is a
strongly nonlinear system, all those approaches can only provide stability feature
in the local sense under additional model approximation or linearization proce-
dures. Moreover, it is worth mention that, all these strategies consider only a single
constant/time-varying delay and multiple constant delays per link. Thus motivated,
we propose (i) Robust Adaptive Distributed SC and (ii) Robust Optimal Distributed
Voltage SC under multiple communication delays and nonlinear model uncertain-
ties. The first approach consist of two terms: 1) a discontinuous integral sliding
mode control term aimed to reject the local uncertain terms; 2) a linear distributed
consensus control term aimed to globally, exponentially, restores the DG’s frequen-
cies and voltages to the expected values while preserving the power sharing among
DGs despite the multiple communication delays. The second approach develops the
first one by introducing an optimization algorithm to find the optimal control gains
and estimate the allowable upper bound for communication delays. Apart from
these two approaches, this thesis proposes the third approach to solve the problem
of voltage and frequency restoration as well as active power sharing in finite-time
by exploiting delay-free communications among DGs and considering model un-
certainties. In this approach, for each DG with no access to the information about
the SC’s setpoints, the finite-time distributed estimators are employed to provide
an estimate of the SC’s setpoints for the distributed SC schemes. Lyapunov anal-
ysis is employed to verify the associated stability and fast convergence time of the
proposed controller.

In addition, to solve the operation control mentioned challenges in the previous
subsection, this thesis designs a certainty model predictive control (MPC) approach
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for the operation of islanded MG with very high share of renewable energy sources.
To this aim, the conversion losses of storage units are modelled by quadratic func-
tions to reduce the error in storage units state of charge prediction.

1.8 Publications

Many of the results presented in this work are based on existing publications. To all
of the them, the author of this thesis has made substantial contributions.
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Energies, 2021, 14(4), 1165.
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tems and Sliding-Mode Control. Springer, 2020, pp. 309-357.
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2018.

1.9 Thesis Outline

This dissertation is structured as six chapters with a common conclusion. The main
contents of each chapter are summarized in the following.
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Chapter 2: Preliminaries

In Chapter 2, preliminaries on notation and graph theory are provided. Then, some
useful properties from other authors are outlined for later use. Moreover, the model
of islanded MGs for designing SCs and operation control are introduced.

Chapter 3: Robust Adaptive Distributed SC

In Chapter 3, novel robust adaptive distributed frequency and voltage SCs in the
presence of both, model uncertainties, and multiple time-varying delays in the DGs’s
communications are proposed. There, the main theorems as well as the stability and
convergence features of the resulting closed-loop systems are investigated. Then
the performance and effectiveness of the proposed SCs are verified by simulating it
on a nonlinear inverter-based MG. Finally, a summary and concluding remarks are
provided.

Chapter 4: Robust Distributed Optimal Voltage SC

Chapter 4 outlines a novel distributed voltage SC scheme under communication de-
lays and model uncertainties with constant control gains. Furthermore, by develop-
ing an optimization algorithm, the net gains of the proposed control are tuned and
optimized. Then, the voltage secondary restoration features, and the closed loop
stability of the microgrid, in spite of the communication delays are demonstrated
through a Lyapunov-Krasovskii analysis and the use of Linear Matrix Inequalities.
An upper bound for the time-delay tolerated by the system is also provided by lin-
ear matrix inequalities. Finally, simulation results confirm the effectiveness of the
proposed control strategy.

Chapter 5: Distributed Finite-Time SC

This chapter proposes a novel distributed secondary control protocol based on the
sliding-mode approach, which not only guarantees the exact finite-time restoration
among voltages and frequencies of an inverter-based islanded microgrid, but also
preserves the active power sharing among distributed generations (DGs). Then, Lya-
punov analysis is used to verify the associated stability and fast convergence time
of the proposed SCs. Simulation results are also presented and analyzed to confirm
the effectiveness of the proposed approach. Finally, conclusions are collected at the
end of the chapter.

Chapter 6: Operation Control

In Chapter 6, a novel certainty equivalence MPC approach for the operation of is-
landed MG is proposed. The model of an islanded MG with uncertain renewable
generation and loads with very high share of RES is firstly derived. Then, the oper-
ating costs of the MG is quantified. Lastly, the properties of the resulting certainty
equivalence MPC in a numerical case study is illustrated.
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Chapter 2

Preliminaries

This chapter is structured as follows. In Section 2.1 some basics on notation are
given. After that, in Section 2.2 for later use we present some useful properties of
other literatures. Next, in Section 2.3 the preliminaries of graph theory is illustrated.
Furthermore, a nonlinear modeling of the inverter-based MG for SC purposes are in-
troduced. Finally, in Section 2.4 a model of an islanded MG for designing operation
control is discussed.

2.1 Mathematical Preliminaries and notations

The sets of complex, real, strictly positive and negative real numbers are denoted
by C, R, R and R, respectively. Moreover, the set of nonpositive real numbers
is R<p and the set of positive real numbers including 0 is R>p. The set of natural
number is IN and the set of nonnegative integers is INyg. Furthermore, the set of
Boolean numbers is B = {0,1}. For d € N and a column vector of x € R, let x’ be
its transpose. Given a matrix A, its transpose is denoted by A’, while its hermitian
(complex conjugate) transpose is A" and let || A||, be Euclidean norm. The Matrix
A is also non-negative (psd), denoted by A = 0, if A is Hermitian and zZH Az = 0 for
all z € C". The trace of a matrix A is specified by tr(A). Given a complex number
z, its real part is denoted by Re(z) while the imaginary part of a complex number z
is denoted by Im(z). Additionally, given a scalar 4, its absolute value is defined by
|a]. Finally, the sign operator sign(a) is understood in the Filippov sense [73], such
that, sign(a) = 1ifa > 0, —1if a < 0, otherwise it is sign(a) € [—1,1]. I, denotes
the n-dimensional identity matrix, and by 1, and 0,, respectively the all 1, and all 0,
n-dimensional column vectors.

2.2 Useful Properties
For later use, the following useful properties are exploited:

Theorem 2.2.1 (Lyapunov-Krasovskii Stability Theorem [44]). Consider the retarded func-
tional differential equation:

X = f(tx;), t>0

x(to+s) = b(s), s € [—h,0] 2.1)

where h > 0 is the delay, ¢ € C([—h,0],IR") is the functional initial condition, and
x¢ € C([—h,0],R") is the system” state, with x¢(s) = x(t +s). Suppose that f : R>g X
C([=h,0],R") — R" in (2.1) maps R>( X (bounded sets of C([—h,0],R") into a bounded
sets of R", and that u, v, w : R>o — R>( are are strictly positive functions, where addi-
tionally u(s) and v(s) are positive for s > 0, and u(0) = v(0) = 0. Assume further that
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there exists a continuous differentiable functional V. : R x C([—h,0], R") — Rsq such
that:

u(ll90)ll2) <V(t¢) <v(lol) . V(tg) <—w(leO2), 22
then the trivial solution of (2.1) is uniformly stable. If w(s) > 0 for s > 0, then it is

uniformly asymptotically stable. In addition, if lims_,co u(s) = oo then it is globally
uniformly asymptotically stable. |

Lemma 2.2.1 ([74]) Let a(t),b(t) € R" and ¢ € RZy" the following inequalities are in
force:

[2a(t)'b(1)] < a(t)'pa(t) +b(t)'p~"b(t). (2.3)
Moreover, let h € R and h be maximum value assumed by a time delay, then:

t

—2a(t)’/tt b(s)ds < ha(t)'p~ta(t) +/t

ey | b(s)yb(s)ds. 2.4)

—h(t
|

Lemma 2.2.2 ([75, Lemma 2.1]) Let x € R", B be any positive definite symmetric matrix,
ie. B= B~ 0,andh > 0, the Jensen inequality for the integral terms is:

- /Oh x(s)'Bx(s)ds < —% (/Ohx(s)ds>/B </Oh x(s)ds) (2.5)
|

Lemma 2.2.3 ([76]) The Schur complement lemma converts a class of convex nonlinear
inequalities that appears regularly in control problems to an LMI. The convex nonlinear
inequalities are:

R(x) <0,  Q(x)—S(x)R(x)"!S(x) <0, (2.6)

where Q(x) = Q(x), R(x) = R(x)’, and S(x) depend affinely on x. The Schur comple-
ment lemma converts this set of convex nonlinear inequalities into the equivalent LMI:

S
[g((x")), R((’;))] <0. @.7)

Theorem 2.2.2 Let M; € R"™" be a negative symmetric matrix and My € R"*" be a
positive symmetric definite matrix, and then let T € R~ be a positive constant. If the
following relation is satisfied:

M;+1tMp <0
then it yields:
M +EMy; <0 V¢ (0,8ml,
where
g = [ Mi][2
| M2]|2
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Proof of Theorem 2.2.1 Let X € R" and let M € R™*" | then:
M<0 & XMX<0 VX#0 (2.8)
According to (2.8), we can write:
X' (M +EMp)X = X' M1 X + EX'MpX <0 (2.9)

By denoting Amax™ < 0 and Ayax™? > 0 be the maximum eigenvalues of My and My,
(2.9) can be recast as follows:

X'MiX + X' MoX < (Apax™ + EAnax™?) |1 X 13 (2.10)
it follows that:

/\male + C’/\maxM2 <0 = C/\maxMz < _)\maxM]
M
)\mule . ‘)\mux ]|

- - 2.11)
)\muxMz | )\maxMz |

¢ <

Since My and M, are negative and positive symmetric matrices, respectively and | M|| =
Amar™, we can thus rewrite (2.11) as follows:

HM1Hz.
| Mz]|2

¢ < (2.12)

This concludes the proof. n

Lemma 2.2.4 ([77,78,79]) If there exists a positive definite continuous function V (x(t)) :
U — Reo, such that V(x(t)) + p(V(x(t)))? < 0, where p > 0and 6 € (0,1), for the
following system:

£(t) = f(x(1), F0)=0, x(t)€R" @.13)
where f(-) : R" — R" is a continuous function, then V(x) converges to zero in a finite
time. The finite convergence time T satisfies T < (V(x(0))'=%/p(1 - 9)). |

2.3 MG Modeling for SC Design

A MG is a geographically distributed power system consisting of DGs and loads
physically connected by power lines. The DG control units exchange information
for monitoring and control purposes over a communication infrastructure, as shown
for instance in Figure 2.1.

2.3.1 Distributed generator model

An inverter-based DG includes a 3-ph power converter which DC side is connected
to a dc power source (e.g., photovoltaic panels [80], fuel cell system [81] or a wind
turbine [40]), while the AC side is connected to the 3-phase power grid by the se-
ries of the coupling and the output filters, see Figure 2.2. A more detailed DG’s
modelization can be found in [14]. Here, as done in [40, 82], we refer to the next
simplified representation:

S5i(t) =wi(t) = wy,(t) — kp, - PI"(t) (2.14)
ko, - 0i(t) = — v;(t) + 0n (£) — ko, - Q"(H), i=1,...,N. (2.15)
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FIGURE 2.1: Anislanded MG with four DGs and four loads equipped
with a leader-follower SC architecture.

; Output
: LCL Filter
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; - ii ................ . v’i
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FIGURE 2.2: Primary control block diagram of an inverter-based DG.

where 6;(t), and w;(t) represent the voltage phase angle, and the angular frequency
expressed in rad/sec of the i-th DG, and v;(t) is its voltage magnitude expressed in
Vrums (per phase rms). N denotes the number of DGs. Then, k,, € R~ is the voltage
control gain, and kp, € R~ and kg, € R are the droop PC’s coefficients, selected to
meet the power sharing specifications among DGs. wy, (t) and v,,(t) € R are, respec-
tively, the frequency and the voltage SC action which play the role of references for
the PC layer. If the SC is inactive, their values correspond to the nominal set-points
wy,(t) = wo = 27 -50Hz and vy, (t) = vo = 220Vrms(per phase rms) = 310V, _o.
Let 7p, and 1, € R~ be the time-constants of two low-pass filters, P"(t) and Q! (¢)
denote the filtered measurements of the instantaneous active and reactive power
flows P;(t) and Q;(t) such that:

Tp - PI"(t) = —P"(t) + Pi(t) (2.16)
0 - QI'(H) = —Q"() + Qi(t) 2.17)
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2.3.2 MG’s Network Models

Since graphs enable the description of both the electrical couplings among DGs
through the transmission lines, and the interaction among the DGs’ local controllers
over a communication infrastructure, preliminary definitions on graph theory are
now introduced.

Graph theory

A directed graph (or digraph) Gr(V, €, A) is a mathematical tool to describe pairwise
mutual interactions between objects, usually referred to as agents. V = {1,...,N}
denotes the agent’s set. £ C {V x V} is the edges’s set. A = [a;;] € CV*N is the
adjacency matrix of G, with weight a;; = 1 if agent i communicates with agent j
(i,7) € &, ajj = 0 otherwise. N; = {j € V: (i,]) € £} is the neighbor’s set of agent i.
Information on Gy is also encoded by the following matrix which is called Laplacian
matrix:
,C:B—A . £'1N:0N-

where B = diag {b1, ..., by}, with by = YN a;, Vi =12,...,N. Ni = {j e V:
(i,j) € £} denotes the set of neighbors of agent “i”. We define a “directed path” in
Gn, a possible alternating sequence of agents and edges over Gy with both endpoints
of an edge appearing adjacent to it in the sequence. A di-graph is weakly connected
if, by replacing all directed edges with undirected edges, the resulting graph has not
disconnected nodes. A di-graph is strongly connected if it is possible to reach any
node starting from any other node by traversing edges in the direction(s) in which
they point.

If G is weakly connected, then rank{L} = N — 1. Moreover, £ has a simple
zero eigenvalue. In addition, let A»(L) be the smallest nonzero eigenvalue of the
symmetric-part of £, namely of (£ + LT), and let ¢ € RN be any vector such that
15,e = 0 then, if Gy is strongly connected, the next property holds:

—A2(L) - [le]l3 < —€'Le. (2.18)

An agent i is a root node for Gy, namely it is “globally reachable”, if it can be
reached from any other agent by traversing a directed path. If Gy admit a root node,
then it is also weakly connected.

In our modelization the agent set VV will denote the set of DGs operating over the
MG, which cardinality, without loss of generality, is equal to N, namely card{V} =
N. Now, we are going to distinguish between the graph Gf; representing the inter-
actions among DGs at the electrical level, and G§; which describes the interactions at
the communication level among the DGs” SCs.

Electrical network model

To derive the MG’s electrical model, let us first notice that the MG’s nodes coincides
with the DGs connection ports, see e.g. Figure 2.1, and that, the DGs are electrically
coupled through the transmission lines. Thus, the electric power network can be
described by a di-graph G{,(V, £¢, . A°) which vertex set consists of the set of DGs,
namely V = {1,2,...,N}. Let1 = y/—1 be the imaginary unit, and let Yij = Gjj +
1 - Bjj be the line admittance between node and “j”, where the terms G;; and

Bj; denote, resp., the line conductance and susceptance, the couplings among DGs

“ir
1
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consists of complex weights Y;; € C, such that A° = [Y;;] € CNV*N. Clearly, if node
and “j” are not connected Yj; = 0 and thus (i,j) ¢ £. Let us further note that
Bj; > 0 implies that its inductive component is dominant.

By means of the power flows equations, and under the common assumption that
the inverters” output admittances are purely inductive and dominates any resistive
effect [47]-[82], namely, Yy =~ 1- Bjx V i,k € V, it results that the active and reactive

powers at node “i” due to the coupling lines among generators are:

1“1
1

Bi(t) = ZA:[ vi(t)vk(t) Bix sin(6;(t) — 0k(t)) (2.19)
KENE
Qi<t> IZ)izBii =+ Zj\/ vi(t)vk(t)Bik COS((Si(t) — 5k(t)> (2.20)
ke f

Furthermore, in order to consider also the presence of local loads (Py;(t), Qi) (#)
connected at the DG’s output port, we further define (P;(t), Q;(t)) as:

Pi(t) =PLi(t) + Pi(t) (2.21)
Qi(t) =Qui(t) + Qi(t) (2.22)

where Pj;(t) = Plivi(t)z + Py;vi(t) + Psj, and Qp; = Qlivi(t)z + Q2ivi(t) 4+ Qs shows
the power-flows load behavior under varying voltage conditions in accordance with
the ZIP load power-flow modelization. There, the pairs of parameters (Py;, Qy;),
with k = 1,2,3, describe the active and reactive power flows absorbed by the i-th
load at, resp., constant impedance (Z) that are (Py;, Qy;), constant current (I) that are
(Pai, Q2;), and constant power (P) that are (Ps;, Q3;). Worth also to remark that the
ZIP load modelization is widely accepted in power generation, see for instance [40,
83, 84]. That’s because it completely describes the power flows absorbed by an elec-
trical load throughout its operation by means of only 6 parameters, while meeting
the constraints of the power system load flow analysis paradigm [85]. Worth also
to mention that in the literature there exists simple automated measurement-based
identification procedures for the identification of the ZIP load parameters, see [86,
87]. Combining (2.14) to (2.22), the overall dynamical MG model is obtained.

Communication network model

Since we assume each DG provided with communication facilities for SC purposes,
the communication network is assumed to be modelled by a directed, weakly con-
nected di-graph G§, = (V, £¢, A°), which vertexset V = {1, ..., N} is the same used to
model the electrical network, but now the nodes play the role of agents. The edge set
E° collects instead all the available links among the local communication interfaces
embedded within each local controller. It further results that Nt = {j|(i,j) € £°}
and A° = [w;j] € RNV is real and non-negative, where a;; = 1if (i,j) € £°, namely
if DG i can receive data delivered by DG j, otherwise &;; = 0.

Let “0” be an additional virtual node/agent in the augmented communication
graph QIC\] 41 in the remainder node “0” is considered as the “virtual leader” which
provides the frequency and voltage set-points wp and vy € R to the SC layer. Sim-
ilarly with the related literature [14, 88, 17, 82, 89, 90, 91], node 0 is assumed to be
globally reachable on G5, ;, namely 0 is a root node for G5, , ;. Let L and LY, ; be the
Laplacian matrices associated with, resp., G5, and G5, ;. Because of Gy, is assumed
connected, and 0 is a root node for G§, , ;, then rank(£¢) = N — 1, rank(£L$,, ;) = N.
Moreover, both £¢ and L | have a simple zero eigenvalue.



16 Chapter 2. Preliminaries

Before presenting our final compact model let us made the next reasonable as-
sumption.

Assumption 2.3.1 Consider a MG described by (2.14)-(2.22). We assume the active and
reactive powers (2.21), (2.22) to be bounded-in-magnitude according to |P;(t)] < TIF,
|Qi(t)] < TI9, Vie V,IIP, 119 € Rug. Due to (2.16), (2.17), it follows that the time
derivatives of the measured powers are uniformly bounded as well. [

Remark 2.3.1 Assumption 2.3.1 is justified because the power flowing in the lines and/or
absorbed by the load is bounded everywhere due to: a) the passive behaviour of loads and
lines; b) the bounded operating range of the DC-AC power-converters due to their physical
limits; c) the presence of protection apparatus and the inner voltage and current PC. This,
keeps the power flows within pre-specified ranges as discussed for instance in [14, 82, 92]. W

For designing SCs, we now express the MG model in terms of the next augmented
state form, obtained by time-differentiating (2.14) and (2.15) as follows:

@;(t) =awn, () + Wi(t) (2.23)

[?i(t)] — A {zf(t)] + B0, (H) + [0 ] (2.24)

with

where ‘
() = —kp; - P(1) , wi(t) = —2 Q1) (2.25)

play as physical unknown perturbations accounting parameter uncertainties, un-
modelled dynamics, chances in the MG working-point, etc. In the remainder of the
thesis, and according to the input dynamic extension principle, w;, () in (2.23), and
Uy, () in (2.24) will be used as the control signals. By doing this, we shall be able to
define such signals in a discontinuous manner while having wy, (t) and v,,(t) con-
tinuous, thus well-suited to safely fed the DGs’ inner control loops. Finally, w;(f) in
(2.23), and v;(t) and 9;(t) in (2.24) express the state signals and need to be controlled
by the SC control signals.

Let us further note that from Assumption 2.3.1, and due to the uniform bound-
edness of the stable first-order filters (2.16)-(2.17), it results that the time derivatives
of the measured powers are uniformly bounded as well in accordance with the next

relations: o
. 2117 ) 2IT:

Pt < —+ , Q' <—L, V ie. (2.26)
Tp; 0

i i

From (2.26), and thanks to (2.14)-(2.15), also @;(t) and @;(t) meet boundedness
restrictions. In particular, after straightforward computations, on the basis of the
physical limits of the generators, it results that:

2kpITP ;
s -2 R, <, @27)
b;
3 r2=29 L eryy ¢ (0| <T (228)
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2.4 MG Modeling for Operation Control Design

The microgrid model that is extracted in this thesis for designing an operation con-
trol includes a grouping of conventional generator, storage renewable energy storage
units, and loads connected to each other by transmission lines. Figure 2.3 depicts
a basic MG, consisting of all these components. The electrical connection among
units and loads due to power lines can be modelled by a di-graph G{,(V, £¢), where
V = {1,...,N} represents the set of agents and £° C {V x V} is the set of edges
(transmission lines) between two distinct agents. In this manuscript, we consider
that the set of agents includes four subsets Vr, Vs, Vr and Vi, wherein these let-
ters denote, respectively, the sets of conventional, energy storage, renewable units,
and loads. We also denote by V;; = Gjx +1- Bjj € C the admittance line between i-th
agent and j-th agent, wherein G;; and B;; show the line conductance and susceptance
between i-th agent and j-th agent. If no connection between i-th agent and j-th agent
exists, G;; = Bj; = 0. Given the linear constraint functions on the units and the loads

Conventional
generator

O

FIGURE 2.3: MG used for operation control as a running example.

in Chapter 6, th dynamic model of the MG can be described by:

x(k) + Bg(k) —x(k+1) =0, (2.29a)
Hy-x(k+1) < hy, (2.29b)

Hy- [o(k) (k) w(k)]" <hy, (2.29¢)
G- [vlk) k) wk)] =g (2.29d)

where k € Nj is time index, x(k) € RS, with S € N is the state vector with ini-
tial value xp € R3,. In fact, this vector is included of entries x;(k) that represent
the stored energy of unit i € Ny, g. 4(k) € R€ is referred to as a vector of Q € N
auxiliary variables. And also, v(k) = [u(k)" 6;(k)’]’ states the vector of control in-
puts, wherein u(k) € RY is denoted as the vector of real-valued control inputs of all
U € N units and d;(k) € {0,1}7 is defined to be the vector of T € N Boolean in-
puts. We have also collected the uncertain external inputs of the model in the vector
w(k) € RY, W € N. Let B € R5*? in (2.292) and Hj, h; in (2.29b) be appropriate
dimensions. Furthermore, we consider in (2.29c), H, and hy, respectively, as a matrix
and a vector of appropriate dimensions that reflect inequality constraints. Likewise,
in (2.29d) G is a matrix and g a vector of appropriate dimensions that reflect equality
constraints. In more detail, the real-valued control inputs are the power setpoints of
the units u (k) = [us (k)" us(k)" u,(k)') where u; (k)" € RL is related with the conven-
tional units, us(k)’ € R® with the storage units and u,(k) € R with the renewable
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units such as wind turbines and PV power plants. Regarding to the storage and con-
ventional generators, u5(k) and u; (k) represent desired power values. For RES, u, (k)
represents an upper limit on the weather dependent power infeed. Hence, u,(k) is
their maximum admissible.

Furthermore, for each conventional generator will be considered a Boolean con-
trol input é;;(k) € {0,1}. This input shows whether generator i € Ny, 7 is active
(0¢i(k) = 1) or Inactive (;;(k) = 0). The Boolean variables of all conventional gen-
erators are gathered in the vector J;. The uncertain external input is also collected
in the vector w(k) = [w,(k)" wi(k)')’, where w, (k) is the maximum infeed under
weather conditions of all renewable units and w; (k) includes all loads.

In Chapter 6, we will extract a control-oriented MG model of the form (2.29).
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Chapter 3

Robust Adaptive Distributed
SC under Delayed communications
and Model Uncertainties

3.1 Introduction

In the previous chapter (see Section 2.3), the model of an islanded MG for design
SC was derived. Based on this model, an adaptive SC strategy for the asymptotic
restoration of the frequencies and the voltages of the AC islanded microgrid is pre-
sented in this chapter. The problem is addressed in a multi-agent fashion where the
distributed generators play the role of agents subject to model uncertainties and un-
known load variation. Moreover, multiple time-varying delays affects the commu-
nication links. Robustness against a class of agent’s uncertainties and load variations
is obtained by means of an integral sliding mode term in the control protocol.

The chapter is organized as follows: Section 3.2 presents the contributions of
this chapter as well as the problem statement. A novel adaptive distributed fre-
quency SC is designed in Section 3.3. Then, the secondary restoration features, and
the closed loop stability of the microgrid, in spite of the communication delays are
demonstrated through a Lyapunov-Krasovskii analysis and the use of LMIs. After
that, a novel adaptive distributed voltage SC is proposed in Section 3.4 where the
performance of the proposed control system is analyzed by Lyapunov tools. Then,
in Section 3.5 the effectiveness of the proposed SCs is verified by computer simula-
tions. Finally, in Section 3.6 some concluding remarks are outlined.

3.2 Main Contributions and Problem Statement

The main contribution of this chapter consists of two novel multi-agent robust con-
sensus SCs, one for the frequency, and one for the voltage, capable to satisfy, globally,
and asymptotically, the SC objectives in the presence of both, model uncertainties,
and multiple time-varying delays in the DGs’s communications. Each SC consists
of two terms. The first is a local Integral Sliding Mode Control (ISMC) such that
each DG tracks a given reference unperturbed dynamic. Then, taking inspiration
by [93], [94] where the adaptive synchronization of high-order linear systems with
time-varying multiple delays is studied, an ad-hoc adaptive time-delay consensus
protocol is designed to guarantee both the frequency and voltage SC restoration,
while preserving the expected sharing of power among DGs. A delay-dependent
stability criterion is also provided by combining the Lyapunov —Krasovskii method
with the Linear Matrix Inequality (LMI) approach. Lastly, it is worth noting that, al-
though SMCs have discontinuous control actions, thus suffering from the so-called
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chattering effect, our SCs yield only discontinuous time derivatives. Thus, the actual
control can safely be used to fed the inner PC layer.

In the absence of a SC layer, all the DG’s frequencies and output voltages devi-
ate from their reference values. Following [39, 40], it is known that relation (2.14)
along with the constraints kp P/* = kp P}" Vi, k € V), enforces a steady-state (“ss”)
frequency synchronization condition depending on the active power flowing in the
MG and on the droop coefficients, such that,

n. o pm
lim wi(t) = Wije = WO — 721{_1 k

V i=1,...,N 3.1)
t—o0 ZZ:l é

Similarly, due to (2.15), the steady-stage voltages deviate from vg. It follows that
the two main tasks of the SC layer are:

1. Restore the frequencies and voltages of each DG to their reference values, i.e.,

Wi s = Wo VieVy (3.2)
Viss =09 Vi€V (3.3)

2. Guarantee the active power sharing ratio, i.e.,

Pl”;s kpk
s Py ik ey (3.4)
P l?,qss kPi

3.3 Frequency secondary controller design

Strategies ranging from centralized to completely decentralized have been suggested
to achieve the aforementioned SC purpose. However, centralized approaches con-
flict with the MG paradigm of autonomous management [41]. On the other hand,
decentralized strategies appear to be unfeasible by using only local information [95].
As such, the communication between DGs has been identified as the key ingredient
in achieving these goals while avoiding a centralized architecture. In accordance
with the DT paradigm, and similarly to [40], [42], [43] and [13], we assume that at
least one DG may receive the information on the SC set-points (wo, vg) dispatched
by the virtual leader (referred to as node “0”). Thus, node zero is globally reachable
on Gy, ;- Furthermore, we assume G, to be a directed connected graph.

Notice that consider oriented communications is an important difference with
respect to the know robust SC strategies such as [14, 41] where they were instead
simply undirected. Moreover, in contrast with [88, 14, 17, 89, 90, 91] and [39, 40,
41, 42, 13], but similarly to [51, 53, 54, 55, 52, 56], communications are assumed
potentially affected by delays due to packet losses and/or communication latency.
However, with respect to the above mentioned works, here the communications are
subjected to multiple time-varying delays. We also assume that the DGs may only
communicate according to the communication topological graph Gy, described in
Chapter 2.

Thanks to the droop characteristic (2.14), and according to (3.1), the condition
to achieve the frequency restoration (3.2) while preserving desired power sharing
capability (3.4) is:

lim wy, () = lim wy,, (t) Vi, ke V. (3.5)

t—o0 t—o0
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In fact, except from special cases, see for instance [95], achieving the frequency
synchronization without guaranteeing (3.5) destroys the power sharing property es-
tablished by the PC [40, 41, 95]. Achieving condition (3.2) subject to (3.5) is a more
involved problem that cannot be solved by using standard consensus-based syn-
chronization algorithms. Thus motivated, we propose the following adaptive fre-
quency SC strategy by taking into account delayed communications among DGs:

o () =1(£) — ;- sign(8,(1)) (3.6)

8i(t) = wi(t) +2i(t) (3.7)
zi(t) = —i;(t),  2i(0) = —w;i(0), (3.8)
and
N
0;(t) = — ;)WZJkZJl(t) [wz’(t 71]<t)) w](t - Tz](t)>]

=
N

- ’Z;“ijffij,Z(t) [i(t = 7j () —0;(t — (1)) ], (3.9)
fm

where a;; models the presence/absence of a communication link between the i-th
and j-th DG over G§,, ;, whereas 7;;(t) shows the time-varying communication delay
associated with that communication, assumed to be measurable. Moreover, #; is the
local discontinuous control gain. Finally IAcijll(t), kio(t) and IAcz-jlz(t) € R-g denote
adaptive gains whose update rules are:

kija (5) =Cija - lwi(t — (1)) — wj(t — (1)) 2 (3.10)
kiog (t) =Cio1 - |wi(t — Tio(t)) — wo(t — Tio(t))]? (3.11)
kijo(t) =Cijo - [0i(t — (1)) — (¢ — () [ (3.12)

with éij/l/ éiO,l and éij,2 € Rygand ]Acijll (0) >0, I%iO,l (0) > 0and I%ij,Z(O) > 0.

Remark 3.3.1 Since DGs share information through a communication infrastructure, due
to communication noise, packet collisions, communication errors and others, it may happen
the receiver has to wait another beacon interval before receiving the next update. The above
consideration leads to the need of running the controller based on outdated information and
that T;j is measurable to correctly correlate the available data for feedback purposes. Thus
following [93, 941, we consider that T;;(t) is measurable. Note that adding the time-stamp
within packets is inexpensive because of most of the standard communication protocols al-
ready includes, at least at the MAC ISO/OSI layer this information [96]. On the other hand,
communication protocols used to include the data-packet timestamp, thus the requirement of
measurable delays is costless [96]. Once the delay is measured by means of local buffers each
controller is enabled to retrieve its own state at that time, and performs (3.9).

Remark 3.3.2 The design of (3.6)-(3.12) follows from [73, Algorithm 1]. In particular, the
term 11;(t) in (3.9) is designed ad-hoc to solve the SC objectives (3.2), (3.4) in a distributed
way, in the case the agents (DGs) were simply modeled by ideal integrator-type, thus by
assuming W;(t) = 0. Then, the discontinuous term in (3.6) is designed to account the pres-
ence of the electrical, and possibly uncertain, couplings among the DGs due to the presence
of the transmission lines and the local loads in (2.16)-(2.22), and thus in the case of non-zero
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W;(t) terms in (2.25). Differently from [73, Algorithm 1], here the term 1;(t) accounts also
the presence of communication delays, that is a step beyond the design of ISMC-based dis-
tributed controllers. No te that the design is based on a distributed implementation of the
Integral Sliding Mode Control (ISMC) paradigm [97].

Before presenting the operating assumptions on the delays, let us first introduce
the following compact notation, used also in [93, 94]. We indicate with T (t) =
{m(t), 2(t),..., 7(t)} the set of delays affecting the communication of between
each DG and the leader (node 0), and such that

T(t) = To(t), Vi:(i,0) € ELy [=1,2,...,4. (3.13)

Analogously, we indicate with S(t) = {o1(t),02(t),...,0m(t)} the collection of
delays affecting the communication between each of the N DGs to another DG where

oy (t) = ”L’Z‘]'(t), V(i,j)egy Yg=1,2,...,m. (3.14)

Note that the indexes m < N(N — 1) and g < N equal their maximum values only
if G§,, is a complete graph, and all the delays, for a given time ¢, are different. The
common assumption of slowly-varying, bounded delays, is now made [98], [99].

Assumption 3.3.1 Let a-priori known bounds T/", Ug*, d;,dg € Ry exist such that the
communication delays 1, € T (t) and o4 € S(t) over the communication topology Gg; 4
satisfies:

Tio(t)e [O,Tl*), ’EO(t)|§dl<1/ VtZOI vTl'OeTl/l:l/Z""/q (315)
Ti(t) € [0,07), |Gi(t)| <dg <1, VE>0,Vr€o ¢g=12,...,m ‘

Before presenting the first main result of this chapter the following Lemma is
provided.

~ ~ ~ ~

Lemma 3.3.1 Let AiO = —D(iolzioll(t), Alj(t) = _D‘ijkij,l(t)/ .Alj(t) = _“ijkij,Z(t) € IR,
and let

Ay 0 ... 0
am=| 0 e o e RNV, (3.16)
O PR e AZ(N,N)

with diagonal blocks such that (i =1,...,N;1=1,...,9)

o Ae(t) ifl=in =T,
Al(”)(t) ) { 0 otherwise, (3.17)

Then, let define Matrices Ag(t) € RN*N and Aq(t) € RN*N with entries, resp.,

i(t)  fog=TyiFjr=y=i
it

. ij (£
Ag(fy)(t) : { 7A1]( ) Zf Og = Tijr i 7+_ jr r=1, y :] (318)
otherwise
. Azj(t) fog=1ji#Fjr=y=i
Agey(t) © 1 =Aj(t) ifog =y, i#j, r=iy=] (3.19)
otherwise
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withr,y =1,2,...,N. Assume G§; connected and undirected, and node 0 in G5 " globally
reachable. Then &(t) = Y | Aj(t) + Yom1 Aq(t), as in (3'%8)' is Hurwitz,AV t > 0.
Moreover, let { € R" be any vector such that 1'¢ = 0, and let (t) = 2;”:1 Ag(t) 20,
then it results that & (Do(t)' + Do(t)) € < A2||E3 < O, where Ay < 0 is the second
greater non-zero eigenvalue of the symmetric part of Ci>2(t).

Proof of Lemma 3.3.1 Let &, ) (t) be the (r,y) entry of matrix &(t). Because of (3.17),
(3.18) and (3.19), we can observe that —®(t) is weakly diagonally dominant, namely
\@D(r,r)(t)| > Yytr |dA>(rly)(t)|, Vr=12,...,N,t> 9 Thus, the eigenvalues of —®(t),
have non-negative real part V't > 0. Now, to prove that O (t) is Hurwitz we are going to sim-
ply show that its inverse exists. Let us first define the vector b = —(Al()/ A, ..., ANO)’ €
RN and the matrices

Apt) o ... 0
B — iAl(t) - _ 0 AZOU)
I=1 :

0 Anol(t)

c — d 1 c O 05\]
g=1

It can be easily shown that L and L, , are the Laplacian matrices, resp., of G§; and of
QIC\] ny with non-negative weights —Aij. Moreover, because of G§; is connected and because
of node 0 is a root node on G, it results that rank {£°} = N —1, rank {£L{,} =
rank {[b, L]} = N. Now, let us define x = 1 - xo, with xo € R. Because of L1y = O,
the following continued equality holds

Lx=0y = Lx+Bl,-xg=B1y-x = (L+B)x=-d(t)x=DB1,-x.

Thus, according to —®(t) = B+ LE, it yields there exists ®(t) ! with rank{®(t)} = N,
and lastly the eigenvalues of ®(t) have negative real part for all t > 0.

By similar consideration, it results that the matrix —dADQ(t) = L€ corresponds to the
Laplacian matrix of the graph which topology is encoded by Gf; and with non-negative
weights —Aij. Thus because of Gy; is assumed connected and undirected, then by means
of property (2.18), we can straightforwardly derive that &'®y(t)E < Ax(Pa(#))[I€]13 < 0
holds. This conclude the proof.

Theorem 3.3.1 Consider a microgrid of N DGs, which frequency dynamics (2.23) are under
the adaptive frequency SC (3.6)-(3.12). Let Assumption 2.3.1 and Assumption 3.3.1 be
satisfied. Let the communication topology among DGs be described by a connected, and
undirected graph G5, (V, £°), with weight a;; = 1, if (i,7) € £, 0 otherwise. Let node 0 be
globally reachable on Gy, ;. Let Q) be the so-called average disagreement matrix

1
Q=Iy—Inly =0 (3.20)

where by Lemma 3.3.1, results that:

Az(t) = max { 3 Ag(t) + i ftg(t)} <0, &)= iAl(t) - i Ag(t) <0 vt>0.
8 =1 g=1
(3.21)
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Let there exist #; > F,P = 2kpl.1—IfJ / Tp,, and positive definite matrices p, Ql, Qg, Qg,
R, 7A€g, W), W, Wg € RN*N such that the following LMIs holds:

q m m
PO(t) +Pd(t) <Y Qi+ ) Qe+ Y o}k, (3.22)
=1 g=1 g=1
M) In<7Y, Qe+ Y o} R, (3.23)
g=1 g=1
—(1—d))Qi < 7 (Ay(t) HhAy(t) + Y A (t) MiQA(t)) (3.24)
—(1—dg)Qq < 1 (Ag(t) H1Ag(t) + O Ag (1) M1 QAL (1)) (3.25)
—(1—dg) Qg < 71 (Ag(t)' Hi(t) Ag(t) + Ag () My () Ag(t)) (3.26)
where 1 > 0, and
m q m
Hy=Y oWy +Y W =0 , M =Y ocjW, >0, (3.27)
g=1 =1 g=1

and by Lemma 3.3.1, results that:

q m

Aa(t) = max{ZA "+ Zflg(t)} <0, &)=Y A+ Y A, (t) <0 vt>o0.
eig#0 | o= g=1 I=1 §=1
(3.28)

Then, the frequency SC objectives (3.2) and (3.5) are verified, and the adaptive gains
kl] 1,k10 1, and kzj » asymptotically converge to some positive constants kl] 1/ kzO 1 and k;;/z, for
alliandj € V.

Proof of Theorem 3.3.1 Let us substitute Equations (3.6) into Equation (2.23) as

wi(t) =i;(t) — 1 - sign(8;(t)) + Wi () = () +8(t), (3.29)
§i(t) =di(t) — s - sign(&:(t)). (3.30)

For a differential equation with discontinuous right-hand side as (3.30), in the
remainder, the resulting solution $;(#) will be understood in the so-called Filippov
sense. Namely, as the solution of an appropriate differential inclusion, the existence
of which is guaranteed (owing on certain properties of the associated set-valued
map) and for its absolute continuity is satisfied. The reader is referred to [73] for a
comprehensive account of the necessary notions of non-smooth analysis.

Given that, and because of Assumption 2.3.1, and (2.27), ||@(t)|| < I}, and
#i; > TP, and £;(0) = —w;(0), by differentiating the following candldate Lyapunov
functional:

N
Z (3.31)
=1

along the trajectories of (3.30), after straightforwards computations, it results that:

I\J\H

™=z
™=

< i( ) (O] <0 Vi>o. (3.32)
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From this, one concludes that, except for points of Lebesgue measure zero (that
can be disregarded in accordance with the Filippov Theory [73]), the condition 3;(t) =

$i(t) = 0 is time-invariant for all + > 0. Now, by letting s; = $; = 0 into (3.29), and
by substituting (3.9), the following closed-loop dynamic takes place:

wi(t) = —Z] 0 %ij ki (1) (wi(t — 7ij(£)) — wj(t — (1))
Z] 1 &ij z]2(t)( (t_ﬂj(t))_ﬁj(t_nj(t)))'

The point now is to find which conditions (3.33) have to met in order to achieve
the control objectives (3.2) and (3.1). Up to now, we found that (2.23) is degenerated
into w;(t) = 1;(t) for all t > 0. Thus, it follows that the achievement (3.2) and (3.1)
along the trajectories of (2.23), is equivalent to force to zero, along the trajectories of
(3.33), the following frequency error vector:

(3.33)

ét) = (&(t), &(t), ...,en(t) with & = wi(t) —wp (3.34)
subject to the achievement of the next additional consensus condition:

lim #;(t) = lim @,(t) VijeV, (3.35)

t—o0

that is equivalent to force to zero the so-called average disagreement vector

@0, ext) o) = (o= ) - (@), o), . in(0)'

G =)~ 5 Vi) =0 VieV = @) =a(t) VijeV.

Given that, let us now differentiate e;(t) = w;(t) — wy, then by letting A;(t) =
—wjokio (t), Aij(t) = —aykiji(t), Aij(t) = —ajjkij2(t), after some algebraic manipu-
lations, one derives:

éi(t) = — iokio (t) - &:(t — Tio (¢t ):“z] i1 (t) - [ei(t — () — é(t — Tj(t))]
N
- Z% wijkijo(t) - [0 (t — (t)) — ;(t — i (t))]
j=
N
=Ai(t) - &(t — Tio(t) 2 ) [&i(t = 7i(1) — &t — (1))

N
Z [t — (1) — 1t — 73;(1)))] - (3.37)

Now, in order to provide a compact state-space representation of the networked
error dynamics associated with the vectors (3.34) and (3.36), and accordingly with
the notation introduced for the delays in (3.13) and (3.14), where ¢ = card{7 (¢)}
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and m = card{S(t)}, it results

Z Ap(De(t —7(t) + i Ag(t)e(t — og(t)) + f: A (t)e(t — og(t)) (3.38)
g=1 g=1
2 QA (He(t — 1(t)) + i QAg(1)e(t — og(t)) + i QA (t)e(t —og(t)).  (3.39)
g=1 g=1

where the elements of the matrices A;(t), Ay and A(t) are defined in (3.17), (3.18)
and (3.19). Let us further note that, due the structure of A(t) and A, (t), it results
that AglN = Oy, flgl N = Oy, thus it follows that in both (3.38) and (3.39), one has
Age(t — og) = AQil(t — 0g) = Aqil(t — o).

For stability analysis purposes, and on the basis of the so-called Leibniz-Newton
formula we introduce the following transformations:

ot — (b)) = é(t) — /;T(t) b(s)ds , e(t—(b) = e(t) — /ttr(t)é(s)ds. (3.40)

Hence, from (3.40), the networked closed-loop dynamics in (3.38)-(3.39) can be recast
as:

. . 1 t .
LORLGEORIWHOD /tw) 5)ds — EA /t o Hes

+ i Ao (He(t) — iflg(t) /t ¢(s)ds, (3.41)

g=1 g=1 t—og(t)

aden) - S oA [ s — S aAm) [ és)d
) =000 - LOAW [ dos= V00 [ el

LY Ael) - Y QAg(1) /t é(s)ds. (3.42)

g=1 g=1 t—og(t)

where &(t) = Y1 A/(t) + Yot Ag(t), asin (3.28). Synchronization in the presence
of multiple time-varying delays is proved here under the common Assumption 3.3.1,
which requires that delays are bounded and slowly time varying signals [44, 94,
98, 99]. Inspired by [44], let us now construct the following Lyapunov-Krasovskii
functional:

9 0 t m 0 t
+ﬁ2/ / é(s)' Wié(s)dsd6 + 2/ é(s) W,é(s)dsdo
=17 -7 Jt+o o=t —og Jro
m ¢ A
+e(t)e(t) +7 E/ e(s) Qqe(s)ds + 1 Z/ / s)' Wé(s)dsdo
g=1 t—og(t) o +0
N N 1 - . 2 N N 1 .
+ 21 ;)E ( ijn —kz‘j,l(t)) + 2121 5 (ki]',Z kl]2<t)> , (3.43)
1=1]= 1=1j=

where D, Ql, Qg, Wl, Wg, Qg, Wg € RN*B are constant, symmetric, and positive defi-
nite matrices to be determined and 7 is a positive scalar. Following the requirements
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of Theorem 2.2.1, let us note that the following relation is satisfied:
a(e(t),e(t)) < V(t) < Be(t—1t),e(t—1)). (3.44)

where &(e(t),e(t)) and B(é(t), e(t)) are continuous non-decreasing positive functions
defined as follows:

a(e(t),e(t)) =é(t) Pe(t) + e(t)'e(t). (3.45)
q t m t
Ble(t),e(t) =e(tyPe(t) + ) [ e(s)Quéls)ds + ) [ é(s)'Qels)as
=177 g=171"1
—H?zé /_ OT /t ie 8(s) Wid(s)dsdo +;7:; /_ OT ;9 5(s)' Wb (s)dsdo
+e(t)e(t) +4 i /t e(s) Qqe(s)ds + 1) i /O &(s) Wye(s)dsdo
g=17t-1 =171 t+6
N N N N
+ Z% Z(:); (IA{;},l - I%ij,l(t))z + Z% Z; % <7€;}',2 - ’Acij,2<t))2 , (3.46)
i=1j= i=1j=

where ¥ = max; ({7, 0y}. Now, differentiating (3.31) along the trajectories of
(3.41) and (3.42), and because of 1},¢ = 0 which implies that ¢} = ¢, it follows that:

V(t) =e(t) (d(t)'P+ Pd(t)) é(t) —2e(t)’1512 At A é(s)ds
=1 -7
- 2@(t>’ﬁg§ Aqg(t) /t o é(s)ds +2@(t>’ﬁg§ Aq(Be(t) — zé(t)'pggl Aq(b) /t RO
q q
+e(t)" Y Que(t) = Y et — () Qué(t — u(t) (1 — (1))
=1 =1

oq
Il

-
i

—_

g=1 g=171-0%
2t’dA>tAt2thtt d2t’mAtt 5(s)d
+2e(t)' D(t)é(t) — 2¢(t) 1:21 1( )/Hl(t)e(S) s — 2¢(t) P a( )/tgg(t)e(S) s
+e(t)’ i Ao (1) + i flg(t)> e(t) —2¢(t) i Aq (1) /tt é(s)ds
g=1 g=1 g=1 —og(t)
et ilégea) - f:l e(t — 0g(1)) Qgelt — g (1)) (1 — (1))
8= 8=
+17£(t)’ iagwge(t) —17 i /tt *g(s /Wgs(s)ds
g=1 g=1 Tg

SF
=
NN‘
3
=
—
~
N—
N———
Pl
=
=
—
~
N—
|
™=
1=
S
=
=
N
Pl
=
N
—~
~
=
N——
tand
=
N
N
~
S~—

/N
tand

(3.47)

Il
—_

|
gk
=
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Now, by adding to the right-hand side of (3.47) the next two identically zero
quantities:

m m
Y- et Ré(t)— Y- o3elt) Redlt) =0,
8= 8=
! 115 . /
1 Z:ldg*s(t) Ree(t) — 1 Z:lag*e(t) Ree(t) =0,
8= 8=

where R; > 0 and 7A€g >~ 0, and by exploiting the delays” bounds provided by As-
sumption 3.3.1, namely, 7; € [0, 7*), 0y € [0, ag*), and 7 < dj, 0y < dg, and because
of, due to Lemma 3.3.1, it results that:

e(t) (i A (1) + i Ag(t)> e(t) < Aa(t)de <0,
g=1

where A5 (t) < 0is the greatest non-zero eigenvalue of the symmetric part of flg(t) =
0, then after some algebraic manipulation, (3.47) can be upper-estimated as follows:

=1 g=1
(& mo q gt . moot .
+0é(t) <Zfl*wl +y agwg> &(t) — 1 2/ é(s) Wié(s)ds — 7 2/ 8(s)' Wb (s)ds
1=1 g=1 1=17t=7 g=171=03
. L d t ] L SRRV
4 2e(1) D (D)8(t) — 2e(t) l;Al ) ./t_T’(t)e(s s — 2¢(t) g[_;lAg(t) /t_gg(t)e s)ds
m.o m . m- t
+e(t) (Az(t)IN +7 ) Qe+ ). U;Rg> e(t) —2e(t)" ) Ag(t) / ¢(s)ds
g=1 g=1 g=1 t—og(f)
— 7 Y e(t—og(t)) Qge(t — og (1)) (1 —dg) +y&(t) Y op Wi (t)
g=1 g=1
m t m R m o
-1 Z / X &(s)" Weé(s)ds — Z Ug*é(t)’Rgé(t) -1 Z Ugs(t) Ree(t)
g=1 t—og g=1 g=1
N N, A X N R R R
-3 ) (k;;‘,l - kij,l(t)> ORI (kZ',z - kij,z(f)> kijo (t) (3.48)
i=1j=1 i=1j=0

Let us now introduce the following matrices:

Hy = Y3l g We + 2L 7Wi, - Ha(t) = S(8)'P + PO(t) + Y, Qi + g (Qg + agﬁg) ,
M = e (Tg*Wg, My(t) = Ap(t) Iy + 77 Ve (Qg + ag*7€g> )
(3.49)
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Then, according to [94, 75], by defining the following vector:
to t t '
ot) = (e(t), e(t), / é(s)ds, / é(s)ds, / i(s)ds | RN, (3.50)
t—oy t—oy

T — —
=T fs fs

and by invoking the Jensen inequality (2.5) on the following integral terms:

5(5) Wié(s)ds < _Z (/ti, e‘(s)ds)lwl (/til é(s)ds) ,

% [ ds Wi(s)as < -1 ( I e*(s)ds) W ( I é(s)ds> . 65

8 8

¢ 5 t ' t
/ &(s) Wye(s)ds < —l* (/ é(s)ds> W, (/ é(s)ds) ,
o Tg \7t-% t-og

after substituting (3.49), and (3.51), the inequality (3.48) is further upper-estimated
as follows:

|
>
1=
T
*
x>

g=1 g=1
N N , . N N , A .
-y ) (k% kij 1(0) kija () =Y ) (k;}',z - kij,z(f)) kijo(t) (3.52)
i=1j=1 i=1;7=0
where
Ay (t) 2P Yot Ag(t) +2d(t) —2%7  PA|(t) -2 Yt P{ig(t) -2y, P{lg(t)
My(t) 25 Al 2 Ag(t) -2 Ag()
(t) = ‘ —Tl,* Yl W ONxN A ONxN
0 ‘ —% o1 We Onxn
| -do
(3.53)

Define now the following augmented state vector:

c(t)=[e(t), et), e(t—nu(t)), ..., e(t—1(t)), e(t—ar(t)),...
v, (t—om(t), e(t = (), ..., S(t—g’m(t))/]/ € RAN+HIN+2Nm.
(3.54)

then, by substituting (3.38) and (3.39) into the second and third term of (3.52), and
after lengthy manipulations, (3.52) can finally be recast as next:

V(t) < p(t)E(0)p(E) + 7S O1)E(H)
N

N N R N A
- Z Z(kz*ﬂ kl] l(t) Z Z ij2 1] 2 ) kij,Z(t)/ (3-55)
i=1j=0 i=1j=1
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where O(t) is an upper triangular block matrix in the from:

— 7 La1 03 Re OnxN Oua+i)
1 vywm * T .
O(t) = plg=10Re , i=1,2,...,q+2m,
0 Oprizti

(3.56)
where @(1,1) and @(212) =< 0, whereas the other diagonal blocks take the following
form:

A 1 - d A A A
Opy12411) = — 7 ) Q1+ (Ai(t) Hi Ay(t) + A (1)’ Q' M1 QA (1)),
O _ U=d) 4 'H, A A (1) Q' MIOA
Q4+q+g2+q+g) = 7 Qi+ (Ag(t) g(t) + Ag(t) 1044(8)),
X A—d) o o o
OQ4grmtgatqrmig) = — 200 + (A (t) Hi(t) Ag(t) + Ag(t) My (1) Ag (1)) -

(3.57)

forl =1,2,...,qand g = 1,2,...,m. Now for the sake of compactness, let us
rewrite (3.55) as:

~ ~ N A

V(t) < Ar(p(t), kijpe(t)) + Ao (E(t), kijic (1)) + As(kijpe(t)) (3.58)

Aa(E(1), Z]k<t>> =751 O(HE) (3.59)
N N X
AB(I%ij,k(t)) - - Z Z(k:} 1 kl] 1 1]1 Z Z ij2 1]2 ) kij,Z(t)'

i=1j=0 i=1j=1

Hence, if the LMIs (3.22)—(3.26) are satisfied, then the first two terms of (3.58), and
thus the matrices 3(t) in (3.53) and ©(t) in (3.56) are negative definite. Therefore,
to have V() < 0 we need to show that Az(&(t — i), e(t — Tl-]'),fcijlk) is simply non
positive. This fact will be proved by contradiction.

Indeed, given that by construction l*cl] k(t) > 0, obviously if each IAci]-,k(t) is up-
per bounded, there will exist a constant k% i« that guarantee the asymptotic stability
of the closed-loop system. Otherwise, if we assumed that IAci]-,k(t) were unbounded,
we would get a contradiction. Indeed,both A, (p(t),fcijlk(t)) and Ay (&(t), IAcij,k(t)) in
(3.59) are quadratic functions of the error vectors e(t) and €(t), while As (&(t), lAci]-,k(t))
is a quadratic function also of the various k;;(t), whereas /A\g,(fci]',k) is simply a lin-
ear function of these various adaptive gains. Hence, if k;;x were unbounded, both
Ay (& (t),l%ijlk(t)) and Ag(l%ij,k) would diverge as well with IAcij,k(t), thus producing a
contradiction. In fact, in that case, it would be possible to find a suitable value for 7
in (3.59) so that [Aa(G(t), kij(t))] > [As(kijx(t))], V ¢(t) and k;j i (t). However, since
Ay (¢ (t),l%ijlk(t)) is negative definite from the hypothesis, we have that V(t) < 0V
e(t — ), e(t — 7j) and lAcijlk(t) against the assumption that lAcij,k diverged.

Finally, being k;; « (#) upper bounded and monotone increasing, then lim; o k;j (t) =
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cijk < +oo. Thus, by choosing IAcZ*]k = cjjx, we have that V(t) < 0and thus also condi-
tion (2.2) of Theorem 2.2.1 is satisfied. Moreover, by choosing &(s) as in (3.45), it fol-
lows that lim,_,e &(s) = +o0, and hence the errors é(¢) and ¢(t) globally uniformly
converges to zero, and the frequency SC objectives result asymptotically achieved as
well. This concludes the proof. n

3.4 Voltage Secondary Controller Design

In the Chapter 2 (see Section 2.3), the model of an islanded MG was derived. In this
section, based on this model and in order to solve the voltage SC problem (3.3) in the
presence of communication delays among DGs we propose the following strategy:

O, () =i, (t) — 10; - sign(8;(t)), (3.60)
Sy — N () i T(8) = (= Tyi(1)
n(t) = Jg ijkij (t) ot Tz;(t)) Z)j, t_ﬂ;(t)) , (3.61)

where k;j(t) = [kij1(t), kij2(t)] € R*2 is a vector of adaptive gains whose entries are
updated according to:

N

i) = éjij,l oi(t = 7ij(1) — o;(t — (1)) ? (3.62)
ij2(t) = Gijo- ot — (1)) — oj(t — 7;(t))[?

with fijll and éij; € R-pand 7(1-]',1 (0) and l~<ij,2(0) > 0 and the switching function 5;(t)
in Equation (3.60) set as follows:

P

5 = 0i(t) + Z(t) (3.63)

5() = k (D) 5(0) = —0(0) —6(0) (3.64)

Similar to previous subsection, the delays T;;(t) satisfy Assumption 3.3.1.

Remark 3.4.1 Notice that the derivative of the DG’s voltages 9;(t) in the voltage SC (3.61)
are unknown and are not available from measurements. However, following [100], if the
relative degree of the plant is known and constant, then robust exact differentiators with
finite-time convergence properties can be employed to provide the full output-feedback control
of any output variable of an uncertain dynamic system. Since the voltage dynamic (2.24) met
this condition, and thanks to the finite-time convergence properties of standard high-order
sliding mode differentiator [101, 102, 103, 104], in the remainder of the chapter we will refer
to the quantities v; as they were known, although they are estimated in practice by means of
Levant differentiators. The Levant differentiation scheme is given below

() = —c1- |eoi(t)|? -sign(@oi(t)) + Z(t)
zi(t) = —C;-sign(év,i(t)) (3.65)

where 0;(t) = 0;(t), &,; = 0; — v;(t) is the sliding manifold of the differentiator and ¢ >
1.5C2, ¢, > 1.1C, and C are the constant gains of the differentiator with C to be chosen
large enough [103]. [ |

Hereinafter the second main result of this chapter is outlined.
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Theorem 3.4.1 Consider the voltage dynamics Equation (2.24) under the voltage restora-
tion SC Equations (3.60)-(3.64). Let Assumption 2.3.1 and Assumption 3.3.1 satisfied and
let the communication topology Gy, be described by a strongly connected graph G, (V, £°),
with weight w;;, if (i,j) € £°, 0 otherwise. Let node 0 be globally reachable on Gf, . Let

Aio(i’) = —Bilxiofiio(t), Alj(t) = —Biociijj(t) S lRZXZ, and let
_ INXON [ A dfr=y=i
Ay = [AO(r,y)} e RN~ with AO(r,y) : { 02;2 otherwise , (3.66)

Ap(t) fu=ty,r=I1=i

Ai(t) = [Ayy) (D] € RFVEN with - Ay, (1) ‘{ Opxa  otherwise

4

(3.67)

i X ANX2N  : 7 Ayj(1) fog=Tijizjr=y=i
Ag(t) = [Ag(ry) (D] €R with Ay, (8) - —Aj(t) fog=Tji#Fjr=iy=]j
0y%o  otherwise

(3.68)
withr,y =1,2,..., N, where by Lemma 3.3.1, results that
O(t) =Ao+)_ Ai(t)+ ) Ag(t) <0 V t>0. (3.69)
=1 g=1

Let there exist 7it; > ky,TQ = ZinHiQ/ Tq,, and positive definite matrices P, Q;, Qq,
Rg, W, Wg € RN*N sych that the following LMIs holds

q m m
PO’ (t) + Pd(t) < — (Z O+Y 0, +Y ag*fzg> (3.70)
=1 g=1 g=1
— ) 0gRe < —1 (AgH1Ao) (3.71)
g=1
—(1—=d))Qr < =y (A (1) Hi A (1)) (3.72)
—(1—dg)Qg < —n (Ag() A Ag(1)) (3.73)
where ij > 0, and
m q m
Hi=) ogWe+) Wi =0 , M=) oW =0, (3.74)
g=1 =1 g=1

Then, condition (3.3) is verified, and the adaptive gains in (3.62) asymptotically converge
to positive constants ki; , and k.
Lemma 3.4.1 Let matrices Ao, Aj(t), and Ay(t) be defined as in (3.66), (3.67), (3.68).
Assume G strongly connected, and node 0 in G§,_, globally reachable. Then ®(t) =

Ao+, Ai(t) + Tgy Ag(t), as in (3.69), is Hurwitz, ¥ t > 0.

Proof of Lemma 3.4.1 It is worth mentioning that ®(t) in (3.69) is a strictly diagonally
dominant block matrix, whose generic block element <T>(i/i) € R**2 on the main diagonal is
defined as:

Di (1) = Ai+ Aig(t) + Yo At (3.75)
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To show that ®(t) is negative definite, it suffices to prove that ®(; ;(t), fori =1,...,N, is
a negative definite matrix. By construction ILcl-j(t) > 0and k;;(0) > 0 (see Eq. (3.62)); then,
according to the definition of A;i(t) = Bjujjkij(t), the term Z}il Ajj(t) is negative semi-
definite. It follows that blocks CTD(Z-,i)(t) in Eq. (3.75) are negative definite if the following
matrices are negative definite:

- 0 1
Yi(t) = Ai + An(t) = [—,;ioci]fcio,l(t) —k%i - klviocijfcio,z(t)] (3.76)

According to the construction ki(t) in (3.62), it results that matrix ¥(t) is a negative
definite. Consequently, it follows that the eigenvalues of ®(t) have negative real part for all
t>0.

Proof of Theorem 3.4.1 ([105] and [106]) By substituting (3.60)-(3.64) into (2.24), it
yields:

[Zﬁﬂ =i [sz + ﬁ&) + L?(()f)}’ (3.77)
& = — Misign(s(1)) + (0. (578)

For a differential equations with discontinuous right-hand side as (3.77) and (3.78), in
the remainder, the resulting solutions v;(t), and §;(t) will be understood in the so-called
Filippov sense. Namely, as the solution of an appropriate differential inclusion, the existence
of which is guaranteed (owing on certain properties of the associated set-valued map) and for
its absolute continuity is satisfied. The reader is referred to [73] for a comprehensive account
of the necessary notions of non-smooth analysis.

Given that, and because of Assumption 2.3.1, and (2.28), ||@;(t)|| < FIQ, and 1m; >
kvil"?, and Z;(0) = —v;(0) — v;(0), by differentiating the following candidate Lyapunov
functional:

5i()?, (3.79)

, N N - N o
70 = L0410 < X )i - 22 0] < - 1 (2 -19) -] <o
i=1 i=1 v; i=1 v;

(3.80)

From this, one concludes that, except for points of Lebesgue measure zero (that can be
disregarded in accordance with the Filippov Theory [73]), the condition §;(t) = §;(t) = 0'is
time-invariant for all t > 0. Now, by letting §; = §; = 0 into (3.77), and by substituting
(3.61), the following closed-loop dynamic takes place:

vil _ oz |Y| _ & N T vi(t — i (t)) — vi(t — Ti;(t))
{ }‘Az M BZJ;J ijkii [@j(f—ﬂj(t»—ﬁ;(t—Ti;(t)) : (3.81)

The point now is to find which conditions (3.81) have to met to asymptotically achieve
the control objective (3.3). Now, given equation (3.81), defining the following voltage error
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vector:
. . . . / . - v; () — vo
t) = t), t), ...,en(t th ¢(t)=|." . 3.82
é(t) = (a(t), &(t) en(t))  with &(t) [vi(t) B Uo] (3.82)

and by letting Aio(t) = —Biaiolzio(t), AZ](t) = —Bi(xi]fcij(t) S 1R2><2, and by difﬁ??’-
entiating é;(t) and by considering vy is constant, after some algebraic manipulations, one
derives:

&i(t) =A;-e(t) + App(t) - &(t — To(t)) +
j

Aj(t) - [Ei(t— (1)) — gt — T(1))] . (3.83)

M=

Il
—_

Now, in order to provide a compact state-space representation of the networked error
dynamics associated with the vectors (3.82), and accordingly with the notation introduced
for the delays in (3.13) and (3.14), where q = card{7T (t)} and m = card{S(t)}, it results:

=Ape(t i et — ot i et — og(t)). (3.84)

I=1
where, in accordance to (3.66)-(3.68), it results that:

A ifr=y=i
0rxo otherwise

7

Ag = [Ag(ry)] € RPN with Agyyy {
- . - Apt) ifg=1,r=1=i
Al() = [Ajr ) (0] € RFVN with - Ay, 0 () { 012052) ({thelrwisel ’

i K ANX2N X (1) l:fag:Tij’l:#]:’r:y:i .
Ag(t) = [Agr (D] €R with A, (f) : —Aj(t) fog=TjiFjr=iy=]j
(1 otherwise

and v,y = 1,2,...,N. For stability analysis purposes, and on the basis of the so-called
Leibniz-Newton formula we introduce the following transformations:

é@—r@):aﬂ—[;ma@%. (3.85)

Hence, from (3.85), the networked closed-loop dynamic in (3.84) can be recast as next:

~ q - t m ~ o
é@:@%@—i&@ﬁﬂﬂ s)ds — ZA ﬂvmmm, (3.86)

=1

where &(t) = Ao+ X, A(t) + Y1 Ag(t) < 0 by Lemma 3.4.1. Synchronization
in the presence of multiple time-varying delays is proved here under the common Assump-
tion 3.3.1,which requires that delays are bounded and slowly time varying signals [44, 94, 98,
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991. Inspired by [44], let us now construct the following Lyapunov-Krasovskii functional:

V() :é(t)’Pé(t)+lil/ttTl(t)e( 'O,8(s)ds + 2/ 5)/ O (s)ds
+ﬁl_f1/0 /ie (s) Wié( dsd@—HyZ/ / ) Weé(s)dsdd
+ii; (721‘*]‘—1217‘('5)) <’~c?j_’2ij(t))r (3.87)

i=1j=

where P, Q;, Qg, W, Wg € R2N*2N gre constant, symmetric, and positive definite matrices
to be determined and 1j is a positive scalar. Following the requirements of Theorem 3.4.1, let
us note that the following relation is satisfied:

&(e(1) < V(1) < Be(t—2). (3.58)

where &(&(t) and B(é(t)) are continuous non-decreasing positive functions defined as fol-
lows:

a(e(t)) =eé(t)' Pe(t), (3.89)
() =ty Pe(t) + Y- [ elsYQtsdds + Y- [ ols) Quels)as
=17t~ T g=1 t—1
9 t m t
1) / OT /t+eé(s)’ ~lé(s)dsd9+1yé; | OT [ 86) Wed(s)dsdd
N N r o, _
+ Zi Z% % (121*] - ffij(t)> (kz*] - kz’j(t>) , (3.90)
i=1j=

where © = max; {7, 03 }. Now, differentiating (3.79) along the trajectories of (3.86), it
follows that:

g=1 t=og(t) =1
at) Y Quet) +alt) Y Oge(t) — 3 et — o) Ot — (1)) (1 — 0 (1))
=1 g=1 g=1
9 q }
ety Y g WE) — 7Y / #(s)'Wié(s)ds
1=1 1=17t7
m t o N N
+ () Y o3 Wed(t) — 7 Y /t E) Wpd(s)as — Y 3 (ks — Ry (6)) ()
g=1 g=171=0¢ i=1j=0

(3.91)

Now, by exploiting Assumption 3.3.1, which requires that delays are bounded, namely
€ [0,7), 00 € [0, crg*), and slowly time varying, ie. 17 < d; < 1, 0 < dg < 1[44,
94, 991, and by adding to the right-hand side of (3.91) the next identically zero quadratic
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function:
m ~ ~
10’; )'Rqe(t Z oge(t)' Rge(t) =0,
g:

where Ry is a positive definite matrix to be determined, after some algebraic manipulation,
(3.91) can be upper-estimated as follows:

. q m m q t
V(t) <ée(t) (cb(t)’ﬁ + Pd(t) + ZZ Q+) Q¢+ ). a§Rg> é(t) —26(t)'PY " A(t) /t " &(s)ds
=1 -7

g=1 =1
m - . / q " * T L
Y ot — 0y (1) Qit — o (1)) (1 — dy) + 7 (1) (2 W+ Y agwg> 20
g=1 =1 g=1
9t N mo et -
— 7 / é(s)'Wié(s)ds —177 ) / é(s)' Wgé(s)ds — &( Z g Ree(t)
=1 7t=7 g=1" t—og
NN, /.
-y (k;j - k,»j(t)) 0) (3.92)
i=1j=0
Let us now introduce the following matrices
H; = Z UgWg + ZTI Wl/
g=1 =1
9 m 5 5
Fo(t) = B(0)P+ PO(t) + Y O+ Y (O +3Ry) (3.93)
I=1 g=1

Then, according to [94, 751, by defining the following vector:

B(t) = <e”(t)’, /t t &(s)'ds, /t t *e‘(s)’ds> e RV, (3.94)

and by invoking the Jensen inequality (2.5) on the following integral terms:

ﬁé/ttr ) Wié(s)ds < —Z* (/ftfz* é(s)ds)/lzq: N (/ttr; é(s)ds) ,
% [ o <~ L ( I é<s>ds> 5 i ( [ as)ds)  95)

=1
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after substituting (3.93), and (3.95), the inequality (3.92) is further upper-estimated as fol-

lows:

V(t) <p(t)E(D)p(t) +né(t) Fué(t) — ié(t —7(1) Qre(t — (1)) (1 — dy)

I=1
—e(t) ), ogRee(t) = ) et — og (1)) Qee(t — 0(£)) (1 — dy)
g=1 g=1
NN, /.
-2 <ki*j ku(t)> kij(t) (3.96)
i=1j=0
where .
—221 (PA() —280, PA(t)
02N><2N Zl W 92N><2N (3.97)
02N 2N 02N><2N —al;; Yotq Wy
Define now the following augmented state vector:
() =[et), e(t—mn(t), ..., e(t—7("),
et—ai(1),..., et —ou))]) e RENOFIHm), (3.98)

then, by substituting (3.84) into the second term of (3.96), and after lengthy manipulations,

(3.96) can finally be recast as next:

Mz

Il
=

i

ICE

i) ki), (9)

where ©(t) € R2NA+a+m)>x2N(+a+m) jg gy ypper triangular block matrix in the from:

©11  24pH1A 3 2A0H1Ag 2A3H A, 2A0H1 A,
Oonsan  ©@nn  2ALH A, M Ay 24 LA, QAL Ay
O2nx2N ' :
) : 2ALH1 Ay
o= o 241 iy A
q+1,q+1 1411412
OonxaN  Ogagsz
O2nx2N gAfn,lﬁlAm
Oanx2N OonsaN Ogtmt1,g+m+1
(3.100)
where the diagonal blocks take the following form:
. 1 -
®(1,1)(t) = —— Z O'gRg + (AOHle) ,
g=1
o n=-U"MWa AwmAm), =12
(41141 (1) = 7 Q+ (A HA®), 1=12,...,4,
. (1—dg) « e
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Now for the sake of compactness, let us rewrite (3.99) as:

V() < Aa(p(t), Kij(8)) + Aa(E(8), kij (1)) + As (i (t) (3.102)

with

(% - zzij(t))'zéij(t). (3.103)

Hence, if the LMIs (3.73)-(3.70) are satisfied, then according to the same explanations of
Proof of Theorem 3.3.1 we have that V (t) < 0 and thus also condition (2.2) of Theorem 2.2.1
is satisfied. Moreover, by choosing &(s) as in (3.89), it follows that lims_. &(s) = +co, and
hence the errors é(t) globally uniformly converges to zero, and the voltage SC objective result
asymptotically achieved as well. Furthermore, it results that the adaptive gains of (3.61) also
converge to constant quantities according to:

limy o0 kij () = k. (3.104)

This concludes the proof. [

3.5 Results and Discussion

3.5.1 Test Rig Design

The proposed SCs are tested on a 220Vgrys (per phase rms), 50Hz, islanded MG
of four DGs as the one depicted in Figure 3.1. The MG parameters are listed on
Table 3.1. The electrical and communication network models are shown in Figure 3.1
with &5 = {(0,1),(1,2),(2,1),(2,3),(3,2),(3,4),(4,3)}. The tuning parameters
of the SCs systems Equations (3.6)-(3.12) and Equations (3.60)-(3.62) are set as

kij(0) = [10,10], k;;1(0) =5, k;
€1]1—€1]1—€1]2—€1]2—05 1’71 =

We assume that only DG 1 can directly access the reference voltage vy and frequency
wp. From Assumption 3.3.1, the time derivatives of the communication delays be-
tween agents, 7;; € R, were modeled as random variables with a uniform dis-
tribution in the range [%;| < d; = d; = 1, and conditions 7; € [0,0.1]s are en-
forced by means of limiters [44, 94]. Moreover, according to the communication
network model, 4 = 1 in (3.14) and m = 6 in (3.13). Hence, from (3.14)-(3.13), it
results that 7 (t) = {1 (t)} and S(t) = {1 (t), 02(t),...,06(t) } with 7y () = 1o(t),
o (t) = ma(t), o2(t) = wi(t), o3(t) = 13(t), 0u(t) = 132(f), 05(t) = T34(t) and
06(t) = ms(t). Finally, matrices A;(t) € R¥4, A(t) € R®S, A () € R¥,
Aq(t) € R¥* and Ag(t) € R®*8 have the following structures (I = 1; ¢ = 1, ..., 6)

(t)

i2(0) = e
0.001, m ~ 01, V(i) € £y (3.105)

A An(t) —A

Aq(t) =

OOOO
[N oMo Ne)
OO O O
OO O O

3

e

—~

-

S—

I
[N Ne)
o O OO

-
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0 0 0 0 0 0 0 0
iy - | —An() Axn() 0 0 Aoy | 0 Axs(t) —Ax(t) 0
Aot) = 0 0 00 , A =1 9 7% 0 0|’
0 0 00 0 0 0 0
0 0 0 0 00 0 0
N 0 0 0 0 A 0 0 0 0
A t — A ~ , A t = A ~ ,
4(t) 0 —Ax(t) As(t) 0 5(t) 0 0 As(t) —Asnl(t)
0 0 0 0 00 0 0
0 0 0 0 Ap(t) —Ap®t) 0 0
s (00 0 0 Do 0 0 00
0 0 —Ag(t) Agh) 0 0 0 0
0 0 0 0 0 0 0 0
iy | —Axn() Axn(t) 0 0 iy | 0 Axn(t) —Axp(t) 0
Ax(t) = 0 0 00 c A=y T 0 0|’
0 0 0 0 0
0 0 0 0 00 0 0
A 0 0 0 0 N 0 0 0 0
Au(t) = 1 1 , As(t) = ; 1 ,
4(t) 0 —Asn(t) As(t) 0 s(t) 0 0 As(t) —Asa(t)
0 0 0 0 0 0 0 0
00 0 0 App(t) 0O2x2 Oaxa 02x2
1 _ [ 00 0 0 7 _ 0252 0O2x2 O2x2 O2x2
Ast) =1 0 o 0 0 o Al = O2x2  O2x2 Oax2 O2x2 |7
0 0 —Agm(t) Agl(t) 02x2  O2x2 O2x2 O2x2
Ap(t) —Ap(t) 0o 020 022 O2x2 O2x2 O2x2
X 022 022 Oax2 O2x2 i —An(t) Ax(t) 02 02x2
A =| 2 , Ay(t) =
1) 0252 022 Oax2 02x2 2(t) 022 O2x2  O2x2 022
022 022 O2x2 0O2x2 0252 O2x2  O2x2 022
O2x2  O2x2 O2x2  O2x2 O2x2  O2x2 O2x2  O2x2
i O2x2  Axz(t) —Ax(t) 0242 i O2x2 022 O2x2  O2x2
As(t) = ,Agt) = : :
3(1) 0252 Ozx2 O2x2 022 4(t) O2x2  —Az(t) Asn(t) 0O2x2
O2x2  O2x2 022 O2x2 022 O2x2 O2x2  O2x2
O2x2 O2x2 O2x2 022 022 O2x2  O2x2 022
7 O2x2 O2x2  Oox2 0252 i 02x2 O2x2  O2x2 0252
As(t) = o ; , Ag(t) =
5(t) O2x2 O2x2 Asa(t) —As(t) 6(t) O2x2 O2x2 O2x2  O2x2
0252 O2x2  O2x2 02x2 O2x2 O2x2 —Ag(t) Ag(t)

3.5.2 Case Study

The system is tested for 45 seconds. The list of events scheduled throughout the test
is displayed as follows:

e Step 1 (t = 0 — 5sec): Only the PC is used with w,; = 2t50Hz, v,; = 220VrMms
(per phase rms);

e Step 2 (t = 5sec): The frequency SC Equations (3.6)-(3.12) is activated with
wo = 21t50Hz;

e Step 3 (t = 10sec): The voltage SC Equations (3.33)-(3.34) is activated with
0p = 220VRMS

e Step 4 (t = 15 — 20sec): The load (P13, Qr3) is added;
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DG 1 DG 4
| Reference
i L
Soiry
Transmission fDG 1 DG4 f ransmission
Line 1 § yDG 2 DG3 § e
DG2 | | [Sendmle.... o Sccondry DG 3
@ Communication Network Model }‘ @
nmm
| Transmission " Load 3
Line 2
Electrical Network Model
FIGURE 3.1: MG communication and electrical network models.
TABLE 3.1: Parameters of the Microgrid Test System
DG1 DG2 DG3 DG4
Model Tp, | 0.016 7p, | 0.016 Tp, | 0.016 Tp, | 0.016
To, | 0.016 To, | 0.016 To, | 0.016 To, | 0.016
kp, | x107° kp, |3x107° [kp, [2x10> |kp, |15%x107°
le 42 x10°% sz 42 x10°% kQ3 42 x10°% kQ4 42 x10°%
ko, 1e 2 ky, | 0.01 ky, | 0.01 k,, | 0.01
Load Py, | 0.01 Py, |0.01 Py, | 0.01 Py, | 0.01
P |1 P, |2 P, |3 P, |4
Py | 1x 10% P, | 1x 10% Py, | 1X 10% P | 1x 10%
Qq, | 0.01 Q1, | 0.01 Q1, | 0.01 Q1, | 0.01
Q, |1 Q, | 2 Qo | 3 Qo | 4
Qs | 1x10% Qs, | 1x10% Qs, | 1x10% Qs, | 1x10%
Line Bip = 10071, Bys = 10.67Q° 1, Byy = 9.820°1

e Step 5 (t = 25sec): The reference value for the frequency SC is changed to
wo = 27t50.1Hz;

e Step 6 (t = 35sec): The set-point for the voltage SC is changed to vy = 225V s;

Let us now explain the obtained results shown from Figure 3.2-3.6. As can be ob-
served from Figure 3.2 and Figure 3.3, in the first five seconds, when the PC is only
switched on, all the corresponding voltages and frequencies are less than the refer-
ence values and the PC is not able to compensate for these deviations. Att = 5sec the
frequency restoration control Equations (3.6)-(3.12) is activated with wy = 27t50Hz
and the DG’s frequencies are restored to the expected value. At the same time, the
power sharing constraints Equation (3.4) are achieved (see Figure 3.4). It is clear
from Figure 3.3 that when the voltage SC is activated at t = 10sec, then also the
output voltages are restored to 220Vrys. We connect the sample load (Pr3, Qr3) at
t = 15s, and then disconnected it at t = 20s by a three-phase breaker. The results
show that the proposed SCs are robust against unexpected changes on demands.
Moreover, we modify the frequency and voltage SC setpoints at t = 25s and t = 35



3.5. Results and Discussion 41

DG's frequencies [Hz]

50.2

50.1 — v

49.9 ;"/i - - w1/27r
46 810/ "~
50 L f’w . —-—-(,U3/27T
= wy/2m
49 9 T Reference
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Time [s]

FIGURE 3.2: DG'’s frequency w;(t)
under adaptive distributed SC,i = 1,2, 3,4.

DGs voltages Vgyais
R Ik ——

220 """""" /— e s e e |
215 17

e
215 E - Z; --------------- zfjileference
210b———— I8
0 5 10 15 20 25 30 35 40 45
Time |[s]

FIGURE 3.3: DG’s voltage v;(t)
under adaptive distributed SC,i = 1,2, 3,4.

to wo = 27150.1Hz and vy = 225VR s respectively. Consequently, all DG’s frequen-
cies and voltages converge to the setpoint values very quickly. Finally, the time
evolutions of the proposed SCs are depicted in Figure 3.5 and Figure 3.6. The results
verify that the frequency and voltage SCs show a satisfactory performance and a
smooth control signals alleviating the chattering problem.
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Power sharing ratio
23CR@AG |
2 [—Pi(t)/Ps(t) g===8

Py(t)/Ps(t) 0.5 Romgm

1.5 |---Ps(t)/Pu(t) 0 |
~o-Expected Ratio| , "4 7 10 13
; A

T

-

S

i1

11

L1
1

O | | | | | | | |
0 5 10 15 20 25 30 35 40 45
Time [s]

FIGURE 3.4: Comparison between the expected (i.e., kp,/kp,) and

actual (i.e., P;/ Pj) power sharing ratio under adaptive distributed SC,
i=1,234,j#ij>i

3.6 Conclusions

Here a novel robust distributed secondary restoration control protocol for inverter-
based islanded microgrids is proposed. The method improves the current state of
the art because it is fully distributed, model-free, and robust against delayed directed
communications and parameters uncertainties. Moreover, since the control actions
are continuous, they can be safely pulse width modulated by a fixed given frequency
to not hurt the switching power artifacts.
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Frequencies control inputs
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FIGURE 3.5: Frequency secondary control wy, (f)
under adaptive distributed SC,i = 1,2, 3,4.

Voltages control inputs
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Un2 (t)
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FIGURE 3.6: Voltage secondary control v, (t)
under adaptive distributed SC, t > 0,7 =1,2,3,4.
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Chapter 4

Robust Distributed Optimal
Voltage SC with Time-Varying
Multiple Delays and Model
Uncertainties

4.1 Introduction

This chapter aims to solve the problem of voltage restoration in droop-controlled
inverter-based islanded microgrids under communication delays. To this aim, we
propose a novel robust distributed voltage SC which is a combination between an in-
tegral sliding mode controller and a linear consensus scheme with constant weights.
Lyapunov analysis and Linear Matrix Inequalities (LMI) are employed together to
demonstrate the associated stability and convergence features. The allowable up-
per bound for communication delays is also estimated by linear matrix inequalities.
Regulating the MG’s voltages to the associated reference values additionally is taken
into account by developing an optimization algorithm to find the optimal constant
control gains.

This chapter is structured as follows. The contributions of this chapter and prob-
lem statement are presented in Section 4.2. Section 4.3 outlines the proposed optimal
distributed voltage SC scheme under time-varying multiple delays. Moreover, the
performance of proposed voltage SC analysed by using the Lyapunov-Krasovskii
functional along with linear matrix inequalities. Section 4.4 is provided an optimiza-
tion algorithm to find the optimal constant control gains and the allowable upper
bound for communication delays. Finally, Section 4.5 and Section 4.6 are given the
simulation results and conclusions respectively.

4.2 Main Contributions and Problem Statement

The contributions of this chapter are as follows. We herein introduce a novel opti-
mal distributed voltage secondary control for an AC MG by involving an integral
sliding mode controller and a linear consensus scheme with constant weights under
communication delays between DGs and a class of parameter uncertainties and ex-
ogenous disturbances. In fact, the voltage SC presented in this chapter is a particular
case of the one introduced in Chapter 3 with constant gains. Hence, it is worth men-
tioning that, since control gains here are constant, the LMIs which will be obtained
later in the stability analysis, are based on constant control gains (not time-varying
gains) which can be easily solved to find the stabilizing parameters of the voltage
SC controller. Moreover, the most important idea of this chapter is that thanks to the
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consideration of the gains as constant values, an optimization algorithm based on
LMI is proposed to find the maximum delays and the best tuning for the gains.

Our objective in this chapter is, to design a novel distributed voltage SC to com-
pensate for the unavoidable deviations of the DG’s output voltages caused by the
droop characteristics of the PCs from the expected set-points, ie.,

vi(c0) = vy, Vie V. 4.1)

4.3 Voltage Secondary Controller Design

In order to solve the voltage SC problem (4.1) in the presence of communication
delays among DGs we propose the following voltage restoration SC strategy for the
voltage dynamic: (2.24)

O, (t

Lk (o) oS w)] o) 62

1

where v, (t) is a distributed input control to achieve synchronization with respect to
the DG’s states. I~<Z-]~ = [121»]-,1,121-]-,2] € R™? and 71; € R are the constant tuning param-
eter vectors and scalars, respectively. 7;;(t) shows the time-varying delay between
DGs communications and the switching function §;(t) in (4.2) set as follows

5i(t) = 0i(t) +zi(t), (4.3)

=0 L 0i(t = (1) —oj(t = 7;(1))
zi(t) = ko, Z kij vl(t—Tl;( t)) — T)j(t_Ti;(t)) ’
0i(

) = —0;(0) — 9;(0). (4.4)

N
Ui j=0
zi(0
Similar to Chapter 3, the delays T;j(t) satisfy Assumption 3.3.1. Hereinafter, the
main result of this chapter is outlined. It is worth to remark that the DG’s output
voltage derivatives are not available from measurements. However, they can easily

estimated and then used for output feedback purposes by means of differentiators
implemented within each local controller, see Remark 3.4.1.

Theorem 4.3.1 Consider the voltage dynamics Equation (2.24) under the voltage restora-
tion SC Equations (4.2)-(4.4). Let Assumption 2.3.1 and Assumption 3.3.1 be satisfied and
let there exist 1it; > kp, T9 = Zinl_[iQ/ T0,. Given an upper bound of time-delay function

™ = max {Tl*, (Tg* } > 0. Moreover, if the local control gains IzijJ and fcl'j,Z be greater than

zero and if there exist symmetric positive definite matrices P, Qj, Qq, Ry and Rg € R*N*2N,

such that the following LMIs:

My +3T*AgHAy Y TPA; i, T PAg

* ~L TR Onson | <O (4.5a)
* * _ 2?:1 T*Rg
q ~ ~ -
3) TTAIHY Aj+M; <0 (4.5b)
=1 =1
m » m 5 _
3) TAH) Ag+ M <0 (4.5¢)



Chapter 4. Robust Distributed Optimal

46 Voltage SC with Time-Varying Multiple Delays and Model Uncertainties

are feasible, where

m q m.o q
H=)Y R¢+)Y R, My =FP+PF+) Q¢+ Q (4.6)
g=1 =1 g=1 =1
M=) —-Qi(1—d), M=) —Q(1—dy) (4.7)
=1 g:l

and _
A ifr=y=i

_ INX2N s :
Ao = [Ag(ry)] € R with - Ag(ry) { O2xo  otherwise

/ (4.8)

A fu=1,r=1=i

0rxn otherwise ’ (4.9)

Al = [Al(r,y)} e R2V2N - with Al(r,r) : {
i i 2Nx2N % Aij fog=Ty iFjr=y=i
Ag = [Ag(ry] € RTFED with Agey s ¢ —Ay f oy =1, i7j,r=iy=j (410
Opxp  otherwise

being )
A = —wjo - B - kijg € R¥? (4.11)
Aij = _[XijBi . f(i]' S ]RZXZ (4.12)
andr,y ={1,2,...,N}, and
9 . m.o
F=Ap+ Z A+ Ag (4.13)
I=1 g=1

Then, condition (4.1) is verified.

Proof of Theorem 4.3.1 ([107]) By substituting (4.2)-(4.4) into (2.24), it yields:

(0] o B B2 o ) e

and then, by computing the time derivative of (4.3) along with the trajectories of (4.4), we
reach to:

§i(t) = — £ sign(s:) + (1) (4.15)

Let us now select the following Lyapunov function:

N\F—‘

N
Y s (4.16)
i=1

so that the time derivative of V (t) correspondingly takes the form:

- N . N . i
V(t) = Zgi(t) §i(1) =) Si(t) - i(t) — k. 15i)- (4.17)
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Then by referring to Assumption 2.3.1, we manipulate (4.17) as

. N o
Vi <-Y (% T 5] <0V iy >k, IO (4.18)

so that by reaching to (4.18), V(t) = 0V t > 0 is concluded. Consequently, the condition
§; = §; = 0is invariant since the initial instant of time t = 0. Hence, by letting §; = 0, the
following function is supported:

=
<

i (1) (4.19)

1

sign(s;) =

S_z

Therefore, by substituting (4.19) into equation (4.14), we get:

[m(t)} _ A [U (t)] g 2% ; [vl — ;1) — ot — (1)) w20

i (t) (t t—T(t) —0;(t — (1))

Let’s define errors between the i-th DG and the voltage reference as:

e(t) = (er(t), ea(t), ...,en(t)) (4.21)
with
ei(t) = [ZE;; :Z‘j (4.22)

and by letting Ay = —Bjwiokio, Aij = —Bjajikij € R**2, and by differentiating e;(t) and
by considering vy is constant, after some algebraic manipulations, one derives:

i(t) — Biig - kiei (t — Tip(t))

wij - ki [(ei(t — Tj(£)) — ej(t — Tyj(1))] (4.23)

N

&(t) = Ai

— B,

Mz

Il
—_

j

Then, by substituting (4.11) and (4.12), it results:
éi(t) = Aiei(t) + Aioel’(t — Tl'()(t)) + Zjlil Ai]' [ei(t — Tl']'(t)) — Ej(t — Tij(t))] (424)

Moreover, regarding (4.8)-(4.12), the multi-agent closed loop dynamics can be written
as:

é(t) = Ave(t) + Ly Aje(t — (1)) + Loy Age(t — og(t)) (4.25)

Then, according to equation (3.40) the multi-agent closed loop dynamics (4.25) can be recast
according to as:

N t t
é(t) = Fe(t) — Y A, / es)ds— ) Aq /t IO (4.26)

It is worth mentioning that F in (4.13) is a strictly diagonally dominant block matrix, whose
generic block element F; ;) € R2*2 on the main diagonal is defined as:

N
Fioy=A+An+ ), Ay (4.27)
j=Ti%

To show that F is negative definite, it suffices to prove that Fg;, fori = 1,...,N, isa
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negative. If local control gains 7(1»]',1 and Izij,z fori,j = {1,...,N} are greater than zero
then, according to (4.12), the term Z]‘Ii1 Ajj is negative semi-definite. Moreover, if local

control gains kio, and ki, fori = {1,..., N} are greater than zero then the term A + Ay
is negative semi-definite. Consequently, it follows that blocks F; ;) in (4.27) are negative
definite.

Let us now construct the following Lyapunov Krasovskii functional:

5
V(e(t)) = ) Vi(e(t)) (4.28)
with
e(t)'Pe(t) (4.29)

/tt e(s)'Qre(s)ds (4.30)

N
—~
o)
—~
~~
~—
~—
I
™M= |l

—

o™
—
™)
—~
~
~—
~—
Il
[ L

/tt )e(s)’Qge(s)ds (4.31)
t

i
I

q 0 t

Va(e(t)) :l; 1 i /Hee(s) Ryé(s)dsdo 4.32)
Mmoo 0 t B

Vs(e(t) =) [ » /Heé(s)’Rgé(s)dsdH (4.33)

i
i

where, in accordance with the statement of Theorem 4.3.1, P, Q;, Qg, Rg and R; € R?N*2N
are symmetric positive definite matrices. Now, the time derivative of Vi (e(t)) in (4.29) along
the trajectories of the system in (4.26) are given by:

Vi(e(t)) = e(t)'(F'P + PF)e(t) — 2¢(t)'P Zq: A /t é(s)ds

=1 t—1(t)

According to (2.4) in Lemma 2.2.1, (4.34) can be rewritten as:

9
e(t) + ) /t é(s)Ryé(s)ds

q
Vi(e(t)) <e(t) [F'P+ PF]e(t)+e(t) | Y TPAR AP
=1 =1/t

+ i /tt é(s)Ryé(s)ds +e(t) [i T*PAgR;AéP e(t). (4.35)

=1 /t=u(t) =1

From (4.30) and (4.31), by differentiating Va(e(t)) and Vz(e(t)), we get:

e(t =7 () Qi1 — 4 (t))e(t — 7(t)) (4.36)

=

Va(t)= e(t)' . Que(t) —
=1

1

1z =

Vs(t)=e(t)’ i Qqe(t) — ) et — og(t))' Qq(1 — g (t) )e(t — og(t)) (4.37)
g=1

1

og
Il
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Then, by exploiting the bound on delays according to Assumption 3.3.1, (4.36) and (4.37)
can be recast as follows:

Vo ()< e(t)' Y5 Que(t) — Y elt — () Q1 — dpet — () (439

=1
V()< e(t) Y. Qgelt) = Y elt oy (1)) Qe (1~ dp)e(t— o) (@.39)

Va(e(t)) = frl(t)e(t)'zzle(t) _y / " s(s)Rié(s)ds (4.40)
=1 =1 /t=a(t)

Vs(e(t) = Y g (B)é(t) Ree(t) — / ¢(s)Rqé(s)ds (4.41)
g=1 g=1 t_‘Tg(t)

Considering upper bound of time-delays T*, we can write:

ot R S R 4.42
; 1€(t ZZ;/tTl(t)es 1€(s)ds (4.42)
m m t _

) < ; —gg /t_ag(t)e'(s)Rge'(s)ds (4.43)

Now, by summing (4.34)-(4.43) and from (4.6)-(4.7), one derives:

V(e(t [ i *PARTAIP + i T PAGR,VALP + My |e(t) + T%é(t) He(t)
1=1 g=1
+e(t —7(t)) Mie(t — 1(t)) +e(t — og(t)) Mye(t — og(t)) (4.44)

Let us expand the term té(t)T Hé(t) according to (4.25) as follows:

T°¢(t) Hé(t) = ¥e(t)’ [A{)HAO] e(t) + tre(t — 7(t)) [ i AlH i Al] e(t —7(t))

I=1 =1

g=1 g=1
+ ZT*E(lL)/ |:AOH i Al:| E(t — Tl(t))
=1
+2t%e(t — 7 (t))’ [ i AH i Ag} e(t — og(t))
I=1 g=1
+27%e(t)’ [AOH i Ag} e(t — og(t)) (4.45)
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From (2.3) (see Lemma 2.2.1), and assuming

1=1
a(t) = Age(t) b(t)=H ilAge(t —7(1))
—
at) = iAle(t —7(t)), b(t)=H 3 Age(t —1y(1)). (4.46)
=1 g=1

the following results can then be obtained:
9 . 9
2a(t)'b(t) < e(t) AYHAge(t) +e(t — 7(t)) [ Y AHY l] e(t—m7(t)) (4.47)

=1
2a(t)'b(t) < e(t) AgHAoe(t) +e(t — og(t))’ [ i A H i Ag] e(t—og(t)) (4.48)

=1 I=1
+e(t—c7g(t))'[ 3 AgHiAg]e(t—Ug(t)) (4.49)
g=1 g=1

Therefore, according to (4.47)-(4.49), (4.45) can be recast as:
9 . 9 .
¢(t) He(t) < t¥e(t) [3A6HAO} e(t) + tre(t — (t)) [3 Y AHY A,} e(t—m(t))

+ Te(t — o () [2 i ] e(t — ag(t)) (4.50)

Now, by substituting (4.50) into (4.44), one derives:

V(e(t)) < e(t) Hue(t) +e(t — 1(+)) Hae(t — (1))

+e(t — 1, (t)) Hze(t — 1,(t)) (4.51)
being
Hi = M; +71"M,, Hy ZMl + T*Mz, H; = Ml + T*Mz (4.52)
with ]
m
M, =3A\HAy + IZ; PAIRTAP + 21 PAGR;ALP
= g:
9 9 R m.o m.o
ZA; YA, My=3) AH) A
=1 I=1 g=1 g=1

Therefore, to have V (e(t)) < 0, Hy, Hy and Hj in (4.51) should be negative definite. It
should be noted that Hy is a non-linear inequality due to the presence of terms Rl_1 and Rg_ L
Hence, performing Schur complement on Hy (see Lemma 2.2.3 ), (4.51) can be rewritten
as in (4.5), which consists on LMI whose solutions can be easily found by using standard
numerical solvers based on the the interior point method. Hence, if (4.5) are satisfied, then
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Apply optimal
delay 7*
[ Optimal constant ]

. *
gains kj;

Optimal delay 7*

gainsk}

Apply optimal constant]
ij

71,9
Initialize
constant gains

Solve objective function
subject eq. (4.55)

Solve LMI by
eq. (4.5) T

[ Maximum delay ][ Set eq. (4.54) as ]
a

ccording to eq. (4.53)J| objective function

LMI feasible
by eq. (4.5

Yes

FIGURE 4.1: Process flow diagram of the developed optimization al-
gorithm.

V(e(t)) < 0in (4.51) and it results V (e(t)) converges to zero and thus condition (3.3) is in
force. This concludes the proof. |

Remark 4.3.1 In accordance with Theorem 4.3.1, it results that DG's voltages (2.24) under
the control protocol (4.2) perform synchronization on the setpoint value in accordance with
(4.1). From (4.44)-(4.52) and regarding to Theorem 3.3.1 it further results that an estima-
tion of the maximum admissible delay tolerated by the voltage dynamics (2.24) can be lower
estimated as follows:

o[ IV (M| ||1\711||}
T = min P T (4.53)
{HMZH [ Ma|” [| M2

4.4 Solving optimization over LMI

In this section, we explain how to solve the LMIs feasibility problem (4.5) so that
we can find the robust values of the constant gains l~<i]- that guarantee DG’s voltages
in (2.24) converge to the setpoint value. This problem can be converted into the
following LMI optimization:

‘max min{ HMlHI HMlH/ ||]\f11|| } @54
kijkija [ M| [|M2|” || My |

i(l]/l>0 (1:1//N ]:0”N>

Subject to {
ij2 >0

(4.55)
In the proposed optimization, we obtain the largest upper bound of the delay by
solving (4.54)-(4.55) within the variables INCij. The process of using the optimization
algorithm to solve the LMI is shown in Figure 4.1 and summarizes in Algorithm 1.

According to this optimization algorithm, we find the maximum delay among
DGs and the best tuning gains l~<i]- such that DG’s voltages (2.24) converge the setpoint
value under the proposed protocol (4.2).
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Algorithm 1: Optimization algorithm

e Initialize constant gains I~<i]-.
e Given upper bound of time delays as 7" and 03.

e Consider ™ = max {Tl*, O'gf}.

repeat

e Solve the LMIs feasibility problem (4.5) with 7*.

e Estimation of the maximum admissible delays according to (4.53).

o Check the LMIs feasibility problem (4.5) according to the obtained
maximum delay.

if LMIs problem (4.5) are not feasible then
| e Break.

else
e Solve objective function (4.54) subject to (4.55).

e Apply optimal constant gains I~cl-*]- and optimal delay 7* to LMI
problems.
end

e Return optimal constant gains sz]
e Return maximum delay 7*.

until LMIs problem (4.5) be feasible.;

4.5 Verification of Results

In this section, to test the performance of the proposed secondary controller, the
MATLAB® /Simulink® environment is used to build the simulation model of the
220VRrms (per phase rms), 27t50rad /s, islanded MG of four DGs depicted in Fig-
ure. 2.1. The detailed parameters of the MG are presented in Table 3.1. The com-
munication network model is considered to be the same topology as shown in Fig-
ure. 2.1. Itis supposed that only DG 1 can directly access the reference voltage vy and
frequency wy. The tuning gains of the protocol according to the optimization algo-
rithm are obtained as ko = [0.01,0.011], k1, = [0.001,0.822], ko3 = [0.01,0.01], k34 =
[0.01,0.01], 17; = 5. The time derivatives of the communication delays between DGs
have been emulated as random variables with an uniform discrete distribution in
the range |7;| < d; = d; = 1 and conditions 7;; € [0, 7*) are enforced. Notice that
the delay margin 7 = 0.8sec was obtained from Algorithm 1. Algorithm 1 has
been implemented in the MATLAB environment, and the LMI problem (4.5) built
by means of the Imiedit symbolic interface and YALMIP toolbox. To make a more
realistic scenario, the proposed frequency SC [40] is exploited as:

Wy; = (f)i — Wj (456)
@i = Bi- Y (Wi — wj) + gi(wi — wo) +7i - Y, (@i — @)) (4.57)
jeN; JEN;

where B; = 7; = —20, @;(0) = 50 for all i = 1,2,3,4. Moreover, ¢; = 1 and g = 0,
k = 2,3,4. Simulations were performed by using the Runge-Kutta fixed step solver
with sampling time T; = 0.5 x 107 3sec. The simulation model of the MG is tested
for 35 seconds.The list of events scheduled during the test is summed up as follows:

o At the startup (t = Osec): Only the PC is operated with w,; = 2750rad/s,
v, = 220VRrms (per phase rms);
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e Att = 5sec: The frequency SC (4.57) is activated with wy = 27t50rad/s;

o Att = 10sec: The voltage SC (4.2) is switched on with vy = 220VRrwms;

e Att = 15sec: The load (Pr3, Q13) is added to the MG;

o Att = 20sec: The setpoint for the frequency SC is changed to wy = 27t50.1rad /s.
e Att = 25sec: The setpoint for the voltage SC is changed to vy = 225VRps.

e Att = 30sec: The load (Pr3, Qr3) is disconnected.

It is clear from Figures 4.2 and 4.3, during the first 5 seconds, when both SCs are
switched off, all the corresponding voltages and frequencies deviate from their de-
sired values and need to be adjusted. To restore the microgrid’s voltage and fre-
quency to the desired values the proposed frequency (4.57) and the proposed volt-
age SC (4.2) are enabled at t = 5sec and 10sec respectively with wy = 2750rad/s
and vg = 220VRrMms.

As can be observed from Figure 4.3, the voltage SC protocol (4.2) guarantees the
achievement of the SC aims under communication delays between DGs. Further-
more, Figure 4.4 and Figure 4.5 demonstrate that the proposed voltage SC protocol
is robust against unexpected changes on demands. Moreover, we change the fre-
quency and voltage SC setpoints at t = 20sec and t = 25sec to wy = 27t50.1rad /s
and vy = 225VRwms respectively. Consequently, all DG’s frequencies and voltages
converge to the setpoint values. It can be seen from Figure 4.5 that the voltage SC
shows a satisfactory performance and a smooth control signal alleviating the chat-
tering problem.

4.6 Conclusion

In this chapter, a novel optimal distributed secondary voltage restoration control for
MG systems by involving an integral sliding mode controller and a linear consensus
scheme with constant wights under multiple time-variant delays is proposed. The
performance of the proposed scheme is thoroughly analyzed by combining both
the Lyapunov-Krasovskii theorem and the linear matrix inequality. A linear matrix
inequality criterion is also employed to estimate the maximum delay for commu-
nications. Furthermore, an optimization algorithm is proposed to find the optimal
constant control gains. Further work will investigate the design of distributed sec-
ondary frequency controller within communication delays.
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FIGURE 4.2: DG’s frequency w;(t) under the proposed frequency SC
[40],i =1,2,3,4.
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FIGURE 4.3: DG’s voltage v;(t) under distributed optimal voltage SC,
i=1,2,3,4.
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FIGURE 4.5: Voltage secondary control vy, (t) under distributed opti-

mal voltage SC,i =1,2,3,4.
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Chapter 5

Distributed Finite-Time SC by
Coupled Sliding-Mode Technique

5.1 Introduction

In the Chapter 2, the model of an inverter-based microgrid has been presented. This
chapter presents a novel distributed SC protocol based on the coupled sliding-mode
approach, which not only guarantees the exact finite-time restoration among volt-
ages and frequencies of the inverter-based islanded microgrid, but also preserves
the active power sharing among DGs. For each distributed generator with no di-
rect access to reference values, a finite-time distributed estimator is locally designed
and implemented in each DG unit to provide the reference value of frequency and
voltage in a finite time.

This chapter is structured as follows. In Section 5.2, we present the main con-
tributions of this chapter as well as the problem statement. Section 5.3, outlines the
proposed distributed SCs scheme. Moreover, the stability and convergence features
of the resulting closed-loop system are investigated using the Lyapunov tools. In
Section 5.4, the performance and effectiveness of the proposed SCs are verified by
simulating it on a nonlinear inverter-based MG. Finally, Section 5.5 provides a sum-
mary and concluding remarks.

5.2 Statement of Contributions and Problem Formulation

Aiming at improving the current state of the art of SCs in microgrids, this chapter
proposes a robust SC control to restore the system frequency and terminal voltage to
the nominal values and guarantee the accurate active power sharing. In comparison
with the existing works, the main contributions of this paper can be summarized as
follows

1) A novel distributed SC based on SMC is proposed which is able to restore the
DG’s voltages to the desired value in a finite time under parameters uncertain-
ties and unexpected load variations.

2) A finite-time frequency strategy is designed which guarantees the frequency
regulation within a finite time under uncertainties.

3) A finite-time frequency and active power control strategy is designed which
guarantees the frequency regulation and active power sharing accuracy within
a finite time.
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4) For DGs with no direct access to their reference values, a finite-time distributed
sliding mode estimator is implemented for both secondary frequency and volt-
age schemes. The estimator determines local estimates of the global reference
values of the voltage and frequency for DGs in a finite time, and provides this
information for the distributed SC schemes.

5) The proposed SC schemes only use the local and neighbors information, so
they need cost-effective dispersed communication structures in a full distributed
fashion.

6) Lyapunov functions are employed to analyze the performance of the proposed
controllers and guarantee the accuracy of the finite-time frequency/voltage
restoration and active power sharing.

As mentioned in Chapter 1, the primary control causes the frequency and volt-
age amplitudes of MGs to deviate from the reference values. Therefore, Secondary
control can be employed to compensate these deviations. Hence, our objective in
this chapter is, to design distributed SCs for:

1. Restoring the frequency of each DG to the reference value in a finite time, that
is:
Wiss =wo VieV. (5.1)

2. Preserving the real power sharing accuracy, as:

pm k
L _ P; .o
P K Vi, jeV. (5.2)

3. Restoring the DG’s voltages v; of the MG to the expected setpoint v in a finite
time as:

Ujss = Vg VieV. (5.3)

In the following, we design the robust finite-time secondary frequency and voltage
restoration controller. The design is based on a distributed implementation of the
terminal sliding mode control paradigm [108]. First, since in general k,, < T, it is
assumed k,, = 0 in (2.15) (see [109]), which it yields:

vi(t) = vy, (t) — kg, - Q" (1). (5.4)
Let us define @;(t) = —kg, - Q(t). Taking the time derivative of w;(t) yields:
Wi(t) = —kq, - Q'(t) (5.5)

Regarding Assumption 2.3.1, @;(t) meets the following restrictions:
(1) < T2 (5.6)
where FZQ are positive known constants.

Then, taking the time derivative on both sides of equations (2.14) and (5.4) one
can conclude:

Wi(t) = w;i(t) +kpP"(t) = 4;(t) + kpiii(t), (5.7)
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Uni(t) = 0i(t) — w;(t) = ;(t), (5.8)

where ;(t) = w;(t), #;(t) = P"(t) and i1;(t) = 0;(t) — @;(t) represent the frequency,
active power and voltage inputs respectively. Therefore, the set points can be ex-
pressed as:

wlt) = [(@(t) + kni(1)dt, (5.9)
Vi(t) = / (1) dt. (5.10)

Remark 5.2.1 Note that to realize the accurate frequency regulation and the accurate active
power sharing among DGs simultaneously, it is assumed that the active power is measurable.
Whereas, if restoring frequency of DGs is only important, the active power is considered as
the uncertain term, namely,

w;(t) = —kp - P"(t), (5.11)

and following Assumption 2.3.1, ;(t) meets the following restriction:
|di(t)] <T7 (5.12)
where TY are positive known constants. n

5.3 Finite Time Frequency Regulation and Active Power Shar-
ing
The control law for the finite-time frequency restoration and the active power shar-

ing is proposed as follows in which the active power of each DG unit is known:
e Frequency controller

4i(t) = ug, (1) +uY (1), (5.13a)

g (t) = @;i(t) + k¢ <§“’ )+ Y e ) (5.13b)
jENS

gy (t) = =Tuly — Msign (s (t)). (5.13c)

e Active power controller

w(t) = (1) + Ui (), (5.142)

uP;( ) = kP< OECHGESY kp]P]-(t)>, (5.14b)
jENT

upl(t) = —TTug’(t) — M"sign(s (t)). (5.14c)

where k¥ = kP = | /\/C|' M« and M? € R> are constant gains. The terms

[NfT+aio C|+D‘ o’ 1
e’ (t) and e (t) respectively represent the frequency and active power errors for i-th
DG, which can be expressed as:

(t) = wj(t) — ( ) (5.15)
P(t) = Z —kp, - P"(t)). (5.16)
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where @;(t), represents the DG;’s estimate of w( which can be computed by:
_ N N
i) = =7 Y agl@i(t) - @y(1)] - pesign( L aglan(h) — @(0)).  (617)
j=0 j=0

where 7“ and B are non-negative and positive constants respectively. The cor-
responding adjacent weight for the leader is a;y. Note that &y 2 wp and if gy # 0,
then @;(t) = wy.

Furthermore, ’(t) is defined as the coupled form of frequency error, which can
be calculated as:

& = et ()~ X ). (5.18)
i JENT

Let us consider M¥ in (5.13) and M? in (5.14) as M¥ = K¥ + 5 and M" = KL + 4P,
respectively, so that these terms are chosen to satisfy the following conditions:
K¢ >TY M, (5.19)
KE>T1P. MP, (5.20)

with T and T” € Rx. Furthermore, the sliding variables s (t) and s!'(¢) are calcu-
lated as:

si(£) = (1) + c“sign (& (1)) 16 (D), (5.21)
s (t) = el (1) + c"sign(el (1)) lef (1) |*". (5.22)

where af, 0% € (0,1) and c?,c¥ > 0. Itis worth mentioning that the use of these non-
linear sliding variables not only keeps the advantages of rapid convergence but also
reduces the chattering phenomenon through the low-pass filters (5.13c) and (5.14c).

Once the sliding-mode variables s (t) = 0 and s”(t) = 0 are established, (5.21)
and (5.22) can be recast as:

&2 (1) = —csign(&7 (1) ]E° (1)]*, (5.23)
e (t) = —cPsign(el (t))[el (1) (5.24)

1

We are now in a position to state the first main result of this chapter.

Theorem 5.3.1 Considering the distributed sliding-mode estimator in (5.17), we assume
that at least one path from the virtual leader to each DG exists at every instant. If the tuning
parameters satisfy p* > 0, then w;(t) is equal to wy in a finite time TJ‘:’ by:

T = max{|(0) — wol }/ 5.
[ |
Proof of Theorem 5.3.1 We refer to Theorem 3.1 in [110] for details. |

Theorem 5.3.2 Consider the frequency dynamics (2.23) under the frequency restoration SC
(5.13) and the active power controller (5.14). Let inequalities (5.19) and (5.20) be in force.

If the local control gains satisfy y > 0 and y¥ > 0, sliding variables s¥ (t) in (5.21) and

sP(t) in (5.22) converge to zero in the finite time T* = max(T¢, TF) with T® < k'w;w

i
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P.sP . .
and TP < k,.si,P(o) respectively. Consequently, the errors of frequency and active power

converge to zero and the frequency restoration condition (5.1) and the active power-sharing
(5.2) can be obtained in the following finite time:

T} = max(T¥, TF)

1771

subject to
Te < T*+(VW(T )2 /(1 — )27, 5.25
T <T (VP( ))(1—aP)/2/CP(1 _ “P)z(ap—l)/; (5.25)
with ) b i
k& - (s (¢t k C(t
Viw(t) — i (521 ( )) , Vip(t) — i (521( )) (5.26)
[ |

Proof of Theorem 5.3.2 ([111],[112]) According to the time derivative of (5.15) and (5.18),
the sliding-mode manifold (5.21) can be rewritten as follows:

1 . s W w
5 (1) = 1 (@i(t) — @i(1)) + c“sign(GF (I (O = ) & (5.27)
i jENT
and from (5.7), (5.27) can be expressed as:
1 Iy .
sO(t) = k—w(ﬁi(t) — w;(t)) + c“sign (& (t) )|Ew — ) &’ (5.28)
i JENE
Substituting the local control (5.13a) into (5.28) yields:
1 A~ [ w w
si'(t) = K (el (£) + us) () — @i(t)) + c“sign(E (1) [ ()Y — ) &7°(t) (5.29)
jENF

Additionally, substituting (5.13b) into (5.29) yields:

ugy (t
s¢(t) = “,;f ) (5.30)
1
From (5.19), the following constraint under the condition u3y(to) = 0 can be held:
K > TYM® > Tug) () lmax > T ugy) ()] (5.31)
Thus, the following inequality is always met:
T (1)) < K. (5.32)
Applying the same analysis on the sliding-mode manifold (5.22) yields:
up' (1)
sP(t) = 7 (5.33)

1

Regarding (5.20) and (5.14c), the following inequality under the condition of up! (to) =
0 can be obtained:

TPlug’ (t)| < Ki. (5.34)
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The Lyapunov function candidate of each DG can be defined as:

Ei(t) = V(t) + V(1) (5.35)
where kw w 2 kP P 2
v = STOE - ypgy & G0) (530

By Taking the time-derivative of V¥ (t) and using (5.30), we get that:
Vi) = ks (8)s77 (£) = s (£)ugs) () (5.37)
Moreover, from (5.13c) we can write:
Ve (t) = st (1) (= M@sign(sy' (1) — Tusl (1))
= —(KF +7)[s{ ()] = Tu (£)s7 (1)
= (- T os - KEIsn ) — s o) 638)

According to (5.19) and (5.32), (5.38) can be finally recast as:
Vi(t) < (K‘%’IS?“(t)\ —K‘f’lsl‘”(t)!) —17si’ (¢)]

= IS ()] = 1y | 5 (V)0 <0 (5.39)

1

Taking the time-derivative of VX' (t) and using the similar analysis as above, it results that:

. 2
Vi) < ="y [ (VI (#) <0 vyt >0 (5.40)

1

Thus, by combining (5.39) and (5.40), one derives that:
E(t) =Vt +VP({t) <0 ¥y >0, 79>0

The case of E;(t) = 0 yields in s¢(t) = s¥(t) = 0 and s¥ (t) = sP(t) = 0 in the finite time
T, which according to the Lemma 2.2.4 can be rewritten as:

T* = max(T¥, TF)

171

subject to:

Te < \J2KVE(0)/ ()

TP < \/2KPVP(0)/ ()2
It can be proved that when the sliding variables s¢ (t) and sP (t) converge to zero, the errors
of the frequency and the active power goes to zero in the T}.

Now, we select the Lyapunov function as E; = V& + VP with:

t) = (ef(t)%/2 (5.41)
V() = (&°(1)*/2 (5.42)
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Such that the time derivative of the time derivative of V' (t) and V¥ (t) can be derived as:

VP (8) = el (1)e (1) = —el (t)cTsign(el (1)) el (1) %" = —cPlef (1) [+

— P2+ /2P () (1+a7)/2 g (5.43)
V(1) = EF (DG (1) = =& (H)c“sign(E (1)1 (D] = =g (1)
_ _CwZ(l+Dl )/Z(X/iw(t))(l-‘rtx )/2 <0 (544)

Hence, combining (5.43) and (5.44), concludes:

Ei(t) = V(1) + V¥ () <0

Considering E;(t) = 0, the errors of the frequency and the active power converge to zero
while the conditions (5.1)and (5.2) are preserved in the finite time T* = max(T¢, TF).
Consequently, the theorem is proved. [

Remark 5.3.1 Note that if only achieving the accurate frequency restoration is considered,
we can only use eq. (5.13) and assume that the active power is not measurable and is consid-
ered as an uncertain term. In this condition, we have

wyi(t) = /ﬁi(t)dt, (5.45)

5.3.1 Finite-time Voltage Regulation

In this subsection, we intend to propose a new voltage restoration SC strategy with
the purpose of voltage regulation. To this aim, we consider:

Bi(8) = u(8) + s (1), (5.462)

WI(E) = —di(8) + 01 (1) + K (é:f(t) BT é}’(t)), (5.46b)
jEx

iy () = =T uy? (t) — MYsign(s (t)). (5.46¢)

where kY = /\[C|+1J¢ , T' > 0and M" € R are constant gains, while the terms e/ ()

and ¢ (t) respectively denote the error and the coupled form of error for the i-th DG,
calculated as follows:

ef (t) = vi(t) — (1), (5.47)
(0) = el ()~ X &), (5.48)
i je/\/if

where U;(t) gives an estimate of vy for i-th DG as follows:

= —qY Zau i(t) — ()] — B° s1gn< Y ai[0i(t) — v]-(t)]>. (5.49)

where the constants ¢’ and BY are non-negative and positive respectively, and a; is
the corresponding adjacent weights for the leader. We define 0y £ o so that aip # 0
gives U; = vg. Note that the constant MV in (5.46) is chosen as M" = l“lQ + K7 +7vto
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satisfy the following inequality:
Ky >T"-M* (5.50)

The sliding variable of the voltage controller can be defined in the same way as the
frequency controller, as:

57 (1) = &7 () + csign(& (1)) 17 ()" (5.51)
where a” € (0,1) and ¢ > 0.

Theorem 5.3.3 Considering the distributed sliding-mode estimator in (5.49), we assume
that at least one path from the virtual leader to each DG exists at every instant. Let the
tuning parameters satisfy B > 0. Then, v; is equal to Uy in a finite time

T} = miax{|17i(0) —wl}/p", t=T5.
|

Proof of Theorem 5.3.3 We refer to [110] for details. |

Theorem 5.3.4 Consider the voltage dynamics (5.4) under the voltage restoration SC (5.46).
Let Assumption 2.3.1 and (5.50) be satisfied. If the local control gains satisfy n° > 0, sliding
variable s}’(t) in (5.51) converges to zero in the finite time T} < %U(O) Hence, the errors

converge to zero, and accordingly, the voltage restoration condition (5.3) can be achieved in
the following finite time:

Y < TV 4+ (V(T) 72 /ev (1 — av)2@-1/2, (5.52)

where
(5.53)

Proof of Theorem 5.3.4 The proof is similar to analyse the stability of the frequency restora-
tion and is omitted here. |

5.4 Simulation Studies

In this section, to evaluate the performance of the proposed SC scheme, we use the
MATLAB® /Simulink® environment to build the simulation model of a 220Vg s
(per phase rms), 50Hz (314rad/s) islanded MG (see Figure. 2.1). The considered
sample microgrid consists of four DGs, four local loads and four transmission lines.
The detailed parameters of the microgird are summarized in Table 3.1. We con-
sider that the SC communication network G, has the same topology as the power
network shown in Figure. 2.1. We assume that only DG 1 can directly access the
reference voltage vy and frequency wy. As 1“ and T% should be greater than zero,
and in order to satisfy (5.19), we choose " = 0.5, T = 0.1 and k§ = 0.5. Likewise,
we choose 7” = 0.5, T" = 0.1 and K? = 0.5 to hold (5.20). Similarly, to satisfy (5.50),
weset K% = 7" =5and TV = 0.1.

Moreover, in accordance with Theorems 5.3.1 and 5.3.3, the tuning parameters
of the distributed estimators are selected as 7 = 7" = 10, B = B” = 18. The
system is tested for 35 seconds. The list of events scheduled throughout the test is
summarized as follows:
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FIGURE 5.1: DG’s frequency w;(t) under distributed finite-time SC,
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FIGURE 5.2: DG’s voltage v;(t) under distributed finite-time SC, i =
1,2,3,4.

e Step 1 (t = 0 — 5s): Only the PC is used with w,,; = 2750rad /s, v,; = 220VRrvs
(per phase rms).

e Step 2 (t = 5s): The frequency SC (5.13) and the real power control (5.14) are
activated with wy = 27t50rad/s.

o Step 3 (t = 10s): The voltage SC (5.46) is activated with vy = 220Vgys.

e Step 4 (t = 15 — 20s): The load (Pr3, Qr3) is added/removed by using a three-
phase breaker.
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e Step 5 (t = 20s): The frequency SC’s setpoint is changed to wy = 27t50.1rad /.
e Step 6 (t = 25s): The setpoint for the voltage SC is changed to vy = 225V .

As can be observed from Figures. 5.1 and 5.2, during Step 1, when both SCs are
switched off, all the corresponding voltages and frequencies are less than the refer-
ence values and the PC cannot prevent their deviations from the setpoints. To adjust
the microgrid’s voltage and frequency to the desired values and achieve an accurate
real power sharing, the proposed frequency and the real power control are activated
at t = 5s with wp = 27150rad/s. Furthermore, the proposed voltage SC is enabled at
t = 10s with vy = 220Vrus.

Figures. 5.1 and 5.2 also demonstrate that the proposed distributed SC robustly
restores the DG’s frequencies and voltages to the expected values in the finite time.
It is clear from Figure. 5.3 that the proposed SC preserves the active power sharing.

Power sharing ratio

2.5

----P /Py

2 O'SEWW:::.' P/ P;

0.69’. PP

IS4, [} Py/Py
1 L s 6 7 8 -o-References

T e
0O 5 10 15 20 25 30 35
Time |g]

FIGURE 5.3: Comparison between the expected (i.e., kp,/kp) and ac-

tual (i.e., P;/ P;) power sharing ratio under distributed finite-time SC,
i=1,234,j#1ij>i

We add the sample load (Pr3, Qr3) at t = 15s, and then remove it at t = 20s by
a three-phase breaker. The results show that the proposed SCs are robust against
unexpected changes on demands.

Moreover, we modify the frequency and voltage SC setpoints at t = 20s and
t = 25 to wo = 2750.1Hz and vy = 225Vg s respectively. Consequently, all DG’s
frequencies and voltages converge to the setpoint values very quickly. The time
evolutions of the proposed SCs are depicted in Figures. 5.4 and 5.5. The results
verify that the frequency and voltage SCs show a satisfactory performance and a
smooth control signals reducing the chattering problem.

5.5 Conclusion

In this chapter, the distributed SC protocols including the finite-time frequency restora-
tion, voltage restoration and active power sharing accuracy are proposed. For each
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FIGURE 5.4: Frequency secondary control wy, (t) under distributed
finite-time SC, i =1, 2,3, 4.
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FIGURE 5.5: Voltage secondary control vy, (f) under distributed finite-
timeSC,i=1,2,3,4.

DG with no access to the information about the SC’s setpoints, the finite-time dis-
tributed estimators are employed to provide an estimate of the SC’s setpoints. The
proposed distributed SCs use this provided information to regulate all the voltage
and frequency terms to their reference values in a finite time while preserving the
real active power sharing.
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Chapter 6

Certainty Equivalence Model
Predictive Operation Control

In this chapter, a novel certainty equivalence MPC approach is formulated for the
operation of the mentioned islanded MG in Section 2.4, where the uncertain input is
assumed to be given by the nominal forecast values. The formulation is based on the
model from Section 2.4 and therefore intended for the control of islanded MGs with
high share of RES. This chapter is structured as follows. In Section 6.1, we describe
the concept of MPC. The main contributions of this chapter are provided in Section
6.2. After that, a control-oriented MG model is derived in Section 6.3. In Section 6.4
we quantify the operating costs of the MG. In Section 6.5, we illustrate the properties
of the resulting MPC in a numerical case study. Lastly, we provide a summary and
concluding remarks in Section 6.6.

6.1 Concept of Model Predictive Control

Model predictive control is an optimal control based approach that has been used
in many process industries [113, 114, 115, 116]. The purpose of MPC is to compute
a control input at an instant time by minimizing a cost function of a finite horizon
control problem [117, 118, 119, 120]. More specifically, MPC intends to achieve an
optimal input trajectory that minimizes a cost function | over a prediction horizon
N. Hence, the states and internal variables of the system are forecasted in the future.
Unfortunately, the states and internal variables are affected not only by the control
input but also by an uncertain input (see Figure 6.1). Note that because the uncertain
input is usually unknown, its forecast is often used in the optimal control problem.

6.2 Main Contributions

In this chapter, we will propose a certainty equivalence MPC approach for the op-
eration of islanded MG. This approach assumes that the uncertain input follows the
nominal forecast of load and available renewable infeed. The closed-loop setup of
the proposed certainty equivalence MPC scheme for operation of islanded MG is
shown in Figure 6.1.

The main contributions of this chapter are as:

i) We derive the model of an islanded MG with uncertain renewable generation
and loads with very high share of RES. This model, motivated by [121, 122,
72], considers a possible limitation of renewable infeed while limitations on
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FIGURE 6.1: Certainty equivalence MPC scheme for operation of is-
landed MG at time instant k and Vj = 0,...,] — 1.

transmission lines are approximately accounted for using DC power flow ap-
proximations.

ii) We model storage devices as grid-forming units and consider the conversion
losses of storage units in the model by quadratic functions to reduce the error
in storage units state of charge prediction.

iii) we propose a certainty MPC problem for the optimal operation of an MG with
very high share of renewable energy sources.

In what follows, we will derive a control-oriented MG model of the form (2.29).
We start by posing some assumptions.

Assumption 6.2.1 (Lower control layers) The lower control layers, i.e., primary and sec-
ondary control are considered to compensate the frequency and voltage deviations by provid-
ing setpoints to the units as well as establishing the power sharing (see, e.g., [123, 124])
among the grid-forming units. Notice that the MG can run autonomously in these layers for
several minutes.

Assumption 6.2.2 (Conventional units) In terms of time, conventional units have a shorter
start-up and shutdown times than the sampling time of (MPC), meaning that switching ac-
tions are supposed to be instantaneous. Changes in power are instantaneous, i.e., no climb
rates need to be considered.

Assumption 6.2.3 (Storage units) The state of charge can be estimated sufficiently accu-
rately and is accessible to the operation control. The error introduced by neglecting self dis-
charge and conversion losses of storage units is small compared to the uncertainty introduced
by renewable infeed and loads.

Assumption 6.2.4 (RES units and loads) Assuming that the disturbance of the load and
the renewable power output are known in advance.

Assumption 6.2.5 (Transmission lines) It is assumed that the resistance of the electrical
coupling among units and loads of MG as well as reactive power flow is negligible. Since the
voltage amplitudes in the network are constant and the phase angle differences small, the DC
power flow approximations [48] can be employed.
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6.3 Certainty Model Predictive Control

6.3.1 Plant model interface

The power setpoints of the units u(k) = [us(k)" us(k)" u, (k)] € RY, called the
real-valued manipulated variables containing u;(k)’ € RL; as setpoints of the T
conventional units, us(k)’ € RS the setpoints of the S storage units and u, (k) €
R®, the setpoints of the R (RES). To show that conventional units are enabled or
disabled, we will consider a Boolean input for each conventional units and we collect
all Boolean inputs in a vector &;(k) € {0,1}T. Moreover, the stored energies of the
storage units are gathered in the state vector x(k) € R2,. The uncertain external
inputs of the model is expressed by w(k) = [w, (k)" wy(k)']’, where w,(k) € RE,
shows the maximum available power of the renewable units under given weather
conditions and wy (k) € RE,, the load.

6.3.2 Power of units

We consider p(k) = [p:(k)’ ps(k)" pr(k)']" as the vector of power values, which con-
sists of the power of conventional units, p;(k) € lRiO, storage units, ps € RS, and
RES, p.(k) € ]Rlio. It is worth noting that in islanded mode, since production, con-
sumption and storage power must be balanced in presence of uncertain load and
renewable infeed, the power of the units p(k) € RY is not necessarily equal to the
setpoints u (k).

Active power at RES units

Let the active power of renewable units, p:(k), as well as the corresponding set-
points, u,(k), be bounded by:

< pe(k) < pr, (6.1a)
P < (k) < piex. (6.1b)
Furthermore, we consider that the power infeed p,;(k) € R>¢ of any renewable unit
i € N} g) can be constrained by the power setpoint u,;(k) € Rx>o. Notice that the
power tracks the setpoint when the maximum possible infeed under current weather

conditions w;;(k) € R>( be greater than or equal u,;(k). This can be characterized
by using the element-wise min operator as follows:

pr(k) = min(u,(k), w,(k)). (6.2)

To solve the optimization problem, the authors in [125] reformulated (6.2) to a
set of linear inequalities including integer variables as following:

pe(k) < ue(K), (632)
pr(k) > ue(k) + (diag (wr(k)) — M Ir)d:(k), (6.3b)
pe(k) < wilk), (630
pe(k) = wi(K) — (diag (w:(K)) — mel) (1 — &:(K)). (6.3d)

where 6,(k) € {0,1}R represents the free variable and m; € R, m; < min(p™n)
and M; € R>p, M; > max(p"®) are the constant coefficients which are computed
offline.
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TABLE 6.1: Model-specific variables

Symbol Explanation Unit Size
x Energy of storage units (state) puh S
Uy Setpoint inputs of conventional units ~ pu T
Us Setpoint inputs of storage units pu S
Ur Setpoint inputs of renewable units pu R
u Setpoint inputs of all units pu u
O Boolean inputs of conventional units ~ — T
v Vector of all control inputs — Q
Wy Uncertain available renewable power  pu R
wq Uncertain load pu D
w Vector of all uncertain inputs pu W
Pt Active power of conventional units pu T
Ps Active power of storage units pu S
Pr Active power of renewable units pu R
p Active power of all units pu u
Pe Power over transmission lines pu E
O Boolean auxiliary variables — R
Iy Real-valued auxiliary variable — 1
q Vector of all auxiliary variables — Q

Active power at conventional units

We consider if the conventional unit i € Af[l,T] is enabled, i.e., if 6;;(k) = 1, then its
active power is bounded by p{’,}ir‘ € R>p and pi™* € R>o. If the unit is disabled, i.e.,
0¢i(k) = 0, then naturally p;;(k) = 0. The active power of conventional units with
pin € RL ), pmax € RT ) can be written in vector form as:

diag (p{"™) 8u(k) < pe(k) < diag (p"™) 6u(k), (6.4a)
The same holds for the active power setpoints, i.e.,

diag (pP™) &(K) < uy(k) < diag (p™) (k). (6.4b)

Active power at storage units

Since we assume all storage units are always enabled, all their active power set-
points, active power values are bounded as:

pin < p(k) < p, (6.5)
Pt < us(k) < piex. (6.5b)
where pit € IR%O and pg"®* € ]RS20 represent the known lower and upper power

limits.

6.3.3 Power sharing of grid-forming units

Note that the power of all unites does not necessarily equal to the power setpoints
that are assigned to the system due to variations of load and renewable infeed. We
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assumed that all storage and conventional units are controlled by the lower control
layers so that they share the changes in load and renewable infeed in a desired pro-
portional manner. This so called proportional power sharing (see, e.g., [123, 124])
depends on the design parameter x; € R for all grid-forming units. A practical
choice for ; is, e.g., proportional to the nominal power of the corresponding units.

Power sharing can be formalised as follows. Two units i € /\/[1; tgpand j €
Njris, i # j are said to share their active power proportionally according to
Xi € Rypand x; € R, if the next relation holds:

pi(k) —ui(k) _ pj(k) — u;(k) 6.6)

Xi Xj

By defining a new auxiliary free variable p(k) € R and considering that only en-
abled units, namely units i with é;;(k) = 1, can participate in power sharing, (6.6)

can be recast for all grid-forming units with K; = diag ([% e XLT]’ and K5 =
diag ([?C(T1+1) o X(T1+S)]/> as [125]
Kt(pt(k) - ut(k)) = p(k)5t(k) and (67&)
Ks(ps(k) — us(k)) = p(k)1s. (6.7b)

For the formulation of the optimisation problem, [125] by using a similar strategy as
described in [126] transform (6.7a) into the following set of linear inequalities with
integer variables:

Ki(pe(k) — ur(k)) < Mide(k), (6.8a)
Ki(pe(k) — ue(k)) > medi(k), (6.8b)
Ke(pe(k) —ue(k)) < 1rp(k) —me(17 — 0¢(k)), (6.8¢)
Ki(pe(k) —ue(k)) = 1rp(k) — Mi(11 — be(k)). (6.8d)

where M; € R can be calculated offline and its value should be greater than the
biggest possible value of p(k). Hence, with the biggest possible value for the stor-

age units, P> = max(Ks(p® — pin)), and for the conventional units, p"® =

max (K¢ (p"® — pin)), M, has to be chosen such that max (pI®, p®) < M;. More-
over, m; = —M;.

6.3.4 Dynamics of storage units

The dynamics of all storage units can be formulated as:

x(k+1) = x(k) — Tsps(k) — TE (ps(k)), (6.9)

Let Ts € R~ be the sampling time. The stored energy is denoted by x (k) with
initial state x(0) = x¢. The constraint of the stored energy is given by:

xmin < x(k+1) < x™¥, (6.10)

with x™" = 0g and ™ € RS, In particular, F(ps(k)) = [f1(ps1(k)), ..., fs(pss(k))]
is a vector of S € IN where each of its element represents a model of conversion
losses of storage units, considered to be a convex quadratic function as follows:

fi(psi(k)) = apsi(k)* + bpsi(k) +¢, a,b,c €R (6.11)
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where ps (k) is assumed to be limited as:
psi(k) € Di = {psi(K)[p5" < psi(k) < pi™} (6.12)

To solve the optimization problem, it is useful to reformulate the function f (ps(k))
as piecewise affine functions, i.e, (see, e.g., [126]):

A1ipsi(k) + B1i, psi(k) € Dy,
Agipsi(k) + B, psi(k) € Dy,

fi(psi(k)) = 6.13)
Ar,ips,i(k) + B, Ps,i(k) € D,,.
in which A, ;, B;; € R and the following holds:
U Dy,i = Dl' (614&)
1<y<r
ﬂ Dy;=0 (6.14b)
1<y<r

and on the borders of sequential Dy, the linear segments are connected, which
means that f;(ps(k)) is continuous.
The condition p; (k) at each partition D, ; can be associated to a binary variable
d,i(k) € {0,1}, ¥y = 1,2,...,r, satisfying the exclusive-or condition:

r

Ploy,i(k) = 1]. (6.15)
y=1
such that:
[(Sy,i(k) = 1] > Ps,i(k) € Dy,i (616)

From (6.15) there exists some ¢, ;(k) = 1, which implies p;;(k) € Dy ;, a contradiction
by (6.14b). (6.14)-(6.16) are therefore equivalent to:

VL ipsi(k) —HL, <MF[1 = 5y,(k)] (6.172)
i 5yi(k) =1 (6.17b)
y=1

withJ,; = [1 —1]fory={1,...,r}andi = {1,...,S} and H,, represents a vector
of 2, where the first row of H, ; is equal to the lower bound of the D, ; with a minus
sign while its second row is the upper bound. IM7 in (6.17a) can be computed as:

M} = ) r,f,i?;‘p. ]J; ps,i(k) — H; ; (6.18)

By using this binary variable, we can recast (6.13) as follows:

Aqipsi(k) + By, ifo1;(k) =1,
Apipsi(k) + By, ifdyi(k) =1,

fi(psi(k)) = (6.19)

Ayipsi(k) +B,;, if 6, (k) =1.
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Therefore, (6.19) can be rewritten as:

T

fi(psi(k)) = Zl[Ay,ms,xk) + By,]6,,: (k). (6.20)
=

Unfortunately, (6.20) is nonlinear, since it involves products between logical vari-
ables and inputs. Therefore, we transform it into equivalent mixed-integer linear
inequalities. This can be done using a similar strategy as proposed in [126]. To this
aim, we set:

fi(psi(k)) = Z zy,i(k) (6.21a)
y=1
Zy’i(k) = [Ay,ips,i(k) + By,i](sy,i(k)- (6.21b)
Then, (6.21b) is equivalent to:
Zy,i(k> < Mifsy,i(k)z
Zy/i(k) Z 71711‘5%1‘(](),
Zy,i(k) S Ay,ips,i(k) + By,i — 7711(1 — (5%1'(’()), (622)
Zy/i(k) > Ay,ips,i(k) + By,i — Ml‘(l — (Sy,i(k)). (623)
being
M= o, { P, Aiypsilk) 1 Biy } (6.242)
i = min { max Ajypsi(K) + Bi,y}. (6.24b)

Remark 6.3.1 Notice that in [125], the dynamics of all storage units are considered without
piecewise affine losses model, namely,

x(k+1) = x(k) — Tsps(k), (6.25)

with .
A < x(k+1) < xM, (6.26)

6.3.5 Transmission network

Following [71, 127], the DC power flow approximations can be employed to extract
the power of transmission lines, p.(k) = [pe1(k) ... pee(k)]’. Hence, the power
on lines can be formulated from the power of units and load using the following
linear equation:

pe(k) =F - [p(k)" wq(k)", (6.27a)

where F € RE*(U+D) represents a matrix that links the power flowing over the lines
with the power produced or consumed by the units and loads. More details about
the derivation of F described in [71, 128]. It is assumed that p. (k) be bounded by:

pin < pe(k) < pi (6.27b)

with pin € IREO and p'® € ]R’;O. This assumption is reasonable due to the physical
limitation in transmission capability of the lines. Moreover, the produced power
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must be equal to the consumed power at all times, e.g.

pr(k) + Tsps(k) + 1rpr(k) = 1pwq (k).

6.3.6 Overall model

(6.27¢)

In accordance with equations considered for the different parts of an islanded MG,
the overall model can be formulated as follows. The constraints on power and set-

point originate from (6.4), (6.1) and (6.5), namely,

diag (pP) & (k) diag (p?““) ¢ (k)
p <u(k) < pin
pr pin
and
diag (pm) & (k) diag (p?““) 5¢(k)
pex < p(k) < pin
pr pin

By referring to (6.9), the dynamics of the storage unit are described by

x(k+1) = x(k) = Tsps(k) = Ts[fi(ps1(k)), - -, fs (pss(k))],

with constraint functions

xmin < x(k+1) < ymax
pSl Z Zyl
y=1
zy,i(k) < M;oy,i(k),
Zy,i(k) > ﬁzéy,i(k)/
z,i(k) < Ayipsi(k) + By — (1 —9,,;(k)),
Zy,i(k) Z Ay,ips,i(k) -+ By,i — Mi(l - (Sy,i(k)).

(6.28a)

(6.28b)

(6.28¢)

(6.28d)

(6.28¢)

(6.28f)

The renewable infeed which is a function of the setpoint and the available power

under weather conditions is given by (6.3) as

pr(k) < up(k),

pr(k) > ur(k) + (diag (wr(k)) — Mrlg)d:(k),

pr(k) < we(k),

pr(k) > we(k) — (diag (wr(k)) — meIr)(1r — 6:(k)).

(6.28¢g)
(6.28h)
(6.281)
(6.28j)
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Power sharing of the grid-forming units is described by (6.7) which, using (6.8), can
be recast into

Ki(pe(k) — u(k)) < Moe(k), (6.28k)
Ki(pe(k) — u(k)) > mede(k), (6.281)
Ki(pe(k) —ue(k)) < 1rp(k) —me(1r — 6e(k)), (6.28m)
Lastly, the power limit of the transmission lines is introduced by (6.27), i.e.,
pem < F-pe(k) 'ps(k) 'pr(K) wa(k)) < p (6.280)
tPe(k) + Lsps(k) + 1gpr (k) = 1pwa(k). (6.28p)

Now, let us compute a compact form of (6.28). From (6.28c) and by denoting (k) =
[p(k) 6:(k)" p(k)]'and B = [0sx7 — Ts(Is +TF) Osxor+1], we can obtain Eq. (2.29a),
namely,

x(k) + Bg(k) — x(k+1) =0, (6.29a)

By following (6.28d), we have

Hi-x(k+1) < hy, (6.29b)

with Hy = diag([1; — 14]’) and 7 = [(x™®)" (—x™in)’])".
Finally, according to (6.28a)-(6.28b) and (6.28n)-(6.28p), the next equations can be
yield as

BN

Hy- [o(k) q(k)" w(k)] < hy, (6.29¢)
G-[ok) Gk) wk)] =g (6.29d)

where H, and h; in (2.29¢) are formed such that they reflect (6.1), (6.3)—(6.5), (6.8)
and (6.27b). Additionally, G and g in (2.29d) are formed such that they reflect (6.7b),
(6.27a) and (6.27).

6.4 Operating Costs

In this section, an operating cost function for an MG is extracted which reflects
the main objectives: (i) economic operation, (ii) low number of switching actions,
(iif) high use of RES and (iv) desired state of storage units. Let us employ cost func-
tions that are motivated by [129].

The cost function at each node i € V consists of two parts. The first part is
specified by £,(v(k —1),v(k),4(k+ 1)) € R that reflects items (i)—(iii) and the
second part is denoted by /5(4(k)) € R>( that corresponds to (iv).

The economically motivated cost comprises (i) operating costs of conventional
units, /f'(v(k),q(k+1)) € Rxo, (ii) costs caused by switching conventional units
on or off, £V (v(k —1),v(k)) € R, and (iii) costs incurred by low utilisation of



76 Chapter 6. Certainty Equivalence Model Predictive Operation Control

renewable sources, /;(§(k+1)) € Rxo, i.e.,

lo(v(k —1),0(k),g(k+1)) = £ (v(k), 7 (k + 1)) + £ (0(k — 1), v(k))
+ 0 (q(k +1)). (6.30)

By following [130], the operating cost of the conventional units can be formulated
as:

(i (oK), q(k +1) = cide(k) + cipe (k) + pi(k)" diag (&) pi(K), (6.31)
with weights ¢ € RL, & € RL, and & € R,

The switching cost of a conventional generator can be modeled by considering
that it was disabled at time instant k — 1 and is enabled at time instant k, or was
enabled at time instant k — 1 and is disabled at time instant k, i.e,

6 (v(k),v(k = 1)) = (8(k — 1) — 6(k))" diag (i) (de(k — 1) — de(k))  (6.32)

with weight ¢ € R,
The renewable unit costs can be adjusted by considering a penalty for using less
than the maximal power p"®, i.e.,

Ce(v(k), 4k +1)) = (P = pe(k + 1)) diag (&) (p7"™ — pr(k +1)) + Gue (k) (6.33)

with weight &, € ]REO, ér € IRlio- Note that u,(k) is added to ensure that the setpoint
does not exceed the maximum available power w,(k 4 1).

Finally, storing energy usually causes conversion losses. To represent the costs
associated with these losses, the term

ls(q(k)) = & + ps(k)' diag (&) ps(k) (6.34)

with weight & € ]R5>0, és € IRS;O are included in the cost function.

6.5 Case study

In this section, we intend to verify the properties of the certainty equivalence model
predictive control strategy proposed in Section 6.3. The microgrid structure depicted
in Figure 2.3 is used for the simulations. It consists of a storage, a conventional
and a renewable unit. The detailed parameters of the microgird are summarized in
Table 6.2.

TABLE 6.2: Parameters of the Microgrid Test System

Parameter Value Weight | Value
[prn, prin, pin] 1 70.4,0, —1]pu | o 0.1178
[prax, pmax, pmax] [ 11,2, 1]pu & 0.0048 1/p
[cmin, xmax ] 0, 7]pun & 0.751 1/m

[ gmin, gmax| 0.5,6.5]pun | G 0.0001

x0 3pun Cr 1 1/pu

(K¢, K] [1,1] Ts 0.09

M; 0.1 & 0.01

;i -0.17 v 0.1
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We considered the susceptance and conductance of the transmission lines be-
tween units and load equal to b;; = —20pu and g;; = Opu, respectively. Thus, ac-
cording to equation (6.27a), the relation between the power of the units and the load
and the power of the transmission is obtained as follows:

pe,l(k) 1 0 0 0 pt,l(k)

Pe2(k) _ 0 —1/3 1/3 0| | ps1(k) (6.35)
Pes (k) 0 2/3 1/3 0| |pra(k) '
Pea(k) 0 1/3 2/3 0] |[wyq(k)

It is assumed that the transmission power of each line is between -1.3pu and 1.3pu.
Simulations were performed by using MATLAB 2018b with a sampling time of T; =
30 min and a simulation horizon of 7 d, i.e., 336 data points. For MPC, a prediction
horizon of N = 12, a sampling time of T; = 30 min were selected. Note that the
storage unit has a relatively high capacity compared to the rated power which shows
in x™* = 7pu. Also the model of conversion losses of storage unit is modeled by
a quadratic function as fi (ps1(k)) = 0.09ps1(k)? + 0.01. Moreover, we reformulate
the function fi(ps1(k)) as the following linear cases:

—0.135p41 (k) —0.035, —1 < ps1(k) < —0.5,
—0.045 k)+0.01, -05< k) <0,
fi(psa ) = Pk Poa (1) (636
0.045ps 1 (k) +0.01,  0< pe1(k) <05,
0.135p51 (k) — 0.085, 05 < pg1(k) < 1.

In accordance with equations (6.24a), (6.24b) and (6.36), we chosen M; = 0.1 and
m; = —0.17. We formulate the MPC problems in MATLAB using the YALMIP
toolbox and solve numerically with Gurobi. Here, we first compare the predic-
tion error of the state of charge in the cases with considering the dynamic storage
with piecewise affine loss model (6.9)-(6.24) and the dynamic storage without piece-
wise affine loss model (6.25)-(6.28d) in the MPC problem. We formulated this error
as e(k) = x(k) — %(k), wherein x(k) is the actual state of charge of the nonlinear
loss model given the same power values whereas %(k) is the forecast of the state
of charge. To show the results of this comparison, for both cases an analysis was
carried out. In the analysis, closed-loop simulations were performed over 366 simu-
lation steps. For each simulation step, the state of charge prediction of the controllers
(over 12 prediction steps) were compared to a prediction performed with the non-
linear plant model for the same storage power values. Then, at each prediction step,
the probability distribution of the prediction errors was visualised in the form of box
plots(see Figure 6.2). The circle of each box marks the median value of prediction er-
rors of 336 data points in each prediction step. The box around the median values
contains all data from the 25th to the 75th percentile. The down dash of each box
represents the lowest occurring value of prediction errors in each step whereas the
up dash marks the highest occurring value.

It can be seen in Figure 6.2 that including the conversion losses in the proposed
model predictive controller, the prediction error is reduced. For example, at N =
1, when the conversion loss model is not employed in the controller, the median
value is 5 x 1073. By adding the conversion loss model in the controller, this value
is decreased 3 times to 1.5 x 1073, It is worth noting that this ratio increases as
the prediction horizon raises. As can be observed from the last step of Figure 6.2,
the median value of the error equal to 9 x 1072 when the conversion loss model is
not included in the controller whereas this value is reduced to 2 x 1072 when the
conversion loss model is added to MPC problem formulation.
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FIGURE 6.2: The prediction error of the state of charge (Up) With the

dynamic storage without piecewise affine loss model (6.25)-(6.28d)

in the controller; (Down) With the dynamic storage with piecewise
affine loss model (6.9)-(6.24) in the controller.

The closed-loop simulation results of power of units and load as well as stored
energy and line power of the MG are depicted in Figure 6.3. It can be noted that at
the beginning of period, since the available power of renewable is low, the storage
unit is discharging. When the battery is empty, the conventional generator is en-
abled to provide power to the load. As soon as the available power of the renewable
unit is sufficient to provide power to the load, the conventional unit is disabled and
the storage unit is begin charged. When the stored energy reaches the upper end
of the desired state of charge, the setpoint of the wind turbine is set such that the
wind power only covers the load. Thus, the stored energy approximately remains
at ™ = 6.5 pu h. At some point, the available renewable unit power cannot en-
tirely cover the load and the storage is discharged. When the renewable unit reaches
the minimum value x™ = 0.5 pu h. and the storage unit is totally discharged, the
conventional unit is activated again to provide power to the load. In the end of the
simulation, the available power of the renewable unit increases again such that the
storage unit can be charged with the available renewable unit power. Note that the
line power in the lower plot was within the given bounds of £1.3 pu at all times.

6.6 Conclusion

In this chapter, we presented a novel certainty model predictive control approach for
the operation of islanded MG with very high share of renewable energy sources. To
this aim, we modelled the conversion losses of storage units by quadratic functions
to reduce the error in storage units state of charge prediction.
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FIGURE 6.3: Power of units and load.

In the future, we would like to consider AC optimal power flow (OPF) problems
which are more realistic than the widely used linearised DC power flow approxima-
tions. To solve the AC OPF problems, we intend to employ a convex relaxation of
the original problem which led to a second-order cone program (SOCP) that can be

solved by available commercial software.
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Chapter 7

Conclusion

In what follows, a summary of this thesis is provided in Section 7.1. Moreover, future
research directions are highlighted in Section 7.2.

7.1 Summary

This thesis deals with the problem of voltage and frequency restoration and opti-
mization of AC MGs in some important challenges. To solve the problem, the con-
cept of MGs and hierarchical control of them were provided in Chapter 1. Further-
more, the important challenges in controlling AC MGs such as (i) challenge in solv-
ing the problem of restoration in the presence of multiple non-uniform time-varying
communication delays and nonlinear model uncertainties; (ii) challenge in solving
the problem of restoration in finite-time under parameters uncertainties and unex-
pected load variations and (iii) challenge in optimising the operation of MGs in the
presence of the power conversion losses terms have been reported in this chapter. A
nonlinear islanded MG model, consisting of a set of DGs and loads was presented
in Chapter 2 for designing SCs. Moreover, a mathematical model of an islanded MG
was derived for providing operation control. In this model, the following compo-
nents are considered: (a) energy storage units; (b) renewable energy sources, where
the power infeed can be bounded, namely;, if storage units are fully charged; and (c)
conventional units that can be switched off, e.g., in times of high available renewable
infeed.

In Chapter 3, to address challenge (i), two novel nonlinear robust distributed
SC protocols were proposed, one for the frequency, and one for the voltage, capa-
ble of restoring, globally, and asymptotically, the DGs voltage and frequency to the
desired value, and robust against multiple time-varying delays in the DGs’s com-
munications a class of parameter uncertainties and exogenous disturbances. Each
SC consists of an integral sliding mode control term and a linear consensus scheme
with adaptive gains. Robustness against model nonlinearities and uncertainties was
achieved by means of the integral sliding mode control term embedded in both pro-
posed SC protocols. Then, the global frequency and voltage restoration stability de-
spite the communication delays were demonstrated through Lyapunov-Krasovskii
analysis. Using Lyapunov-Krasovskii analysis led to derive the set of linear matrix
inequalities that were a function of time-varying control gains. However, due to the
construction of the adaptive control gains, it has been proven that there exists a con-
stant control that ensures the asymptotic stability of the closed-loop system. Hence,
a novel optimal distributed secondary voltage control was proposed in Chapter 4 to
extend the proposed secondary voltage control in Chapter 3. Compared to the adap-
tive SC approach in Chapter 3, the local control gains Chapter in 4 were considered
as constant values. Note that by considering the control gains as constant values,
the LMIs obtained in the stability analysis, unlike Chapter 3, are not time-varying.
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Therefore, given the delay bounds, and because of the stability conditions results
that were a function of the controller gains, an optimization algorithm was proposed
in order to find the optimal controller gains and estimate the maximal delay margin
tolerated by the controlled system. Chapter 5 focussed on solving the frequency and
voltage restoration problem in finite-time under the model uncertainties and distur-
bances. In this way, two novel distributed SC protocols for frequency and voltage
were proposed based on the sliding-mode approach. Although this approach is not
more realistic than the proposed SCs in Chapters 3 and 4 due to the absence of com-
munication delays, it was proven that the DG’s frequencies and voltages converge
to the desired values in the finite time instead of asymptotic time under parameters
uncertainties and unexpected load variations.

Using the mathematical model of an islanded MG in Chapter 2 and based on the
generic MPC formulation and the nominal forecasts of load and available renewable
infeed, in Chapter 6 a novel certainty equivalence operation control scheme with
very high share of renewable energy sources was proposed to optimise the operation
of MG systems. To make the MG model more realistic, the power conversion losses
were considered by the quadratic functions in the dynamic of storage units. More-
over, to reduce the error in storage units state of charge prediction, the conversion
losses functions was reformulated by the piecewise affine functions and included in
the proposed controller.

7.2 Future research directions

The future research directions can be divided into two parts: (i) extension of sc ap-
proaches (ii) extension of operation schemes.

A possible extension for the current distributed SCs under commination delays is
to remove the assumption of slowly varying delay. Another exciting extension will
be targeted at relaxing the assumed restrictions on the communication topology by
covering possibly switching gossip-based asynchronous communications. The next
interesting extension would be to relax the non-convex optimization algorithm in
Chapter 4 to convex ones and use traditional methods to solve the (convex) relaxed
optimization problem. Another idea would be to design a distributed SC strategy
that deals with both delays and finite time convergence. Other interesting lines of in-
vestigation that represents a natural continuation of this research are, the possibility
to manage active loads, or exploit seamless distributed transfer strategies for the MG
to switch from islanded to the grid-connected mode by means of local interactions
among DGs.

One possible extension for the current operation control is to consider AC op-
timal power flow (OPF) problems which are more realistic than the widely used
linearised DC power flow approximations. To solve the AC OPF problems, we in-
tend to use a convex relaxation of the original problem which leads to a second-order
cone program (SOCP) that can be solved by available commercial software. Differ-
ent uncertainties could be included into the model. In the current operation control,
only uncertain forecasts of load and available renewable infeed were considered.
Hence, another possible step could be to extend the model by inducing uncertain
storage dynamic and availability of power lines. Experimental validations are also
one important future works, that will allow a performance assessment of the pro-
posed techniques in a real scenario.
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