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Fig. 1. Converting an adaptively refined grid (left) into a conforming hexahedral mesh requires additional refinement to fulfill the balancing and pairing
criteria. Enforcing pairing through an octree (OP) yields dense grids, both with strong (SB) and weak (WB) balancing. Our generalized pairing criterion (GP)
allows us to significantly reduce both grid and mesh size, while still guaranteeing the generation of a pure hexahedral mesh with any of the known dual
schemes [Gao et al. 2019; Livesu et al. 2021; Maréchal 2009]. The dashed line at the bottom right indicates the size of the input grid.
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Fig. 2. Refining a regular 4 X 4 grid ata X minor (blue) always satisfies balancing and pairing, regardless of subgrid positioning. Methods based on rigid
trees achieve pairing by asking refined areas to correspond to inner nodes in the tree, and also ensuring that both such nodes and their siblings are fully
split [Maréchal 2009]. Left: if the dark minor aligns with the hierarchical structure, pairing is observed both in the grid and the tree. Middle: if the minor does
not align with the hierarchy, there is grid pairing but not tree pairing. Right: enforcing pairing through the tree unnecessarily refines the whole grid.
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Fig. 3. Pairing and connecting hanging nodes with valence 3 arising at
the interface between adjacent cells with different refinement, yields a
new mesh where all vertices have valence 4. The dual of this mesh is a
quadrilateral mesh. The balancing and pairing criteria jointly ensure that
this transition scheme can be applied everywhere, producing a conforming
mesh. Similar schemes also exist for 3D adaptive grids [Gao et al. 2019;
Livesu et al. 2021; Maréchal 2009].
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Fig. 4. The grid in (a) does not satisfy pairing because the interface between
coarse and refined elements (in red) has an odd size. Pairing could be trivially
obtained with a global step of refinement, which doubles the size of all sides
and makes them even (b). However, this solution is highly expensive because
it quadruplicates the number of cells (in 3D, the factor is 8x). Our method
restores pairing by splitting one single cell, which is the optimal solution (c).
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Fig. 5. The input grid (left) does not satisfy balancing, because its top-left
and bottom-right cells have refinement one and are adjacent to cells with
refinement four. Iteratively splitting each cell adjacent to a cell smaller than
half of its size converges to a balanced grid (right). In this example, the
final grid is weakly balanced. Splitting the cell with refinement two that
is vertex-adjacent to one the cells with refinement four would produce a
strongly balanced grid.
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Fig. 6. Exhaustive taxonomy of all possible conflicts between the x X
minors associated to the vertices in a regular 3D grid. The configurations in
(a), (b), (), (e), (f), and (h) are illegal, in (d), (g), and (i) are legal. The number
of combinations for each configuration, taking into account symmetry, is
indicated in each subfigure.
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Fig. 7. Top: the ILP solver has assigned positive refinement to a boundary
vertex in the local sub-grid. The minor associated to it must be enforced
in the global grid, otherwise pairing is not guaranteed. Bottom: in 2D, a
grid vertex may be incident to cells with up to three different levels of
refinement, therefore two splits are enough to perform this operation. In
3D, a vertex may accommodate cells with up to four different levels of
refinement, therefore the maximum number of necessary splits grows to
three.
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Fig. 8. Iterative pipeline for adaptive grid pairing. (a) input grid (pre-balanced), (b) regular sub-grid for levels of refinement 1, 2, (c) solution of the pairing in
the regular sub-grid, (d) porting of the local solution in the global grid, (e) regular sub-grid for levels of refinement 0, 1, (f) solution of the pairing in the regular
sub-grid, (g) porting of the local solution in the global grid, (h) output quadmesh.
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6.1 Octree methods
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Table 1. Cumulative statistics for all meshes in our benchmark. We report
the initial grid cell count, and the absolute growth (A ), relative growth
(Aye1), and increase factor (X) of methods based on Octree Pairing (OP),
both with Strong Balancing (SB) and Weak Balancing (WB), and our method.
The absolute growth is the number of extra cells added to the initial grid
to fulfill hexmeshability criteria; the relative growth is the ratio of absolute
growth to the initial grid size; the increase factor is the ratio of the final cell
count to initial cell count.
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Fig. 10. A random subset of models in the benchmark released by Gao et al. [2019]. From left to right, for each model we show: the input adaptive grid; the grid
obtained with octree pairing (OP) and strong balancing (SB) [Gao et al. 2019; Maréchal 2009]; the grid obtained with octree pairing and weak balancing [Livesu
et al. 2021]; our grid, and the final mesh. For each grid we report the growth factor in the to upper-right corner, measured as the ratio between grid size and

input grid size.
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Fig. 11. Six out of the eight models from the dataset released with Gao et
al. [2019], where our method and octree-based methods produced exactly
the same result. We do not show the other two models because they are
duplicates. Note that almost all meshes are perfect cubes, hence nicely fit
the structure imposed by a regular octree. For the remaining 194 models,
our method consistently produced much coarser meshes.
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Fig. 12. Relative growth of our method compared to the relative growth of
the octree method using strong balancing [Gao et al. 2019; Maréchal 2009]
(top), and weak balancing [Livesu et al. 2021] (bottom). Each blue point is a
mesh from the dataset released By Gao et al. [2019], where the horizontal
axis is the growth obtained with octree refinement, and the vertical axis
the growth achieved with our method. Except for 8 cases out of 202, where
the three methods produced exactly the same grid (points on the diagonal
lines), our growth is lower for all the remaining models. On average, we
more than halve grid size with respect to state-of-the-art strong balancing
methods [Gao et al. 2019; Maréchal 2009], and we almost halve grid size
with respect to recently introduced weak balancing ones [Livesu et al. 2021].

6.2 Polycube methods
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Fig. 13. Running time in seconds (vertical axis) of our algorithm as a function
of the size of the input grid in number of cells (horizontal axis).

Fig. 14. Mapping a relatively simple shape to a coarse polycube inevitably
introduces compression and stretching. Regardless of the sampling fre-
quency, a regular sampling does not compensate the map distortion, and
the resulting mesh lacks geometric fidelity (top, middle). By coupling our
generalized adaptive sampling with polycube techniques, we can produce
meshes with comparable size but much higher geometric fidelity (bottom).
Input polycube map courtesy of Aigerman and Lipman [2013]
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Fig. 15. Mapping a complex shape to a coarse polycube introduces extreme
distortion, at the point that major features in the input shape cannot be
recovered with a regular sampling (left, middle). We adaptively refined the
polycube grid with our method, splitting hexahedra until the distance in the
input shape of any two points that map inside the same hexahedron was
smaller than 1/ of the bounding box diagonal. With this approach, we
were able to introduce all the necessary elements and singular vertices to
reproduce all fingers, while bounding the global mesh size (right). The output
mesh counts only 25K hexahedra, and despite the huge map distortion, the
average and minimum scaled Jacobian are 0.65 and 0.1, respectively. The
mesh is therefore perfectly suitable for analysis. The input polycube map was
initialized with PolyCut [Livesu et al. 2013]; flipped tetrahedral elements
were fixed with the approach of Garanzha et al. [2021]. The output hexmesh
was eventually smoothed with Edge-Cone Rectification [Livesu et al. 2015].
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Fig. 16. Adaptively refined polycube map of a grid with non-trivial topology.

Our method puts no constraints on the shape or topology of the grid. The
original map was computed with PolyCut [Livesu et al. 2013] and then
processed with our method.
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