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Abstract

When controlling cyber-physical systems via consensus algorithms, the robustness issue is of paramount importance because of
model mismatching and/or disturbances that generally modify the Laplacian flow dynamics associated to the overall network, com-
promising the possibility to achieve any expected, orchestrated emergent behavior. To face this issue, the Variable Structure Control
(VSC) approach has recently been shown to be an effective tool in designing control protocols over networks, providing robust-
ness and often yielding finite-time convergence. Moreover, VSC further enables the decoupling of simultaneous control objectives
where reaching a consensus state is only part of a more complex task, for instance as it happens in distributed optimization. Thus
motivated, this paper overviews, from a tutorial perspective, some selected recent advances in the application of VSC with Slid-
ing Modes to design robust consensus controllers in both the leader-less and the leader-following settings. Efforts are also made
to unify the notation and to discuss the theoretical foundations of the nonsmooth analysis tools at the basis of their design for a
wide readership unfamiliar with these problems and formal tools. To this aim, examples supporting the treatment, and numerical
simulations, are given and discussed in detail. Finally, hints for future investigations along with some current open problems are
provided.
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1. Introduction 15 to perform, in a discrete-time setting, and over an interaction
) ) ) o graph G, parallel calculations until they reach a common agree-
The innovation and progress in communication technolo- ., Such a decision-making process is commonly referred to

gies and the extensive utilization of pervasive communication ¢, sonsus problem (Wooldridge (2009)).
systems changed the way how we connect to the real world
(Huang et al. (2021)). This trend towards more connectivity
also laid the foundations to significantly modify the paradigm
of analysis and control of dynamical systems so that nowadays
it is common to refer to a multi-agent system (MAS) whenever
multi-variable coupled dynamical systems are dealt with (Chen
et al. (2019)).

At the origin, the MAS paradigm was referred to software
decision-making entities (or simply agents) tasked to decrease
the computational overhead of large-scale algorithms and, us-
ing certain individual computational and sensing capabilities

The consensus problem is widely recognized as a challeng-
20 ing task due to the incomplete or inconsistent information that
agents have about one another and the interaction network, both
at the communication and physical levels. Furthermore, the in-
teraction networks may be subject to unmodeled phenomena
such as disturbances, failures, and delays, which can further
»s complicate the coordination of actions among agents (Chen
et al. (2019)). It is worth noting that the different types of
consensus problems are classified based on the operating as-
sumptions and requirements of the system. Among these, two
main classes of problems stand out: the leaderless and leader-

3 following consensus problems.
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distributed Kalman filtering (Carli et al. (2008)), optimizations
(Nedic & Ozdaglar (2009)), and the Google PageRank compu-
tation (Ishii & Tempo (2010)). 95

To improve the reliability and flexibility of geographically
distributed control architectures, consensus problems have been
extended to the continuous-time setting, primarily for the real-
time control of physically coupled actuated agents operating
over a communication network (Dorfler et al. (2015)). 100

Contemporary, and remaining within this cyber-physical set-
ting, the leader-following consensus originated as an extension
of Vicsek’s birth flocking model (Jadbabaie et al. (2003)). This
involves introducing a designated leader agent to coordinate a
set of peer mobile robots to track the leader state while main-s
taining the consensus among themselves, and by utilizing only
local sensing and interaction rules.

Thus the three main characteristics of consensus control
schemes can easily be recognized:

* autonomy, which refers to each agent being partially inde-"
pendent, self-aware, or autonomous;

* local views, where no agent has a global view of the net-
work due to its complexity or local privacy and commu-
nication constraints. Therefore, only relative standpoints
concerning neighboring agents and the environment are
available;

5

* decentralization, the lack of a monolithic decision-making
scheme removes problems, such as time-scale separation
latency, and enhances the flexibility, responsiveness and
reconfigurability of the control system;

120

* self-organization, because by exploiting ad-hoc designed
individual strategies, even simple for each agent, and local
interactions over a communication network, the MAS is
enabled to give rise to a desired emergent behavior.

125

These advancements gave rise to various control applications
where agents are not limited to being only abstract software en-
tities (Wooldridge (2009)) or mobile robots (Oh et al. (2015)).15
Instead, they are effective controlled systems that interact or
compete over an interaction network, where couplings can be
either physical or virtualized, and the distinction no longer mat-
ters (Chen et al. (2019)). Examples of these applications in-
clude inverter-based control of power generators in DC (Cu-y3s
cuzzella et al. (2018)) and AC microgrids (Simpson-Porco et al.
(2013); Pilloni et al. (2018)), synchronization of mechanical
oscillators (Pavlov et al. (2022)) and infinite-dimensional ther-
mal systems (Pilloni et al. (2015)), modeling and control of hy-
draulic networks (Lee et al. (2017)), and more recently, applica-14
tions to chemical reactors (Dorneanu et al. (2018, 2020)). This
rapid development of applications, coupled with the implemen-
tation of contemporary control standards such as the Internet of
Things (IoT) and Industry 4.0 (Lin et al. (2022); Pilloni et al.
(2017b); Dorneanu et al. (2020)), has brought to light issues
of resilience and robustness for the overall cyber-physical net-
worked system (Bodkhe et al. (2020)). 145

Ensuring robustness to consensus controllers is a crucial is-
sue in real-world problems (Zambelli & Ferrara (2021)).

On the one hand, the robustness against agents’ misfunction-
ing or deliberately uncooperative behaviors has to be consid-
ered. The latter includes both the case in which the misfunc-
tioning agent is oblivious and the case it is acting intentionally
in a harmful way (refer to Ishii et al. (2022); Franceschelli et al.
(2016), as well as Section 4).

On the other hand, ensuring the network’s robustness to per-
turbations and uncertainties is equally crucial. Indeed, as also
discussed in later sections, consensus protocols require a well-
defined eigenstructure for the networked dynamics. If this is
absent or corrupted, no protocol can function as intended any-
more (Pilloni et al. (2020)).

To achieve robust consensus in MAS, various robust control
techniques have been investigated. These include stochastic
control to tolerate either packet dropping, switching communi-
cations (Boyd et al. (2006)), or measurement noise (Li & Zhang
(2009)), as well as Ho,, H, and Markovian jump approaches to
reduce the effect of exogenous disturbances, or parameter un-
certainties, respectively (Shi & Johansson (2013); Zhang et al.
(2021)) and (Xu et al. (2020)). Then, nonlinear control tech-
niques have also been employed to handle nonlinearities as well
as achieve disturbances rejection. For example, event-triggered
control has been used to achieve semi-global robust consensus
characteristics (Meng et al. (2019)), and the theory of nonlinear
output regulation has been applied to output synchronization
problems (Isidori et al. (2014)). Finally, the Variable Struc-
ture Control (VSC) with Sliding Modes (SM) has proven to be
particularly effective due to its simplicity of implementation,
robustness, and finite-time convergence properties, and without
requiring any a-priory disturbance model (except for the knowl-
edge of their raw bounds). In addition, it has been shown that
VSC with Sliding Modes (SM) can address either more chal-
lenging or new coordination problems. Examples are: achiev-
ing the leader-follower consensus without requiring the global
availability of the leader trajectory (cf. Song et al. (2010) with
Cao & Ren (2010)), or in the leaderless context perform ro-
bust distributed optimization tasks (Pilloni et al. (2020)), and
also outlining new coordination problems as for the midrange
(Cortés (2006)) and the median consensus tasks in either closed
(Franceschelli et al. (2016) and open (Sanai Dashti et al. (2019))
networks. Additionally, it is worth noting the diverse range
of applications where sliding mode consensus controllers have
been implemented, including UAV control (Wu et al. (2020)),
freeway traffic control (Ferrara et al. (2022)), DC (Cucuzzella
et al. (2018)) and AC (Pilloni et al. (2018)) microgrid control,
even in the presence of communication delays (Gholami et al.
(2021)), averaging problems in sensor networks (Franceschelli
et al. (2014b)), and distributed tracking in infinite-dimensional
thermal systems (Orlov et al. (2016)) as well as Pan-Tilt camera
sensor networks (Kameoka et al. (2022)).

1.1. The VSC approach with SMs

The beginnings of Variable Structure Control (VSC) can be
traced back to the studies conducted by Russian researchers,
with its initial applications appearing in the 1930s in Russia
(Utkin & Chang (2002)). Subsequently, Utkin (1977) can be
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considered the promoter of Sliding Mode Control (SMC), a spe-
cific type of VSC, to the global scientific community. 190
The idea behind the VSC can easily be explained by compar-
ing it with the linear regulator design for the single-input system
X = Ax + bu. There, the regulator is u = rTx, where r € R4 can
be selected accordingly to various techniques, and its structure
is fixed. Contrarily, the VSC is allowed to change its structure,
that is, to switch, at any instant from one to another member of'*®
a set of possible continuous functions of the state. As an exam-
ple, and following Lyapunov arguments, the switching function
can be picked to be, e.g. a linear (o = sTx (Utkin (2013))) or
nonlinear (o (x) (Polyakov et al. (2015))) state function, and

=

where u*(x) is some control, possibly extreme, like “on” (or
“+k) ensuring o < 0 when o > 0; and u™ (x) is possibly ex-
treme as well, like either “off” or “reverse” (or *“ — k) ensuringzos
0 > 0 when o < 0. This implies that, after an initial reaching
phase, the system trajectories are forced by the control to start
the so-called sliding motion along the sliding surface o(x) = 0
and remain there, thereby achieving robustness and stability.
Therein, desirable reduced-order dynamics can be devised byz1o
suitable choices for o € R (or s € R?) (Polyakov & Fridman
(2014)). Thus, thanks to such a versatile, yet simple, design
procedure the methodology is proven to be one of the most
powerful solutions for rapid and robust stabilization of nonlin-
ear dynamical systems, even in the face of either matched or
unmatched uncertainties or disturbances, see (Utkin & Chang215
(2002)) and (Rubagotti et al. (2011)).

To address some of the limitations of conventional SMCs
(e.g.: provide smoother control and achieve more accurate
tracking) in the 1990s VSC strategies incorporating higher-
order dynamics into the control laws, the so-called higher-,,
order sliding mode controllers (HOSMC), have been proposed
(see Levant (1993); Bartolini et al. (1998); Pisano & Usai
(2011)). Further developments are in the introduction of Lya-
punov (Moreno & Osorio (2012)) and homogeneity (Levant
(2005); Bernuau et al. (2014)) arguments in the controller de-
sign.

To highlight the potential benefits of the VSC with SM in’
consensus problems, Section 4 is going to provide, also from a
technical viewpoint and with specific references and examples,
a detailed overview of some of the most significant and recent
results related to its application to MAS with uncertainties. The
main features are 230

200

1 do? d
il :g.o-zg(a%x)w, (1)

ut(x) if o >0 ldo~
"2 dt

u (x) ifoc<0

25

* robust consensus reaching regardless of the presence of
heterogeneously perturbed, possibly nonlinear, agent dy-
namics. Classical strategies use to adopt linear proto-
cols that result instead ineffective under uncertain environ-
ments; 235

* the robust finite-time convergence to the consensus that is
an almost unique feature of nonsmooth interaction proto-
cols, as for the VSC and SM control approaches;

* the combination with other control terms, possibly non-
smooth, and aimed at characterizing the MAS evolution
along a robust consensus manifold, to allow for solving
more complex objectives, as in distributed optimization
problems, and in robustification of existing protocols to
model mismatching and operational uncertainties;

the lightweight implementation, even on cheap hardware,
since binary control commands are mostly generated and,
depending on the family type of VSC protocols consid-
ered, also only binary sensing and binary information ex-
changing are often requested;

certain safeness and resilience characteristics such as the
capability of handling intermittently connected interaction
graphs and the presence of a subset of outlier and/or unco-
operative agents.

These properties are discussed in detail in the following, also
through examples, and by using Filippov’s Theory (Filippov
(2013)) and Nonsmooth Lyapunov arguments (Paden & Sastry
(1987); Shevitz & Paden (1994); Clarke et al. (1998)).

Finally for a thorough review of the results and applications
of VSC with Sliding Modes (SM) to consensus problems and
networked systems, we recommend referring to the recent sur-
vey by (Zambelli & Ferrara (2021)).

1.2. Main contribution

This paper is focused on exploiting some features of the VSC
with SM in the MAS consensus problem such that some robust-
ness and finite-time properties are guaranteed. With this aim, a
review of the literature highlighting the technicalities of the dis-
tributed control design is given, presenting the various faces of
the robust consensus problem with simple examples to facilitate
the reader’s understanding. It also highlighted how including
SM-based terms in the consensus algorithms allows for solving
more general problems. The treatment and discussion also aim
to give hints for future research directions.

1.3. Paper organization

* Section 2 illustrates the mathematical notation while pro-
viding the necessary preliminaries and tools on nonsmooth
analysis and algebraic graph theory;

 Section 3 motivates the exploration of the VSC approach
to reframe the consensus problem as a task of robust coor-
dination over uncertain operational environments. Issues
and considerations regarding the major limitations of the
classic Laplacian flow control to address both leaderless
and leader-following tasks are given;

* Section 4 introduces the two main families of VSC-based
consensus controllers, the signed Laplacian flow and the
signed deviations’ sum flow; and an overview of the re-
lated literature is given. Therein, technicalities behind the
analysis and design of multi-variable coupled ordinary dif-
ferential equations with discontinuous right-hand side are
also illustrated by means of several examples;
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* Section 5 provides numerical simulations illustrating a de-
tailed comparison of the consensus techniques discussed
in the previous sections;

 Section 6 summarizes the benefits of the VSC approach
with SM within the control of MASs operating over uncer-
tain environments and provides concluding remarks while
outlying the most interesting open research directions.

2. Preliminaries and Notation

2.1. Mathematical notation

The sets natural, integer, real, positive real, and complex
numbers are denoted as N, Z, R, Ry, C, respectively. The
real part of ¢ € C is denoted by R{c} € R. Letd € N,
x = [x] = (x13x0; -+ 3 x7) € R? denotes a real column vec-
tor, x; € R is its i-th entry, and x7 is the transpose of x.
The gradient of g(x,t) : R x R + R with respect to x is
V.g. The all-one, and all-zero column vectors are denoted byze0
ly=(1;1;--- ;1) e R and 0, = (0;0;--- ;0) € R?, whereas
I; € R stands for the identity matrix. For x,y € RY, xT -y
and x ® y denote the scalar and the Kronecker product. Let S
be a set of points, possibly disjointed in R?, card(S) denotes
its cardinality, and co{S} and co{S} are, respectively, the con-
vex hull and convex closure of S. The sign-operator is sgn(x),
which outputs a vector whose i-th entry is 1 if the correspond-
ing entry of x is positive, namely x; > 0, then —1 if x; < 0,
0 otherwise, whereas SGN(x) is its multi-valued counterpart,
which differs from sgn(x) only at the points where one or more
x; equals 0. If so, its i-th output is co{—1, 1} = [-1, 1] (multi-
valued). The 1-, p- and co-norms of x are ||x||; = Zle |xil,
lxdly = (i 1xf?)!/P, and |1l = maxi<i<q{ Ixil }, with p € N .
and |x;| = x; sgn(x;).

Forp,qe N : 1/p+1/q=1,xT-y < IxT -yl < [Ixllp - lIyllq
(Holder’s inequality). Moreover, ||x]ly < ||x]l; < \/(7||x||2.

The operator diag(x) : R? > R% returns a square diagonal
matrix with the x elements on the principal diagonal. Let R =
[r;j] € R be a square matrix, its ij-entry is r;j, its i-th row
is R € R and Aj(R) € C is the j-th ordered eigenvalue
of R such that R{1;(R)} < R{LR)} < --- < R{AR)}. If
R{A;(R)} € Ry V j, R is said to be Hurwitz. If R = RT and
Aj(R) € Ryo(Rx0) V j, then R is said to positive-(semi)definite,,
and it is denoted by R > (=) 0. Let M € R and such that
M = MT, then MMT = MTM. Moreover, if M : 3 M~! then
MMT > 0, from which it results [|Mx||; > ||Mx]|l, >0V x # 0,.

2.2. Preliminaries on nonsmooth analysis

Consider a differential equation

(0 = g(x,1),  x(ty) = xo € RY 2)

where g : RY x R — R is measurable and essentially locally
bounded. Namely, g(x, ¢) is defined except on sets of Lebesgue
measure zero N in RY, and it is measurable in an open region
R c R x R such that ¥ compact C C R, J integrable G(x, t)

such that ||g(x, ?)|| < G(x, 1) almost everywhere (a.e.) in C.

col{g(B(x,r) \ N, n}

K[gl(x,n] = colg(B(x,r) \ N,n}

Figure 1: Graphical interpretation of the limiting procedure used in Defini-
tion 1 to calculate K[gl(x,7) = (50 Nu=0 colg(B(x(1),r) — N, 0}, where
B(x, r) is a ball of radius r > 0 centered at x(¢).

Thus, (2) may also have a discontinuous right-hand side. In
the remainder, the solutions of (2) are understood in the so-
called Filippov’s sense, defined next.

Definition 1 (Filippov solution - Filippov (2013)). A vector
x(t) € R is a Filippov’s solution for (2) on T = [to,t1], if
x(t) is absolutely continuous on T and for almost all t € T it
satisfies the differential inclusion

i) e Kglen =) () @leB&D,M\N,0) (3)

r>0 u(N)=0

where B(x(t), r) is an open ball with center x(t), radius r € R,
and Nyny=o IS the intersection over all measure zero sets. M

Notice that since K[g](x,?) is locally bounded and upper
semi-continuous with nonempty compact convex values, then
its existence is guaranteed (Filippov (2013)). Filippov’s solu-
tion can indeed be viewed as the limits of solutions for (2) with
the right-hand side averaged over smaller and smaller neighbor-
hoods around the discontinuity points.

Figure 1 helps in understanding the limiting procedure used
to define K[g](x,#). There, the ball B(x(¢), r) is the neighbor-
hood around the actual base point x(¢) of (3). The drawn open
rectangular interface is instead a neglected set of measure zero
where X may not be defined, and the set K[g](x, f) reduces to
its convex closure of the two limit vectors as B(x(t), r) becomes
vanishingly small, namely as the radius » — 0.

Example 1. (Calculus of K[-k sgn(x)]) Consider (2), speci-
fied for g(x,t) = —k sgn(x(¢)), with k > 0 and xy = 1. Since
xo > 0, x(¢) evolves as x(t) = —k until, in a finite time t, = xo/k,
the origin is reached and thereafter remain. x(t) is the Fil-
ippov’s solution of (2), in fact, according to Definition I, at
the discontinuity point x = 0, since B(0,r) and r > 0, an
open interval containing the origin intersect both (0, +r) and
(—=r,0) on set of positive measure t > t,. Thus (3) reduces to
Kgl(x, ) = —k SGN(x(¢)), namely to the convex closure of the
two smooth limit behaviors

{+k} for x>0
Klgl(x, 1) = {—k} for x<0O (@)
co{—k,+k} = [-k,k] for x=0
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For further details on the differential inclusions calculus, in-
terested readers may refer to Paden & Sastry (1987).

Let us now consider a function f(x) : R? > R, then f(x) is
said to be locally Lipschitz at x € R?, if there exists a neighbor-
hood U of x and C, € Ry such that |f(y)— f(z)| < C,lly—zl| for
all y, z € U. Moreover, if U = R?, f(x) is globally Lipschitz.

Example 2. (Lipschitz continuity) Consider f; = x*, f, = |,
with x € R. They are respectively locally, and globally Lipschitz
because |y* — 7*| < |y + z| - |y — zl, whereas f», due to its linear
growth, satisfies llyl - |z|| <HDy-z,VyzeR ]

Since from the Rademacher’s Theorem, a locally Lipschitz
function is differentiable a.e., then its gradient exists in the so-
called generalized-sense, as defined next.

Definition 2 (Clarke’s generalized gradient - Clarke (1990))
For a locally Lipschitz function f(x) : RY — R, let N be any
set of zero measure in R?, and let Wy C R? be the set of points
where V, f(x) is not defined. The generalized gradient of f(x)
is 0f(x) = co{ lim,_, Vi f(x) : x; ¢ Wy UN } |

Notice df is a set-valued map and represents the set of allsso
the convex combinations between all of the possible limits of
V. f at the neighboring points of x where f(x) is differentiable.
Moreover, if f(x) is regular at x, provided that it is also Lip-
schitz near x, then it admits directional derivatives at x for all
the possible directions. Further, since the above definition does
not consider discontinuities in ¢, which are not allowed, the sub-3s5
script x by df is dropped, in the remainder, for brevity.

Example 3. (Generalized gradient of ||x||;) Consider the
globally Lipschitz, nonsmooth, function f(x) = ||x||; with x €
R?. By applying Definition 2, 0f(x) = SGN(x), whose i-th en-
try is multi-valued and belongs to the closed convex set [—1, 1],
if x; = 0. Further note that 0f(x) equals K[sgn(x)]. O

Note that if f(x) is continuously differentiable at x, it is also
regular at x, whereas a convex function which is Lipschitz near
X, is also regular at x (Clarke et al., 1998, Chapter 2). Next, we
recall two fundamental results for Filippov’s solutions.

Theorem 1 (Chain rule - Shevitz & Paden (1994)). Let x(t)
be a Filippov solution of (3), on an interval containing t and
let V(x) : R? — R be a Lipschitz regular function. Then V(x)
is absolutely continuous, i.e. (d/dt) [V (x(t))] exists a.e., and

ﬂ 7%

€AV (x)

d a.e.
7 V)l € &)

Theorem 2 (Lyapunov Theorem - Paden & Sastry (1987)).
IfF1)V(x): R 5> R, V() =0, and V(x) >0V x # 0, and 2)

x(@) : R = R? and V(x(1)) is absolutely continuous on [ty, o)

with the generalized time-derivative satisfying
360

C%[V(x(t))] C <0 ae on {;|x(t)¢0},

then x converges to zero in a finite time interval.

Example 4. (Sliding-mode control robustness) Consider (2),
with g(x,t) = —k sgn(x(t)) + d(t) and x € R. Let |d(r)| < I1
be any uniformly bounded exogenous perturbation and k — 11 >
0. Let V = |x|, from the associative property of differential
inclusions, and the chain rule, it yields x ‘€ — k 0V + K[d](?).
Thus it results

[V(x(t))] ¢S (kP +iaE).  ©
fedV LeoV
with ¢ € 0V and & € K[d](t) = [-T1,T1].
Let{ = argmin{ |]> : £ €V}, andk —T1 > € > 0, then
[V<x<r>>] < () [Fele? -1 (P -1)].

LedVv

Now note that 0V = [—1,1]. Then, due to the convexity of
V(x), OV(X)|xz0 N (=1, 1) = O (this follows from (Clarke, 1990,
Proposition 2.2.9). Thus, since arg mingeyy || = 1V x # 0,
then V < — €. Moreover, V(x) is radially unbounded, and thus
the global finite-time stability of x = 0 can be concluded.
Specifically, all the sets of (possibly disjoint) time intervals
of measure zero for which x(t) = 0, according to (Filippov
(2013)), can be disregarded. Whereas if x(t) = 0 on compact
time intervals T~ of positive measure, due to the absolute conti-
nuity of Filippov’s solutions, in the same positive time intervals
the derivative of the corresponding Filippov solution is zero as
well, namely x(t) = {0}, almost everywhereV t € T. O

2.3. Preliminaries on algebraic graph theory

The results in this section are mainly taken from Godsil &
Royle (2001), Biyikoglu et al. (2007), and Horn & Johnson
(2012). A directed graph, or digraph, is a pair G(V, E) compris-
ing of a nodes set V = {1,...,n}, and an edges set E C {V X V},
where (j,i) € E if there exists an edge (or link) from j to i
(i « j) (cf. Figure 2a). A = [a;] € RIF" is called adja-
cency matrix, where a;; = 1if (j,i) € E, 0 otherwise. Also,
since self-loops are generally not considered a; = 0 V i. Let
N, = {jeV/{i}: (i) e E} C V be the neighbors set of i,
d; = card(N;) is the in-degree of i. A directed path pq(u, v), con-
sists of an ordered sequence of edges connecting u with v € V.
A cycle c(u) = pg(u, u) is a non-empty directed path that starts
and ends at the same node. A rooted directed spanning tree
is a graph with no cycles such that there exists a node, called
root, from which any other node can be reached by walking
a directed path. The Laplacian matrix encodes the pattern of
information flows in G as

N @®)

where D = diag((d;;d;;...;d,)) is called in-degree matrix.
Since L is weakly diagonally dominant, see Figure 2b, then
R{A;(L)} = 0V j. Also, L1, = 0, implying L has at least one
eigenvalue in 0 and 1,, is the corresponding right-eigenvector.
A digraph is balanced if }; a;; = 3 ;a;;. Thus 1, is the lefi-
eigenvector corresponding to A;(L) = 0 (cf. Figure 2b with 2d).
A cut over G partitions V into two sets joined by at least one
edge. A minimum cut is such that the two sets are joined by

L(G)=D- with  [IL(G)lle < 2IDlle



365

370

375

380

385

390

395

400

the minimum edges’ number among all the possible cuts. A
digraph may admit more minimum cuts and, if the minimum
cuts contain at least k € N edges, G is said to be k-connected.

An undirected digraph, or simply a graph, satisfies (j,i) €
E = 3, j) € E (cf. Figure 2g), thusL = LT > 0, and 1JL = 0.

Let & < ng = card(E) be an ordered index identifying each
(j, i) € E, then B(G) = [by;] € R"#*" denotes the so-called edge-
vertex incidence matrix where, accordingly with Figure 2f,
by, = 1 if the edge corresponding to the given # starts at i (e.g.
J < i), whereas b,; = —1 if the edge corresponding to /& ends
at j (e.g. j « 1), 0 otherwise. Thus, by construction, it yields
B1, = 0,.. Note that B differs from the more common vertex-
edge incidence matrix, or simply incidence matrix, denoted by
H = [h;] € R™" with h;;, = by; (Bullo (2019)), because H sat-
isfies 17H = 0,.. However, since for our purposes is of interest
to analyze the behavior, along the manifold x; = x; V i, j € V,
of non-smooth fields of the form [} jeN; sgn(x; — x;)], then con-
sider B guarantees there 3 B : Bsgn(Bx) = [¥ jen, sgn(x; — x))],
thus providing not only a more compact representation of such
a field but also, since B1,, = 0,,, to draw conclusions about the
network dynamics along the consensus manifold. Moreover, if
Giis either weighed-balanced (namely 2, £;j = X ; €;;) or simply
undirected, such a matrix B corresponds to BT = H, thus fur-
ther yielding BTdiag([a,])B = L > 0, where a, is edge weights
corresponding to i (Bullo, 2019, Lemma 9.1).

For an undirected graph, strong connectivity is referred to
as simply connectivity. If so, 1 > (L) > 1/(nd), where
d = max,ey max,ey d(u, v) is the graph’s diameter, and d(u, v)
denotes the distance (or path length) from u to v € V ((Gross &
Yellen, 2003, pag. 571)). A,(L) is called algebraic connectivity
and provides a measure of the graph connectedness.

A digraph G is said to be weakly connected if the correspond-
ing underlying graph is connected, whereas it is strongly con-
nected if a directed path connecting any two arbitrary nodes of
G exists. If so, rank{L} = n—1, (L) > 0,and [ = (L+LT)/2 >
0: 1JL = 0. Strongly connected balanced digraphs, and con-
nected graphs (thus such that L = L), satisfy

XLy = LD llxl;>0 with y eR" : 17-x = 0. (9)

Let G be a digraph containing at least one rooted spanning tree,
and let x = [x;] € R", (Franceschelli et al., 2014b, Proposi-
tion 2.1) states that if 3(j, i) € V x V such that x; # x;, then

lsgn(Lo)ll; > 1 = [Isgn(Lo)lle, sgn(Lx)TLsgn(Lx) > 1. (10)

Finally, for a time-varying graph, if G(f) € {Gy,...,G,}, then
we let s(r) : R — {1,---, p} be the switching sequence, we
refer to G(#) as G. Indeed, for graphs with a finite number of
nodes, the number of possible configurations is finite as well.

3. Formulations of Consensus Problems

Different and popular formulations of the consensus prob-
lem, in the leaderless and leader-following setting, are now out-
lined, and a discussion highlighting their limits, and consider-
ations justifying the necessity to explore the VSC approach in
the protocol design, are illustrated.
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Figure 2: (a): A strongly connected digraph G;(V,E) with vertex set
V = {1,2,3,4,5}) and edge set E = {(1,2),(1,3),(2,1),(2,4),(2,5),(3,2),
(4,3),(5,2)} € VxV; (b): Laplacian matrix L(Gy); (c): A strongly connected
weighted-balanced digraph Gy; (d): Laplacian matrix L(Gy); (e): A strongly
connected digraph Gs; (f): Edge-to-vertex incidence matrix B(G3); (g): A con-
nected graph Gy; (f): Edge-to-vertex incidence matrix B(Gy); (i): A connected
digraph Gs with 0 as root node; (j): Laplacian matrix L(Gs) where, according
to Example 10, M(Gs) = P + L(G;) and P = diag(p), with p = (0;0; 1;0; 0).

Consider a set V of agents whose information flow is encoded
by a digraph G(V,E). Let x;(t) € R? be a state vector repre-
senting a set of agent i characteristics, e.g., physical quantities
such as attitude, temperature, voltage, etc. The consensus prob-
lem consists in reaching a group agreement in a dynamic way.
Namely for each pair (i, j) € {V x V} the condition

16:;(ONl = llxi(2) = x;OI = 0 = xi(1) = (), VieV (1)
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is verified for some consensus vector c(t) € R?, or equivalentlyazs

such that the so-called disagreement vector 6(¢) satisfies

1
() = Lex(t) > 0,4, where L= (Iml - ;lndlld) (12)

430

has the same form as the Laplacian matrix of a complete graph,
and satisfies LL, = L (and, if G is a graph, also LcL = L),
whereas x = (x1; X2;- - - ; x,) € R" is stacking the agents states.

Let agents’ dynamics be represented by X;(#) = u;(f), thus
defining u;(¢) € R4 as the agent’s local control. Due to the infor-

mation flow along G, relation (11) could feasibly be achieved**

using some feedback terms proportional to the neighborhood
state deviations, as

o = ) ay (xj(t)—x,-(t)) = Li®lx.

JEN;

Notice that (13) is the so-called Laplacian flow, and it may
imply either that agent i receives x; on an absolute reference
frame, or that it autonomously senses the neighbor state’s devi-
ation

0ij) =x;H—x(t) YjeN; (14)
in a local frame, depending on the sensors and measure-
ment/connection facilities the agents are equipped with. When
considering a VSC approach for designing control u;(¢), either
the so-called signed Laplacian flow

ui(t) =k sgn( Z a;j - (.Xj(l) - x,-(l)) = -k sgn(Li ®1; x), (15)445

JEN;

with k > 0, or the signed deviations sum flow

u(t) =k Z sgn(x;(f) — x;(t)) = —k B} ® I; sgn(B ® I;x) (16)450

JEN;

can be considered. The choice of (15) or (16) would make great
theoretical and technical differences. For instance, in a multi-
robot flocking problem where no GPS information is available
and where the agents sense only their respective orientation
deviation, e.g., because they are equipped with low-accuracy
proximity sensors, then (16) is the only realistic solution.

Remark 1. In consensus problems assuming the existence of

global information at the local level, as for the whole topol-455

ogy G, is generally discouraged. The exception is made
sometimes for offline tuning purposes, for the agents num-
ber upper-bound or for the graph’s algebraic connectivity (for
which distributed estimation algorithms exist (Franceschelli

et al. (2013a))). Moreover, multi-hop information, namely from,g,

neighbors of a neighbor, is also not allowed at the local level
since unfeasible. A

Let us now illustrate the two main classes of consensus prob-

lems, which mainly differ on the topological constraints on G. 4s

a 3)440

3.1. Leaderless consensus problems

If G is strongly connected, (11)-(12) imply that all agents are
committed to dynamically rendezvous on a configuration c(f)
everyone actively supports, even if it is implicitly a-priory un-
known to all, at the startup. Thus, since all agents behave as
peers, this is called leaderless consensus problem, or simply
consensus problem. For understanding the fundamentals at the
basis of leaderless consensus, let us now introduce the next ex-
ample.

Remark 2. If the interaction graph G is arbitrary, following
(Olfati-Saber et al., 2007, Section II.B and Lemma 2), the con-
sensus analysis is generally studied by exploiting the Gersh-
gorin’s theorem fo provide a spectral characterization of L(G).
Instead, if G is balanced or undirected, thanks to property (9),
the Lyapunov method can be easily applied. To provide the
reader with a Lyapunov-based consensus background, which
is useful to understand Section 4, Section 3.1 is focused on di-
rected balanced graphs and undirected graphs. Finally, in Sec-
tion 4, where VSC approaches are illustrated, graphs contain-
ing a spanning tree are analyzed with no exceptions. A

Example 5. (Average-consensus problem) Consider a set of
agents whose dynamics are represented by simple integrators

Xi(t) = u;(r) with x(0) e R. an

Let G be strongly connected balanced, and u(t) is defined as
in (13), the network dynamics results into

(1) = —Lx(7) (18)

and (12) the consensus subspace is globally exponentially
asymptotically stable.

To study (18), consider V(0) = %||6||§ as a Lyapunov function
for the disagreement vector (12). By differentiating along (18)
it results 6 = —L6, and by means of (9) one can conclude that
function V = =67 s < 2,D)V©S) < 0is exponentially stable.

Thus, 6(c0) — 0, = x(00) — cl,, for some ¢ € R. Now, let
1, : 1TL = O] be the left-eigenvector of L, clearly y(t) = 1} x(¢)
is a time-invariant quantity because y(t) = —17Lx(t) =0V ¢.

Thus, y(t) = 17 x(0) = 17 x(0) = 17(c1,) and the consensus
value c reduces to the initial states average

T
¢ = ave(x(0)) = M = ll,Tl - x(0). (19)
IT-1, n
For completeness, if G was simply a strongly connected di-
graph, since R{A;(L)} = 0V j > 2, then (18) is stable as well.
From that, and by using the Jordan matrix decomposition it can
similarly prove ¢ = yTx(0)/(y"1,) is reached, where vy is the

left-eigenvector of L corresponding to A,(L) = 0. 0

Further, (18) achieves (11) also for switching networks if the
union of all the underlying G, has a spanning tree (Moreau
(2005)); and also in the presence of communication delays if
G is a fixed connected graph (Olfati-Saber & Murray (2004)).

From a robust control perspective Example 5, which numeri-
cal simulations will be illustrated later in Figure 5, gives rise to
some considerations:
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(i) Protocol (13) achieves the consensus only because the
overall network is governed by the unperturbed dynamics (18).
If the network is affected by some unknown inputs w;, due to,
e.g., uncertainties or faults, such that (17) is modified into

Xi(1) = ui(r) + wi(0), (20)

and, by applying (13), the following controlled dynamics result

x(t) = —=Lx(t) + w(t). (21)40s

Then, due to the unknown input w = (wy;wa;--- ;wy), (12)
becomes no longer practicable using (13). In fact in the pres-
ence, for instance, of nonzero mean disturbances w;(t), the so-
lutions of (21) will clearly diverge while keeping the relativesoo
consensus error (11) bounded (cf. the results illustrated in Fig-
ure 5a with that on Figure 5b). Those considerations lead to the
definition of the so-called practical consensus condition

lx;(®) = x;OIl < T where TI'e€R,g, Vi, jeV, (22)
505

where I" generally depends on the uncertainties’ upper bounds.
Practical consensus concepts are resorted, not only to deal with
zero-mean measurement noises Li & Zhang (2009) but also to
study the consensus over switching, intermittently connected,
networks (Franceschelli et al. (2013b)); and in the presence of
multiple root nodes, as in opinion spreading problems (Vasca
et al. (2021)). (ii) Protocol (13) achieves the consensus on (19)
only because (18) has well-defined left- and right-eigenvectors
associated to A;(L) = 0. Suppose the uncertainty consists of
a stable state-dependent dynamic as w; = €x; with g < 0.
Thus (18) reduces to X = Ox, with ® = —L — diag([¢;]) where
R{1;(®)} < 0V i, implying agents will collapse to the origin,
thereby compromising the achievement to task the MAS has
been devised, be either the average or f-consensus value esti-
mation. si5

Said that above, and to provide some robustness characteris-
tics, at least those to treat the aspect described by Section 3.1:(i)
in the case of constant disturbances, or zero mean stochastic
noisy channels, PI-based consensus protocols can also be ap-
plied to (20) (Bullo (2019)), as next illustrated. 520

0

Example 6. (PI robust consensus) Let G be a connected
graph. Consider n agents as in (20), each one perturbed by a
step disturbance w; = const., and u;(t) = —L;x(t) — fOT L;x(r)dt,

x(t) = = Lx(¢) - fT Lxdt + w = —Lx(¢) — Lg(t) (23)
0

q(t) =x(1) with  g(0) = w. (24)
LetV = %Ild 1 ||§ + %(5; Lo, be a candidate Lyapunov function for
the disagreement vectors 61 = L¢x and 6, = Lgq. After time-
differentiating, V < —6]TL6| < —LL)I61]2 < 0 which implies
01 — 0,. Then, it results 5, = §; — 0, and x(t) = c(t)1,,

a0 from which we can further conclude that §; = 0, showing 0, =

—Lé6; — Lo = -Ldr =0, = 6> — 0,. Thus the consensus is
guaranteed by the LaSalle’s Invariance Principle.

Nevertheless, since y(t) = 1} x(t) is still time-invariant along
(23) because y(t) = 0V t, the group decision is no longer (19)
but a disturbance-dependent ramp of the form
17 - (x(0) +7¢(0)) 17 -x(0) N 17w

n - n n

c(t) = t. (25)

O

From Example 6 a third consideration arises:

(iii) The PI Laplacian flow (23)-(24) guarantees the consensus
achievement only against constant unknown inputs, whereas if
w is time-varying only a practical agreement along the manifold
Lx could be achieved. However, since w changes the network
structural properties of (20), an unexpected network emergent
behavior arises. This reinforces what is stated in Section 3.1:(i).

Indeed, (23)-(24) may achieve the average consensus if and
only if, at the same time, w = 0,, and ¢(0) = 0,, showing the
integral control component initialization is a critical aspect in-
dependently by the uncertainties presence.

3.2. Leader-following consensus problems

If G has a root node, referred to as the leader and indexed by
0, then achieving the consensus condition (11) is equivalent to

llxi(6) = %ol =0 YieV. (26)

As graphically illustrated on Figure 2i, since Ny = 0, a hier-
archy between the leader 0, which behaves independently, and
the remaining agents, called followers, exist. The major differ-
ence to the leaderless case is that c(¢) is now a-priory given and
communicated at least to a few of followers. Thus, the coordi-
nation task reduces simply to the distributed tracking of xo(t).

The following example aims to highlight the limitations
and problems behind the solution of the leader-following task
through the Laplacian flow protocol (13).

Example 7. (Leader-following via Laplacian flow) Let
G(V,E) be the digraph describing the followers’ interaction
(e.g. see Figure 2a), and let G(V, E) be an augmented digraph
where V' = {0} UV and 0 is the only root of G (e.g. see Fig-
ure 2i). Then L(G) = [0];—p,M], where M = L(G) + P > 0
and P = diag(p) is the so-called pinning matrix, with p; = 1 if
(0,i) € E (cf Figure 2i with Figure 2j).

Let us consider (13) with d = 1, and suppose the followers
have the integrator dynamic in (17), whereas the leader state
xo(t) € R, possibly virtually generated, is given by

Xo() = up(t) where |up(t)| <11, 27)

where 11 can be either a time-varying or a uniform, raw, bound
depending on the available leader’s information. Now, to study

the MAS dynamics, introduce the tracking error
e(t) =x(t) -1, ®xp(2) e(t) = —Me(t) — 1, @ up(r). (28)

LetV = %IIeII% be a candidate Lyapunov function, by differenti-
ating along the solutions of (28), yields

V < =2 (Wlell3 + luol llelly < — [ (D)llell, - TV | V2V’
(29)
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where M = (M + MT)/2 > 0. From that it results e(c0) — 0,
if and only if either uy(t) is vanishing, or xy(t) is a piece-wise
constant function, i.e., xo(t) = 0. O

565

From Example 7, two more considerations arise:

(iv) In the case of a non-autonomous leader (when uy(t) in
(27) drove x((t) arbitrarily) and without compromising the dis-
tributed nature of interactions over G by assuming u(f) glob-

ally known (as made in Song et al. (2010); Zhou et al. (2012)),570

only the practical consensus can be guaranteed through (13),
as also confirmed by the numerical results illustrated in Fig-
ure 9a. Specifically, and in accordance with (22), it results
an accuracy upper-bound that, from (29), results to be equal
to[lell < T =TIvn'/ 21 ().

(v) Finally, compared to the leaderless case where the
consensus is generally concluded through consideration on
Lx and by exploiting property (9) (since # L7'), for the
leader-following the analysis is often easier since 3 M~ and
R{1;(M)} < 0V j. Moreover, contrarily to Section 3.1:(ii),
agents with stable dynamics do not compromise the consen-
sus reaching since the agreement value c(¢) is provided by the
leader. This further shows the leader-following problem can be
viewed, in some sense, as a special case of the leaderless one.

Later, it is shown that the VSC approach allows making the
leader-follower consensus problem (26) robust against both the
Xo(?) effects and the influence of additional time-varying local
uncertainties w;(f) corrupting the agents’ dynamics.

Remark 3. The leader-following paradigm plays a fundamen-
tal role also in mobile robotics displacement-based flocking and
formation control. There, a team of followers, either linear or
nonholonomic agents, have to track the position of one or more
leaders with some prescribed offsets to avoid collisions while

maintaining a desired formation shape. See (Oh et al., 2015, )

Section 5) for an overview of techniques designed to modify the
local Laplacian flow (13) to account for the desired displace-
ment respecting each neighbor based on the available setup and
the presence of absolute or relative measurements. A

580

3.3. Extension to higher-order consensus problems

The higher-order consensus problem has been formalized
(Cao et al. (2012)). Nevertheless, since reaching a consensus on
a high-order manifold L(d"x(¢)/dt") = 0,V r < h, where h > 2,
returns an undamped agreement trajectory in the absences of a
leader and/or additional damping terms, except for some spe-
cific applications (e.g., coordination of nonholonomic systems
(Xie et al. (2022)), synchronization of distributed parameter
systems (Pilloni et al. (2015), or higher-order distributed track-
ing (Du et al. (2017))), the second-order case (h = 2),

x(t)y = v@®
() = u(t) (30)
u(t) = —kibx—kLv—nx(t) —n,v(t)

results to be the only of particular interest (Bullo, 2019, Table

8.1). This is mainly due to the large number of applicationssss

involving constant speed operation, such as for Lagrangian
systems, mobile robots, and synchronized oscillators such as

clocks or power generators, see e.g. Mei et al. (2015); Lin et al.
(2016); Smith et al. (2021), to mention a few.

Example 8. (PD-based consensus via Laplacian flow) Ler G
be a connected graph. Consider a set of n double-integrator
agents X;(t) = u;(t) subjected to the PD-consensus control pro-
tocol u; = —Lijx — Lix, where x = [x;] € R". Letv = X, by
simple manipulation (30) represents the considered controlled
dynamics, withk, =k, =1, n, =n, =0.

Let 61 = L¢x, and 6, = Lev be the position and the velocity
disagreement vectors where L. is as in (12). Now, by differenti-
ating V = %6{ Lo, + %”(52”2, and thank to (9), it yields

V = =6]L5, < —LLIS23 = 62() = 0, = v(t) > (D)1,

Then, by invoking the LaSalle’s Invariance Principle, it re-
sults that 51 — 0, = x(t) = c(t)1,. However, because y(t) =
17v(2) is time-invariant ¥ t > 0, then y(t) = 17v(0). Thus, all
the velocities are constant and equal to ¢’ = 1]v(0)/n. More-
over, as anticipated, the positions asymptotically approach an
undamped agreement trajectory of the form

1y - x(0
HECON

c(r) = t. 3D

Further note c(t) is as in (25). O

4. A tutorial overview on VSC-based consensus control

Motivated by the above-outlined considerations, the effec-
tive implementation of the VSC approach in a distributed fash-
ion to guarantee the robustness of the consensus condition de-
spite local perturbations and model mismatching, while induc-
ing finite-time convergence, is discussed.

Furthermore, the VSC approach is exploited to decouple,
thanks to its finite-time convergence characteristics, simultane-
ous control objectives in which the consensus is only a part of
more complex decision tasks, as in distributed optimization.

In the following, it is assumed that the agents are character-
ized by the first-order perturbed dynamics

xi(0) = my(x;, XjeN;» H+u(), x(0)eR, i€ V, (32)
where x; € R is the local state, u; € R the control devised
over G, and m;(x;, x; € N;, 1) does not to satisfy any particular
constraint other then being simply essentially locally bounded
(thus it can also be nonlinear and possibly discontinuous), i.e.

a.e.

Im;(xi, Xjen,» D < (X, Xjen;» 1) (33)
where m;(x;, xjen;,?) considers every mismatch to the nomi-
nal decision-making model (17), e.g., it accounts for uncertain
physical couplings propagated through the interaction graph G,
perturbations and/or any model uncertainty. In the following,
couplings at either physical or software level are described,
without loss of generality, by the same digraph G.
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Remark 4. In physically coupled systems an exact characteri-
zation of the node model and couplings is unrealistic since theysss
are not software entities. Model (32)-(33) thus describes cyber-
physical networks whose behavior is wanted to be orchestrated
through the consensus, as for generators on a microgrid (Pil-
loni et al. (2018)), coupled oscillators (Bauso (2017)), mobile
robots (Ajina et al. (2020)), etc. Let m; be the known part ofeo
m;, assuming that m; = m; — m; is at least locally bounded by
a known norm-bound m; is widely accepted. Thus, if m; is well
characterized, m; would be small, otherwise possibly unneces-
sary control gains result. This may lead to “chattering” in the
control loop. Chattering in VSC can however be alleviated, un-
der certain system characteristics and at the price of losing the
ideal accuracy, by approximating discontinuous control terms
as smooth functions (Lee & Utkin (2007)). A

Following Remark 4, and taking into account that the known
part of the drift term of (32) can always be feed-forwardly com-
pensated, in the remainder, m; in (32) is unknown with known
norm-bound 77;, to keep the notation simple.

By the mentioned structural distinction between VSC-based
consensus control protocols, in the following, respectively, the
signed Laplacian flow in (15) and the sum of signed deviations
in (16) are discussed, separately.

635

4.1. Signed Laplacian flow control protocols 640

The first attempt to exploit the VSC to solve consensus prob-
lems is presented in Cortés (2006). There, by non-smooth
gradient-flow arguments, it is proved that (15) reaches con-
sensus in finite-time if G is a connected graph, and agents
are unperturbed as in (17). Then Rao & Ghose (2011), us-%%
ing the Utkin’s equivalent control, extend the result to time-
varying topologies. Then, in Xiao et al. (2009), the switching
control (15) is replaced by its signed square root counterpart
(u; = —klLix|* ® Isgn(L; ® I;x), a € (0,1)), obtaining, with
continuous control and in the unperturbed case, the finite-time®°
consensus as well. Uncertain couplings or disturbances are in-
stead studied in Franceschelli et al. (2014b).

Example 9. (Robust consensus via signed Laplacian flows)
Let G containing at least a rooted directed spanning tree andg
let agents be uncertain as in (32)-(33). Consider the signed
Laplacian flows (15) with k > 2||D||e|lmll1, and m = [m;]. Let
& € [—|IMmlloo, Il ], then from Definitions 1 and 2, it yields

% € K[k sgn(Lx) + m] = —k |lLxll; + &. (34)

Let V() = ||Ld||; be a candidate nonsmooth Lyapunov function
for the disagreement vector (12), which dynamic satisfies

= k1Td|Ls

5 '€ KLedILSI + Lot = —k LS, + Log + Ll -
(35)665

Then, by invoking Definitions 2, (8), (10), L1, = 0,, and LL; =

L

. a.c.
V €
ced||Lally

{L S () kL Il

Led|lLsll

o k+ 2Dl S —e<0, with €>0. (36)

10

This implies V decreases until all the entries of & are zero on
sets of positive measure, and thus all the solutions of (34) con-
verge to an invariant set x(t) — c(t)1,. More formally, and
reminding discontinuities at measure zero time interval can be
disregarded, it results that, if one or more entries of LS are zero
on a time interval of positive measure, since Filippov solutions
are absolutely continuous, and 6(t) is the Filippov solution of
(35), then in the same positive time intervals the derivative of
the corresponding Filippov solution for those elements which
are zero is zero as well, until ||6|| = 0 for t > t,.

However, the agreement value c(t) is time-varying since in-
fluenced by uncertainties, thus it is unpredictable. As a special
case, if m = 0,, and G is either strongly connected balanced, or
a connected graph, then (Cortés, 2006, Theorem 11)

c(t) = mid(x(0)) = % (gnai/( x;(0) + \5nir\} xi(O)) , 37

that is, the so-called average max-min value is established,
known as mid-range of x(0). Dynamics (34) do not converge
to 17 x(0)/n because, differently to (18), 17 x(t) = 0, is not time-
invariant along (34), by design. 0

The signed Laplacian flow (15) solves the leaderless consen-
sus problem (11) in a finite-time, and in the presence of uncer-
tainty, while giving some robustness property to the closed loop
dynamics (34), even if the resulting behavior still depends by
the local uncertainties, namely robustness is not fully achieved.

It is also worth remarking that in the absence of perturbation,
it solves, in a finite-time as well, a novel consensus problem
that was not solved before and that gives information on the
central tendency of the agents’ initial conditions, or mid-range.
Numerical simulations confirming the above statements are also
provided in Figure 6a, where m = 0,, and in Figure 6b.
Instead, concerning the leader-following problem, note that:

(i) the leader-following and the leaderless problems differ
only for the digraph topology since the leader is not influenced
by the followers and it is the only root for G;

(ii) moreover by relating Section 3.1:(i), with Section 3.2:(v),
it results that ug in (28) plays the role of an unknown drift term
as w; in (20), or as my; in (32).

From these considerations, and because of Section 3.2:(iv),
one can conclude the leader-following consensus, can be
viewed as a particular case of the leaderless problem, which
proof can be easily extended, if the leaderless case-study is still
solved. Besides, it is not true the vice-versa since the Lapla-
cian matrix is singular, thus making the corresponding Lya-
punov analysis more general and difficult. To confirm these
statements, in the following, the leader-following problem for
the signed Laplacian flow is illustrated in Example 10. More-
over, for sake of completeness, their corresponding numerical
simulations are provided in Figure 9b.

Example 10. (Leader-following via signed Laplacian flow)
Consider the digraphs G and G, the matrices P, L, M = L + P,
the vectors p, x, and |ug| < I1, as in Example 7. Let xy be the
leader state governed by (27). Let the followers be governed
by the dynamic (16), (20), with k > (2||D|| + Dlle(lmll; + IT).
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Let e = x — 1,x0, since Mx — pxg = Mx — pxo=M1,xg = Me +
L(G)1,xo = Me, it yields & = —ksgn(Me)+ (m— 1,,ug), which has
the same structure of (34), except for the M in place of L, where
M is invertible and Hurwitz. Let us now consider the Lyapunov
Sfunction of Example 9, with M in place of L, then it results

V(e) = lIMell; = V< =k + IMll(llll; + [ITI1) < —€ < 0,

for some € > 0, where, due to (8), M|l = [IL(G) + P(G)|lo <
2ID(G)leo + 1, and ||IP(G)lle = 1. From that, and because of
AML it yields Me = 0, = e = 0, ae. ¥V t > t. = V(0)/€, re-
gardless both the followers model mismatching m;(x;, x; € N;, 1)
and the unknown uy(t), cf. with Section 3.2:(iii). O

Finally, to complete the signed Laplacian flow review, let
us now introduce its robust second-order extension, which can
be interpreted as a distributed reformulation of the well-known
second-order SM control algorithm, referred to as twisting al-
gorithm (Levant (1993)). This problem has been studied in the
leaderless setting in Pilloni et al. (2013), for a set of perturbed
double-integrator agents

¥i(1) = mi(x;, Xj € N, 1)+ u;(t) with |m;| < m, (38)

operating over a connected graph, under the non-smooth proto-
col
(1) = —kx sgn(Li x()) — ky sgn(Li X(1)) (39)

with k, and k, sufficiently large and in a proper ratio to coun-
teract the uncertainty.
Then, in Pilloni et al. (2015), by exploiting an artificial state

augmentation for the control, it was shown that the smooth inte-""

gration of (39) achieves synchronization also between infinite-
dimensional agents modeled by boundary-controlled heat equa-
tions perturbed at the boundaries. Finally, Pilloni et al. (2017a)
applies (39) to solve, from a leader-following perspective, the
voltage secondary-control problem on a DC-AC microgrid.

Example 11. Twisting 2SMC signed Laplacian flow Ler G
be a connected graph and let agents be uncertain as in (38).
Consider the twisting 2SMC protocol (39) with k, > k, + ||n||co,
and k, > ||mlle. A sketch of the proof summarizing the main
steps and lines of reasoning necessary to show that (38)-(39)
achieve the consensus in finite-time is given. For further de-
tails refer to Pilloni et al. (2013). The proof is carried on in
three steps. Let us first show that the system is uniformly stable.
Define 6| and 6, the disagreement vectors for the x(t) and x(t)
variables as in (12). By differentiating

1
V(@®) = ke lILo1 (DIl + 562(0)TL62 (1) (40)

along the Filippov’s solutions of the disagreement dynamics

b =6 (41)

where & € [—|[fitlleo, 1]le], and by letting &1 € 0||L61]l1 and
0 € 0|IL6s]Iy, and thank to LL; = LcL = L, after manipulations

V() € {Q koL TLS, — k6TLL) = kGTLE + 6TLE
61,62

a.e.
< —(ky = [Imlleo) ILS2l; <0 if ky > [Imllo

11

5> € —k,LeSGN(LS) — kyLeSGN(LS,) + Lo& 00

(42)e95

By virtue of (42), if (41) is initialized in a compact domain
Dr = {(01,02) e R" X R" : V < R}, R > 0, the perturbed sys-
tem’s trajectories (41) cannot leave it. Thus, from (40), it yields
ILS11l < R/ky, 6515, < 2R.

Let kg < min{2k,*/R, 2»(L), (k, — |17llo)W2(L)/2R) '} be a suffi-
ciently small constant; a well-posed nonsmooth candidate Lya-
punov function on Dy is Vg(t) = V(1) + kg 6}' L&,, which is radi-
ally unbounded and satisfies the Extended Invariance Principle
conditions (Orlov (2008)) because

R
V() 2 V(1) - %R k—IIL51II1 +6213] > 0, 43)
Vr(t) < er(ILoill + [162113), 44)

Cr = max {kx + kp\2R/ (L), VR/225(L) } (45)

Finally, by differentiating Vg along (41), by suitable upper-
bounds (see Pilloni et al. (2013)) and because kg in (43) can
be chosen arbitrarily small, the exponential decay of Vg(?) re-
sults if additionally k, > k, + |||, as it is shown by

Ve ace. _minfxg (ke — ky — D), ky — [I7lloo — krV2R/A:(G) } v
- max{k, + kg V2R/(G) , VR/(242(G)) }

(46)

Finally, due to (46) and the perturbation boundedness, and
by recalling the Quasi-Homogeneity Principle (Orlov (2008)),
it can be proved the homogeneous vector (6;u(61,6,)) € R?"
on the right-hand side of (41) is, component-wisely, a piece-
wise continuous function of degree —1 with respect to dilation
and perturbations. Thus, both position and velocities consen-
sus is achieved in a finite time regardless of the uncertainties

effects. O

4.2. Signed deviations sum flow protocols

The signed deviations sum flow (16) is studied in Hui et al.
(2008b) for switching connected undirected networks of unper-
turbed integrators (17), where since 1Ju(t) = 0V ¢ > 0, it
achieves consensus on the average in finite-time. Note that,
because of (16)-(17), the system dynamics are studied in the
Filippov’s sense, and G(¢) is assumed connected V ¢ > 0, while
the switches occur at isolated instants, then those events can be
disregarded because of zero measure without further complicat-
ing the analysis. By exploiting homogeneity, Hui et al. (2008a)
found conditions to generalize (16) to arbitrary locally Lips-
chitz sum of functions of the agent deviations, whereas Xiao
et al. (2009), interdependently, study the signed square root
counterpart of (16), i.e.,

ui(t) = —k diag((|B1x"; - - - 5|B,x|"))BTsgn(Bx). (47)
Both guarantee the finite-time average consensus for the undi-
rected unperturbed case. Worth also mentioning Cao & Ren
(2014), showing that over persistently connected switching di-
graphs, control (47) allows for achieving the consensus in a
finite-time among nonlinear agents of the form x; = ¢(x;, 1) + u;
if and only if the Lipschitz condition |¢(x;, 1) — ¢(x;, 1) <
C.lx; — x;| holds, where C, > 0 is a-priory known. At last, we
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|:| Subintervals of Z(#) where G(7) has a directed spanning tree

. Subintervals of Z(f) where G(7) has not a directed spanning tree

|Zw|=1
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Figure 3: Let Z(f) = (¢,t + T) be the sliding time-horizon of Assumption 1.
Over Z(1), G(7) had a directed spanning tree for a positive time ||J; S;| = #; +
ty + 13 > € > 0, whereas it is remained disconnected for T — (t; + t + 13).

mention Franceschelli et al. (2014b), which generalize the re-720
sults of Hui et al. (2008b); Franceschelli et al. (2013b), demon-
strating that a set of uncertain agents of the form (32)-(33), un-
der (16), achieves the exact finite-time consensus (11). More-
over, if G is switching but not persistently connected (inter-
mittent intervals of positive measure where G(¢) remains dis-
connected may exist), the consensus accuracy in the practical
sense (22) is further characterized (Franceschelli et al. (2013b)).

Aimed at illustrating the idea behind this last general result,
Assumption 1 and Figure 3 help to understand the switching
constraint formulation, while Example 12 illustrates the techni-
calities to be considered to approach its analysis.

Assumption 1. Consider a digraph G(t) and a sliding time-"""
horizon Z(t) = (t,t + T) with T > 0. G(¢) should have a di-
rected spanning tree for a set of possibly disjointed subintervals

Ui Si(t) € Z(t) whose overall length || J; Si(?)| is at least € > 0.

730

Example 12. (Consensus via signed deviations sum over in-
termittently connected uncertain networks) Let G(t) be a
time-varying digraph satisfying Assumption 1 and let agentsrss
be uncertain as in (32)-(33). Consider the signed deviations
sum flow (16) with k > 2(T/e)|lml|« + u, for some pu > 0. Let
6ij = Xj — xj be as in (11), to study the network, the maximum
relative deviation over G, such that (i,]) = arg max jevv 100,

is considered and it is used as a Lyapunov function
740

V() = 1650 = |xi(1) — %D = sup xi(1) — ijrelng(l) NG

where V() — Oimplies (11). Until V(¢) # 0, (48) is continuous,
even at those instants when “i” or “j” change, whereas at the
consensus it is not differentiable. Moreover, since a sum of
absolute values is absolutely continuous, (48) can be viewed as
Filippov’s solutions. Thus, from Definition 1, and by noticing
V(¢) exists a.e. in the form of a set-valued map only when V(1) =

12

0, following Theorem 1, it results

V'€ (o= ek Y aunsenen

Jeov feovV heV,h#i

e Y ap@sen@p) < () (2ot

heV hj Zeqv

-k Z ain(1)sgn(Sin) + k Z aj/z(l)Sgn(5jh)),

heV h#i heV hj

(49)

where a;i(t) is made explicit to account G(t) is time-varying,
& € K[m; — m;] = [-2|1/lleo, 2|71l |, and & = 1 until V(1) # 0.

Since x, € colxj, xi}, Y h € V\ {i,]} irrespectively of G(t),
all the terms function of the state deviations in (49) are non-
positive (< 0). Let | J; Si(t) be the union of sub-intervals at
which G(t) has a spanning tree, then in the complementary in-
terval where G(t) is potentially disconnected (see Figure 3), due
to (49), one can easily note that V(t) < 2|fitlle, ¥Vt € Z\U; S

Besides, if t € |J; Si(t), and although (i,]) is not unique (if
so pick up just one), one of the two holds: a) among the agents
carrying x;, at least one has a neighbor h : 6;, > 0; b) among
those carrying x;, at least one has a neighbor h: 6 < 0. Thus:
V() <2l — k, ¥ t € U; S;. By integrating (49) in T, and
by replacing k, it yields

Vit+T)- V(@) = f V(r)dt + fI\U s V(T)d‘r

50
<E(2||m”oo_k)+2(T &) [Imlle < 0

—,u e<0,
thereby showing 3 t, : V(&) = V() — t.ex* = 0 = (11).
However, for t > t, fluctuation around (22) may occur when
t € T\ ;S Specifically, once V = 0, from (50), its maxi-
mal deviation is at most 2(T — &)||m||w. Instead, if e = T, since
V =0 = u; =0, whereas m;(t) can be nonzero, an infinitesimal
deviation around V = 0 can be observed. However, as soon
as 'V # 0, an arbitrarily small time later € > 0, (16) restores
V = 0. Thus, despite intermittent disconnections of G(t), and
when simultaneously disturbances are acting, only a practical
consensus (22) is achieved, where I' < [2(T — &) + €] ||| de-
notes the consensus accuracy. Further notice that the transient
time t. after that (48) reaches the origin for the first time can
be made arbitrarily small by selecting u large enough. Indeed,
a u-dependent majorant curve V(t), illustrated in Figure 4, and
of the form V(1) < V(1) = maxo | V(0) - p2e(t/T) + T T| can
always be defined.

Results of numerical simulations illustrating a performance
comparison of the leaderless signed-deviation sum control pro-
tocol (16), under different operating conditions (with/without
perturbations) are illustrated in Figure 7.

Remark 5. The result of Example 12 is of particular interest
since demonstrating the VSC provides a simple alternative way
to deal with intermittent communications (cf. Wen et al. (2014);
Xie & Lin (2020)) while preserving robustness to local pertur-
bations, which is not contemplated by the other techniques. A

Finally, we further mention Gémez-Gutiérrez et al. (2020);
Dong et al. (2022) because, even if perturbations are not con-
sidered, they discuss modifications for (16) to guarantee the sta-
bility in a fixed-time, even in the case of actuators’ saturation.
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Figure 4: Graphical interpretation of the practical consensus condition en-
coded through the Lyapunov functional V(r) = |S“Piev xi(t) —infjey x j(t)| in
(48) of Example 12 and the corresponding majorant curve V(#) < V(f) =4
max [V(O) —12et/T) +T 1"], where I" denotes the consensus accuracy, de-
pending by the perturbation upper-bound ||| and the proportion of time €/,
G(?) has a directed spanning tree, accordingly with Assumption 1.

Regarding instead the extension of (16) to second-order per-,
turbed agents, as for (38), although in the literature several
non-robust smooth finite-time version of (16) are available, e.g.
expressed in terms of the sum of Lipschitz functional of the
agents’ deviation, and/or based on the sum of the root square
agents deviation (see e.g. Wang & Hong (2008); Guan et al.,q
(2012); Zou et al. (2019)), to the best of our knowledge, the
nonsmooth twisting counterpart of (39), based on the signed
deviations sum flow has not been demonstrated yet, either in
the unperturbed case or in the perturbed one, thus remaining an
open problem.

Remark 6. Example 12 requires that G has a spanning tree 0"
guarantee (12). Thus, one may suppose the leader-following
extension of (16) is straightforward. But if the leader is non-
autonomous as in (27), even in the absence of model mismatch-
ing (m; = 0), as for (17), it is not. In fact, let G({0} U V, E),
G(\V,E), P, x, and p be as in Example 7, where p; = 1 if
{0} € Ni(G), 0 otherwise, and x = u; if xo is not piece-wise
constant but driven by |ug(t)| < 11, since (16) reduces to

w0y = " kijsgn(x(t) - x(0) + kiopisgn(xo(n) - xi(1), (1)
JENI(G)

where no distinction is made between the local gains k;j and ki
(i.e. kip = kij = k), then multiple equilibria may result along the
non-trivial error dynamics

¢ = —k [B(G)sgn(B(G)e) + Psgn(e)] — o1, (52)

where e(t) = x(t) — xo(t)1,. Thus, to make (16) applicable to
non-autonomous leader-following problems, when only binary
sensing orientation deviations are available, the simplest way
to force (26) (i.e. e — 0) is to set either the pinning gains
pi > 1if {0} € N(G), or by weighting more the signed deviation
respecting the leader, through ki = k* > kij = k> Ilin (51).
However, since this request implies the leader is recognizable
over G by suitable tagging procedures, it is not always applica-
ble because depending on the considered sensing and/or com-
munication infrastructure. The validity of the above statements
is also confirmed by the comparison of the numerical simula-
tions illustrated, respectively, in Figure 9c and Figure 9d. A

13

4.3. Evolution characterization along the consensus manifold

Section 4.1 and Section 4.2 have shown that, if the networked
system maintains, through G, the connectivity and perturba-
tions are bounded with a known upper-bound, the robust finite-
time consensus can be guaranteed using the VSC approach.
We also noticed that disturbances affect the agreement value
c(t) (see Section 3.1:(i)-(ii)), which would not be anymore the
nominal expected one, namely (37) for (15), (17), or 17 x(0)/n
for (16), (17), remaining unspecified and possibly unbounded.

These facts brought attention to the network evolution char-
acterization along the consensus manifold and to two new prob-
lems, potentially more challenging than the robust consensus
itself, in which the VSC plays a fundamental role again. These
problems are illustrated below:

(i) Along the consensus manifold Lox = 0, the uncertainties
influences the c(f) of (20) while (12) holds. Thus, considering
mi(x;, x; € N;, ) as a part of the control u;(z) for (17), instead of
being a disturbance for (20), would allow for modifying arbi-
trarily the network emergent behavior, allowing agents to solve
more complex problems in which the consensus is only a part
of the task, as for the distributed optimization.

(ii) Due to model mismatches, the consensus value would no
longer be what was expected for the unperturbed case. Thus,
understanding how to modify u;(¢) in (20) in such a way the
nominal expected emergent behavior is restored, regardless of
perturbations, is become of interest.

Both problems are now discussed from a VSC perspective.

4.3.1. From consensus to distributed optimization

The fact that m;(x;, x; € N;, 1) in (20) modifies the network
equilibrium along the consensus manifold (11), is the key to
allow agents to achieve, in a leaderless setting, more complex
decision tasks by devising m;(x;) as an additional control. This
problem, referred to as distributed optimization, was firstly for-
malized in discrete-time over a connected graph G in Nedic
& Ozdaglar (2009), then in continuous-time by Wang & Elia
(2011), as

minimize: 1} f(x) + ngL(G)x, with f(x) = [f;(x)],
(53)
(54)

subject to: L(G)x =0, k>0,

where, since its  Lagrangian  dual problem is
max, min, F(x,z) F(r,z) = 10f(x) + 5xTLx + xTLz,
yields its solution is found by
i) = -ViF(x,2) = -m(x) —kLx(t) —Lz() (55)
21 = V.F(x,z) = Lz,

and m(x) = [V,f;]. Indeed (53) ask to optimize a sum of local
convex differentiable f;(x;), where since decision variables are
separable, then each agent can optimize, under the consensus
constraint, its local objective independently through m;(x;, 1).
The extra cost in (53) has sum-zero if the constraint is feasi-
ble ¥V k. Its role is to improve the solver stability and conver-
gence since Pl-based compensators, as in (53)-(54), perform
better than just an integrator (k = 0). Worth also noting the
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average consensus can be formalized as in (53) and solved by
(55) with

D) = Y (0 = (O = mix;, 1) = 206(0) = x,(0).  (56)ess
i=1 i=1
Later, Gharesifard & Cortés (2013) extend this result also to
a sum of convex globally Lipschitz f;(x;). When the functions
are norm-1,

840

D h) = D (0 = %Ol = mi(xi, 1) = sgn(xi(H) = x,(0), (57)
i=1 i=1

it can be defined as the median value of a set of data as the min-
imum of an objective function, and thus use distributed opti-
mization approaches to solve the consensus on the median value
problem. The consensus on the median problem with finite time
convergence using VSC approaches has been studied specifi-
cally in Franceschelli et al. (2014a) and later in Franceschelli
et al. (2016) where the median value is defined as

{xm ; (0)} if n is odd,

x2(0), x§+1(0)] if n is even.

med(x(0)) € { [ 2 (58)

where in (58), the agents are ordered, without loss of generality,
according to their initial conditions such that x;(0) < x,(0)--- <
x,(0).

Next, motivated by finite-time convergence arguments, dis-
continuous solvers are developed. Among them, since VSC-
based, it is worth mentioning Pilloni et al. (2016a) which, based
on (16) and for quadratic local objectives f;(x;), proposed a dis-
continuous PI version of (55). Then, for convex differentiable
fi(x;), Lin et al. (2016) proved (16), (20), namely

x=-m(x)— kBT sgn(Bx) with m; =p V,fi(x;), (59)

solves (53) without the need of the Lagrange multiplier auxil-
iary variable z used in (55), where p > 0 is a scalar gain aimed to
speed up the optimization convergence rate. Then, we mention
Franceschelli et al. (2016), that is a step further also to Gharesi-
fard & Cortés (2013), because it proves, for the specific median
problem (53), (54), (57) (where m;(x,t) = p sgn(x;(¢) — x;(0))),
that (59) with k > p optimizes, in finite-time, also a globally
Lipschitz functional. Finally, Li et al. (2017); Chen & Li (2018)
extend the results on convex differentiable f;(x;) to the fixed-
time setting.

Aimed at illustrating the technicalities behind the use of
VSCs for solving distributed optimizations, the following ex-
ample explains how (16), (20) optimizes the globally Lipschitz
functional (57), thus converging to med(x(0)). Notice the rea-
son we focus on that specific application is twofold:

(i) functional (57) is a.e. differentiable and provides uni-
formly bounded m;(x;), thus matching well the nonsmooth and
robust consensus characterization of the paper;

(i) (53), (57) overcomes the major drawback of the average
problem (53), (56), the sensitivity to outliers (agents deliber-
ately/incidentally features abnormal x;(0)) or to uncooperative
agents (agents due to faults cannot update their state while de-
livering their state to its neighborhood), thereby disrupting the
emergent network behavior in the absence of counter-measures.

14

Example 13. (Finite-time median consensus problem) Con-
sider problem (53)-(54), specified for (57)-(58). Consider a
network of agents operating over connected graph G, and gov-
erned by (59), with x = (x1;x2 -+ ;%) : x1(0) < x(0)--- <
x,(0), and k > p > 0. To study (59), the analysis is divided into
two parts. It is shown that a finite-time consensus on c(t)1, is
reached. Then, that c(t) drifts to med(x(0)) in a finite-time as
well. Following Example 12, the consensus achievement can be
proved. However, since G is static and undirected, a different
and elegant nonsmooth Lyapunov analysis is illustrated.
Consider V(6) = ||Bd||; for the disagreement vector 6 = L.x.
Now, since BL, = B holds, then by differentiating it along the
disagreement dynamic 6 = —kL;BTsgn(BS) + Lom, it results

. . a.e.
VeNeav{TBS& < —kIBTI;+ BT limll>

ae. (60)

< =k BTl + [Imlloo.
Then, by noticing that if 6 # 0, at least a pair of agents have a
nonzero deviation (x; > x;), then { € 0V surely has at least two
singleton entries, one equal to {+1)}, and the complementary
equal to {—1}. From that, due to the B structure (see Figure 2h),
it results that at least the i-th entry of the term BT( (that is the
same used in (59)) is singleton and equal to {+1}, whereas the
J-th is {=1}. This implies |IB7{|lo > 1 if 6 # 0,. From that,
and by noticing (57) gives ||m|l < p < k, then (60) reduces to
V < — € for some € > 0. Thus it further results

At >0:x0) =c®)l, = c®) = 1T x(0)/n. (61)
Further note that, due to G, then 1} B, and thus

. 15 P

et) = —;1;1 m(x) = _;1n sgn(x(?) — x(0)) (62)

Define now the disjoint sets S, = {k € V : x(t) < x(0)},
S_.={keV:x@ > x0)}, Sc = {k € V: x(t) = x(0)},
which union forms V. Let W(x) = |c(t) — med(x(0))| be another
nonsmooth Lyapunov function, fort > t, = x;(t) = c¢(t) V i. By
differentiating W(x), one obtains

W) € N £é=-L N &[card(S) - card(SY)
eow £eOW
+ 3 SGN(e(t) - x(0))]

i€S=

(63)

where Y ;cs- SGN(c(f) — x;(0)) € [—card(S7), card(S™)]. Now,
if |card(S™) — card(S*)| > card(S®), then ¢ S p/n while & =
{=1}. If [card(S™) — card(S™)| < card(S7) then ¢ < — p/n while
& = {+1}). Finally if card(S™) = card(S*), due to (58), yields
c(t) = med(x(0)). From those considerations, and by simple
manipulation, it can thus be concluded that for c(t) different to
med(x(0)), results

WS -2 (ks -£ <o
n n
£eoW

(64)

Therefore, c(t) = med(x(0)) V ¢ > ¢, + . with t' = nW(0). O
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For the sake of completeness, in Figure 8, numerical simula-
tions illustrating a performance comparison of the median con-
sensus protocol (57)-(59) under different operating conditions
(with/without exogenous perturbations) is further provided.

Finally, and following (Franceschelli et al., 2016, Section V),
it is also worth mentioning that, under the assumption G is k-
connected, exploiting among others also the term of the VSC-
based median consensus protocol (57), (59) guarantees the co-
operative agents converge on a value lying on the convex hull
of their initial conditions regardless the effect of (ar most) a
certain number of uncooperative agents that persistently influ-
ence the network, thus providing k-safeness resilience charac-
teristics, exploiting a different non-smooth Lyapunov function.
Also, in Sanai Dashti et al. (2019) the consensus on the me-
dian value problem was extended to a dynamic setting where
consensus is performed over a set of time-varying signals and
an open-MAS setting, i.e., the case where agents join and leave
the network during the algorithm execution.

4.3.2. Nominal consensus robustification despite perturbations

In Section 4.3.1, we show how distributed optimization argu-soo
ments and the VSC-based consensus control (16) can be com-
bined to obtain the so-called median consensus protocol, which
possesses some characteristics of robustness against outlier and,
or, non-cooperative agents. Moreover, Example 12 shows also
(16) is effective in the presence of intermittent interactions. 905

However, since their convergence is related to the fact (16)
in (59) has sum-zero, if agents were heterogeneously perturbed
respecting model (17), then the consensus value unpredictably
drifts away from med(x(0)) (see e.g. Figure 8b). Now, con-
sistently with Section 4.3:(ii), illustrates how to design an ad-
ditional corrective term within the agent control to compen-
sate for that drift. The approach we are going to illustrate has
been formalized in Pilloni et al. (2016b) to address items Sec-
tion 3.1:(i)-(ii) by robustify the leaderless average consensus
control (18) in the case agents have uncertain dynamics as for
in (20). The idea takes inspiration from Fridman et al. (2016),
where the ISMC (Utkin & Shi (1996)) was used to robustify a
linear-quadratic optimal controller. Here, the main difference is
that the ISMC requests full state availability, thus to be imple-
mented in a distributed setting, its reformulation to consider the
interaction constraints over G has been mandatory since each
agent i may access only x; and x; € N;. Previous attempts to ap-910
ply the ISMC for distributed control problems were also made
in Yu & Long (2015) and Jiang et al. (2016). However, both
limit the analysis to the leader-follower case where either (15),
or (16), or (39), performs better since they do not add complex-
ity to the control protocol. Worth also mentioning Pilloni et al.
(2016a), which shows that the method can positively be applied
to the nonsmooth median consensus control, which is also a
step further to Franceschelli et al. (2016). Finally, in Pilloni
et al. (2020), using non-smooth analysis tools, the approach has
been generalized to arbitrarily designed consensus algorithms
(as for the average, mid-range or median estimation) and dis-
tributed optimization control solvers (as in (55), and (59)) over
uncertain cyber-physical networked systems.
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The idea behind this approach is fully characterized by Al-
gorithm 1 taken from Pilloni et al. (2020).

Algorithm 1 - Distributed control robustification procedure
a) Consider a set of uncertain agents satisfying (32)-(33);
b) Devise an essentially locally bounded control protocol
0i(xi,x; € N;, 1) tasked to solve a desired distributed op-
timization or control problem over a given G, for nominal
agents modeled as in (17), i.e. for X;(¢) = gi(x;, x; € N, 1);
¢) For each agent, implement the augmented local control

u;(t) = 9i(xi, Xjen;» 1) — ki (X3, Xjen,» D) VIIxi(®) — g0l

4i(0) = 9i(xi, Xjen» 1), ¢i(0) = x;(0) (65)

where ¢; € R? is an auxiliary integral control, and
k! (xi, , Xjen;» 1) € Rsg is a scalar function of class C%;

dDIfk >mVe=0Yie V, the agents’ state trajectories
of the uncertain networked system track exactly those of the
reference system devised at point b).

Last, we mention the preliminary study Ferrara & Zambelli
(2019), which proposes the implementation of the so-called
Suboptimal HOSMC (Bartolini et al. (1998)) in a High-order
ISMC fashion to solve the robust second-order leader-following
distributed tracking problem, by exploiting only neighboring
relative position measurements.

Aimed at discussing the main technical aspects behind this
methodology, the following example illustrates the median con-
sensus protocol robustification.

Example 14. (VSC-based control protocol robustification)
Consider a set of uncertain agents of the form (32)-(33), where
the model mismatching m;(x;, x; € N;, ) satisfy [lm;|| < m;. Sup-
pose it is asked the network to solve the optimization (53)-(54),
(57) over a connected G. As discussed, the median consensus
protocol (57), (59), alone, is not be able to converge to (58).
Now, it is shown that Algorithm 1, specified for

gi()C,',Xj € Nl',l) = —sgn(x,-(t) - )C,(O)) — kBT sgn(Bx(t)), (66)

allows each agent to track exactly the state trajectories of
the nominal multi-agent system, satisfying (11) with c(t) =
med(x(0)), where x = (x1; X205+ 5 x,) : x1(0) < -+ - < x,(0).

To study the dynamics described by (20)-(33), (65)-(66), let
us introduce the sliding variable o(t) = [oi(t)] = [x;(¢) — q:(D)].
Then by applying this change of coordinate, one obtains

x(0) = m(x, 1) + g(x, 1) = k' (x,1) V]lo(@ll;
o) = m(x, 1) = k'(x,1) Vlec@ll,

(67)
(68)

where k' = diag((k};--- ; k). Now, since (68) is homogeneous,
it can be studied separately using the nonsmooth Lyapunov
function V(o) = ||lo(@®)|l; where, due to (65), d||c(0)|; is set-
valued component-wisely. By differentiating V(t) along the Fil-
ippov’s solutions of o(t) ‘€ K [m(x,t) — k'(x,1) V|lo®l], and
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by exploiting the chain rule (5), one obtains

VEM T (7€ =K< Il - K1)

LedV LedV LedV
ae. , _ a.e. . _ _
<= (& = limlle)S - e <0 with £ € [, lilla],
LedV

for some € > 0, where ||{||l = 1 Yo # 0,. From that it results
o= 0 % 0,ae ont > 0. Specifically, since o is absolutely
continuous because it is a Filippov solution, whenever one or
more of their entries are zero for a measure zero interval, ac-"
cording to Filippov (2013), those discontinuity points on 7i(t)
can be ignored. Whereas, if one or more of their entries are
zero on a positive measure set, due to its absolute continuity, in
the same intervals, oi(t) = 0,. Thus, o = x—q ¥ 0 is an invari-
ant set N t > 0. Thus, by replacing & *< 0 into (67) it turn out’”
= g(x, 1), thus confirming, in accordance with Example 13,

X i
x(t) = med(x(0))1,, after a finite-time interval t > t,. O

5

To confirm the generality of Algorithm 1, results of numer-_,
ical simulations related with the robustification of: the linear
average; the midrange finite-time; the average finite-time; and
the median finite-time consensus control protocols are provided
in Figure 5c, Figure 6¢, Figure 7c, Figure 8c, respectively.

980

5. Numerical simulations

Numerical simulations have been devised and implemented
on the MATLAB®/Simulink environment with the Euler fixed-
step solver and the sampling time was set to 10~ seconds.

The corresponding results are here illustrated in the follow-
ing figures, from Figure 5 to Figure 9. There a detailed compar-
ison of the consensus approaches and techniques discussed ing,
the previous sections is given. To make the explanation easier,
and more readable, the caption of each figure is self-contained,
in the sense that it contains all the information necessary to
replicate the results, along with the pertinent comments, and
pointers to the previous sections, targeted examples, or consid-g,,
erations so that one could immediately return to the mentioned
parts of this treatment.

Specifically, Figure 5 shows the limitations of the leaderless
Laplacian flow control protocol (13), focusing on a leaderless
linear average consensus problem. Then, Figure 6, Figure 7,00
and Figure 8 illustrate their finite-time robust consensus charac-
teristics by considering, respectively, the finite-time mid-range,
average and median nonsmooth consensus problems.

For a clear comparison among the various protocols and the
reader’s understanding, all simulations consider the connectedoos
static graph G3 drawn in Figure 2g. When considering the
leader-following case, the same agents’ network is connected
to the leader as in Gs in Figure 2i, where node 0 denotes the
leader. The perturbation vector m is always modeled as exoge-
nous nonsmooth biased clipped noises, sampled at 0.1 secondsioio
and such that m; € [0, 1] (Van Vleck & Middleton (1966)).
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6. Concluding remarks and future challenges

Motivated by the application of the consensus control
paradigm to cyber-physical agents operating in uncertain envi-
ronments, this manuscript reviews, from a tutorial perspective,
most of the interesting recent developments related to the ap-
plication of the VSC paradigm to a wide range of cooperative
control problems.

The basic robust coordination issue in uncertain multi-agent
systems, i.e., the finite-time robust consensus problem, either
with or without the presence of leader agents, is presented as a
direct application of the VSC robustness features; then, some
variants, aimed to provide: k-safeness resilience characteristics
to intermittent communications, robust distributed tracking and
robustification of arbitrary optimization and consenus problem,
have been presented, with some hints about their high-order ex-
tension.

The two main families of consensus-based VSCs have been
illustrated, respectively the signed Laplacian flow and the
signed deviations’ sum flow, through a set of examples accom-
panying the reader to understand the main technicalities behind
the problem of analysis of multi-variable coupled ordinary dif-
ferential equations with the discontinuous right-hand side.

The potential benefits of the VSC approach with SM to the
control and coordination of MAS look apparent allowing per-
formances that cannot be assured by the classic continuous con-
trollers. The price to pay is related to the usual problems in the
implementation of the VSC in real applications, which are even
emphasized by the MAS context.

The high robustness performance of VSS with SM is guar-
anteed by the infinite frequency switching of the control vari-
able, or, as in the case of the application of higher-order sliding
mode control algorithms, on one of its time derivatives. The
limits of the actuator dynamics prevent the infinite frequency
switching characterizing the SM approach, such that the chat-
tering phenomenon appears and has to be taken into account.
The design of SMC guaranteeing that the residual oscillations
due to the chattering phenomenon fulfill some bound to avoid
system’s damages in real applications is still to be fully inves-
tigated in the MAS context, as well as the design of smoother
robust controllers, e.g., those based on higher-order SMs, which
are recognized as an approach to attenuate chattering.

Noting that HOSMs constrain the motions of the system on
a well-defined higher-order manifold, it would also be interest-
ing to investigate the exploitation of this feature in multi-agent
systems characterized by higher-order dynamics.

Indeed, and following what mentioned also in Section 4, for
the moment, only the 2SMC twisting-based extension of the
signed Laplacian flow has been formally demonstrated using
Lyapunov arguments. Conversely, the 2SMC signed deviations’
sum flow counterpart, as well as any h-order nonsmoth flows
for h > 3, have yet to be demonstrated, either in unperturbed
or perturbed scenarios. Indeed, it can be stated that the process
of discovering a nonsmooth Lyapunov function for a system
of multi-variable coupled ordinary differential equations with
a discontinuous right-hand side is a very challenging undertak-
ing.



1015

1020

1025

1030

1035

1040

1045

1050

1055

1060

1065

To reduce chattering, an alternative approach, could be also
limiting at the minimum necessary the control authority needed
to counteract the matching uncertainty. Usually, the tuning of
the SMC is based on a worst-case scenario that implies, the-
oretically, a switching control with a high and conservatively
overestimated magnitude. The usual adaptation approaches to
online modifying the control magnitude could be considered
in the design of VSC to the consensus problem, but the effect
of interactions due to the connections among the agents has to
be well considered and analyzed. As an example, let think to
the fascinating varieties of stable generalized equilibrium the
signed deviations’ sum flow can reach at the consensus.

Finally, since the VSC can fully counteract only the effect
of matching uncertainties once it is well-tuned, an interesting
problem that deserves future investigation is the design of VSC
algorithms and structures that, implemented in a MAS context,
allow for the limitation of the propagation of unmatched un-
certainties. Such a problem is of particular interest in the case
of higher-order cyber-physical systems in which the couplings
between agents can appear in an unmatching way. Lastly, an ad-
ditional challenging avenue for future research would be to the
extension of the existing VSC-based consensus developments
to the class of stochastic differential inclusions. This would
enable to consider asynchronous, and potentially unbounded
uncertain stochastic events that are common at communication
level of a multi-agent system.
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Figure 5: (Leaderless linear average consensus) This figure illustrates the
sensitivity of the linear Laplacian flow protocol (13) to the effects of model
mismatching and disturbances while highlighting how, thanks to the VSC, it is
possible to make the uncertain closed-loop system robust. Some details on the
numerical results are given. Consider the connected static graph G3 drawn
in Figure 2g. (a): Depicts the response of the nominal multi-agent system
(13), (17), namely x = —kLux, for k = 5. As expected, and coherently with Ex-
ample 5, the agents’ states converge exponentially to the average of the agents’
initial state, namely ave(x(0)) = 17 x(0)/n; (b) Depicts the response of the un-
certain multi-agent system (13), (20), namely x = m — kLx, for k = 5, and
the perturbation vector m is modeled as exogenous nonsmooth biased clipped
noises, sampled at 0.1 seconds, and such that m; € [0, 1] (Van Vleck & Middle-
ton (1966)). As expected, and coherently with Section 3.1:(i)-(ii), agents do not
converge anymore to ave(x(0)) and can achieve only a practical consensus (22)
around a perturbation-dependent, unbounded, and unpredictable trajectory; (c)
Depicts the response of the uncertain multi-agent system (13), (20), robustified
using the VSC-based controller (65). Coherently with Section 4.3.2, the pertur-
bation effects to the consensus trajectory are completely compensated, and the
expected average consensus value is restored (cf. with (a)).
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Figure 6: (Leaderless nonsmooth finite-time mid-range consensus) This
figure illustrates a response comparison of the leaderless VSC-based signed
Laplacian flow control protocol (15) of Example 9. Some details on the
numerical results are given. Consider the connected static graph G3 drawn
in Figure 2g. (a): Depicts the response of the nominal multi-agent system
(15), (17), namely x = —ksgn(Lx), for k = 5. Coherently with Example 9,
the agents’ states converge to the mid-range of the agents’ initial state, namely
mid(x(0)) = (max; x;(0)) — min; x;(0))/n, in a finite-time. It is worth noting
that the mid-range gives information on the central tendency of x(0) and that
such agreement value can only be reached by exploiting nonsmooth arguments;
(b) Depicts the response of the uncertain multi-agent system (15), (20), namely
X = m — k(Lx), for k = 5, and the perturbation vector m is modeled as exoge-
nous nonsmooth biased clipped noises, sampled at 0.1 seconds, and such that
m; € [0,1] (Van Vleck & Middleton (1966)). As expected agents reach the
consensus in finite-time, however, they do not converge to mid(x(0)) anymore,
but to an unpredictable, perturbation-dependent, and possibly unbounded tra-
jectory; (c) Depicts the response of the uncertain multi-agent system (15), (20),
robustified using the VSC-based controller (65). Coherently with Section 4.3.2,
the perturbation effects to the consensus trajectory are completely compensated,
and the expected mid-range consensus value is restored (cf. with (a)).
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Figure 7: (Leaderless nonsmooth finite-time average consensus) This fig-
ure illustrates a response comparison of the leaderless VSC-based signed de-
viation sum flow control protocol (16) considered also in Example 12. Some
details on the numerical results are given. Consider the connected static graph
Gj3 drawn in Figure 2g. (a): Depicts the response of the nominal multi-agent
system (16), (17), namely x = —kBTsgn(Bx), for k = 5. Coherently with Ex-
ample 12, the agents’ states converge to the average of the agents’ initial state,
namely ave(x(0)) = 1} x(0)/n, in a finite-time (cf. with Figure 5a where the
convergence rate is only exponential); (b) Depicts the response of the uncertain
multi-agent system (16), (20), namely x = m — kBTsgn(Bx), for k = 5, and
the perturbation vector m is modeled as exogenous nonsmooth biased clipped
noises, sampled at 0.1 seconds, and such that m; € [0, 1] (Van Vleck & Mid-
dleton (1966)). As expected agents reach an exact consensus equilibrium in
a finite time, however, they do not converge to ave(x(0)) anymore, but to an
unpredictable, perturbation-dependent, and possibly unbounded trajectory; (c)
Depicts the response of the uncertain multi-agent system (16), (20), robustified
using the VSC-based controller (65). Coherently with Section 4.3.2, the pertur-
bation effects to the consensus trajectory are completely compensated, and the
expected average consensus value is restored (cf. with (a)).
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Figure 8: (Leaderless nonsmooth finite-time median consensus) This figure
illustrates a response comparison of the leaderless median consensus control of
Example 13. Consider the connected static graph G3 drawn in Figure 2g. (a):
Depicts the response of the nominal multi-agent system i(f) = —psgn(x(r) 1120
x(0)) — kBTsgn(Bx(?)), for p = 1,k = 5. As expected the network converges
to the median value med(x(0)) in (58), in a finite time. Note that, compared to
ave(x(0)), since med(x(0)) is statistically robust to outliers, now agent 5 less af-
fects the consensus value (cf. with Figure 5a). Further note med(x(0)) can only
be estimated by exploiting nonsmooth arguments; (b) Depicts the response of'2
the uncertain multi-agent system x(¢) = m(t)—psgn(x()—x(0)) —kBTsgn(Bx(t)),
for p = 1,k = 5, and m is a nonsmooth perturbation vector of biased clipped
noises, sampled at 0.1 seconds, and such that m; € [0, 1] (Van Vleck & Middle-
ton (1966)). Since (16) is embedded in the control, the consensus is achieved
in finite-time, but no more to med(x(0)) but to a perturbation-dependent value!'3°
However, compared with Figure 5b, 6b, 7b, such value is now bounded, and lies
on the convex hull of x(0) (Franceschelli et al. (2016)); (c) Depicts the response
of the uncertain multi-agent system tasked to estimate med(x(0)), robustified
using the VSC-based controller (65). Coherently with Section 4.3.2, the pertur-
bation effects to the consensus trajectory are completely compensated, and thé'3%
expected median consensus value is restored (cf. with (a)).
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Figure 9: (Leader-following smooth and nonsmooth control protocol response comparison) This figure illustrates a response comparison of the leader-following
consensus protocols introduced in the previous sections. Some details on the numerical results are given. Consider Gs in Figure 2i, where node 0 denotes the leader,
which state trajectory is xo(¢) = sin(nz/3). Moreover, p = [p;] = (0;0; 1;0;0), in Figure 2j, denotes only follower 3 may access its leader relative deviation. (a):
Depicts the response of a network of nominal follower agents of the form (17), controlled by the linear Laplacian flow control protocol (13), and which dynamics
are compactly expressed by x = —kLx + p(x — xp), for k = 5. Coherently with Example 7, and due to the effect of |xg| < IT = pi/3 into the tracking error dynamics
(28), then followers could only reach a practical consensus condition (22) around x((?); (b) Depicts the response of the uncertain follower agents of the form (20),
controlled by the nonsmooth signed Laplacian flow control protocol (15) and which dynamics are compactly expressed by x = m — ksgnlLx + p(x — xp), for k = 5,
and the perturbation vector m is modeled as exogenous nonsmooth biased clipped noises, sampled at 0.1 seconds, and such that m; € [0, 1] (Van Vleck & Middleton
(1966)). Coherently with Example 10, the network of followers can track exactly the leader trajectory regardless the effects of both Xy and the model mismatching
m; (c) (resp. (d)) Depicts the response of the uncertain follower agents of the form (20), controlled by the nonsmooth signed deviation sum flow (16), and which
dynamics are compactly expressed by x(r) = m(r) — k(BTsgn(Bx(1)) + p sgn(x(¢) — xo(#)1,) for k = 5 (resp. x(t) = m(t) — kBTsgn(Bx(z)) — kp sgn(x(r) — xo(1)1,) for
k =5 and k¢ = 10), whereas the perturbation vector is as in (b). Coherently with the considerations of Remark 6, one note only the scenarios illustrated in (d) track
exactly the leader trajectory regardless of the effect of xo and m. This is simply because, thanks to the fact G5 has a spanning tree, and kf >k > I1 + 1, the gain
associated with the leader’s relative signed deviation in (51), dominates all the other terms in the right-hand side of (52), thus allowing the establishment of a sliding
motion along the local manifold e3 = x3 — xp. Then, once e3 — 0 after a finite time, all others also converge to zero one after another, by the given topological
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