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On dynamics of origami-inspired rod

Abstract

We discuss the dynamics of a relatively simple origami-inspired structure
considering discrete and continuum models. The latter was derived as a cer-
tain limit of the discrete model. Here we analyze small in-plane deformations
and related equations of infinitesimal motions. For both models, dispersion
relations were derived and compared. The comparison of the dispersion rela-
tions showed that the continuum model can capture the behavior of origami
structures, which can be helpful in the materials properties determination
and nondestructive evaluation.

Keywords: origami structure, dynamics, dispersion relations, continuum
model, wave propagation

Introduction

The interest in a new class of composite materials called metamaterials
is rapidly growing. It reflects their attractive properties, see, e.g., Cui et al.
(2016); Lakes (2020); Choudhury (2022). Among various types of metama-
terials, such ones as origami/kirigami structures are worth mentioning. In
addition to their aesthetic properties, these materials found many applica-
tions in soft robotics, reconfigurable and self-folding structures, see, e.g.,
Silverberg et al. (2014); Mukhopadhyay et al. (2020); Yasuda et al. (2016,
2019); Novelino et al. (2020).

Here we discuss the in-plane dynamic behavior of a one-dimensional
origami-inspired folding rod. Considering such structures, one may use vari-
ous modeling approaches. The first one can be called discrete as it is similar
to lattice dynamics, whereas the second is related to introducing a continuum
model with effective properties. In the following, we use and compare both
approaches. For modeling of microstructured media and their applications,
we also refer to Cehula & Pr̊uša (2020); Adhikari et al. (2020); Chen et al.
(2023); Mahoney & Siegmund (2022); Wang et al. (2021); Boni & Royer-
Carfagni (2021).



The discrete representation of origami-inspired beam is essentially a one-
dimensional mass-spring chain. Relative simplicity of such kind of models
caused their extensive use to represent classical and non-classical elastic me-
dia. Dynamics of classical elastic media obtained from chain models and some
generalizations (anticontinuum limit, splashes, higher-order approximation)
were reviewed in Andrianov et al. (2010). One-dimensional models of solids
with non-local interactions were considered in Kunin (2012); Andrianov &
Awrejcewicz (2005), dynamics of discrete gradient elasticity models were
studied in Metrikine & Askes (2002); Askes & Metrikine (2002), the media
with microrotations can be found at Lisina et al. (2001); Ostoja-Starzewski
(2002). It must be noted that one-dimensional models can be also success-
fully used in qualitative description of complicated physical processes such as
crack propagation in brittle solids Slepyan & Troyankina (1984); Cherkaev
et al. (2005); Berinskii & Slepyan (2017); Gorbushin & Mishuris (2017, 2019);
Kazarinov et al. (2022), and thermoelasticity (see e.g Podolskaya et al. (2022)
and the references therein).

We consider the origami structure as an elastic network consisting of axial
and torsional springs, see Fig. 1. Such an approach was successfully used
before to simulate lattice mechanical metamaterials (Berinskii, 2016) and
periodic structures (Norris, 2014; Eremeyev, 2019; Eremeyev & Reccia, 2022).
However, these works have not considered discrete dynamical equations of
motion for the elements of the structures. At the same time, such equations
were obtained for the elastic networks simulating atoms of crystal lattice
(Berinskii & Kuzkin, 2020; Panchenko et al., 2022). Here, we use a similar
way but apply it to the origami-like periodic structure. Obviously, a structure
shown in Fig. 1 has some similarities with triangular and cubic lattices, see
e.g. Carta et al. (2023); Nieves et al. (2020, 2013, 2022); Sharma (2022);
Lal Sharma & Mishuris (2020); Eremeyev & Sharma (2019) and the reference
therein. In fact, here we have a row of triangular or cubic lattice but with
additional rotational springs. In the following we demonstrate that the latter
play an essential role.

The paper is organized as follows. First, we consider a discrete origami-
like structure. Considering equations of motion, we obtain dispersion re-
lations. Then, we introduce a continuum limit of the discrete system and
again derive dispersion relations. The comparison of the latter with the dis-
crete models demonstrates that the continuum model has the same dynamic
properties. Finally, in order to compare the continuum model with other
enhanced models of continua, we re-write equations of motion introducing a
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new set of dependent variables.

1. Analysis of discrete system

In the following we consider the origami rod consisting of equal links of
initial length a, see Fig. 1. Each link is represented as two equal masses
M concentrated on its ends. The nearest masses are connected with axial
springs of stiffness c and angular springs of stiffness γa2. For each elementary
cell we have four degrees of freedom corresponding to the displacements of
each mass along two directions: Ux, Uy, Vx, Vy.

Un
Un-1 Un+1

Vn
Vn-1

a aa a

M

M

M

M

M

Figure 1: A part of a origami rod. nth elementary cell is framed

1.1. Equations of motion for discrete system

First, let us consider a discrete model within the framework of the Lagrange–
Euler formalism, see e.g. Lurie (2001). So equations of motion of the unit
cell have the form:

d

dt

∂K

∂q̇in
− ∂K

∂qin
= −∂W

∂qin
, qn =

[
Ux
n Uy

n V x
n V y

n

]T
, (1)

where Ux
n , U

y
n , V

x
n , V

y
n are components of displacement vectors Un, Vn in

Cartesian basis; qin, i = 1, 2, 3, 4, is the i-th component of column qn; K is the
total kinetic energy of the unit cell; W is an elastic energy related to lattice
particles motion Un, Vn. Hereinafter vectors and matrices are denoted by
bold symbols.

The total kinetic energy of the unit cell is calculated as

K =
1

2
M(U̇

2

n + V̇
2

n). (2)
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Potential energy W is equal to a sum of energies of all linear and angular
springs connected with particles of nth unit cell:

W = W ax +W tor. (3)

Here W ax and W tor stand for contributions of axial and torsional springs
respectively. The expression for W ax in harmonic approximation has form

W ax =
c

2a2

[(
a1 · (Un −Vn)

)2
+
(
a2 · (Un −Vn−1)

)2
+
(
a2 · (Un+1 −Vn)

)2]
.

(4)

Here dot stands for the scalar product, and a1 and a2 are vectors of length
a directed along springs.

Figure 2: A torsional spring between two arbitrary links

Angular part of the potential energy, W tor per n-th elementary cell, is
determined by change of 4 angles depending on displacements Un and Vn.
The following expression for W tor is used

W tors =
4∑

i=1

Πtor
i , Πtor

i =
1

2
γa2(Θi −Θ0

i )
2. (5)

Let us consider the specific torsional spring. Assume that the spring connects
two links at the joint such that the initial angle between the links is equal to
Θ0

i (Fig. 2). The other ends of the links are initially set by relative position
vectors a1 and a2 such that |a1| = |a2| = a. Assume that the joint have the
displacement U0 while the ends of the links have displacements U1 and U2

respectively. As a result, the angle between the links is changed to Θi such
that the Tailor expansion gives:

cos(Θi −Θ0
i ) ≈ 1− 1

2
(Θi −Θ0

i )
2 (6)
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Corresponding change of the potential energy is

Πtor
i ≈ γ(1− cosΘi cosΘ

0
i − sinΘi sinΘ

0
i ) (7)

Consideration of the displacements of the links gives the relation for the
cosine:

cosΘ =
(a1 +U1 −U0) · (a2 +U2 −U0)

|a1 +U1 −U0||a2 +U2 −U0)|
, (8)

while sinΘ =
√
1− cos2Θ. The energies of all considered angular springs

are calculated similarly. The obtained relations for cosΘ and sinΘ are rep-
resented with Taylor expansion such that the terms up to the second order
are kept in the relations of the total potential and kinetic energy in the unit
cell.

Hereinafter we restrict ourselves to value Θ0 = π/2. Substituting expres-
sions for kinetic and potential energies into Lagrange-Euler equation (1), we
get equations of motion for the unit cell:

MÜn
x = 1

2

(
c (2Un

x − V n−1
x − V n−1

y − V n
x + V n

y )

−γ (Un−1
x + Un−1

y + Un+1
x − Un+1

y − 2Un
x − 2V n−1

y + 2V n
y )

)
,

MÜn
y = 1

2

(
c (2Un

y − V n−1
x − V n−1

y + V n
x − V n

y )

−γ(Un−1
x + Un−1

y − Un+1
x + Un+1

y + 6Un
y + 2V n−1

x

−4V n−1
y − 2V n

x − 4V n
y )

)
,

MV̈ n
x = 1

2

(
−c (Un+1

x + Un+1
y + Un

x − Un
y − 2V n

x )

+γ (2Un+1
y − 2Un

y − V n−1
x + V n−1

y − V n+1
x − V n+1

y + 2V n
x )

)
,

MV̈ n
y = 1

2

(
−c (Un+1

x + Un+1
y − Un

x + Un
y − 2V n

y )

+γ (2Un+1
x − 4Un+1

y − 2Un
x − 4Un

y − V n−1
x

+V n−1
y + V n+1

x + V n+1
y + 6V n

y )
)
.

(9)

1.2. Dispersion relations
Let us derive dispersion relation for the discrete origami beam corre-

sponding to (9). We seek for solution of (9) in a form of propagating one-
dimensional wave:

Un = Uei(kln−ωt), Vn = Vei(kln−ωt), (10)
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whereU,V are the amplitudes of the waves; ω is a frequency; k is a wavenum-
ber;

l = 2 sin

(
Θ0

2

)
a =

√
2a (11)

is a unit cell length.
Using a formula (10), we represent equations of motion (9) in the matrix

form
Mq̈n +Cqn = 0, M = ME, (12)

where C and M are 4×4 stiffness and mass matrices, respectively; E is 4×4
identity matrix; vector qn is a vector of displacements defined in (1).

Taking (10) into account, we obtain from (12) homogeneous system of
linear equations with respect to qn,m:(

C(k)− ω2M
)
qn,m = 0. (13)

The system has non-trivial solutions under the following condition:

det
(
Ω(k)− ω2E

)
= 0, Ω(k) =

1

M
C, (14)

where Ω can be referred to as the dynamical matrix (Dove (1993)). Solu-
tion of the fourth order equation (14) with respect to ω2 yields dispersion
relations ω = ωi(k), i = 1, 2, 3, 4, shown in Figs. 3 and 4. Here we used the
following dimensionless values: M = 1, a = 1. Taking account the symmetry
of the chain, we plot the dispersion relations on the interval −π

l
< k < π

l

corresponding to the first Brillouin zone of the considered system.

2. Waves in the equivalent continuum

2.1. Continuum limit

Let us consider equations of motion (9) corresponding to the system rep-
resenting the origami rod. Let us approximate the discrete functions (10)
as

Un±1
x ≈ ux ± u′

xl +
1
2
u′′
xl

2, V n±1
x ≈ vx ± v′xl +

1
2
v′′xl

2,

Un±1
y ≈ uy ± u′

yl +
1
2
u′′
yl

2, V n±1
y ≈ vy ± v′yl +

1
2
v′′y l

2,
(15)

where the ux(x, t), uy(x, t), vx(x, t), vy(x, t) are assumed to be the smooth
enough continuous functions, ()′ = ∂

∂x
.

6



-2 -1 1 2

0.5

1.0

1.5

2.0

2.5

3.0

ω1

ω2

ω3

ω4

Figure 3: Dispersion relations ω(k). c
γ = 1
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Figure 4: Dispersion relations ω(k). c
γ = 100

Substitution (15) into (9) allows us to obtain the following system of
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partial differential equations:

Müx + c(ux − vx)− 1
2
a2
(
c(v′′x + v′′y) + 2γ(u′′

x − v′′y)
)

+
√
2a

(
c(v′x + v′y) + 2γ(u′

y − v′y)
)
= 0,

Müy + (uy − vy)(c+ 4γ)− 1
2
a2
(
c(v′′x + v′′y)− 2(u′′

y + v′′x − 2v′′y)γ
)

+
√
2a

(
c(v′x + v′y)− 2γ(u′

x + v′x − 2v′y)
)
= 0,

Mv̈x − c(ux − vx)− 1
2
a2
(
c(u′′

x + u′′
y)− 2γ(u′′

y − v′′x)
)

−
√
2a

(
c(u′

x + u′
y)− 2γ(u′

y − v′y)
)
= 0,

Mv̈y − (uy − vy)(c+ 4γ)− 1
2
a2(c(u′′

x + u′′
y)− 2γ(u′′

x − 2u′′
y + v′′y))

−
√
2a

(
c(u′

x + u′
y)− 2γ(u′

x − 2u′
y + v′x)

)
= 0.

(16)

We are looking for the solutions of this system of equations in the form

ux,y = Ux,ye
i(ωt−klx), vx,y = Vx,ye

i(ωt−klx). (17)

As a result, we get a following matrix equation

KY = 0, Y =
(
Ux Uy Vx Vy

)T
. (18)

Here

K =


a2γk2 + c − Mω2 i

√
2aγk 1

2
c
(
a2k2 + i

√
2ak − 2

)
1
2
ak

(
ak + i

√
2
)
(c − 2γ)

−i
√
2aγk γ

(
4 − a2k2

)
+ c − Mω2 1

2
ak

(
ak + i

√
2
)
(c − 2γ) 1

2

(
a2k2 + i

√
2ak − 2

)
(c + 4γ)

1
2
c
(
a2k2 − i

√
2ak − 2

)
1
2
ak

(
ak − i

√
2
)
(c − 2γ) a2γk2 + c − Mω2 −i

√
2aγk

1
2
ak

(
ak − i

√
2
)
(c − 2γ) 1

2

(
a2k2 − i

√
2ak − 2

)
(c + 4γ) i

√
2aγk γ

(
4 − a2k2

)
+ c − Mω2

 .

(19)

is a Hermitian matrix, meaning that its eigenvalues are real at any combi-
nation of c and γ. System of linear equations (18) has non-trivial solutions
if detK = 0. The last conditions give the dispersion relations for the equiv-
alent continuum. The latter are shown in Fig. 5 – 7, where the comparison
with those obtained for the discrete system.

2.2. Equivalent Equations of motion

Let us analyze the system of equations (16). We introduce new variables

rx =
ux + vx

2
ry =

uy + vy
2

. (20)
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Figure 5: Dispersion relations ω(k). c
γ = 1
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Figure 6: Dispersion relations ω(k). c
γ = 100
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Figure 7: Dispersion relations ω(k). c
γ = 0.01

These are continuum functions associated with the motion of the center of
mass of the specific link of the discrete system. Another variable

ε =
1

a
(u− v) · a1

a
=

1√
2a

(
(Vx − Ux)− (Vy − Uy)

)
(21)
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stands for the microscopic strain of the link. Finally, let us introduce the
variable corresponding to the single link rotation. Using the formula

sinφ =
a1 × (u− v + a1)

|a1||u− v + a1|
, (22)

we obtain

φ ≈ a1 × (u− v + a1)

a2
=

1√
2a

(
(Vx − Ux) + (Vy − Uy)

)
. (23)

Combining (16) we get an equivalent system with respect to new variables:

2Mr̈x − a2
(
c(r′′x + r′′y − φ′) + 2γ(r′′x − r′′y + φ′ − ε′)

)
= 0,

2Mr̈y − a2
(
c(r′′x + r′′y − φ′)− 2γ(r′′x − r′′y + φ′ − ε′)

)
= 0,

Mφ̈− 2 c (r′x + r′y − φ) + 4γ(r′x − r′y + φ− ε)

+a2(cφ′′ − 2γε′′) = 0,

Mε̈+ 2cε+ 2a2γ(ε′′ − φ′′)− 4γ(r′x − r′y + φ− ε) = 0.

(24)

Let us now introduce for the considered structure A as a section area, ρA =√
2M/a as specific mass, ρI =

√
2Ma as a section moment of inertia. We

also introduce an axial stiffness by relation c =
√
2C1A/a, and the bending

stiffness using γ =
√
2C2A/(2a).

Then equivalent continuum describing the motion of the origami rod is
represented by the system of equations:

ρAr̈x − C1A(r
′′
x + r′′y − φ′)− C2A(r

′′
x − r′′y + φ′ − ε′) = 0,

ρAr̈y − C1A(r
′′
x + r′′y − φ′) + C2A(r

′′
x − r′′y + φ′ − ε′) = 0,

ρIφ̈− 4 AC1 (r′x + r′y − φ) + 4AC2(r
′
x − r′y + φ− ε)

+2Aa2(C1φ
′′ − C2ε

′′) = 0,

ρAa2ε̈+ 4AC1ε+ 2Aa2C2(ε
′′ − φ′′)− 4AC2(r

′
x − r′y + φ− ε) = 0.

(25)

Results and conclusions

Discrete dispersion relations on Fig. 3 and Fig. 4 reveal two acoustic
and two optical curves. The bandgap zones between the waves of different
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types arises with an increase of the relation between the axial and torsional
stiffness. Let us note that the bandgap phenomenon may be observed in
different types of one-dimensional chains. For example, Kunin (2012) shows
that the equations of the diatomic chain coincide with those of Cosserat-type
chain. Both of them have optical curves in addition to the acoustic ones, and
hence on some frequencies waves’ propagation is not possible. Introduction
of the torsional springs in our model takes rotational degrees of freedom into
account similarly to as it is done in Cosserat model. However, as we take the
axial stiffness into account, our model becomes more general and has four
degrees of freedom unlike Cosserat model with the two ones. One can expect
that in case of rigid links our model would be qualitatively identical to the
Cosserat model but this question is out of the scope of the current work.

Figures 5–7 show relation between the discrete and continuous disper-
sion curves. One can observe the limits of the long-wave approximation for
accurate description of the dynamics of the system with the corresponding
continuum model. Qualitatively, the trends of the discrete and continual
curves are similar for 0 < ka < 1

2
in all three considered cases. However it

must be noted that the optical waves are in general predicted better than
the acoustic ones. For example in case of ka = 0.5, c

γ
= 0.01, the value

of the lowest continuum frequency is five times higher than this in discrete
case, while the relative error for the highest optical frequencies at the same
parameters does not exceeds 3%. Finally, we can conclude that the discrete
model gives a richer picture of dispersion curves whereas a continuum ap-
proach coincides with discrete one in a certain range. In order to extend it
one needs to consider approximations of higher order than (15).

In (25), we face four degrees of freedom related to in-plane displace-
ments, rotation, and microstrain. Considering one-dimensional models of
continua, the obtained system of equations is more general than Timoshenko
or Cosserat kinematics and similar to the microstretch continuum model
or one-dimensional micromorphic model by Eringen (1999), or any enhanced
model with an additional scalar degree of freedom in a sense by Capriz (1989).

We presented both discrete and continuum models of an origami rod. An-
alyzing their acoustic properties, i.e., dispersion relations, we demonstrated
an excellent coincidence in wave propagation of small amplitude within both
models. Since the derived continuum model is relatively simpler, it could
be more beneficial for practical applications. In particular, the continuum
model may serve as a base for the non-destructive evaluation of flexible
origami/kirigami structures. The same technique can be extended to an-
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alyze prestressed structures within the incremental statement. One can see
some similarities by comparing our continuum model with other models, such
as Eringen’s ones (Eringen, 1999). However, there is also a difference between
our continuum, microstretch, and micromorphic ones. In another conclusion,
microstructured media can be treated as a source of various enhanced models
of continua or media with internal degrees of freedom. In fact, a microstruc-
ture may bring additional degrees of freedom (kinematical descriptors) and
related governing equations.

Let us note that the presence of torsional springs plays an important role
here. Indeed, they changed essentially the behaviour of dispersion curves in
comparison with other studies, where only linear springs were considered.
In other words, rotational interactions may be essential for discrete systems.
Up to a certain order, this conclusion is similar to an influence of spinners
in elastic systems (Carta et al., 2019; Nieves et al., 2020; Kandiah et al.,
2023). As a result, the discussed model can be also used for modelling mi-
crosized structures such as polymeric chains and brushes, see e.g. Rigoberto
& William J. Brittain (2004); Azzaroni & Szleifer (2018), but with links of
variable length. Indeed, in this case we have interactions similar to dipole–
dipole interactions such as described with the Stockmayer potential (Stock-
mayer, 1941) but with variable length of dipoles. So the considered model
can be also considered as a certain extension of an approach based on the
Stockmayer potential towards deformable diples of finite size.
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