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Abstract

Among Bayesian methods, Monte Carlo dropout provides principled tools for
evaluating the epistemic uncertainty of neural networks. Its popularity re-
cently led to seminal works that proposed activating the dropout layers only
during inference for evaluating epistemic uncertainty. This approach, which
we call dropout injection, provides clear benefits over its traditional counter-
part (which we call embedded dropout) since it allows one to obtain a post
hoc uncertainty measure for any existing network previously trained without
dropout, avoiding an additional, time-consuming training process. Unfortu-
nately, no previous work thoroughly analyzed injected dropout and compared
it with embedded dropout; therefore, we provide a first comprehensive inves-
tigation, focusing on regression problems. We show that the effectiveness of
dropout injection strongly relies on a suitable scaling of the corresponding
uncertainty measure, and propose an alternative method to implement it. We
also considered the trade-off between negative log-likelihood and calibration
error as a function of the scale factor. Experimental results on benchmark
data sets from several regression tasks, including crowd counting, support
our claim that dropout injection can effectively behave as a competitive post
hoc alternative to embedded dropout.
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1. Introduction

Systems based on Artificial Intelligence (AI) are nowadays widespread in
industry, workplaces and everyday life. They often operate in critical con-
texts where errors can cause considerable harm to humans (e.g., self-driving
cars), where transparency and accountability are required (e.g., medical and
legal domains), and where end users need to be aware of the uncertainty or
reliability of AI predictions (e.g., intelligent video surveillance). In particular,
given that AI moved out of research laboratories to real-world scenarios, the
need for trustworthiness guarantees led to the growth of an entire research
field devoted to quantifying uncertainty of machine learning models [1, 2].

In this field, it is common to distinguish between two possible sources
of uncertainty: one caused by intrinsic data noise (aleatoric uncertainty, or
data uncertainty) and one caused by the lack of knowledge on the “cor-
rect” prediction model (epistemic uncertainty, or model uncertainty) [3]. In
particular, most of the work on deep neural networks uses their Bayesian
extension for quantifying uncertainty, modeling the network weights with a
probability distribution [4, 5]. In this context, one of the leading and most
widely used techniques for evaluating epistemic uncertainty of neural net-
works is the simple and effective Monte Carlo dropout [6]. It is based on
dropout, a stochastic regularization technique designed for neural networks,
consisting of randomly dropping out some neural units and their associated
connections during training, with a predefined probability [7]. The main idea
behind Monte Carlo dropout is to exploit the weight randomization induced
by the dropout layers by keeping them active during inference; this allows one
to approximate the distribution of the neural network weights with respect
to training data. However, whereas dropout has been originally designed as
a stochastic regularization technique to be used only during training, when
it is used for uncertainty quantification its purpose is to estimate the weight
distribution, and it is no more conceived as a regularizer. This suggests acti-
vating dropout layers during training may not be necessary if dropout is used
only for uncertainty quantification. Accordingly, a recent work by Loquercio
et al. [8] proposed to activate dropout layers for uncertainty quantification
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only during inference, instead of using it also during training. The latter
approach, which we call dropout injection, appears very interesting, as it
would allow the integration of a measure of epistemic uncertainty into any
network that was previously trained with no dropout, without the computa-
tional burden of a further training procedure required by the original Monte
Carlo dropout, which we call embedded dropout, nor the need to optimize
the related hyper-parameters.

Loquercio et al. [8] provided empirical evidence that injected dropout,
combined with assumed density filtering [9] for aleatoric uncertainty evalu-
ation, can be an effective tool for evaluating the predictive uncertainty of a
neural network. However, no previous work, including the one by Loquercio
et al. [8], provided a thorough analysis of injected dropout as an epistemic
uncertainty evaluation technique, nor a comparison with classical embedded
dropout.

Based on the above motivations, in this work we carry out a deep in-
vestigation of injected dropout, focusing on regression problems. First, our
analysis shows that its effectiveness critically relies on a suitable scaling of
the corresponding uncertainty measure, differently from embedded dropout.
To this aim, we extend the original formulation by Loquercio et al. [8] to
introduce and compute a suitable scaling factor, exploiting a technique orig-
inally devised for calibration [10]; our formulation is summarized in Fig. 1
(we refer the reader to Sect. 3 for the details). We also address the resulting
issue of achieving a trade-off between different aspects related to the qual-
ity of the corresponding uncertainty measure, i.e., negative log-likelihood
(NLL) and calibration error, as a function of the scale factor. We then
carry out experiments on eight data sets from the University of California at
Irvine (UCI) repository as well as five benchmarks for crowd counting, which
is a challenging computer vision task, to thoroughly evaluate the behavior
of injected dropout in terms of prediction accuracy and the quality of the
corresponding uncertainty measure, providing experimental evidence of its
effectiveness over embedded dropout.

Our results shed light on the practical operation of injected dropout and
show that it can effectively evaluate epistemic uncertainty at test time with-
out a time-consuming training process with dropout layers.

To sum up, our contributions are the following:

1. we conduct a thorough theoretical analysis of Monte Carlo dropout
injection for regression problems;
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Figure 1: A schematic diagram of the three main steps that we propose to effectively
implement injected dropout: 1) select a neural network trained for a regression problem
without dropout (network output: ŷ ∈ R); 2) add dropout layers to the network; 3)
compute the dropout rate Φ and the scaling factor C of the uncertainty measure by
solving the optimization problem in (9) for obtaining the scaled measure ξ2.

2. we reveal the existence of the scaling problem affecting such technique
and propose a solution built upon sigma scaling [10] for its mitigation;

3. we conduct an experimental analysis confirming our theoretical results
and investigating the differences between embedded dropout and the
proposed implementation of injected dropout on several UCI datasets;

4. we verify the effectiveness of the proposed method by performing ex-
periments on five benchmark crowd counting and density estimation
data sets.

In the following, we present background concepts and describe related
work on Bayesian methods for uncertainty evaluation, including Monte Carlo
dropout, in Sect. 2; our theoretical analysis of injected dropout and the
method we propose to implement it are presented in Sect. 3; experimental
results are reported in Sect. 4; discussion and conclusions are given in Sect. 5,
where future work on this topic is also discussed.
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2. Background and Related Work

We first summarize the main concepts of uncertainty quantification in
neural networks based on Bayesian methods; then, we focus on Monte Carlo
dropout for epistemic uncertainty quantification. Finally, we review existing
state-of-the-art methods for post hoc uncertainty quantification.

2.1. Uncertainty Evaluation through Bayesian Inference
To obtain a network capable of providing predictions with an associated

level of uncertainty, one possible approach is a Bayesian extension. In par-
ticular, for a regression problem, a traditional neural network implements
a predictor ŷ = f(x;w) ∈ R, where w denotes the connection weights.
Bayesian neural networks output a full distribution instead of a point predic-
tion ŷ, which is usually modeled with a Gaussian distributionN (µ̂, σ̂2), albeit
other choices are possible (e.g., Gaussian Mixture distributions or General-
ized Gaussian distributions [11, 12]). In this case, the mean µ̂ is interpreted
as the point prediction ŷ, whereas the variance σ̂2 represents the desired un-
certainty measure; ideally, one wants µ̂ and σ̂2 to approximate well the true
target distribution N (µ, σ2).

Under a Bayesian framework, the full probability distribution of the target
variable y for an input query x is also conditioned on the training set D [13]:

p(y|x,D) =
∫
w

p(y|x,w)p(w|D)dw . (1)

This is equivalent to taking the expectation under a posterior on the weights,
p(w|D), that provides the desired predictive distribution. However, since an-
alytically obtaining p(w|D) is intractable for most neural networks, an ap-
proximation q(w) is usually considered. By substituting the true distribution
with its approximation, the posterior can be computed [13] as:

p(y|x,D) ≈
∫
w

p(y|x,w)q(w)dw . (2)

A suitable approximation q(w) is sought among a set of possible candidates
by minimizing its Kullback-Leibler (KL) divergence [14] with the real distri-
bution, KL[p(w|D)||q(w)]. From variational inference, it is known that this
can be attained by minimizing the negative log-likelihood (NLL), that for
regression problems is approximated [3] on a given data set of N samples as:

1

N

N∑
n=1

1

2

(yn − ŷn)
2

σ̂2
n

+
1

2
log(σ̂2

n) . (3)
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2.2. Monte Carlo Dropout as a Bayesian Approximation

To model an approximated distribution q(w), one may consider incor-
porating a stochastic component inside a network. One possible way to
introduce randomness on the network weights to estimate a full probability
distribution over them is to use Stochastic Regularization Techniques [1],
originally proposed for network regularisation. In particular, it has been
shown both theoretically [6] and practically [6, 15, 3] that dropout can be
used to this aim.

The standard dropout [7] works by the deactivation of each neuron be-
longing to a specific network layer with a probability, named dropout rate,
that follows the Bernoulli distribution B(Φ), where the parameter Φ cor-
responds to the dropout rate. The dropout layers are kept active during
training and are deactivated at inference time, which produces a regularisa-
tion effect.

Unlike standard dropout, Monte Carlo dropout [6] keeps the dropout
layers active at inference time; this allows one to derive a full probability
distribution q(w|Φ) approximating p(w|D). The optimal dropout rate Φ
is defined as the one that minimizes the divergence between the real and
the approximated distributions; in practice, a suitable Φ is found [6] by
minimizing an approximation of NLL computed, e.g., on a validation set of
N samples:

Φ = argmin
φ

1

N

N∑
n=1

1

2

(yn − ŷn(φ))
2

σ̂2
n(φ)

+
1

2
log(σ̂2

n(φ)) . (4)

Once such a value of Φ and the trained network are obtained, one can use the
approximate distribution q(w|Φ) for computing a prediction and associated
predictive uncertainty, modeled as the mean and the variance of the posterior
distribution [1]:

p(y|x,D) ≈ 1

T

T∑
t=1

p(y|x,wt) ∼ N (µ̂; ŷ, σ̂2) , (5)

where T denotes the number of Monte Carlo samples obtained by querying
the network multiple times with the same sample x. We call this technique
embedded dropout.

Two widely used techniques for solving the optimization problem (4) are
grid search [6] and concrete dropout [15]. In embedded dropout, after solv-
ing (4), one can use the obtained dropout rate in the inference stage. To
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improve performance, a different dropout rate can be used for each network
layer [15]. On the contrary, in the injected dropout approach [8] dropout lay-
ers are added to an already-trained network, and the dropout rate Φ is sought
by minimizing the NLL (4) of the trained network, e.g., on a validation set.

2.3. Post Hoc Uncertainty Quantification Methods

The method we analyze in this paper belongs to the category of post hoc
uncertainty quantification methods, meaning it can be applied to already
trained neural networks.

In recent years several post hoc uncertainty quantification approaches
have been proposed, such as new Laplace Approximations, surrogate models,
and meta-learning approaches.

Among them we can find Laplace Approximations (LAs) [4] which is a
family of techniques that are inherently post hoc. Indeed, these techniques
start from a set of weights obtained by minimizing the NLL on a training
set, which should correspond to a distribution mode. Then, one performs ap-
proximate inference by constructing a Gaussian “around” this set of weights,
employing the Hessian as the approximated precision matrix. Such approxi-
mation methods have been used for Bayesian Inference since the 1990s [4] and
recently gained popularity thanks to many computational advancements in
second-order optimization [16]. Indeed, in a recent work by Ritter et al. [17],
a Kroneken Factored Laplace Approximation has been employed. Another
recent work by Kristiadi et al. [18] proposes to perform an “uncertainty train-
ing” procedure by adding additional neurons to the already trained network;
such units are added in such a way that they change the geometry of the loss
surface while preserving the prediction of the original model. This procedure
allows training only a supplementary portion on top of an already trained net-
work for obtaining a well-calibrated Laplace Approximation. Beyond Laplace
Approximations, others proposed different strategies for obtaining a post-hoc
uncertainty measure. Upadhyay et al. [19] proposed a procedure for obtain-
ing a Bayesian model starting from a deterministic network. This technique,
called BayesCap, consists of taking an already trained neural network and
using their predictions to train a Bayesian surrogate model: the latter will
learn to represent a generalized Gaussian distribution whose mean mimics
the predictions of the original model. Other proposed methods use meta-
learners [20, 21]: such methods work as model-agnostic predictors that try
to associate an uncertainty measure by applying a learning policy on top of
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the black-box predictions. Although these methods are conceived for classi-
fication and are not explicitly designed for neural networks, they are worth
mentioning because they fall under the post hoc category for uncertainty
quantification.

The injected dropout technique we focus on in this work is a further ap-
proach to post hoc uncertainty estimation. It was originally proposed by
Loquercio et al. [8] for estimating the epistemic uncertainty component of
an already-trained network. In that work, dropout injection was combined
with Assumed Density Filtering (ADS) [22], which estimates the aleatoric
uncertainty on the predictions, to obtain a measure of predictive uncer-
tainty. Dropout injection has some advantages compared to many post hoc
uncertainty quantification techniques. Unlike BayesCap and meta-learning
approaches, it does not necessarily need further optimization. Moreover,
beside a set of Monte Carlo forward predictions, it does not need to com-
pute higher-order derivatives to obtain the Hessian (which is required for
LAs). The limitation of this technique coincides with the ones of embed-
ded dropout: the uncertainty quantification measure comes at the cost of
computing multiple Monte Carlo forward passes at inference time. However,
considering the overall state of the art of post hoc uncertainty quantification,
dropout injection is an interesting technique that requires a relatively lower
computational effort.

3. The Proposed Method for Monte Carlo Dropout Injection

A notable difference between embedded and injected dropout is that the
former also performs a regularization, whereas the latter does not. This
can lead to differences in the prediction error of the corresponding networks,
as well as in their uncertainty measures, which we shall investigate in this
section. In particular, we first analyze, theoretically and empirically, how
prediction error and quality of the uncertainty measure behave as a function
of the dropout rate Φ, for both embedded and injected dropout (Sect. 3.1).
The results of this analysis will point out an issue of injected dropout, that we
propose to mitigate by suitably scaling the uncertainty measure; to this aim,
we propose an extension of the original formulation in Eq. (4), exploiting the
σ-scaling technique [10]; we also investigate how the scaling factor affects the
calibration of the uncertainty measure (Sect. 3.2).

For simplicity, we shall consider a fixed dropout rate across all network
layers, but all our results apply to the most general case when different
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dropout rates are allowed.

3.1. Analysis of Monte Carlo Dropout Injection

In Sect. 2.2 we mentioned that the dropout rate Φ is usually chosen
by minimizing the NLL, both in embedded and injected dropout. Now,
let us consider the weights vector w of a neural network: one can obtain
w by using a standard optimization process that may or may not involve
the activation of dropout layers during training for regularizing the network
weights (i.e., embedded or injected dropout, respectively). Dropout layers
are then activated at inference time, both when performing embedded and
injected dropout, with a given dropout rate φ, in order to obtain a so-called
Monte Carlo iteration, i.e. a prediction computed using the network with
stochastic weights deactivation. This is equivalent to applying a binary mask
m(φ) = diag(z1(φ) . . . zL(φ)) – where zℓ(φ) ∼ B(φ) and L denotes the size of
w – to the network weights. Applying T stochastic iterations is equivalent to
applying a series of T masks, each one denoted by mt(φ), to obtain a series
of instances of the network weights, w1(φ) . . . wT (φ) with wt(φ) = w ·mt(φ),
where · denotes the matrix product. It is easy to see that wt(φ) always
depends upon φ through the binary mask mt(φ), both for embedded and
injected dropout. We can now rewrite Eq. (5) for modelling the prediction
ŷ and the corresponding uncertainty σ̂2 of a given instance x when using a
neural network with dropout rate φ:

1

T

T∑
t=1

p(y|x,wt(φ)) =
1

T

T∑
t=1

f(x;wt(φ)) ∼ N (µ̂; ŷ, σ̂2) , (6)

where f(x;wt(φ)) denotes the prediction of the network parametrized with
wt(φ) on the instance x.

With abuse of notation, let us denote with x, y, ŷ and σ̂2 the vectors
of the instances, their ground truths, and the corresponding predictions and
uncertainty measures, respectively, of a data set D of size N . It is easy to see
that, as the dropout rate changes, the prediction vector ŷ = [ŷ1 . . . ŷN ] can
change, and as a consequence also the quadratic error vector ϵ2 = (y−ŷ)2 and
the uncertainty vector σ̂2 = [σ̂2

1 . . . σ̂
2
N ] will change. In particular, choosing

the dropout rate Φ by solving the optimization problem (4) amounts to
pursuing two goals: (i) minimizing the quadratic error ϵ2n = (yn − ŷn)

2;
(ii) minimizing the absolute difference between the prediction’s quadratic
error and the variance, |ϵ2n− σ̂2

n|. It is easy to show that the “best” trade-off
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between them according to Eq. (4), i.e., the minimum NLL, is achieved when
the quadratic error equals the variance for each sample of the set (a simple
proof is reported in Appendix A):

σ̂2
n = (yn − ŷn)

2 = ϵ2n ∀n ∈ D . (7)

A significant difference can now be noticed in the behavior of ϵ2 and
σ̂2, as a function of the dropout rate φ, between embedded and injected
dropout. As we already pointed out, when injecting dropout the choice of
φ does not affect the network weights w; in embedded dropout, instead,
changing φ results in explicitly modifying the vector w. Under the assump-
tion of not having an under-parametrization, the influence of φ will lead to
a regularization effect on w when using embedded dropout, but not when
using injected dropout: since a network with dropout regularization is usu-
ally more robust to dropping network weights, it can be expected that a
lower quadratic error is attained when using embedded dropout. Moreover,
when using injected dropout we argue that, as φ increases, prediction qual-
ity quickly deteriorates, i.e., the quadratic error ϵ2 increases. This behavior
penalizes injected dropout, limiting to a tiny range [0, φmax], for some φmax,
the values of dropout rates φ that lead to acceptably small values of the
quadratic error ϵ2. However, for very small values of dropout rate, the vari-
ability induced on the network predictions, and thus σ̂2, are so small that
the resulting NLL is very high, which in turn is an indicator of poor quality
of the uncertainty measure. Therefore, the range of “useful” values of φ fur-
ther reduces to [φmin, φmax], for some value φmin < φmax. We shall provide
experimental evidence of this behavior in Sect. 4.2. In the next section, we
propose to address the above issue of injected dropout through a suitable
rescaling of its uncertainty measure.

3.2. The Proposed Dropout Injection Method

The problem exposed in Sect. 3.1 limits the dropout rate choice in an
interval [φmin, φmax], which can potentially lead to an impractical uncertainty
measure due to its small magnitude. Nevertheless, such a degenerate measure
can eventually exhibit desired behaviors: indeed, it can still associate high
uncertainty with inaccurate predictions and low uncertainty with correct
ones. The solution we propose to mitigate this issue is summarized in Fig. 1
and consists in properly rescaling the uncertainty measure σ̂2.

Rescaling the uncertainty measure – Let us consider a rescaled un-
certainty measure ξ2(Φ) = C · σ̂2(Φ), where C ∈ (0,+∞). Suitable values of
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C and Φ can be sought by jointly optimizing the NLL as a function of both,
through the following modification of the optimization problem (4):

Φ, C = argmin
φ,c

1

N

N∑
n=1

1

2

(yn − ŷn(φ))
2

c · σ̂2
n(φ)

+
1

2
log(c · σ̂2

n(φ)) . (8)

We argue that the joint optimization in Eq. 8 can lead to a better NLL value
than the original formulation (4), which may also correspond to a different
optimal dropout rate Φ. An example is reported in Fig. 2: the proposed
formulation (10) potentially allows one to explore regions of the NLL surface
(considered as a function of both the dropout rate and the scale factor), that
would otherwise be inaccessible by the original formulation (4), leading to a
better NLL; we point out that the joint optimization in Eq. 8 can also pro-
vide a better solution (a lower NLL) than a distinct, two-stage optimization,
i.e., first finding Φ by solving problem (10) and then finding C by solving
problem (8) with respect only to c, keeping fixed Φ. Interestingly, we found
that the optimization problem (8) can be solved as efficiently as (4), despite
it involves the additional variable C, by exploiting the results by Laves et

Figure 2: These plots (taken from experiments in Sect. 4.2) point out the difference be-
tween the scale-agnostic optimization process of Eq. (4) (left) and the scale-aware one of
Eq. (8) (right). The latter can lead to different dropout rates with a lower NLL than the
former, thanks to joint optimization (red cross in the surface on the right) instead of
first solving Eq. (4) and then scaling the resulting measure (blue cross in the surface
on the right).
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al. [10]. Indeed, they found that it is possible to compute analytically the op-
timal scalar that, when multiplied with the uncertainty measure, minimizes
the NLL of a predefined data set. However, the technique they designed
(named σ-scaling [10]) was aimed at a different purpose, i.e., separately com-
puting a scale factor to calibrate the uncertainty measure, after finding the
optimal dropout rate by solving the original embedded dropout optimization
problem (4). Our goal is instead to solve the optimization problem of Eq. (8);
nevertheless, we found that their original formulation can be adapted to our
objective. In this context, given a trained regressor providing a prediction
ŷ and a corresponding uncertainty measure σ̂2, one can further reduce the
NLL with respect to the solution of (3) by rescaling σ̂2 as C · σ̂2. It can be
shown that the optimal scale factor C, for any given quadratic error vector
ϵ2 = (y − ŷ)2 and uncertainty vector σ̂2, is analytically given by:

C =
1

N

N∑
n=1

(yn − ŷn)
2

σ̂2
n

=
1

N

N∑
n=1

ϵ2n
σ̂2
n

. (9)

The above result can be derived from the original formulation proposed by
Laves et al. [10]; the only difference is to compute analytically a scale factor
for the variance instead of the standard deviation. The proof is provided
in Appendix B.

Accordingly, the optimal scale factor can be interpreted as an intrinsic
indicator of how much the magnitude of the uncertainty vector is close to
the magnitude of the quadratic error: if C > 1, the uncertainty measure
σ̂n is smaller, on average (over the N samples), than the quadratic error ϵn;
on the contrary, if C < 1, then σ̂n is on average larger than ϵn. Finally,
since the scale factor is analytically known for a given uncertainty measure,
Eq. (9) can be exploited to rewrite C as a function of Φ in the optimization
problem (8), which can therefore be simplified as:

Φ = argmin
φ

1

N

N∑
n=1

1

2

(yn − ŷn(φ))
2

C(φ) · σ̂2
n(φ)

+
1

2
log(C(φ) · σ̂2

n(φ)) . (10)

Accordingly, both the dropout rate and the scale factor can be found by
optimizing the NLL only with respect to the dropout rate, similarly to the
original formulation (4), and at the same processing cost.

When introducing a scale factor, the values of the unscaled uncertainty
measure σ̂2

n do not need anymore to be close to the corresponding quadratic
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error ϵ2n to keep the NLL small, and are therefore not penalized as in the
original formulation (4). We point out that, although rescaling can also be
applied to embedded dropout, it is much more advantageous for injected
dropout to mitigate the issue described in Sect. 3.1, which instead does not
affect embedded dropout to a significant extent. In particular, such miti-
gation is expected to be more beneficial for large data sets, complex tasks,
and networks with a large number of weights: we shall provide experimental
evidence of this fact in Sect. 4.2.

Calibration of the uncertainty measure as a function of the scale
factor – So far, we have focused on NLL minimization, since this allows one
to minimize the distance between the actual prior distribution of the weights,
p(w), and the approximated one, q(w). However, the quality of an uncer-
tainty measure also depends on its calibration, and minimizing NLL does not
guarantee to obtain a well-calibrated measure. Given the relevance of the
scaling factor to injected dropout, it is interesting to investigate how it af-
fects the trade-off between minimizing NLL and obtaining a well-calibrated
measure. To this aim, we first summarise the notion of calibration of an
uncertainty measure for regression problems. As mentioned in Sect. 2, the
distribution p(y|x,D) is assumed to be Normal, N (µ, σ2), as well as its ap-
proximation in Eq. (5), N (µ̂, σ̂2); to make the latter as close as possible to
the former, one minimizes the NLL on a validation set. Considering µ and
σ2 as the point prediction and the corresponding uncertainty for a given in-
stance (x, y), one can construct a confidence interval (CI) with a desired
probability α for a generic sample (x, y):1

CIα = [µ− zα · σ, µ+ zα · σ] , (11)

where zα, known as z-score, is determined by:

p(y ∈ CIα) = α, ∀α ∈ [0, 1] . (12)

One would like that Eq. (12) holds for any instance (x, y) also with respect
to a confidence interval ĈIα computed from the estimated distribution:

ĈIα = [µ̂− zα · σ̂, µ̂+ zα · σ̂] . (13)

1Note that, by definition, the confidence interval is defined using the standard deviation,
not the variance.
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If so, the uncertainty measure σ̂2 is said to be perfectly calibrated. This is,
however, not guaranteed in practice.

To empirically evaluate the calibration of an uncertainty measure, the
probability p(y ∈ CIα) can be estimated on a data set (referred to as vali-
dation [23] or calibration set [24]), as the fraction of instances belonging to
the confidence interval ĈIα, for several values of α. We call this fraction the
observed frequency, and denote it by π(α); ideally, π(α) should be equal to
α, which we call the expected frequency. Calibration quality can therefore be
evaluated through a calibration curve, i.e., a plot of the observed frequency
as a function of the expected one, as in the example shown in Fig. 3. Note
that a perfect calibration corresponds to a calibration curve equal to the
bisector of the X-Y axes. When the observed frequency π(α) is below the
bisector, the uncertainty measure is overconfident for the corresponding val-
ues of α (because the expected frequency is greater than the observed one);
on the contrary, where π(α) is above the bisector, the uncertainty measure
is under-confident.2

Calibration quality can now be quantitatively evaluated as a scalar mea-
sure, in terms of “how far” the calibration curve is from the ideal one. In this
work, we employ the area subtended by the calibration curve with respect
to the bisector, known in the literature by the name of Miscalibration Area
(MA) [25], which corresponds to the shaded regions in Fig. 3:

MA =

∫ 1

0

|π(α)− α|dα . (14)

In practice, the MA can be empirically estimated from a validation set as the
average difference in absolute value between the expected and the observed
frequency, over a set of M values of α:

MA =
1

M

M∑
m=1

|π(αm)− αm| . (15)

As mentioned above, the scale factor C obtained by solving problem (10)
does not guarantee that the corresponding MA is null, i.e., perfect calibra-
tion. To analyze the trade-off between MA and NLL that can be obtained as

2Note that the calibration curve can cross the bisector for zero, one or more points,
besides the ones corresponding to α = 0 and α = 1.
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a function of the scale factor, we devised an iterative procedure that, start-
ing from the obtained scale factor C, modifies it to reduce MA as much as
possible, by increasing or reducing the confidence of each prediction of the
calibration set, depending on whether the uncertainty measure is over- or
under-confident on that prediction, respectively.

Our procedure (reported as Algorithm 1) aims at reducing to zero the
average difference between the expected and the observed frequency (which
we refer to as Balance) as a proxy for minimizing the MA. In such a setting,
the value of Balance depends upon the chosen scale factor c; we denote as
Balancec such dependence, which is also reflected on the observed frequency
πc(α). Since Balancec is a monotonically non-decreasing function of c, one
can empirically construct a suitable interval [Clow, Chigh] around the scaling
factor C obtained by solving problem (10), such that BalanceClow

is negative,
and BalanceChigh

is positive; then, our algorithm uses the bisection method
to find a “relaxed” scaling factor Cr such that BalanceCr = 0 (in practice, the
objective is defined as BalanceCr < τ , where τ is a given tolerance threshold).

By analyzing the “path” of the scale factor between C and Cr, i.e., the
corresponding values of NLL and MA, it is possible to explore the trade-off
between these two measures. Although acting on the scale factor does not
guarantee to reduce MA to arbitrarily small values (i.e., to approach perfect
calibration), empirical results reported in Sect. 4 show that small enough MA
values can nevertheless be obtained. Interestingly, our results also show that
the corresponding increase of NLL can be very limited: therefore, although
standard post-hoc techniques can be applied (e.g., Kuleshov calibration [24])
to enhance the calibration quality, the above result suggests that, when using
injected dropout, a good trade-off between minimizing NLL and obtaining a
well-calibrated uncertainty measure can also be achieved by first computing
the dropout rate and the corresponding scale factor through problem (10),
and then suitably adjusting the latter.

4. Experiments

We carried out two groups of experiments. We first compared the behav-
ior of embedded and injected dropout on eight data sets related to regression
problems taken from the UCI repository3, using a multi-layer feed-forward

3https://archive.ics.uci.edu/ml/datasets.php
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Algorithm 1 Modifying the scale factor to improve calibration

Require: vectors of uncertainty measures σ̂2, network predictions ŷ and
ground truth y for a data set of N instances; a suitable interval [Clow, Chigh]
around the initial scaling factor C; M values α1, . . . , αM ; tolerance thresh-
old τ > 0

Ensure: the relaxed scaling factor Cr

do
Cr ← (Clow + Chigh)/2

BalanceCr ← 1
M

∑M
m=1(πCr(αm)− αm)

if BalanceCr < 0 then
Clow ← Cr

else if BalanceCr > 0 then
Chigh ← Cr

end if
while BalanceCr ≥ τ

network as the regression model. In the second group of experiments, we eval-
uated injected dropout on five benchmark data sets for crowd counting [26],
which is a challenging computer vision application using a state-of-the-art
Convolutional Neural Network (CNN) architecture for this task. In both ex-
periments, we implemented injected dropout by setting the dropout rate and
scaling factor according to Eq. (10), using a validation set; in the experiments
on crowd counting we also considered the relaxed scaling factor obtained as
described in Sect. 3.2 on the same validation set.

We evaluated both embedded and injected dropout, as a function of the
dropout rate, in terms of the three metrics considered in Sect. 3: root mean
squared error (RMSE), NLL, and MA. In particular, we evaluated NLL and
MA using both the unscaled values σ̂2(φ) and the scaled ones ξ2(φ); for ref-
erence, we also computed the “ideal” uncertainty measure of Eq. (7), defined
as the error vector ϵ2 computed on the validation set

4.1. Experiments on UCI Data Sets

We selected eight data sets related to several multivariate regression prob-
lems that have been used in the literature to evaluate uncertainty measures:
Protein-Tertiary-Structure, Boston-Housing, Concrete, Energy, Kin8nm, Power-
Plant, Wine-Quality-Red, and Yacht. We adopted the same set-up proposed
by Hernandez-Lobato et al. [27], described in the following. We also open-
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Figure 3: Example of a calibration curve, which plots the observed frequency of instances
belonging to the confidence interval CIα with probability α as a function of the respective
expected frequency. In this example, an under-confidence and lower-confidence regions are
present (see the text for their meaning).

sourced the code for the UCI experiment reproducibility at the following link
https://github.com/EmanueleLedda97/Dropout_Injection.

Experimental set-up – We first distinguished between the challenging
Protein-Tertiary-Structure data set and the remaining simpler ones. We used
a one-hidden-layer network with 50 hidden units for the latter and 100 for the
former. We randomly split each data set into a training set made up of 90%
of the original instances and a testing set containing the remaining 10%. This
procedure is repeated five times for Protein-Tertiary-Structure and 20 times
for the other data sets. In each split, we used 20% of the training partition as
a validation set, which is crucial not only for proper hyper-parameter tuning
but also – and primarily – for scaling the uncertainty measure.

Differently from the original set-up [27], we used a mini-batch stochas-
tic gradient descent; we empirically tuned the batch size, the learning rate,
and the number of epochs on the validation set. We considered 15 possible
dropout rates within the interval [0.001, 0.5]. We chose these rather extreme
values to properly investigate the issue mentioned in Sect. 3.2, where we hy-
pothesized a significant deterioration of the NLL of the unscaled measure for
such values of dropout rate.

Experimental results – Results are reported in Fig. 4.
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Figure 4: RMSE and NLL as a function of dropout rate on UCI data sets, for injected
(blue) and embedded (red) dropout. Two NLL plots are reported for each data set, related
to different ranges of dropout rate: [0.001, 0.5] (top plot, same range as the RMSE plot)
and [0.05, 0.5] (bottom plot), to better visualize the Y-axis scale.

We can first notice that the RMSE of embedded dropout tends to deterio-
rate as the dropout rate increases. This behavior suggests that the network’s
capacity is very low and that the regularization effect of dropout leads to
under-fitting. This over-penalization makes injected dropout more accurate
on average, in terms of average RMSE and standard deviation, although
a different behavior can be observed on different data sets. Another phe-
nomenon we can observe is that, for the smallest dropout rates, the RMSE is
low, but the unscaled NLL is almost always severely affected. This trend re-
veals that – as we hypothesized in Sect. 3.2 – unscaled uncertainty measures
suffer from the correlation between the dropout rate and the corresponding
network perturbation’s magnitude. When the dropout rate is extremely low,
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Figure 5: NLL as a function of dropout rate on UCI data sets, for the scaled (dotted line)
and ideal (solid line) uncertainty measures, both for injected (blue) and embedded (red)
dropout.

the final perturbation (and therefore the uncertainty measure) is so small
that it completely disagrees with the quadratic prediction error, worsening
the NLL.

Fig. 5 shows that the scaled measures exhibit significantly different be-
havior instead. In this case, it is evident that even for extremely low dropout
rates, the NLL does not deteriorate as much as the unscaled one, in line with
our hypothesis in Sect. 3.2. Although the observed trends are always in favor
of the injected dropout, it may be possible that this behavior was due to the
use of a multi-layer network with a hidden layer of 50 or 100 units, and –
as we said before – there is clear evidence that using the dropout at train-
ing time in this set-up leads to under-fitting the considered data sets. This
deterioration is also visible by looking at the ideal NLL: the solid red line in
Fig. 5 tends to be higher than the solid blue line, which means that the ideal
uncertainty measure (which is equal to the prediction error, for each sample)
is already penalized. Therefore, the observed phenomena are entirely in line
with our theoretical considerations in Sect. 3.2.

Looking at the calibration error in Fig. 6, we can see that dropout injec-
tion can provide well-calibrated uncertainty measurements. Analyzing the
trends of the calibration error in detail, we can notice the following behav-
iors: first of all, the unscaled measures are clearly more sensitive to changes in
dropout rate compared to their scaled counterparts. However, although the
scaled measures seem much more stable, there are cases where the unscaled
measure of embedded dropout performs comparably to or even outperforms
the scaled one; this phenomenon occurs more sporadically – and much less
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Figure 6: Calibration error as a function of dropout rate on UCI data sets, using the
unscaled (dotted line) and scaled (solid line) uncertainty measures, both for injected (blue)
and embedded (red) dropout.

clearly – for injected dropout. This is a crucial issue if we consider that, for
the corresponding dropout rates, a trade-off can be observed between RMSE,
NLL, and MA; this suggests that the embedded dropout inherently achieves
a trade-off between these metrics. A further investigation of this issue is an
interesting direction for future work.

4.2. Experiments on Crowd Counting

The experiments done on UCI data sets provide useful insights about the
behavior of injected vs. embedded dropout and evidence that also the former
can be an effective approach to epistemic uncertainty quantification. In the
next experiments, we focused on a much more challenging computer vision
problem, i.e., crowd counting. State-of-the-art CNN models solve it by first
estimating the crowd density map, which is an image-to-image regression
problem.

Experimental set-up – We used three benchmark crowd counting data
sets, University of California San Diego (UCSD) dataset [28], Mall [29], and
the Pedestrian Evaluation on Tracking and Surveillance (PETS) dataset [30].
For the latter, we used three different partitions corresponding to different
crowd scenes, named PETSview1, PETSview2, and PETSview3 [31]. We
used the Multi-Column Neural Network (MCNN) architecture [32], a well-
known state-of-the-art CNN for crowd counting. We implemented dropout
injection right before each convolutional layer, except for the first one, follow-
ing the suggestion of previous works on Monte Carlo dropout [15]. Unlike
the previous experiments, we found an exponential increase in the RMSE
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Figure 7: RMSE, NLL, and calibration error of the injected dropout as a function of
dropout rate for the crowd counting data sets. Two plots are reported for NLL, corre-
sponding to the unscaled (top plot) and scaled (bottom plot) uncertainty measure. The
plots of scaled NLL and calibration error report also a comparison with the ideal scale
(the former) and with the unscaled measure (the latter)

using the same range of dropout rates. Therefore, we followed the sugges-
tion by Loquercio et al. [8] to use very small dropout rates, which leads to a
quasi-deterministic network. In particular, we considered ten dropout rates
in the interval [0.001, 0.01].

Experimental results – Fig. 7 reports the RMSE, NLL (scaled and
unscaled), and MA as a function of dropout rate. Since there is a significant
difference in the magnitude of the NLL for the unscaled measures and the
scaled ones, we reported them into two different plots.

We can observe an increase in RMSE in three of five data sets, while
for two of them (PETSview1 and PETSview3), the RMSE decreased. This
apparently different behavior is due to the very small dropout rates used
in these experiments; we observed indeed that for higher dropout rates, the
RMSE started to increase also for PETSview1 and PETSview3.

Regarding the NLL, a large difference between the scaled and the unscaled
measures can be observed, even in this experiment: similarly to the UCI data
sets, the smallest dropout rates lead to a poor unscaled measure, whereas
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Figure 8: Trade-off between RMSE, NLL, and MA of the injected dropout, as a function
of dropout rate, on the crowd counting data sets, for the optimal scaling (warm color
gradient) and the relaxed one (cold color gradient).

the scaled measure attained considerably better results. It is also possible
to see how the best dropout rate values differ between scaled and unscaled
measures: for example, in UCSD, the minimum NLL is around Φ = 0.04
for the scaled measure whereas, for the unscaled measure, it is around Φ =
0.01. Similar considerations can be made for Mall. We can also notice that
the scaled measure is much more stable than the unscaled one, even with
the smallest dropout rates: this can be advantageous when using injected
dropout, as it allows one to make minimal changes to the network to obtain
suitable measures of uncertainty. Although re-scaling performs well in terms
of the NLL, the same does not hold for the calibration error: in this case, sub-
optimal performances can be observed, with – in most cases – a miscalibration
area greater than 0.3, which is an indicator of poor calibration. Therefore,
in this case, a suitable trade-off between NLL and calibration error should
be sought, e.g., by tuning the scaling factor obtained from Eq. (10) through
the relaxation procedure presented in Sect. 3.2.

Using a relaxed version of the scaling factor allows one to attain a trade-
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Figure 9: Calibration curves of injected dropout on the crowd counting data sets, attained
using the unscaled measure (blue), the optimal scaling factor C (red), the relaxation Cr

(orange). For reference, the perfect calibration line is also shown (dotted line).

off between RMSE, NLL, and MA, instead of minimizing only the NLL,
by manually tuning the scaling factor; Fig. 8 shows the value of the three
analyzed metrics as a function of dropout when using both C (cold-colored
gradient) and Cr (warm-colored gradient). It is easy to notice that when
using Cr, the NLL is not far from the values obtained using C: this suggests
that the relaxed measure behaves as a reasonable compromise between NLL
and MA.

Finally, the calibration curves in Fig. 9 clearly show that the proposed
relaxation procedure effectively reduces the calibration error. In all cases, the
relaxed curve is much closer to the axes’ bisector, supporting our hypothesis
in Sect. 3.2.

Practical utility of uncertainty quantification by dropout injec-
tion in video surveillance applications – We first show how the operator
of a video surveillance system can benefit from updating its crowd density
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estimator software by integrating an uncertainty estimate through dropout
injection (i.e., without requiring further training), and then how uncertainty
evaluation could be automatically exploited to improve the accuracy of the
estimated density maps and of the corresponding people count.

Crowd counting by density estimation uses density maps as ground truth:
the standard method for obtaining such maps starts by annotating each im-
age location where one person’s head is present, then the density map is
obtained by adding a kernel (e.g., Gaussian) with a unit area centered on
each head location. Therefore, the people count corresponds to the sum of
each pixel of the density map. In this context, a crowd counting predictor
will output an estimated density map reconstructing the original one. The
image-to-image nature of this task, similar to what happens in Monocular
Depth Estimation and Semantic Segmentation, implies that also the uncer-
tainty estimate consists of a 2D array, associating a level of uncertainty to
each pixel-wise predicted density (i.e., its variance). In turn, the pixel-wise
uncertainty on the predicted density allows the construction of a confidence
interval on the people count, as seen in the examples in Fig. 10, similarly to
[26], but in our case, in a post hoc fashion. Having a notion of the confidence
level associated with system predictions makes video surveillance operators
aware of their reliability, allowing them to make more informed decisions and
increasing their trust in the prediction system compared to a point estimator.

An in-depth analysis of our experimental results on crowd counting bench-
marks reveals that uncertainty evaluation could also be helpful to detect some
inaccuracies in the estimated density maps that correspond to “false posi-
tive” pedestrian localization, i.e., image regions where the predicted density
is not zero (thus contributing to the pedestrian count) despite the absence
of pedestrians. As seen from the examples in Fig. 10, we observed that false
positive localizations are often characterized by isolated regions with rela-
tively low estimated density and high uncertainty. This suggests that they
could be detected and automatically corrected (by setting to zero the cor-
responding values in the density map and disregarding their contribution to
the people count), thus improving the accuracy of both the density map and
the people count. As an example, a simple policy for automatic rejection of
such regions may consist in rejecting isolated regions with high pixel-level
uncertainty/prediction ratio, but other solutions are conceivable. Regardless
of the policy, it is intriguing to see that such automatic rejection mechanisms
are theoretically possible and practically applicable by integrating dropout
injection in the toolbox of video surveillance software. A further investigation
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Figure 10: Two examples of “false positive” detections enabled by uncertainty estimation
on crowd-counting images (top: UCSD, bottom: PETSview2). From left to right: the
original frame, ground truth, predicted density map, and uncertainty map. Each density
map is normalized: darker pixels on the gradient palette ( for ground truth and predicted
maps, for the uncertainty maps) correspond to lower values. “False positive” regions,
corresponding to low predicted density and high uncertainty are highlighted with red
boxes.

of this issue is an interesting topic for future work.

5. Conclusions

This work provides the first investigation of injected dropout for epis-
temic uncertainty evaluation in order to assess if and how this method can
be a practical alternative to the current use of the traditional Monte Carlo
(embedded) dropout, which needs time-consuming uncertainty-aware train-
ing (i.e., it should be designed at training time). Our analysis focused on
regression problems and encompassed two different dimensions related to the
behavior of injected dropout, namely prediction accuracy, measured in terms
of RMSE, and quality of the uncertainty measure, evaluated in terms of NLL
and MA (i.e., calibration).

We analyzed, theoretically and empirically, how prediction error and qual-
ity of the uncertainty measure behave as a function of the dropout rate and
proposed a novel injection method grounded on the results of our analysis.

Experimental results on several benchmark data sets, including a chal-
lenging computer vision task, provided clear evidence that dropout injection
can be an effective and efficient alternative to embedded dropout, also consid-
ering that it does not require a computationally costly re-training procedure
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of already-trained networks. Our results also confirm that the effectiveness of
injected dropout critically depends on a suitable re-scaling of its uncertainty
measure.

We point out two limitations of our analysis, that can be addressed in fu-
ture work: (i) We considered only regression problems; an obvious extension
is to analyze dropout injection for classification problems. (ii) We considered
the same dropout rate across different network layers; however, our analysis
can be easily extended to the case of different dropout rates across the layers,
which is known to be potentially beneficial to Monte Carlo dropout [15].

Finally, another interesting issue for future work is to investigate the
effectiveness of injected dropout for detecting out-of-distribution samples,
which is potentially useful under domain shifts.
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Appendix A. Proof of Eq. (7)

In the following we prove that, given a data set D = {(xn, yn)}Nn=1 for
a regression problem, and denoting the corresponding predictions of a given
regressor by ŷn, the ideal uncertainty measure σ∗2, i.e., the one that minimizes
the NLL, is obtained when the following condition holds:

σ∗2
n = (yn − ŷn)

2, n = 1, . . . , n . (A.1)

Consider any instance xn ∈ D. The derivative of the NLL with respect
to the corresponding σ2

n is:
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Setting the above derivative to 0 and solving for σ2
n we obtain:

σ2
n − (yn − ŷn)

2

2(σ2
n)

2
= 0 , (A.6)

σ2
n = (yn − ŷn)

2, σ2
n ̸= 0 (A.7)

Appendix B. Proof of Eq. (9)

In Laves et al. [10] the sigma scaling has been computed with respect to
the standard deviation. It is straightforward to compute the resulting scaling
factor with respect to the variance.

Let C be the optimal scale factor when using the variance as an un-
certainty measure (namely the optimal variance scaler), and C ′ be the one
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optimal one obtained by using the standard deviation (namely the optimal
standard deviation scaler). First, the value of C ′ can be obtained as [10]:

C ′ =

√√√√ 1

N

N∑
n=1

(yn − ŷn)2

σ̂2
n

=

√√√√ 1

N

N∑
n=1

ϵ2n
σ̂2
n

(B.1)

We remind the reader that the optimal variance measure ξ2 is obtained
by multiplying the variance σ2 with the optimal variance scaler C: ξ2 =
C · σ2. We can obtain, instead, the optimal standard deviation measure ξ
by multiplying the standard deviation σ with the optimal standard deviation
scaler C ′: ξ = C ′ ·σ. From these identities we can derive the relation between
the optimal variance scaler C and the optimal standard deviation scaler C ′:

ξ2 = C · σ2 (B.2)

ξ =
√
C · σ2 (B.3)

C ′ · σ =
√
C · σ2 (B.4)

C ′ · σ = σ ·
√
C (B.5)

C ′ =
√
C (B.6)

From B.1 we can now deduce that the optimal variance scaler C is given
by:

C =
1

N

N∑
n=1
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n
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N

N∑
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(B.7)
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