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Abstract
Network-based Semi-Supervised Clustering (NeSSC) is a semi-supervised approach 
for clustering in the presence of an outcome variable. It uses a classification or 
regression model on resampled versions of the original data to produce a proximity 
matrix that indicates the magnitude of the similarity between pairs of observations 
measured with respect to the outcome. This matrix is transformed into a complex 
network on which a community detection algorithm is applied to search for underly-
ing community structures which is a partition of the instances into highly homoge-
neous clusters to be evaluated in terms of the outcome. In this paper, we focus on the 
case the outcome variable to be used in NeSSC is numeric and propose an alterna-
tive selection criterion of the optimal partition based on a measure of overlapping 
between density curves as well as a penalization criterion which takes accounts for 
the number of clusters in a candidate partition. Next, we consider the performance 
of the proposed method for some artificial datasets and for 20 different real data-
sets and compare NeSSC with the other three popular methods of semi-supervised 
clustering with a numeric outcome. Results show that NeSSC with the overlapping 
criterion works particularly well when a reduced number of clusters are scattered 
localized.
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1  Introduction

There has been an increasing interest in semi-supervised clustering in the last 
decades. Following Aggarwal  (2014, Chapt. 20), semi-supervised clustering is 
concerned with situations where some a-priori information about the assignments 
of observations to clusters is available and the goal is to incorporate and take 
advantage of this prior information to improve the quality of the obtained parti-
tions. This improvement consists in finding a feasible solution to a complex clus-
tering problem which is unreachable using unsupervised algorithms or finding 
a better-quality solution than what could be found using unsupervised methods. 
Sometimes, data clustering mainly depends on a single outcome variable or is 
characterized by different levels of this outcome. In these cases, using a cluster-
ing algorithm that gives in some way prior importance to this variable might be 
advantageous, particularly in situations when the different levels of this outcome, 
and thus the different clusters obtainable from data partitioning, depends in turn 
from the levels of the other observed variables.

In the following, we deal with semi-supervised clustering associated with an 
outcome variable and focus on a recently proposed method called Network-based 
Semi-Supervised Clustering [NeSSC (Frigau et al. 2021)] aimed at finding a par-
tition of the original data into a certain number of disjoint clusters, say K, that are 
the least possible overlapped with respect to the outcome.

NeSSC works by training several times a classification/regression model on 
reweighed versions of the original data. This model estimates the outcome based 
on an ad-hoc selected single predictor. In each trial/iteration, estimated values of 
the outcome allow us to measure the proximity or degree of similarity between 
pairs of observations and to feed a proximity matrix. This matrix is subsequently 
used to define a complex network on which a community detection algorithm is 
finally applied to obtain a partition of the data into a certain number of disjoint 
groups. NeSSC’s main goal, or most desirable result, is thus the possibility to 
order the K clusters according to increasing mean values of the outcome with 
overlapping between density curves reduced as much as possible. Minimum over-
lapping guarantees, at the same time, that the K clusters are as much as possible 
internally homogeneous and externally heterogeneous with respect to the out-
come. This use of an optimality criterion for data represented within a network 
structure is quite common in the neural network literature [see, for example, de 
Jesus Rubio et al. (2022), de Jesus Rubio (2021)].

NeSSC can be used in all situations when data are unlabelled but there is one 
observed variable that is considered of primary importance in driving the clus-
tering process. One of the main advantages of this method is its flexibility as it 
can be straightforwardly applied for datasets composed of numerical or categori-
cal variables as well as for those composed of both types of variables. Frigau 
et  al. (2021, Sect.  4.1) a detailed motivating example concerning house renting 
(Munich Rent Data) has been presented. It is there demonstrated that the monthly 
net rent is an important driver of the clustering process as using this variable 
as the outcome in NeSSC leads to distinguishing among five different groups of 
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houses characterized by different average renting prices as well as allows to iden-
tify specific characteristics of houses for each group. Similar results are obtained 
also for the Boston housing dataset, for a dataset about career statistics of major 
league baseball players (Hitters) as well as for another dataset including informa-
tion about characteristics of tourism websites (Conversano et al. 2019).

In this paper, we focus on the case the outcome is numerical and consider an 
algorithm implemented in NeSSC called Community Detection Tree-based Algo-
rithm (CoDe-Tree). We propose an alternative criterion based on a coefficient of 
overlapping between density curves to select the optimal partition as well as a pen-
alty term that prevents overestimation of the number of clusters. The effectiveness of 
the overlapping criterion is assessed through a comparative analysis involving four 
main methods used in the context of semi-supervised clustering with a numerical 
outcome, including CoDe-Tree, that are evaluated on artificial data and on 20 real 
datasets.

A typical situation where NeSSC based on the overlapping criterion is supposed 
to work well is when the clusters’ structure is scattered localized rather than cohe-
sive with a low percentage of overlap between clusters. Specifically, the clusters’ 
structure is considered cohesive when the majority of the observations came from 
a single multi-dimensional distribution, otherwise scattered localized. The percent-
age of overlap, instead, concerns the number of observations generated by one mul-
tidimensional distribution different from the one characterizing its own cluster. In 
Fig. 1 we report an illustrative example of three clusters in a two-dimensional space: 
the top-left panel shows a cohesive structure of the clusters, whilst in the top-right 
panel they are characterized by scattered localization. The percentage of overlap is 
represented by the observations generated by one multidimensional distribution dif-
ferent from the one characterizing its own cluster. In this particular case, data are 
generated by three multivariate gaussian distributions for cohesive structure and six 
multivariate gaussian distributions (two for each cluster) for scattered localization. 
The bottom panels, instead, display the distributions of the outcome variable y by 
clusters, generated by gaussian distributions. The details of the data-generating pro-
cess for this example are described in Appendix A.

In the case of scattered localization, although the plot shows six data clouds, the 
presence of the outcome y requires the clustering algorithm to find three groups. 
Clustering data using NeSSC with the selection of optimal partitions based on over-
lapping densities (see Sect. 3.2) provides the best results both comparing with the 26 
hierarchical and non-hierarchical clustering methods implemented in the R package 
NbClust (Charrad et al. 2014) as well as with the original NeSSC settings and other 
semi-supervised benchmarking clustering methods considered (see Sect. 4).

The rest of the paper is organized as follows. We recall the basics of NeSSC in 
Sect.  2 summarizing the main features of the three steps of the procedure. Next, 
we focus on the problem of choosing the optimal partition in NeSSC in Sect. 3 and 
describe the three criteria implemented in NeSSC (Sect.  3.1) before introducing 
the new overlapping-based criterion (Sect.  3.2), the penalization mechanism used 
to avoid overestimation of clusters (Sect. 3.3) and discuss convergence, consistency 
and computational complexity (Sect. 3.4). Section 4 presents the comparative analy-
sis whilst Sect. 5 ends the paper with some concluding remarks.
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2 � Network‑based semi‑supervised clustering

2.1 � Main features

The goal of Network-based Semi-Supervised Clustering (NeSSC) is searching for 
a partition of data that depends on an outcome variable which is in some way a 
proxy of the clusters of interest. These clusters are found as those presenting the 
minimum overlapping in terms of the distribution of the outcome. In the follow-
ing, we describe the basic steps of NeSCC.

The basic features of NeSSC are represented in Fig.  2. Data consist of p 
(categorical or numerical) variables x1,… , xp and an outcome variable y, both 
observed for n observations or instances. The final partition is found based on y, 
which has a priority in determining the clustering structure.

The assessment of the proximity between observations is based on a properly-
defined proximity matrix � derived from simple models m(⋅) that utilizes y as response 
and one randomly-selected variable xj as the predictor. Since xj could be either numeri-
cal or categorical m(⋅) is specified as a regression or classification model, respec-
tively, and is estimated b∗ ≫ 0 times on re-weighted versions of the original data. A 
set of weights associated with each observation and each predictor is utilized in each 

Fig. 1   Illustration with three clusters of the characteristics concerning the cohesion of their structure and 
the percentage of overlap between them in the control variables’ space: the top-left panel shows a cohe-
sive situation, the top-right a situation characterized by a scatter localization. The percentage of overlap 
is represented by the observations generated by one multidimensional distribution different from the one 
characterizing its own cluster. The bottom panels, instead, illustrate the distributions of the outcome vari-
able y by clusters
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iteration to select the observations and the predictor to be used in m(⋅) . Thus, � is 
updated based on the proportion of times pairs of observations have been assigned the 
same estimated value by m(⋅) . Next, data are represented in a network with weights � 
and a community detection algorithm is applied to select a final partition.

NeSSC is composed of three steps, described in Sect. 2.1.1 The first step is ini-
tialization and it is aimed at assigning a proper system of initial weights to both 
observations and variables.

Next, a training step allows the user to estimate the proximity between pairs of 
observations. The final agglomeration step uses community detection algorithms to 
find the best partition.

2.2 � NeSSC’s three steps

Initialization The model m(⋅) is estimated p times to set initial weights to observa-
tions and variables using the predictor xj ( j = 1,… , p ). For each xj , two instances 
i and i′ ( i ≠ i′ and i, i� = 1,… , n ) are considered similar if ŷi = ŷi� . Consequently, 
the observation weights w(j) are updated by computing the inverse of the average 
proximity obtained in the previous j − 1 iterations. Thus, more weight is assigned to 
cases that are less likely to be paired one with another by m(⋅) . The original weight 
assigned to the i-th case is 1/n and is updated in iteration j (see line 5 in Algo-
rithm 1). The indicator function I(⋅) equals one if ŷ(q)

i
= ŷ

(q)

i�
 , and zero otherwise. It 

checks if the predicted value (label) of y corresponds to the observed value (label) of 
y in the case y is numerical (categorical).

Algorithm 1: Initialization

The weighting scheme for variables is based on their predictive ability: the 
models m(xj, y) are compared on the basis of their goodness of fit (accuracy) if y is 
numerical (categorical). For the variable xj , the weight �(j)

j
 is updated on the basis 

of the global goodness of fit of m(xj, y)(j) , say G(xj)(j) . The latter corresponds to the 
relative decrease in the deviance of the outcome if y is numerical or to accuracy if 

1  See Frigau et al. (2021) for a more detailed description of the NESSC steps.
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y is categorical. The initial weight assigned to xj is 1/p and it is updated after each 
iteration according to the equation reported in line 4 in Algorithm 1. The variable 
xj′ is used to train m(⋅) at iteration q and the numerator considers all cases when the 
variable j′ sampled in the j-th iteration corresponds to xj.

The matrix �n,n derives from the repeated estimation of yi using reweighed vari-
ables and observations. The basic idea is assigning more weight to observations that 
are more prone to be assigned the same ŷi and variables that mostly contribute to 
these assignments. In this respect, a partition of the original data composed of inter-
nally homogeneous groups that are as much as possible different one from another 
is obtained [see Porro and Iacus (2009) for a similar approach in causal inference 
studies].

Training The model m(xj, y)(b) is estimated b∗ − p times ( b = p + 1,… , b∗ , i.e.: 
from iteration p + 1 to b∗ ) to update the observations’ weights w(b−1) by selecting, 
in each iteration, the predictor xj based on �(b−1) and refreshing the proximity 
matrix �n,n , whose entrance (i, i�) in iteration b is defined in line 5 of Algorithm 2.

The matrix �n,n derives from the repeated estimation of yi ( i = 1,… , n ) using 
reweighed variables and observations. The basic idea is assigning more weight 
to observations that are more prone to be assigned the same ŷi and variables that 
mostly contribute to these assignments. This would lead to a partition of the 
original data composed of internally homogeneous groups that are as much as 
possible different one from another. A similar approach to the estimation of the 
proximity matrix has been used in the framework of matching methods for the 
estimation of treatment effects in causal inference studies (Porro and Iacus 2009).

Algorithm 2: Training

Agglomeration The matrix �(b∗) is transformed into a set N  of T complex net-
works according to a function � ∶ �(b∗)

→ N  , and a community detection algo-
rithm A is trained on the nodes of each complex network Nt to find, for each net-
work, a certain number of homogeneous communities corresponding to the �t 
disjoint groups defining a proper partition of the original data (Algorithm 3).
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Algorithm 3: Agglomeration

Each complex network Nt ∈ N  is defined on the basis of a threshold value t that 
indicates if, for a generic �i,i′ , an edge exists between observations i and i′ . If �i,i′ ⩾ t 
an edge between i and i′ exists and �i,i� = 0 , otherwise �i,i� = 1 . To generate the set 
N  composed of T networks Nt ( t = 1,… , T  ), a set of thresholds T = {t1,… , tT} is 
required. To define this set, �(b∗) is reorganized into a R × 2 matrix K that reports in 
each column the number of pairs of observations to which the same estimated value 
of the outcome ( ̂y ) has been assigned and the number of assignments, respectively.2 
K is ordered with respect to its first column in a non-decreasing way. Next, the struc-
tural changes of the empirical fluctuation process of the frequency distribution of 
the kr values (first column of K ) are detected considering different bandwidths. The 
breakpoints in which the frequency of each kr,2 (the empirical fluctuation process) 
is different from a linear model with a null slope ( p < 0.05 ) are the threshold val-
ues t ∈ T  . The empirical process is assumed to follow a moving sums of residu-
als (MOSUM) process and an OLS-based MOSUM test is performed (Zeileis et al. 
2003). If no breakpoints are detected through the empirical fluctuation tests, T  is 
composed of the deciles of the frequency distribution of the kr values. The commu-
nity detection algorithm A applied to the each network Nt lead to T possible parti-
tions �1,… , �T of the original data, of size �1,… ,�T . As for the choice of the final 
partition, the four alternative criteria discussed in Sect. 3 can be considered.3

2  In practice, K corresponds to a frequency table reporting in each row the potential value of an indi-
vidual entry of b∗ ⋅�(b∗) and its associated frequency. For example, k1,1 = (300, 100) indicates that 100 
pairs of observations have been assigned the same ŷ for 300 times.
3  In the current implementation of NeSSC, three alternative community detection algorithms can be 
used: Louvain (Blondel et al. 2008), Walktrap (Pons and Latapy 2005) and Label Propagation (Raghavan 
et al. 2007).
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3 � Choosing the optimal partition

3.1 � Weighted, mean and threshold criteria

When NeSSC operates on the original cells of �(b∗) the set N  of possible networks 
is composed of a single network N1 only, whose edges are defined by the entries �i,i′ 
of �(b∗) . Thus, the community detection algorithm A is trained on N1 and a single 
partition �∗ into � groups is obtained. Since in this case each element �i,i′ indicates 
the strength of the connection between i and i′ , the �i,i′ s weight the edges of the 
network. This criterion is termed weighted criterion and is described in line 2 of 
Algorithm 3.

Instead, if the set of T thresholds introduced in Sect. 2 is considered, T alterna-
tive partitions �t are obtained and thus the optimal one has to be chosen. The origi-
nal NeSSC implementation utilizes a statistical test E to select the optimal partition. 
To this purpose, the Tukey’s Honestly Significant Difference Test (Tukey 1949) or 
the Fisher’s Exact Test  (Mehta and Patel 1983) is used depending on the type of 
outcome. The former is used when y is numeric to test for significant differences 
between clusters in terms of mean values of y. The latter is used when y is categori-
cal to test for the independence between the categories of y and the cluster labels. In 
both cases, the final partition is chosen alternatively as the one minimizing the aver-
age p-value arising from pairwise group comparisons. This criterion is named mean 
criterion and is described in lines 8 and 17 of Algorithm 3. Alternatively, with the 
same tests it is possible to consider the minimum proportion of times the p-values 
arising from pairwise groups comparisons are higher than a pre-specified threshold 
� (usually, � = .01 or � = .05 ). This criterion is named threshold criterion and is 
described in lines 11 and 17 of Algorithm 3.

3.2 � Overlapping index for the numerical outcome case

In the following, an alternative criterion is introduced when NeSSC is used in the 
case of a numerical outcome y. Consistent with the main aim of NeSSC, which is 
searching for subgroups of cases that are as much as possible not overlapped one 
with another respect to y, the overlapping index (Inman and Bradley 1989) is con-
sidered to select the final partition.

Broadly speaking, the overlapping index � between two probability density func-
tions fA(x) and fB(x) is defined as:

(1)�A,B = ∫
ℝ

min
[
fA(x), fB(x)

]
dx
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where the integral can be replaced by summation in the discrete case. Usually, �A,B 
is normalized to one, thus easily indicating that the two distributions fA(x) and fB(x) 
might be not overlapped ( �A,B = 0 ) or fully overlapped ( �A,B = 1).

The index introduced in Eq. (1) can be also used as a dissimilarity measure as it 
can be computed as

In both cases [Eqs.  (1), (2)], the overlapping index �A,B can be computed either 
analytically, when the densities fA(x) and fB(x) are known, or approximately when 
researchers have no particular knowledge about the parametric form of fA(x) and 
fB(x).

The �A,B index has been applied to several research problems. In psychology, it is 
the basis of Cohen’s U index, as well as McGraw and Wong’s CL and Huberty’s I 
degree of non-overlap index measure. All these indexes are based on some distribu-
tional assumptions to be properly met (e.g., symmetry of the distributions, unimo-
dality, same parametric family) that guarantee asymptotic properties but may some-
times limit the application of these measures in practice.

The current version of NeSSC implements the distribution-free overlapping 
index introduced in Pastore and Calcagni (2019). This index is defined in more 
general terms without resorting to the use of strong distributional assumptions 
and is appropriate when researchers need to quantify the magnitude of some 
phenomena like differences, distances, and evidence. Operationally, the dis-
tribution-free overlapping index is defined by replacing the unknown densities 
fA(x) and fB(x) introduced in Eqs. (1) and (2) with their kernel density estimates 
f̂A(x) and f̂B(x) , obtained once a kernel function and a bandwidth parameter have 

(2)�A,B = 1 − �A,B = 1 −

(
1

2 ∫
ℝ

|fA(x) − fB(x)|dx
)

Fig. 3   An example of overlapping distributions concerning the use of NeSSC with a numerical outcome 
y for data represented in Fig. 1. The method finds a partition in four groups, g1 to g3 , and each plot shows 
the empirical distribution of y within pairs of groups and the related value of the overlapping coefficient
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been chosen by the user. The effectiveness of this data-driven approach has been 
positively evaluated in Clemons and Bradley (2000) and in Schmid and Schmidt 
(2006).

Figure 3 shows an example of the distribution-free overlapping index for the 
simulated data shown in Sect. 1. Each plot shows the pairwise empirical density 
of y within the three groups ( g1, g2, g3 ) arising from the final partition found by 
NeSSC, with the corresponding value of the overlapping index O

[
gh, gz

]
.

In NeSSC, the pairwise overlapping indexes are synthesized into a single index 
�t that summarizes the degree of overlap between the 

(
�t

2

)
 pairs of groups char-

acterizing a partition �t obtained from a complex network Nt with t ∈ T  . Thus, 
recalling that a community detection algorithm is applied to a proper transforma-
tion of the proximity matrix �(b∗) from which T partitions each one composed of 
�t groups are obtained, the degree of overlapping indexes �t are defined as follows 
(line 14 of Algorithm 3)

with h > z and g(h),  g(z) being groups of the partition �t containing �t groups in 
total. The function M{⋅} computes a central tendency measure of the different pair-
wise groups overlapping values, such as the mean, the median or the weighted mean. 
Among all the possible (final) partitions �t ( t = 1,… , T) , the optimal (selected) par-
tition �∗ is that presenting the lowest minimum penalized average overlapping (line 
17 of Algorithm 3)

where �
�t

 is a penalty term used to prevent overestimation of the number of clusters 
[see Sect.  3.3 and Eq.  (5)]. The criterion introduced in Eq.  (4) to select the final 
partition leads to a satisfactory solution if data are not completely dense. It is not 
appropriate in the case all the pairwise distributions are completely or almost com-
pletely overlapped: in these cases, it is very difficult to find a clustering method able 
to distinguish the different groups.

3.3 � Avoiding overestimation of the number of clusters

When choosing one final partition among a set of T alternative partitions, a pen-
alty measure is used to prevent overestimation of the number of clusters. This 
penalty, called �

�
 , is used either for the mean criterion or for the threshold cri-

terion. It is computed as the ratio between the logarithmic transformation of the 
possible number of pairs obtainable from a partition � and that of the maximum 
theoretical number of pairs of clusters obtainable with n cases:

(3)�t = M
{
O
[
g(h), g(z)

]}

(4)�∗ = �t ∶ t = argmin
t∈T

[
�t ⋅ �𝓁t

]



	 C. Conversano et al.

1 3

�
�
 is defined in (0, 1] and is independent from n. It discourages candidate partitions 

with an excessive number of clusters, penalizing them logarithmically. When using 
one of the criteria described in Sects. 3.1 and 3.2 (mean, threshold, overlapping) the 
index �t , expressing the degree of equivalence between groups, is multiplied by �

�t
 

(see line 17 of Algorithm 3).

3.4 � Convergence, consistency and computational complexity

Three issues related to the choice of the optimal partition arising from NeSSC are 
the convergence of the training step (Algorithm 2), the stability of the solution as 
long as the size of the dataset increases and the computational complexity of the 
algorithm.

As for the number of iterations required to stabilize the proximity matrix � , 
NeSSC assumes that as long as the number of iterations increases � converges to 
the matrix �∗ . The latter expresses the true propensity of (subsets of) observations 
to behave in the same manner with respect to y. The algorithm convergences when 
the average element-wise absolute difference |�(b) −�(b−h)| is negligible, i.e. lower 
than a user-defined minimum acceptable value � for � subsequent iterations (line 6 
of Algorithm 2). As long as this condition is met, the final number of iterations is b∗ 
( p + 1,… , b∗,… ,Bmax ) and the final proximity matrix is �(b∗) . In any case, to avoid 
overly computational complexity, the user is required to specify a maximum number 
of iterations Bmax.

The convergence of � to �∗ is obtainable since by increasing the number of itera-
tions b the most explanatory variables are repeatedly selected and used in the model 
m(⋅) , and thus the entries of � tends to stabilize. As an example, Fig. 4 shows how 
the average element-wise absolute difference |�(b) −�(b−h)| stabilizes when increas-
ing the number of iterations b for the example dataset represented in Figs. 1 and 3.

(5)�
�
=

log

[(
�

2

)
+ 1

]

log

[(
n

2

)
+ 1

]

Fig. 4   Convergence of � to �∗ for the example dataset represented in Figs. 1 and 3



1 3

Overlapping coefficient in network‑based semi‑supervised…

The difference |�(b) −�(b−h)| is null at iteration 10,  000, which corresponds to 
the user-defined maximum number of iterations.

As for the consistency of the NeSSC’s results, we checked empirically if the 
goodness of the partition obtained by NeSSC depends on the size of the dataset. 
To this purpose, we generated 231 simulated datasets made up of four clusters with 
a constant average value of pairwise overlaps (0.05) by varying: the number of the 
independent variables (from two to eight), the size of the datasets (11 different sizes 
from 50 to 2000) and the community detection algorithm (Louvain, Walktrap and 
Label Propagation). The obtained partitions were compared to the true ones through 
the Adjusted Rand Index (ARI) (Hubert and Arabie 1985) (see Table 2 in Appen-
dix B). The differences among ARI averages by size resulted not statistically signifi-
cant by ANOVA test (p value = 0.85).

Frigau et  al. (2021, Sect.  5.2, pp. 196–198) it has been demonstrated that the 
computing time required by NeSSC for a dataset composed of 200 observations is 
always below 10 s and that the computational complexity of the algorithm depends 
on the threshold � used to define the stopping criterion, the number of instances n 
and the number of variables p. Specifically, low values of � require more iterations 
to complete the training step. Nonetheless, setting a reasonable value for Bmax , the 
maximum number of iterations, overcomes that issue. Instead, as long as n increases 
the computational time of both the regression/classification model m(⋅) and of the 
community detection algorithm A increase often more than linearly. The number of 
variables p affects directly the initialization step, since the number of required itera-
tions equals p, and indirectly the training step since increasing p causes an increase 
in the number of iterations required to stabilize the weights vector � and, conse-
quently, � . Last but not least, the computational time of the weighted criterion is 
lower than those of the unweighted ones, because the latter handle T complex net-
works instead of just one. All the above-mentioned considerations can be extended 
to NeSSC based on the overlapping criterion, which belongs to the unweighted 
criteria since the major change introduced in this case pertains to the criterion 
used to select the final partition whilst all the other features of the method remain 
unchanged.

In the following, the effectiveness of the overlapping criterion is evaluated by 
using a proper specification on NeSSC both on artificial data and on 20 different real 
datasets. In both cases, the overlapping criterion has been compared with the other 
criteria specified for NeSSC (weighted, mean and threshold) and with three alterna-
tive methods used in semi-supervised clustering with a numerical outcome.

4 � Comparative analysis

4.1 � Methods

In the following, the results of a comparative analysis among different methods for 
semi-supervised clustering with a numerical outcome are presented. The set of alter-
native methods includes a tree-based specification of NeSSC as a baseline method 
and three possible alternatives as the benchmark.
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The baseline method is the CoDe-Tree algorithm, which is one of the possible 
specifications of NeSSC introduced in Frigau et al. (2021). Consistent with the nota-
tion introduced in Sect. 2, CoDe-Tree considers classification or regression trees as 
classification/regression model m(⋅) . Thus, in the initialization step two observations 
i and i′ are considered as similar if they fall into the same terminal node of a tree, 
and the weights assigned to each variable are computed on the basis of the variable 
importance obtained from each tree. In view of that, for each tree, m(xj, y) the func-
tion G(xj� ) computes the total decrease in nodes impurity generated by the tree using 
xj as a unique predictor. In the specific case of a numerical outcome, in the training 
step of NeSSC b∗ regression trees ( b∗ = p + 1,… ,Bmax ) are grown on reweighed 
versions of the original data in order to derive the entries of the proximity matrix 
�(b∗) from which the set of T partitions �1,… , �T is obtained in the agglomeration 
step. As for the choice of the optimal partition, we consider the standard approaches 
based on the weighted and mean criteria utilized in Frigau et  al. (2021) and the 
newly proposed overlapping criterion introduced in Sect. 3.2. For each criterion, we 
use Louvain as a possible community detection algorithm.

As for the benchmarks, the following three methods are considered:

–	 Semi-Supervised Clustering, SS-Clust (Bair and Tibshirani 2004): this approach 
has been introduced in the framework of the analysis of gene expression data and 
consists of three steps. First, an a-priori selection of the most predictive variables 
based on a test statistic that differs based on the nature of the predictor itself 
(numerical, categorical, censored survival time) is carried out. Next, K-means 
clustering is applied to the subset of most predictive variables in order to assign 
each observation a class label. Finally, a Nearest Shrunken Centroid classifier 
is trained on labelled data to predict new observations based on the previously 
identified K groups. This method requires a priori knowledge of the number of 
underlying clusters and usually, it does not perform well in situations where there 
are some overlapping classes.

–	 Supervised principal components analysis (SPCA)  (Bair et  al. 2006): this 
approach can be considered as a variant of SS-Clust to be used when many pre-
dictors are available ( p ≫ 1 ). It computes univariate standard regression coef-
ficients for each predictor and selects those presenting a coefficient larger than a 
pre-specified threshold estimated by cross-validation. Next, a principal compo-
nent analysis is performed on the first reduced subset in order to obtain a second 
reduced subset that includes the first (or first few) principal components only. 
Lastly, the second reduced subset is the input of a K-means clustering which 
determines the final partition. Beyond the required prior knowledge of the num-
ber of underlying clusters, SPCA is limited by interpretability issues typical of 
PCA.

–	 Semi-supervised recursively partitioned mixture models (SS-RPMM) (Koestler 
et al. 2010): this method first selects, using a scoring function, the subset of vari-
ables that are the more associated with the outcome and then applies a recur-
sively partitioned mixture model to estimate the number of clusters in an efficient 
way. A possible disadvantage of SS-RPMM is that the variables discarded in the 
first screening step are ignored in the following steps. In addition, the final parti-
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tion is not correctly identified if the outcome is originally not strongly associated 
with the clusters.

Summarizing, the comparative analysis considers six alternative methods to semi-
supervised clustering with a numerical outcome (three specifications of CoDe-Tree 
and three alternative methods). All the compared methods have been implemented 
in the R environment for statistical computing (R Core Team 2021).

4.2 � Simulation study

We simulate different controlled and calibrated scenarios of 500 observations by 
generating several artificial datasets according to different levels of complexity. 
The basic data-generating process is the one represented in Fig. 1 and described in 
Appendix A with some additional design factors. The design factors in the different 
simulation scenarios are defined according to both the main elements of the clusters 
[e.g., Van Mechelen et al. (2018)] and two specific characteristics of the proposed 
method. As for the former, we consider: 

(a)	 the number of control variables: 2, 6 or 10;
(b)	 the presence of noisy variables: 0% or 33% of the number of variables;
(c)	 the number of groups � : 2, 3, 5;
(d)	 the proportion of qualitative variables: 0% or 50%.

The other specific characteristics concern the cohesion of the clusters’ structure 
(Cohesive or Scattered localization) and the percentage of overlap between clusters 
in the control variables’ space (5%, 10% or 15%).

We first consider the four main elements of the clusters, (a)–(d), together with 
the cohesion of the clusters’ structure and geerate 72 artificial datasets with no over-
lap between clusters. Data are generated from a �-dimensional multivariate normal 
distribution in case of cohesive structure and two �-dimensional multivariate nor-
mal distributions with different mean vectors for each cluster in case of scattered 
localization. In both cases, the mean vectors are randomly generated and the stand-
ard deviations are defined so that there is no overlap between clusters. Next, the 
overlap is generated by randomly swapping some observations among clusters. 
For each percentage of overlap, we repeat the random swapping 20 times to obtain 
4320 ( 72 × 3 × 20 ) artificial scenarios. Finally, the outcome y is generated as fol-
lows: dealing with � groups, y is generated from gaussian distributions with mean 
�l = 10 ⋅ l, (l = 1,… ,𝓁) , and standard deviation � = 1.2.

Among the set of possible indexes used to assess cluster validity [see for exam-
ple Arbelaitz et  al. (2013) and Halkidi et  al. (2015)] to evaluate the performance 
of the compared methods, we use ARI to compare the partitions obtained from the 
algorithms with the true ones. In particular, we compute for each design factor the 
percentage of times a clustering algorithm obtains the best ARI (ties allowed) over 
all scenarios where that specific factor is being considered.
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A first important result is illustrated in Fig. 5, which points out the best method 
in case of cohesive structure of the clusters is SS-RPMM in more than 50% of the 
simulated datasets. Good results, between 20 and 25%, are obtained also from the 
other two benchmarking semi-supervised clustering as well as the weighted setting 
of NeSSC. Considering the scattered localization scenarios, CoDe-Tree overlapping 
is the method that obtained the best ARI the highest number of times ( ≈ 40% ) fol-
lowed by SS-RPMM and CoDe-Tree mean.

By focusing solely on the scenarios characterized by scattered localization, we 
obtain the results illustrated in Fig. 6.

In these cases CoDe-Tree overlapping outperforms the other methods for all the con-
sidered percentages of overlap between clusters, decreasing its relative performance 
whilst increasing the degree of overlap. The contrary is, instead, for SS-RPMM, whilst 
the performance of the other methods are constant. Considering the number of control 
variables, if these are two CoDe-Tree overlapping performs as good as SS-RPMM and 
CoDe-Tree mean, whereas with six and ten control variables CoDe-Tree overlapping 
obtains the best ARI much more often than other methods. Moving to the number of 

Fig. 5   The percentage of times the six clustering algorithms obtained the best ARI over all scenarios 
according to the cohesion of the clusters’ structure (Cohesive or Scattered localization)

Fig. 6   The percentage of times the six clustering algorithm obtained the best ARI (ties allowed) over all 
scenarios characterized by a scattered localization of the clusters’ structure, respectively according to the 
percentage of overlap between clusters in the control variables’ space, the number of control variables, 
the number of the groups, the presence of noisy and qualitative variables
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groups, CoDe-Tree overlapping achieves comparatively better results in the case of a 
reduced number of clusters (2 or 3), but its performance reduces in the case of 5 groups. 
The presence of noisy variables, instead, does not affect the results inasmuch the dis-
tribution in both the cases is roughly the same. In particular, CoDe-Tree overlapping 
achieves the best ARI the most times followed by SS-RPMM and CoDe-Tree mean. 
Finally, if none variable is qualitative CoDe-Tree overlapping obtains the best ARI 
almost in one case over two. Good results are reached also by CoDe-Tree mean and SS-
RPMM. Instead, if half of the variables are qualitative, the best method is SS-RPMM.

Summarizing, the results of the simulation study suggest that CoDe-Tree overlap-
ping is a valuable choice in the scattered localization scenarios characterized by the 
presence of a reduced number of overlapping clusters and qualitative variables. In these 
scenarios, the possible presence of noisy variables does not degrade the performance of 
the method.

4.3 � Real datasets

We compare the results obtained from the different methods considering 20 real 
datasets obtained from some R packages. All these datasets include a numeric 

Table 1   Datasets used in the comparative analysis

R Package Name Title y Rows Cols (num/cat)

Ecdat Clothing Sales of men’s fashion stores Tsales 400 13 (13/0)
Ecdat Housing Sales prices of houses in Wind-

sor
Price 546 12 (6/6)

gamlss.data Rent99 Munich rent of 1999 Rentsqm 3082 10 (6/4)
Matching Lalonde Lalonde’s NSW demonstration re78 614 10 (10/0)
vcd Hitters Hitters Salary 263 20 (17/3)
AER CASchools California test score Score 420 11 (9/2)
AER CPS1985 Determinants of wages (CPS 

1985)
Wage 534 11 (4/7)

AER Fatalities US traffic fatalities Frate 336 33 (29/4)
AER Guns More guns, less crime? Violent 1173 13 (11/2)
AER HousePrices House prices in Windsor Price 546 12 (6/6)
AER Journals Economics journal subscription Subs 180 9 (6/3)
AER MASchools Massachusetts test score Score4 220 15 (15/0)
AER Municipalities Municipal expenditure Expenditures 2385 5 (5/0)
AER PhDPublications Doctoral publications Articles 915 6 (4/2)
AER USSeatBelts Mandatory seat belt laws in US Fatalities 765 12 (6/6)
carData Salaries Salaries for professors Salary 397 6 (3/3)
carData UN98 UN social indicators 1998 tfr 197 13 (12/1)
DAAG​ ais Australian athletes hg 202 13 (11/2)
DAAG​ leafshape17 Leaf shape Bladelen 286 9 (8/1)
DAAG​ nsw74psid1 Labour training evaluation re78 2344 10 (10/0)
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outcome and a certain number of predictors, either of numeric or categorical 
type. All the information about the datasets are reported in Table 1. The datasets 
included in the comparative analysis refer to different types of clustering domains 
(sales, housing, salaries, students’ performance, etc.) although most of them are 
attributable to socio-economics problems in a broad sense. The size of the con-
sidered datasets ranges from those including few observations (as, for example, 
the Economics Journal Subscription Data composed of 180 cases only) to more 
large datasets (as, for example, the Munich Rent Data composed of more than 
3000 cases), as well as we consider datasets with a reduced number of variables 
(as, for example, the Municipal Expenditure Data including five predictors only) 
or others including a relatively large number of predictors (as, for example, the 
US Traffic Fatalities including 33 predictors). In one case (CPS1985) the number 
of categorical predictors exceeds that of numerical ones. In three cases (Housing, 
HousePrices and USSeatBelts) the dataset has the same number of numerical and 
categorical predictors. In the remaining cases, the number of numerical predic-
tors exceeds that of categorical ones.

4.4 � Results

The main results of the comparative analysis are summarized in Figs.  7 and  8. 
Methods have been compared in terms of the overlapping index introduced in 
Sect. 3.2 since, consistent with the main goal of semi-supervised clustering with 
a numerical outcome, we search for the method providing the minimum overlap-
ping among distributions of the outcome in the different groups. Following the 
previously introduced notation, for each set of T partitions the final partition �∗

t
 

is selected considering the arithmetic mean as a specification of the function M 

Fig. 7   Heat map of the overlap index values: the colour gradients are relative to columns in order to com-
pare the performance of the 12 different settings of CoDe-Tree and the three semi-supervised methods 
(the rows) in each dataset (the columns). The color palette ranges from azure (the highest in the column, 
i.e. the worst) to blue (the lowest in the column, i.e. the best). A grey cell means the method found either 
a partition composed of one group only or one composed of more than 25 groups: in both cases, the 
result is considered unsatisfactory and untestable
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[Eq. (3)]. Unreported results obtained using the weighted mean or the median as 
possible alternative specifications of M are very similar to those obtained for the 
arithmetic mean.

Figure 7 shows a heat map of the values of the overlap index obtained for each 
method and each dataset. The colour gradients refer to columns in order to compare 
the performance of the 12 different settings of CoDe-Tree and the three semi-super-
vised methods (the rows) in each dataset (the columns). The colour palette ranges 
from azure (the highest in the column, i.e. the worst method) to blue (the lowest in 
the column, i.e. the best method). Counting the number of blue cells allows us to 
immediately identify the best-performing method for each dataset.

Overall, we can notice that CoDe-Tree performs better in 13 out of the 20 con-
sidered datasets. Interestingly, in 12 cases the best-performing method is the CoDe-
Tree using the overlapping criterion introduced in Sect. 3.2 to select the final par-
tition and, within this set of cases, in 10 cases the best-performing method is the 
CoDe-Tree using the overlapping criterion and the Walktrap community detection 
algorithm. The latter appears as the most suitable choice for the CoDe-Tree setting 
as it provides the best performance in 11 of the 13 cases (in the remaining two cases 
the Label Prop algorithm is the favourite one).

Next, we compare the results obtained from the different methods jointly con-
sidering the ability of each method to produce partitions that are as less as possi-
ble overlapped with respect to the outcome and the number of groups composing 
each selected partition. Results are summarized in Fig. 8, which refers to a scat-
terplot reporting on the horizontal axis the average number of groups provided by 
each method for the 20 datasets and the average rank (in reverse order) computed 
with respect to the overlapping index. Each data point, whose size is proportional 

Fig. 8   The relationships between the average number of groups (x-axis) and the average overlapping rank 
(y-axis) obtained by the 12 different settings of CoDe-Tree and the three semi-supervised methods on the 
20 datasets considered. The size of the circles is proportional to the average overlapping, i.e. the smaller 
size, the better the method (color figure online)
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to the average overlapping index obtained for the 20 datasets, represents a method 
and the different colours refer to the implementation of CoDe-Tree with the over-
lapping criterion (blue), with the other criteria (green) and to the three alternative 
benchmarking methods (red).

Results reported in Fig.  8 show that CoDe-Tree is the better-ranked method, 
in particular when it utilizes the overlapping criterion to select the final parti-
tion and implements the Walktrap algorithm to detect the community structure. 
This setting provides on average partitions characterized by a reduced number of 
groups. As an example, the implementation of CoDe-Tree with the overlapping 
criterion and Walktrap on the 20 datasets considered in this comparative analysis 
produces an average ranking of 2.10 (the highest one) and partitions composed of 
3.2 groups on average. The reduced number of groups characterizing partitions 
obtained from this method is consistent with the results obtained in the simula-
tion study. Besides, SS-Clust provides almost the same number of groups (2.45 
on average) compared with CoDe-Tree but it is ranked worse on average (the aver-
age rank is 8.10). SPCA performs on average even worse compared to SS-Clust 
(average rank equals 8.85 with partitions sized 5.35 on average), whilst SS-RPMM 
obtained a better ranking (6.10) but it is very likely that this good rank depends 
from the very large number of groups (14.55 groups on average) that partitions 
arising from this method include (increasing the number of groups causes the total 
overlapping to decrease).

5 � Concluding remarks

Traditional cluster analysis methods deal with grouping observations according to 
their inherent similarities without any supervision. However, the features of each 
cluster obtained from unsupervised clustering are sometimes hard to distinguish 
unequivocally. In light of this, semi-supervised clustering attracts lots of interest 
as it guides the clustering results according to a reference term and improves the 
clustering performance significantly. Semi-supervised clustering frequently uses the 
prior information of an outcome variable that drives the clustering process, particu-
larly when no knowledge about the cluster number is available.

In this framework, Network-based Semi Supervised Clustering (NeSSC) has 
been recently proposed in Frigau et  al. (2021) as a novel approach of semi-
supervised clustering associated with an outcome variable. It combines an ini-
tialization, training and agglomeration phase. In the initialization and training 
a proximity matrix expressing the pairwise affinity of the instances is estimated 
by a regression model or a classifier. In the agglomeration phase, the proximity 
matrix is transformed into a complex network, on which a community detection 
algorithm searches for an underlying community structure. The final output of 
NeSSC is a partition of the instances into clusters highly homogeneous in terms 
of the outcome. Frigau et al. (2021) NeSSC methodology is described in depth 
by focusing on the basics of each phase, particularly from an algorithmic point of 
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view and a particular specification of NeSSC called CoDe-Tree is introduced. It 
uses classification or regression trees as a prediction model or classifier, depend-
ing on the type of outcome. Its performance is evaluated on both simulated and 
real data considering either the case of a categorical outcome or the case of a 
numerical one.

In this paper, we have focused on the numerical outcome case and we have intro-
duced an alternative criterion for the assessment of the optimal partition of the 
original data arising from NeSSC together with a penalty term that controls for the 
number of groups produced by NeSSC. The overlapping criterion is based on the 
minimum overlapping between density functions concerning the distribution of the 
outcome in each group. We have implemented this criterion in the CoDe-Tree algo-
rithm whose performance has been evaluated on both artificial data and 20 real data-
sets by comparing it with three alternative semi-supervised clustering methods and 
with CoDe-Tree using the original criteria for the search of the optimal partition.

Results of our comparative analysis show that CoDe-Tree based on the minimum 
overlapping coefficient outperforms other methods (i.e., previous implementations 
of NeSSC as well as SSClust, SPCA and SS-RPMM) when the clusters’ structure is 
scattered localized rather than cohesive and the percentage of overlap between clus-
ters is limited. Moreover, the CoDe-Tree using the overlapping criterion and imple-
menting the Walktrap community detection algorithm provides in most cases parti-
tions composed of a limited number of groups which are internally homogeneous 
and not overlapped with respect to the outcome.

Future research will focus on the specification and implementation of additional 
criteria to improve the performance of NeSSC and CoDe-Tree in the categorical out-
come case. Moreover, since the results presented in this paper are obtained on data-
sets of standard size (up to 5000 observations) another issue that deserves accurate 
investigation is the assessment of the scalability of NeSSC when dealing with large 
databases containing millions or even billions of objects, particularly in the Web 
search scenarios.

A Simulation of data represented in Fig. 1

Data represented in Fig. 1 are generated as follows: 

(a)	 The cohesive example is characterized by 3 groups, each one composed of 168 
observations. 

(a1)	 The outcome variable y is obtained by joining 3 normal distributions of 
size n = 168 , with �1 = 10 , �2 = 20 and �3 = 30 and standard deviations 
�1 = �2 = �3 = 1.2.

(a2)	 The 3 groups are obtained by joining 3 bivariate normal distributions X1,X2 
and X3 of size n = 168 with the following parameters: 
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(a3	 For 13 randomly selected pairs of observations belonging to different 
groups the values of x1 and x2 have been swapped.

(b)	 The scattered localized example is characterized by 6 groups, each one composed 
of 84 observations. 

	 (b1)	 The outcome variable y is obtained by joining 3 normal distributions of 
size n = 168 , with �1 = 10 , �2 = 20 and �3 = 30 and standard deviations 
�1 = �2 = �3 = 1.2.

	 (b2)	 The 6 groups are obtained by joining 6 bivariate normal distributions 
X1,… ,X6 of size n = 84 with the following parameters: 

	 (b3)	 For 13 randomly selected pairs of observations belonging to different 
groups the values of x1 and x2 have been swapped.

Data have been simulated using the function rbinorm implemented in the R pack-
age VGAM (Yee 2019).

B Consistency of NeSSC: adjusted rand index (ARI)

See Appendix Table 2.

�1 = (97, 8) and �1 = (57.7,−4.4,−4.4, 66.8)

�2 = (38, 39) and �2 = (74.0,−3.2,−3.2, 62.2)

�3 = (107, 78) and �3 = (71.4,−0.3,−0.3, 83.5)

�1 = (7, 111) and �1 = (153.7, 15.0, 15.0, 210.6)

�2 = (147, 134) and �2 = (83.2,−7.6,−7.6, 81.5)

�3 = (229, 146) and �3 = (126.5,−17.6,−17.6, 113.1)

�4 = (209, 6) and �4 = (199.3, 6.2, 6.2, 256.9)

�5 = (103, 45) and �5 = (66.7, 7.9, 7.9, 66.9)

�6 = (36, 13) and �6 = (171.7,−25.3,−25.3, 239.5)
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