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Abstract Inalarge class of nonlocal as well as local higher
derivative theories minimally coupled to the matter sector, we
investigate the exactness of two different classes of homo-
geneous Godel-type solutions, which may or may not allow
closed time-like curves (CTC). Our analysis is limited to
spacetimes solving the Einstein’s EoM, thus we can not
exclude the presence of other Godel-type solutions solving
the EoM of local and nonlocal higher derivative theories
but not the Einstein’s EoM. It turns out that the homoge-
neous Godel spacetimes without CTC are basically exact
solutions for all theories, while the metrics with CTC are
not exact solutions of (super-)renormalizable local or non-
local gravitational theories. Hence, the quantum renormal-
izability property excludes theories suffering of the Godel’s
causality violation. We also comment about nonlocal gravity
non-minimally coupled to matter. In this class of theories,
all the Godel’s spacetimes, with or without CTC, are exact
solutions at classical level. However, the quantum correc-
tions, although perturbative, very likely spoil the exactness of
such solutions. Therefore, we can state that the Godel’s Uni-
verses with CTC and the super-renormalizability are mutu-
ally exclusive.
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1 Introduction

In a very inspiring and relevant paper [1], the authors inves-
tigated the presence of homogeneous cosmological Godel-
type solutions in a quite general class of nonlocal gravita-
tional theories. We here expand on the analysis in [1] look-
ing for a principle of mutual exclusion between unitarity (as
already suggested in [1]) and/or renormalizability and the
presence of homogeneous Godel-type exact solutions with
CTC in nonlocal gravity. We will mainly study a class of
nonlocal theories characterized by the minimal coupling to
gravity [2,3]. However, in the end we will also comment
on the same issue in a class of nonlocal gravitational theo-
ries with non-minimal coupling to matter [4,5]. Let us now
introduce the theory and its main properties. Nonlocal quan-
tum gravity has been extensively studied since 2011 as a
consistent proposal for quantum gravity in the quantum field
theory framework. The minimal action for pure gravity was
studied in [6], but subsequent further searches revealed the
existence of two cornerstone papers on nonlocal quantum
gravity by Krasnikov [7] and Kuz’min [8]. In the former
paper it was proposed a tree-level unitary action with expo-
nential non locality, while in the latter the power counting
super-renormalizability [9] was rigorously proved for a class
of asymptotically polynomial nonlocal theories. In [10] the
theory was extended to any dimension and proved to be finite
at quantum level in odd dimension [11] (see also [12] for a
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more recent review). In [13], the theories proposed in [6—8]
were extended by adding few other local operators in order to
achieve the quantum finiteness in any dimension. The other
crucial property satisfied by these theories is the perturbative
unitarity which has been rigorously proved in [14-16]. In
short, the main idea is to evaluate all the loop-integral along
the imaginary axis for the energy, assuming also the exter-
nal energy to be purely imaginary, and, afterwards make the
analytic continuation to the real physical energy. It turns out
that the Cutkosky rules are the same of the local theory with
which the nonlocal theory shares the perturbative spectrum,
namely the asymptotic degrees of freedom.

We come now to the main topic of the paper, namely the
Godel’s spacetimes. In 1949, Godel [17] discovered an exact
solution of the Einstein’s field equations sourced by a nega-
tive cosmological constant and a pressure-free perfect fluid.
The line element of the Godel Universe reads:

ds?> = —[dr + H(x)dy]* + D(x)dy? + dx? 4 dz?,

emx

7

and it is sourced by the following energy—momentum tensor,

H(x)=¢e"", Dkx)=

ey

Tab - pVava va = (at)av
m? = —2A¢ = k2p = 207, )

where p is the constant density of matter, V¢ is the four-
velocity of fluid, A is the negative cosmological constant,
K is related to the Newton’s gravitational constant,  is the
rotation velocity of matter.

The Godel spacetime is geodetically complete, but it
presents CTC that could lead to a violation of macro-
causality. The latter statement is actually debated because
the CTC are not geodesics and can not be traveled in a finite
amount of time. However, in this paper we will only focus
on the presence of Godel’s solutions in a large class of grav-
itational theories without investigating the geodesic motion
of probe particles.

More recently, in 1982, a class of homogeneous space-
times of Godel-type [18,19] was proposed by Reboucas
and Tiomno [20]. The latter metric is homogeneous [21]
and causal (no CTC) whether the parameters in the metric
take specific values. This was the first proposal for a com-
pletely causal homogeneous and rotating Universe. In 2021
the homogeneous Godel-type without CTC has been shown
to be an exact causal solution of a special class of classi-
cal nonlocal gravitational theories [1]. Moreover, in [1] the
authors did not find Godel-type solutions with CTC. In this
paper, we generalize the result in [1] deriving the general
constrain that a local or nonlocal higher derivative theory
has to satisfy whether we want the Godel-type metrics to be
exact solutions of such theory. In this project, we will assume
the Godel-type metrics to be exact solutions of the Einstein’s
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two-derivative theory. Therefore, we can not exclude other
Godel-type metrics that do not solve the Einstein’s equations,
but solve the full theory.

Let us here list the issues addressed in each section of the
paper. In Sect.2, we review the homogeneous Godel-type
metrics: the classification and the conditions for the exis-
tence of CTC. In Sect. 3, we introduce the notations and the
implicit form of a general action for local or nonlocal gravi-
tational theory minimally coupled to matter. In Sect.3.1, we
explicitly introduce the action, while in Sect. 3.2, we derive
the equations to be solved in order to prove or disprove the
presence of exact homogeneous Godel-type solutions in local
or nonlocal higher derivative theories minimally coupled to
matter. In Sect. 3.3, we explicitly state in compact form the
equations of motion and study under which restrictions the
homogeneous Godel-type spacetimes (including the metrics
with CTC) are exact solutions in higher derivative or non-
local gravitational theories. In Sects.3.4 and 3.5, we show
that the homogeneous Godel-type spacetimes without CTC
are exact solutions of basically all local or nonlocal theories
with higher derivative operators.

In Sect.4, we show that the conditions for unitarity and
renormalizability exclude theories having solutions with
CTC. Finally, in Sect. 5, we shortly review nonlocal gravity
non-minimally coupled to matter and show that all Godel-
type spacetimes are exact solutions by construction. How-
ever, the quantum corrections very likely will exclude such
solutions.

2 Godel-type metrics and CTC

In this section, we briefly review the homogeneous Godel-
type metrics and provide the condition for having CTC (for
more details we invite the reader to consult [20]).

The homogeneous Godel-type metrics are defined by the
following line element in cylindrical coordinates,

d%s = —[dt + H(r)d0)> + D> (r)d6> + dr> + dz%, (3)

where H (r) and D(r) are functions of the radial coordinate
r and satisfy the following conditions,

H) e R\{0} and D'0) _ 2R %)
D(r) D(r) '

where the prime stays for the derivative with respect to the
radial coordinate r.

As discussed in [20], the homogeneous Godel-type spaces
can be organized in four classes depending on the values of
the parameters o and m?:
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1. the hyperbolic class: m* > 0, w # 0:

2w
H(@r) = —2[cosh(m r)—1] and
m

1
D(r) = — sinh(m r), (5)
m
2. the trigonometric class: —p?> = m* < 0, w # 0:

2w
H(@r) = F[l —cos(ur)] and

D(r) = L sin(ur), (6)
“w

3. the linear class: m* = 0, ® #0:

H(r)=wr® and D) =r, @)

4. the degenerate class: m*> # 0, w = 0:
H(r)=0. ®)

The reader can verify that the above four classes of metrics
are exact solutions of the Einstein’s EoM. As a particular
example, the Godel original metric (1) corresponds to m? =
20° > 0.

Closed time-like curves

The CTC in the spacetime (3) are characterized by the fol-
lowing curve,

C= {(r, r.6,2): 1,1z = const, 0 € [0, 2n]}. 9)

Notice that for z, r, z = const, the 6 coordinate is time-like.
Therefore, the curve C is a CTC because 6 is a periodic

angular coordinate.
It turns out that the condition for having a CTC in an
homogeneous Godel-type metric is:

3rg s.t. G(rg) = D2(rg) — H2(rp) < 0 > i

(10)

It is worth noting that there are no CTC only for the degen-
erate class of solutions.

3 Godel-type solutions in local and nonlocal gravity

In order to fix the notation we here define the action and the
equations of motion (EoM). The action for a general gravi-

tational theory reads:

S = /‘d4x«/—g£g + Sulguv, W1 and

1
Eg = ﬁ(R_ZAcc)"‘ﬁv (11)

where 2«2 = 167 G, G is Newton’s constant, Acc is the cos-
mological constant. £ is the Lagrangian beyond the Einstein-
Hilbert one, and §,, is the action for matter. Taking the vari-
ation respect to the metric g,,,, the EoM can be written as:

2 aS
~/—8 98ab

1
=0 = ;(Gab+Accgab+ Oaupr)=Tup,
(12)

where Q,p is the extra term coming from the variation of L.
We now look for Godel-type solutions in several nonlocal
and local theories.

3.1 Nonlocal gravity

In order to extend the result in [1], in this section we consider
the nonlocal gravitational action in the Ricci—Weyl basis,

S = /d4xx/—g
1
x I:W (R —2Ace) + Ryo(D)R + Rapy2 (D) R

+Cabea s @OC | + Sulgan, W1, (13)

where the analytic form factors y; are infinite power series
of the dimensionless d’ Alembert operator (1, = (/A2 i.e.,

o
yi@) = yiaO) and i={0,2,4}, (14)
n=0
vi.n are the coefficients (dimensionless) of the power series in
[Ja, A is an invariant fundamental mass scale of the theory,
namely in this case the non locality scale.
Notice that the unitarity of the theory has been investigate
in the Riemann—Ricci basis [3], hence, we will later in Sect. 4
change basis in order to make a connection between renor-
malizable and unitary theories with the presence of Godel
solutions.

3.2 Equations of motion with the Godel’s ansatz

In this project we do not look for new solutions, but we inves-
tigate under which conditions the Godel-type metrics of the
Sect. 2, which solve the Einstein’s EoM, are solutions of the
general nonlocal or local higher derivative theory (11).

Therefore, in order to solve the modified EoM (12) the
Godel’s metric g, should satisfy:

0% =0 Vm, w. (15)

@ Springer
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The latter equation turns out to be an algebraic constraint
on the space of theories, namely on the constant coefficients
¥i.n- Indeed,

G (@ +7 3 + 0% (3) = K2FHE)

— 0”@ =0. (16)

For the sake of simplicity from now on we will identify g,
with ggp.

3.3 General solutions

We now investigate under which conditions the Godel metric
is an exact solution of the nonlocal theory (13) for general
values of the parameters m and w. For convenience, we intro-
duce the following truncation of the action (13),

1
S, = /d4x4/_—g [272 (R —2Ac) + 10, RO'R

+V2,n RabDn Rab + V4,nCadeDnCade] + Sm [gabv \Il],
(17)

where n stays for the n-th order of the theory (13). The non-
local theory is obtained summing on n from zero to infinity
the higher derivative operators.

Let us start with the action Sp. It turns out that the theory
So reduces to Einstein’s gravity for y; o = 0. Therefore, for
vio =0 (@ =0,2,4), the Godel metric is an exact solution
of the theory. Solutions for y; o # 0 consistent with causality
were found in [22].

Next, we study the action S, for any finite value of the
integer n. Making use of (A11)—(A15) in (A7), (AS8), (A9),
we can find the tensor Q,,, defined in (15) for the local theory
(17). The following result is obtained by mathematical induc-

tion for each n for the action §,, with and assuming
vi0 =0,

2i2 _
) = J3 (V2 + 2yam) (m* — 40”) 20 (60%)" !
2n 4+ DHm? — (20 + 8n)w?
y 2n + DHm? — (12 + 8n)w?

(o) 2
4o
o =3 0= 23— m? = 40 (7} 607/ A%)
n=1
1
1
1
0

+2y4 (602 /%))

2 2
m*° — 4w
: (12(60%/A%)
m? — 20w?
m? — 1202
m? — 1202
40 —m

(19)

+2K

+2y4(60° /A?))
2

where y;(z) is defined in (14) and y/(z):

6 w?

o (20)

o0

—1 —

V@ =Y viand"", z=
i=1

Finally, the modified EoM (12), namely
Guv + Accg/w + Q;w = KZT;,wv 2D

for y;,0 = O read:

40*
3P —m?— Age+2i? [F (m2—4w2)2(]/2/ (2)+2y4(2))

2 2
m- — 4w
+t——5— @+ 2y4(2)) (m* — 20w2)] = k> Too,

40
@ + Ace + 267 [sz — 401 (y3(2) + 2¥4(2)

m?—4o? 2 2 2 2
S (242 1207) |= P Ti= T,
2_402)2
”‘2“"2““‘2”2w(n(zmm(z)): K2 Ts3,
(22)
(18)

n + DHm? — (12 + 8n)w?

40* — m?

The EoM for the nonlocal theory (13) are obtained taking
the sum on the integer n fromn = 1 ton = +o0 of the terms
(18), namely for the moment we assume y; o = 0. The result
takes the following compact form after resummation of the
form factors,

@ Springer

where z = 6w?/AZ. while the matter content consists on the
electromagnetic field and a real scalar field [19] whose total
energy—momentum tensor is:
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2 2
e“+E
p+—2

EO—e

p+
E2_o2
P+ 02

2_ 2
e“—Ej

(23)

The parameters e and Ey were introduced in [19] in order to
describe the energy—momentum tensor for a scalar field and
for the electromagnetic field respectively, namely

e 2 e2>

(Scalar) __ q: e ==
T, —dlag<3, T3

E} E} EX E2
TEM — dia , =2, 0 24
v 222 4
So far we assumed y;o = 0, but now we move to

consider the general case yio # 0.

According to the explicit calculation of Qﬁ)‘z, which con-
sists in evaluating Pl‘”’ , PZ“”, and P3“b in (A7) but taking only
the order n = 0 in the Taylor’s expansion of the form factors,

we get the following non vanishing diagonal contributions to

Q/,H)v

10
Q(()%) = [?w“a +m*p — 4m2a)2y] ,
8
00 — 00 — [2w4a Fmtp 5mzwzy] ’

2 4
Qé%) = 2«2 |:—§a)4a - m4ﬂ + §m2w2Vi| ’ (25)

where we have defined the following parameters that take
into account of the order zero in the Taylor expansion of the
form factors,

a =3y0,0 + 92,0 + 16y4,0,

2
B =2y00+ 20+ 3740,

Y =3¥0,0 +3¥2.0 + 4v40. (26)

In order to find the full tensor Q,,, for the nonlocal theory
we have to sum the contributions Q,(fv)
The final result reads:

0 m4 m2
/(w)+ZQ(")_ v @ <%J +bME+Cu>

27

from n = 0 to infinity.

where Q,, is a diagonal matrix and, hence, there is no sum
on the index w. In (27) the first term is given in (25) and
second term in (19).

Therefore, looking at the above expression (27) for Q,,,
as a polynomial in y = m?/w?, one can easily figure out by

linear independence of the monomials y°, y!, and y? that:

Quw=0¥m,0o = ay=b,=c,=0Vow

(n=20,1,2,3). (28)

Now we rewrite the expressions for a,, b;,, and ¢, in terms
of the form factors. Indeed, after performing the sum over n,
ay, by, and ¢, will depend on a special linear combination of
the form factors y» and y4, namely y» +2y4 and its derivative
respect to the argument z = 6w? /A2, i.e. y; + 2y,. Notice
that the form factors in (19) do not include the order zero of
their Taylor’s expansion because we have taken into account
of the terms y; ¢ in QELOJ, namely in (25) or (26). Therefore,
the sum on 7 in 2 + 2y4 and y; + 2y, starts fromn = 1.

The final result for the zero components of the three vec-
tors ay, by, and ¢, reads:

do? o1
ap = F(Vz +2yy) + E(VZ + 2y4) + B,

320?
bo = == 5~ (12 +2y) = 8(r2 +2y0) — 4y,

64w?

10
€0 =—7 (3 +2yp) + —(7/2 +2y4) + T (29)

while for the first and the second components we have:

do? o1
F(Vz + 2y, + §(V2 +2y4) + B,

ay=ay =
o, , 16 8
bi=by=-—5"(+2y) — 52+ 2v) = 37,
2
co=c = T(Vz/ +2y4) +16(y2 +2y4) + 2. (30)
Finally, for the third components we get:
1
az = —5(1/2 + 2y4) — B,
b= S 20 +
3= 3 V2 V4 3)/’
16 2
3= —?(Vz +2y4) — 3% (D

Replacing the expression (31) into (30) and imposing (28)
we get:

1 (6w?/A%) =0V,
where f/(6w”/A%) = y3(6w*/ A?) + 2y, (6w | A?).
(32)

Simplifying the equations a3 = b3 = c3 = 0 taking into
account of (26) we get:

5 5 +00 66()2 n
FO0* A%+ y20+ 2750 = D (o +20am) (5
n=1
(33)

+92,0 + 2740 =0V, and 3y 0+ y2,0 =0.

@ Springer
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Including the constant term again in the sum we can rewrite
(33) as follows,

+o00o 6a)2 n
Z(Vz,n + 2]/4,;1) (F) =+ 2}/4 =0 V(,z),
n=0

where Ay ..q, and By,..q, , are general tensors made of
any finite number of derivatives (including no derivatives)
and one or more curvature tensors (for example: A peq =
(Vf R)R°RepV f Req). Now performing an explicit compu-
tation, it turns out that

and 30,0 + 720 = 0. (34) VauRpede X (m2 — 4a)2), or in short :
Hence, the final result for the nonlocal theory is: V Riem (m2 — 40)2), 39)
Quw=0Vm, o <<= 2+ 2ys4 =0 (sum from O to infinity) and 3y0.0 + 12,0 = 0. (35)

For a general local theory defined by the action,

N

1
Sy = /‘d4x«/—g |:2(R —2Ac) + Y Y0 RO'R

2K =

N N

+ Z Y2.n RabDn Rab + Z Y4.n Cabed o Cadei| +Sm,
n=0 n=0

(36)

the condition (35) holds whether we include the extra condi-
tion y; , = 0 for n > N, namely the condition (35) applies
to the coefficients y; , for 0 <n < N, i.e.

which vanishes for m? — 40> = 0. Taking into account of
(39) the variation of the action operator for the Lagrangian
term (38) with respect to the metric gives:

of atxv=eLas = [ atrvg
ab
X |:£a,b %agab + 8(Aa1..‘an)V“" B4 dn-1

+Aayay 8 (VB 4 A, vanawal---an-')].
(40)

0 =0Vm, o <

(Von +2y40) =0 for0<n < Nand3ypo+ 20 =0. 37)

3.4 Exact solutions without CTC in nonlocal gravity

Another class of particular Godel exact solutions for local as
well as nonlocal gravitational theories is obtained for m? =
4w? [1] regardless of the explicit form of the form factors
as long as the constant term in the form factors y; is zero,
namely y; o = 0. Indeed, both fog and Q,,, are identically
zero for m? — 4w? = 0 whether y; o = 0 (see (18) and (19)).

However, if the conditions (35) and (37) on the nonlocal or
local form factors are satisfied, then the rotating spacetimes
for which m? = 4w? are exact solutions although vio # 0.

It deserves to be notice that according to (10) for m? =
4w? there are no CTC. Therefore, rotating causal Universes
are exact solutions of nonlocal and local theories.

3.5 A more general action

We can extend the class of solutions with m? —4w? = 0 found
in the previous section to a more general class of theories.
Let us consider the action (13) augmented by other operators
whose prototype is the following one,

Lap = Agjq, VBN =1, (38)

@ Springer

In the above variation the first and the second term contain
V Riem. Therefore, according to (39) they are zero when
evaluated for m? = 4w?. So far the variation reads:

8/d4x«/—g£a,b L
m>=4w

= / d*x/—glAa..q, (V) B
—S(BUT )V Agy ] (41)

where the second term resulting from the integration by parts
is again zero because of (39). Let us now compute the varia-
tion of the covariant derivative,

5/ d4x\/—_g£a’b
m2=4w?
= / 040/ Agya, 8 (g714) Vg B0
+Agya, “8(Vy) B 1]
= / d*xv/=glAg-a,,”

n—1

Z(al“aiab)Bul"'ai—lbuiJrl"'“n—l]’ (42)
i=1
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where the variation of the connection is:
Cc 1 C C C
S = E(vahb + Vphy — Vhgyp), 58(11) = hgp. (43)

Integrating by parts the derivatives present in the variation of
the connection, we end up with expression containing deriva-
tives of the tensors A and B. Hence, the variation (42) is zero
among using one more time (39) for m? = 4w?.

Except for the last step of Eq. (40), the other terms vanish
because these terms contain V, Rp.4.. Such terms will vanish
when m? — 4w? = 0 due to (39) and integration by parts in
the last step of Eq. (40) will introduce the derivative operator
in Agy...q, @ BY%-1baiv1an-1 g0 the result is zero when
m? — 4w = 0.

We can conclude that if a general Lagrangian con-
tains operators with at least one derivative, besides the
Einstein-Hilbert term in presence of cosmological con-
stant, then, the metrics for which m2 —4w? = 0 (without
CTC) are exact solutions of the theory.

The above statement include the result at the end of the
previous section relative to the case m? — 4w? = 0. Indeed,
the Godel metric with m? = 4w? is a solution in nonlocal
gravity if all the constant terms in the Taylor expansion of
the form factors y; ¢ are zero regardless of the explicit form
of the form factors.

4 Quantum renormalizability and CTC

We here investigate the presence of CTC in a special class
of classical nonlocal theories compatible with unitary and
(super-)renormalizability. Indeed, in the previous section we
did not assume any relation between the form factors yyp,
y2, and y4 and we found that the Godel spacetimes exact
solutions if the conditions (35) are satisfied by the theory.
In this section we compare the result (35) with the relations
that the form factors should satisfy in order to have theories
compatible with unitary and renormalizability.

The latter properties had been extensively studied in liter-
ature for the following Lagrangian [3] written in the Ricci—
Riemann bases,

1 - -
L= 55 (R=2Ac) + R7()R + Rap7r ()R

+Rabea7a (DR, (44)
Oy PZED-DADEO )
= 2%24(D — )OI =
(45)
~ 2 ~
»@Q) = O 4740, (46)

where the form factors have been properly selected in order
to end up with the most general propagator (we here remind

only the gauge invariant parto of the propagator) consistent
with unitarity and (super-)renormalizability [2,3], namely

(’)_1 b = 1 P PO 47
k)= K2 | D) (D = 2)eto@) |

where {P(i)| i = 0,2} are the projectors [10]. Hy and H»
are non-zero entire functions asymptotically approaching the
same logarithm of a polynomial in the variable k2 (at least in
the simplest version of the theory). The entire functions H»
and Hp must have the same asymptotic behaviour in order to
achieve renormalizability, while according to tree-level [23—
26] and perturbative Unitarity [14-16] H»(0) = Hyp(0) = 0.

For completeness, we remind the Kuzmin’s form factor
H (z) [8]. As mention above, H (z) is an entire analytic func-
tion with asymptotic logarithmic behavior defined one pos-
sible explicit construction of such function is [6,8]:

p(2) l—e~ ¥
H(z)=/0 dw ” =ye+T'[0, p(2)]+log[p(2)],
(48)

where p(z) is the most general polynomial of degree n + 1
in the variable z, namely

p@)=ap+aiz+az+---+an12", @ eR. (49)

The Godel solution has been studied for the theory in the
Ricci—Weyl basis (13), thus, in order to infer about a pos-
sible relation with unitarity and renormalizability we have
to change basis. In the Appendix B we derived the relation
between the form factors y; (44) and the form factors y; (13).
The outcome is:

V2 +2y4 = o + 4y (50)

Therefore, according to (35) the metrics for general m and w
are exact solutions of the theory (44) if:

V2 = —474. (51)

Replacing the above identity in (46) we get: H> = 0, which s
inconsistent with the renormalizability of the theory. Hence
we can make the following statement,

Godel spacetimes with CTC are not exact solutions in
nonlocal (super-)renormalizable gravitational theories.

In other words, super-renormalizability and the Godel’s
spacetimes with CTC are incompatible. Notice that the Uni-
tarity is consistent with the Godel’s spacetimes with CTC
because H, = 0 does not change the residue at the Cutkosky
cuts [14,16].

For the case a local theories, one have to replace exp Hj
with a polynomial that must be zero for consistency with
(51)) whether we want the Godel’s spacetimes to be solutions.
Hence, the local theories that predict spacetimes with CTC
are non-renormalizable.

@ Springer
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According to Sect. 3.4, it is doubly surprising that metrics
with CTC are not solutions while those without CTC are so
in practically all theories.

Finally, we would like to comment on the case of nonlocal
exponential form factors, exp p(z), very often regarded and
extensively studied in literature. From the classical point of
view, the simplest form factor H = —[ is perfectly fine and
it defines theories in which the Godel Universes with CTC
are not exact solutions according to (51) or H>(0). In other
words, theories with exponential form factors are consistent
with the claim in the box of above.

However, till now we are not able to quantize a diffeomor-
phisms invariant or a gauge invariant theory defined by such
exponential for factors. Indeed, in gravity or gauge theories
we have the same form factor and in both the kinetic operator
and the vertexes. Therefore, we have to evaluate loops’ inte-
grals that are ratios of exponentials. Such integrals are not
only divergent, but ill defined. Thus, at the moment we are not
able to deal with such kind of non locality. On the other hand,
the form factors exp H, with H (z) defined in (48) introduced
for the first time by Kuzmin, are asymptotically polynomial
and the power counting turns out to be the same that in local
higher derivatives theories. This is in short the main reason
why Einstein’s gravity can be safely extended to a nonlocal
theory consistently with Unitarity and renormalizability.

Therefore, we can state that (super-)renormalizable theo-
ries are free of CTC (this is a short way to say that in such
theories there are no Godel solutions with CTC), but we can
have other local or nonlocal theories inconsistent with the
(super-)renormalizability property though free of CTC. In
other words: the (super-)renormalizability implies no-CTC,
but no-CTC does not imply (super-)renormalizability. The
(super-)renormalizability condition is a sufficient condition,
but not a necessary condition for avoiding CTC.

5 Nonlocal gravity non-minimally coupled to matter

In this section, we very briefly review the nonlocal gravita-
tional theory coupled to matter proposed in [4,5]. The clas-
sical action is:

101 = [ dPxlgl [Lue + EFIDIE] 62
1
Sloc = /de\/ lgl Lioc, Lioc = ﬁR
+£m(g;wa ¢7 Ips AM)? (53)
8 Sioc OE;(x)
E; = - Ajj = -
i(x) 8@1()6)’ u(x’)’) 5DJ (y)
52Sloc Aij

= Aij8(x,y), (Ap)j =

= 5D (1)8d (x) N

(54)

@ Springer

28 F*j(A) = [HED —1] (55)
ij
where by ® = (g0, ¢, ¥, A*) we mean any field, F'/
is a symmetric tensorial entire function whose argument is
the Hessian operator Ai j» and H(A A,) 1s an entire analytic
function whose argument is the dimensionless Hessian. In
the above formula, we used the notation [ X] to indicate the
dimensionality of the quantity X in powers of mass units,
i.e., X has dimension of (mass)[x]. Since [A] = 1, it follows
that [(AA)U] = 0, as claimed.
The theory (52), enjoys the following essential properties.
(i) All the solutions of Einstein’s gravity coupled to matter,
namely the solutions of the local theory (53), are solutions
of the nonlocal theory too. Indeed, the equations of motion
of (52) read:

I:eH(AA*)]k Ej+ O(E*) =0, (56)
]

where E; are the EoM of the local theory. (ii) The nonlocal
theory gives the same tree-level scattering amplitudes of the
local theory [25,26]. This latter property guarantees macro-
causality [27], namely the Shapiro’s time delay evaluated
in the eikonal approximation is the same of the one in Ein-
stein’s local theory coupled to the standard model of particle
physics. (iii) The stability properties are the same at linear
and non linear level of the local theory whether we perturb
an exact solution of the local theory [23,24]. (iv) The theory
is super-renormalizable or finite at quantum level [6,8,10],
and unitary at any perturbative order in the loop expansion
[23].

Among the above four properties the most important one
for what concerns the topic of this paper is the first one.
Indeed, if we include in the local theory a cosmological term,
all the Godel-type metrics are exact solutions of the theory
(52). In particular, the Godel-type spacetimes with CTC turn
out to be solutions of (52). However, the quantum effective
action will include perturbative corrections to the form factor
that very likely will not satisfy the condition (51). Therefore,
the Godel-type metrics with CTC will not be solution of the
quantum effective equations of motion.

Conclusions

We have investigated whether the homogeneous Godel-type
metrics can be exact solutions of a general class of nonlocal
and local gravitational theories minimally coupled to matter.

It tuned out that the Godel’s metrics without CTC are basi-
cally solutions of all nonlocal as well as local higher deriva-
tives theories, while the Godel’s spacetimes with CTC that
solve the Einstein’s theory do not solve the EoM of (super-
)renormalizable gravitational theories. It turns out that the
super-renormalizability property is the guiding to select out
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theories consistent with the Godel-type causality. Indeed, we
showed that unitarity alone is not enough to guarantee such
kind of cosmological causality. In particular, the spacetimes
with CTC are exact solutions of a large class of nonlocal
ghost-free but non-renormalizable theories.

In another class of nonlocal gravitational theories with
non-minimal coupling to matter, all the Godel’s spacetimes
are exact solutions of the classical theory, and, thus the
causality violation is manifest. However, very likely the
quantum corrections will spoil the above statement that needs
a very special relation between the R%’s and the Ric?’s quan-
tum form factors, namely the relation between the following
two operators,

Rfo(MR and Ric f>(D)Ric. (57)

Therefore, we are entitled to state that (super-)
renormalizability and Godel’s causality violation exclude
each other.
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Appendix A: Equations of motion for local and analytic
nonlocal theories
As a general operator, we consider the following general

action:

Sa.m = /d4x\/ -8 La,m = /d4x\/ —8 Va.mAal-»-a,l DmBulmu"q (Al)

where y, , are the coefficients of the power series for the
form factors.

Taking the variation of the action respect to the metric, we
get:

8 / d*x/—gAg,..q, " B0
:/d4x«/—g[%Aal...aanB‘”"'“"hab
+8(Agyq, " B
:/d4x«/—g[gzibAal...aanB“1""’”hab
+8(Ag,..p,) " B

+Ag . q,8(OM) B +Aa|~~~aan5(Bal'”a"):|

=/d4x«/—g[g2ibAal...aanB“1"'“"hab

+8(Agy.q, )" BT

m—1
+ ) (O Agya SO (@ By
i=0
+8(Ba""“")DmAal.,.an]. (A2)
Now we list some useful formulas:
O(AB) = (OA)B + 2(V,A)(VYB) + A(OB), (A3)

(SINT ... = 8(gPV, V)T .. = —(VVP T Hhgy
+[Z ST (VT + Y VH(SF'”T"X..)j|g“b, (A4)

where the variation of the connection respect to the metric
reads:

c 1 c c c
ST = E(Vahb 4+ Vphy© — Vhgp). (AS5)

Using the formulas of above we can find the EoM for the
theory (13), namely

E® = G + Accg™ + PP + P§ + P§P
20" + g (gea i’ + Q1) — 205
+8" (8! + ) — 445" — 205"
18 (gca2d + Q3) — 8A%Y — k2T =0, (A6)
where the tensors Pi“b in (A6) are defined as follows,
Pt = [ (4G + g R — 4(VIVP — g0 o (OR]
P’ = K2|:4R(;J/2(D)Rdb) — ¢ Ry2 (D) Req
—4Vy VP (@ RD) + 20(, (D) R)
+2g“”vcvd(yz<D>Rfd>],

ya(D)Cede

cde

Py’ = "2[ — g7 C Yy (D) Caaer +4C,
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—4(Req + zvcvd)<y4<m>c<“d'“>>], (A7)
while the tensors Q;‘b and Q?b in (A6) read:
n—1
ab 2 ap)gb ph—I1— 1)
n=1
_ 1 _ -~
Q=4 Z Yon 3 Z RORTD,
n=1 =0
00 1 n—1
—1-1
Q" =12 Y yangy D (VRO R,
n=1 =0
00 1 n—1
A 2 d(l) pn—1)
Q=) vangm 2 RIORGT,
n=1 =0
o0 1 n—1
1 def (n—1—1
ab — K2 Z y4,nﬁ Z(Vaccd(e)f)(vbcc ef(n ))
n=1 =
o 1 n—
~ !
=k Yansmy D CheaCd . (A8)
n=1 =i
Finally, A?b are
1
ab 2 ¢ ( pDgla pbyd(n—I—1)
Ay =« Z)/Z”AZH ZV (R VIR
n=1
—(v RdC)Rb)a’(n—l—l)) ’
cd b —I-1
AgP = K22V4nA2n ZV‘ ( v =h
_(V(ac‘zie(})‘)Ctl;)ef("*lfl)) , (A9)

here we are used the notation A®) = /A

In order to simplify the EoM, it is convenient to rewrite the
homogeneous Godel-type metrics in the orthonormal-tetrad
formalism,

8ab = Tl;w(eu)a(ev)b and {(e")4}
= diag (dr + H(r)dé, dr, D(r)df, dz) . (A10)
Now we are ready to replace the ansatz (A10) in the EoM.
According to (A10), an explicit but tedious computation
gives:

20?2

20% —
Ry, = @ mm 2 and

R = 2(0? — m?). (A11)

@ Springer

Therefore, the Einstein’s tensor reads:

Gy = 5 . (A12)
m? — w?

In the same vain, we evaluate other invariant tensors present
in the EoM, namely

R Ry, = 2(m* — 4m*0” + 60,
ROIR,, = 40*(dw® — m?)?,
4
CathCad — g(mz _ 4&)2)2
and CUOC pea = 80> (m? — 4w°)?,
V. V"R =0 and V,0"R =0 for n=0, 1.
(A13)
Finally, a very useful formula is:
0% Rabea = 60> ORaped (A14)

which shows the equivalence of acting with higher deriva-
tives on the Riemann’s tensor and the multiplication by 6w?.
Hence, according to (A14), we easily get:

—m?? and CU"Cupeq

(A15)

2
R R, = 5(66()2)"(4@2

4
= §(6a)2)"(m2 —40*)?* for n>1,

V,V,[(I"R*® =0 and V,[0"R® =0 for n > 0.

Appendix B: Nonlocal gravity in the Riemann—Ricci basis

In this section we derive the relation between the theory in
the Weyl-Ricci basis (13) to the theory in the Riemann—Ricci
basis (44). We start by recalling the following definition of
the Weyl tensor in dimension D,

2
D — 2(ga[cRd]b - gb[cRd]a)
n 2
(D—-1)(D-2)
(notice that Cypcq is traceless). Afterwards, we evaluate the
Weyl square scalar, namely

Coubed Cabcd Rubed Cabcd

2 4 ,
RS R? = ——— RapR™” + Rapea R™"".

Cabcd = Rabea —

Rga(c8ap, (B1)

Cabe dRabca'

(B2)

Since V.gu» = 0 and Cgpeq is a linear function of the Rie-
mann tensor R,pcq4, We have
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R —2A¢
[:g = k2
+Cabeaya(D)Ced
_ R —2Ac
- k2

+ Ryo(O)R + Rapy2(O)R™

+ Ry(@R + Rapy2(DR?
2 4
+mRV4(D)R - mRahﬂ(D)Rab
R —2Ac
2k2

ra(IR

+Rapeays DR = + Ry (@)

2
To-ho-2

_ 4 ab abced
FRap[y2(0) = = va(DIRT + Rapeaya ()R,
(B3)
which has to be equal to (44), namely
1 - -
57 (R=2Ac) + RA(O)R + Ruppr ()R
+Rapca7a @R (B4)
Comparing the last step in (B3) with the Lagrangian (B4),
S 2 . 4
n=wt T oo PR T
and Y4 = ys. (BS)

For D = 4, we have the following relation between form
factors y; and y;,

V2 +2y4 = (V2 — 2y4) +4ya = o + 4. (B6)
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