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Geodesic incompleteness of some popular regular black holes

Tian Zhou∗ and Leonardo Modesto†

Department of Physics, Southern University of Science and Technology, Shenzhen 518055, China

Throughout the study of the geodesics of some popular spherically symmetric regular black holes,
we hereby prove that the analytically extended Hayward black hole is geodetically incomplete. The
simplest extension of the Culetu-Simpson-Visser’s non-analytic smooth black hole is also geodetically
incomplete, with the exception of the antipodal continuation of the radial geodesics. However, the
huge ambiguity in the extension of non analytic spacetimes is tantamount of geodesic incompleteness
and such spacetimes do not solve the singularity issue unless at least all the extensions turn out
to be complete. Hence, we provide several mere modifications of such spacetimes in order to make
them geodetically complete in all possible extensions beyond r = 0.

I. INTRODUCTION

In order to tame the black holes’ singularity problem
in Einstein’s gravity, many regular spacetimes have been
proposed regardless of an underlying dynamic [1, 2, 5–15],
namely they are just formal solutions of the Einstein’s
equations for a proper choice of the energy-momentum
tensor that violate some or all the energy conditions. So
far it turns out that the Kretschmann scalar RµνρσR

µνρσ

and other curvature invariants are regular at the center of
the proposed regular black holes. However, the geodesic
completion has not been studied properly and/or com-
pletely and will be the main topic of this paper.
For the sake of simplicity, let us consider a general

spherically symmetric solution in Schwarzschild coordi-
nates, namely1

ds2 = −
(

1− 2M(r)

r

)

dt2 +
dr2

1− 2M(r)
r

+ r2dΩ(2) ,(1)

where the mass is now allowed to be a function of the
radial coordinate. When M(r) is constant we are back
to the Schwarzschild solution.
The spacetimes we will consider in this paper have reg-

ular Kretschmann scalar RµνρσR
µνρσ for r > 0, although

for some metrics the Kretschmann invariant can still be
divergent somewhere for r < 0. However, the curvature
invariants do not have a real physical meaning and only
provide a tool for a simple and preliminary analysis of
spacetime’s regularity. In physics, we have to look at the
geodesic equations and see whether and where they are
well defined. We here remind the case of the Taub-NUT’s
metric that has finite Kretschmann invariant, but it is not
geodetically complete. Therefore, the very basic require-
ment for regular spacetimes should be the completion of
all causal geodesics.
For the sake of simplicity, let us here focus on massive

probe particles moving in the spacetime (1). The radial

∗ 11930538@mail.sustech.edu.cn
† lmodesto@sustech.edu.cn
1 We here work in Planck units, namely the Newton’s gravitational

constant, the speed of the light, and the Plank’s constant are:

c = G = ~ = 1.

geodesics satisfy the following equation in proper time,

ẋ2 = −1 =⇒ gttṫ
2 + grrṙ

2 = −1 , (2)

where −gtt = g−1
rr = 1− 2M(r)/r and the dot represents

the derivative respect to the proper time τ . Replacing
the conserved quantity corresponding to the time trans-
lation invariance, namely e ≡ −gttṫ, in (2), (where e is
a dimensionless constant) we end up with the following
equation for the radial motion,

ṙ2 = e2 − 1 +
2M(r)

r
. (3)

Choosing now as initial radial position ri, the proper-
time for a massive particle to move from ri to r < ri is
given by

τ(r) =

∫ ri

r

dr
1√
ṙ2

. (4)

Since in (3) ṙ2 > 0, the right hand side of the above
radial geodesic equation (3) is only defined for values of
r compatible with:

e2 − 1 +
2M(r)

r
> 0 . (5)

If the metric we are considering is regular in r = 0 (most
of the known regular spacetimes have a de Sitter’s core
in r = 0), we also have to check if the proper time τ to
reach such point is finite or infinite.
If τ is finite (like in the de-Sitter core case), then, we

are forced to extend the spacetime beyond r = 0 to neg-
ative values of the radial coordinate r. There is noth-
ing strange in defining the radial coordinate to be nega-
tive because in general relativity the coordinates have no
physical meaning. Now for negative values of the radial
coordinate two remarkable things may happen: (i) there
exists at least a point r0 in which ṙ2 → ∞, namely there
is at least one pole, or (ii) ṙ2 is always finite ∀ r. In the
latter case, ṙ2 can change sign depending on the value of
the energy e. Indeed, for e small enough ṙ2 can be zero
let’s say in the point r0. On the other hand if e is large
enough ṙ2 > 0 ∀ r. Let us expand on points (i) and (ii).
In the first case, near the point r0, we have:

ṙ2 ∼ (r − r0)
−n , n > 0 , (6)

http://arxiv.org/abs/2208.02557v2
mailto:11930538@mail.sustech.edu.cn
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where the power n can be a real number. Hence, the
proper time to reach the point r0 is finite, but the
geodesic equation (3) is singular ∀ e and we can not
extend the geodesic motion beyond r0. Moreover, the
causal structure of the spacetime does not allow the par-
ticle to bounce back because near r0 the radial coordinate
is time-like, exactly like for the Schwarzschild metric for
r & 0.
In the second case, close to r0 (for e small enough), we

usually have:

ṙ2 ∼ (r − r0) . (7)

Again, according to (4), the proper time to reach r0 is fi-
nite. Remarkably, if (7) holds ṙ2 changes sign in r0, which
implies that massive particles will bounce back because
of the potential barrier whether their energy is not big
enough. On the other hand for e large enough ṙ2 > 0
∀ r. It deserves to be noticed that for some probe par-
ticles with a special value of the energy, ṙ2 ∼ (r − r0)

n,
where the power n is an integer such that n ≥ 2. These
massive particles take an infinite amount of proper time
to reach r0.
Looking at the effective potential

V (r) = −gtt(r) = 1− 2M(r)

r
, (8)

if it is finite in the whole spacetime, the particles with
energy large enough can travel to arbitrarily negative val-
ues of the radial coordinate r therefore the spacetime is
geodetically complete. On the other hand, if the effective
potential tends to positive infinity at a certain point r0,
every massive particle will bounce back. However, mass-
less particles may arrive at r0 for a finite value of the
affine parameter. Indeed, the null geodesics satisfy the
equation ṙ2 = e2 (this is what actually happens for the
Reissner-Nordström black hole in r = 0). Looking at the
curvature invariants, the Kretschmann scalar will diverge
where gtt is singular and there is a curvature singularity
in r = r0. Therefore, it is easy to show that the space-
time is complete for time-like geodesics, but incomplete
for null geodesics.
We conclude that the geodesic completion of the metric

(1) is tantamount the absence of singularities in the gtt(r)
component of the metric ∀ r ∈ [−∞,+∞].
The analysis of above focuses on the analytic properties

of the functionM(r) for all values of the radial coordinate
r ∈ R. However, if for r → 0 the function M(r)/r → 0 at
least quadratically, then the metric can be simply trun-
cated to positive values of r and the geodesic motion
extended again to positive values of r. In other words, a
probe particle falling down towards r = 0 (with decreas-
ing value of r and fixed angle φ0 in the equatorial plane)
will bounce back at the angle φ0+π: antipodal extension.
Notice that although the metrics we are going to con-

sider in this paper approach the Minkowski spacetime for
r → 0, they are very different from the latter one. In-
deed, the particular coordinate transformation r → −r
is an isometry for the Minkowski spacetime, but it is

not such for the black holes that we will consider in this
paper. Therefore, unlike the Minkowski spacetime, the
continuation of black holes is ambiguous and all possible
extensions must be considered. Indeed, since we do not
have a trustable tool (like fundamental equations of mo-
tion) for selecting one out of all possible extensions, we
can assert that a metric is genetically complete only if all

the extensions are.
For the particular case of the nonanalytic spacetimes,

such as the Culetu-Simpson-Visser [8], the huge ambigu-
ity in the extension of the metric beyond r = 0 is ac-
tually equivalent to the geodesic incompletion. Indeed,
in physics, in physics there is no difference between not
been able to predict the future or to have to chose be-
tween a large of even infinite number of possible future
configurations.
For analytic metrics, such as the Hayward spacetime

and generalizations (see later in the paper), if we select
out the antipodal extension as the only doable physical
one, it turns out that such antipodal continuation is not
analytic for some regular black holes (an exhaustive dis-
cussion is provided in the appendix for the case of the
Hayward metric). In general relativity, the analyticity of
the continuation is usually required in order to preserve
the uniqueness of continuation and predictability.
Finally, we make a comment about the natural quan-

tum selection of the physical spacetimes. Some general
results are in favor of analytic metrics obtained in the
framework of the finite action principle [3] in quantum
gravity. According to such analysis, non-smooth metrics
are filtered out by the path integral if certain higher-
derivative terms are included in the gravitational action.
[4].
In this paper, we will focus on the geodesic complete-

ness of two very popular regular black holes and point
out that they are actually geodetically incomplete.

II. GEODESIC INCOMPLETENESS OF

HAYWARD’S BLACK HOLE

We here consider the spherically symmetric and static
Hayward’s metric [2], namely

ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΩ(2) , (9)

where the function f(r) takes the form

f(r) = 1− 2Mr2

r3 + L3
, (10)

in which M is a constant mass and L is a length scale.
The metric asymptotically approaches the Schwarzschild
spacetime, but near r = 0 the metric shows a de Sit-
ter core because f(r) ∼ 1 − (2M/L3)r2, contrary to
the Schwarzschild singularity present at the center of the
black hole.
Let us now focus on the issue of the geodesic incom-

pleteness of the Hayward black hole. Consider a probe
massive particle that falls radially into the black hole.
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FIG. 1. The left plot shows ṙ2(r) for e = 2, M = 5 and L = 1.
The right plot shows the effective potential V = −gtt(r) for
the Hayward spacetime with M = 5 and L = 1.

The radial geodesic equation of motion of a test particle
is given by

ṙ2 = e2 − 1 +
2Mr2

r3 + L3
, e ≡ −gttṫ , (11)

while the effective potential reads:

V ≡ 1− 2Mr2

r3 + L3
. (12)

The plots of ṙ2 and V are shown in Fig. 1. A probe
particle with energy e < 1 can not overcome the poten-
tial barrier and will bounce back consistently with the
causality structure of the spacetime. Indeed, gtt < 0 for
r ∼ 0. On the the other hand, for e > 1, ṙ2 ∼ e2 − 1
when r → 0. Integrating equation (4) for the case of the
Hayward metric, we find that a probe particle can reach
the point r = 0 in a finite amount of proper time. More-
over, in the Appendix we have shown that the geodesics
should be analytically extended to the region with neg-
ative values of r because the antipodal extension is not
analytic. Therefore, massive particles can reach the re-
gion −L 6 r 6 0 in finite proper time, and the point
r = −L turns out to be a singularity of the Hayward
metric. Indeed, the spacetime structure of the Hayward
metric near r = −L is very similar to the Schwarzschild
one near r = 0. In particular, ṙ ∼ (r+L)−1 for r → −L,
and after integrating (4) in the radial coordinate r start-
ing from a general initial position, the proper time to
reach r = −L turns out to be finite. Therefore, the
geodesics will end in −L in finite proper time and the
extended Hayward spacetime is geodetically incomplete.

III. GENERALIZED HAYWARD METRIC

We hereby consider the following generalization of the
Hayward metric,

f(r) = 1− 2Mrn−1

rn + Ln
, n ∈ N , n ≥ 3. (13)
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FIG. 2. ṙ2(r) for e = 2, M = 5, and L = 1. From the left to
the right, the values of n are 4, 5, and 6 respectively.

The metric defined in terms of the function (13) is
again asymptotically Schwarzschild, but near r = 0,
f(r) ∼ 1 − (2M/Ln)rn−1, and the Kretschmann scalar
RµνρσR

µνρσ ∼ r2n−6 turns out to be regular when n ≥ 3.
Therefore, for the generalized Hayward metric, there is
no curvature singularity in r ∈ [0,+∞).
Focusing on the geodesic completeness of the metric

(9) with (13), the equation of motion for radial time-like
geodesics reads:

ṙ2 = e2 − 1 +
2Mrn−1

rn + Ln
. (14)

For massive particles with e2 > 1, the proper time to
reach r = 0 is finite. Hence, as a general conclusion of
the Appendix, we need to extend the coordinate r to
negative values (a plot of ṙ2 as a function of r is given in
Fig.2).
If n is even, ṙ2 is regular everywhere. However, where

ṙ2 is negative the probe particle does not have enough
energy to overcome the potential barrier and it bounces
back. On the other hand, for probe particles with energy
large enough ṙ2 is always positive, and the geodesics can
be extended to r = −∞. Since the metric (13) is asymp-
totically flat, the proper time to reach r = −∞ is in-
finite. One can also show that the affine parameter to
approach r = −∞ diverges for massless particles. Hence,
the spacetime with (13) is complete for massive as well
as massless particles.
If n is odd, ṙ2 has a pole at r = −L, and close to the

pole, the spacetime structure is similar to Schwarzschild’s
spacetime in r = 0. Thus massive particles can reach
the pole in a finite amount of proper time. Since these
geodesics end in r = −L the spacetimes with n odd are
geodetically incomplete.
To summarize, the spacetime causal structure of the

metrics (13) is shown in Fig. 3. For the case with odd
power n, there are three roots for f(r) = 0, denoted as
r+, r−, r

′
+, which correspond to three horizons. The re-

gion I is our asymptotically flat spacetime region and r+
is the event horizon. Contrary to the Reissner-Nordström
spacetime, the metric has a regular core in r = 0 that
forces us to extend the spacetime to r < 0. However,
it can not be extended beyond the region IV because
the geodesics end at the singularity located in r = −L.
For the case with even power n, f(r) = 0 has two pos-
itive roots, denoted as r+ and r− in Fig 3. The region
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FIG. 3. Panel on the left: maximal extension of generalized
Hayward’s spacetime when n is an odd positive integer. It
deserves to be noticed that the diagram is also infinitely ex-
tendible in both the left and right directions. Panel on the
right: maximal extension of generalized Hayward’s spacetime
when n is an even positive integer.

I and III, namely −∞ < r < r− and r+ < r < ∞, are
both asymptotically flat, while the region II interconnects
two asymptotic regions of the Universe. The spacetime
is geodetically complete for massless as well as massive
particles.

IV. A GEODETICALLY INCOMPLETE BLACK

HOLE WITH MINKOWSKI CORE

In this section, we focus on the regular non-analytic
black hole proposed by Culetu [5, 6], Simpson, and Visser
in [8], and defined in terms of the following function,

f(r) = 1− 2M

r
e−a/r . (15)

In the r → 0+ limit, the function f(r) reads f(r) ∼
1 − O(r2), and the black hole metric has an asymptotic
Minkowski core where the curvature invariants vanish.
However, the metric in r = 0 is not continuous as it is
easy to check computing the limit r → 0− of the function
(15) (see Fig. 4).
Let us now check if the metric is geodetically complete,

namely if the proper time to reach the Minkowski core
in r = 0 is infinity. The geodesic equation of motion for
radially falling massive particles reads:

ṙ2 = e2 − 1 +
2M

r
e−a/r , (16)

while the effective potential V = f(r) has been plotted
in Fig. 4. When the dimensionless constant e2 < 1 the
probe particles cannot reach r = 0+ and will bounce
back. On the other hand for probe particles with e2 = 1
we have dτ ∝ r ea/rdr, and the proper time to reach
r = 0+ turns out to be infinite. Finally, for e2 > 1, dτ/dr
tends to the constant e2 − 1 when r → 0+. Therefore,
the latter probe particles can reach the Minkowski core
in finite proper time.

-20 -10 0 10 20
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r

f(
r
)

FIG. 4. We here plot the function f(r) for the case of a <
2M/e (solid line), and a = 2M/e (dashed line). In both cases
f(r) is not analytic in r = 4. We fixed the mass to the value
M = 5.

FIG. 5. The Penrose diagram for the maximal extension of
the metric (15).

Contrary to the Hayward spacetime, any continuation
of the geodesics is non-analytic. If the analyticity condi-
tion cannot be satisfied, there are many workable ways
for the continuation of geodesics that can be chosen. As
stated in the introduction, we here extend the coordinate
r to negative values and choose a simple extension that
takes the same form of the metric (15).

Since the geodesic equation (16) (see also Fig. 4) is
ill-defined at r = 0, the geodesics that end in r = 0
can not be extended to negative values of r. Hence, it
turns out that the metric (15) is actually geodetically
incomplete whether we assume the metric to be defined
by the function (15) also for negative values of r.

Let us end this section by studying the spacetime
causal structure of the metric (15), which is closely re-
lated to the value of parameter a present in (15). For
the case of a < 2M/e (here e is the Euler’s number that
should not be confused with the dimensionless energy e),
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FIG. 6. The function f(r) for the case a <
√

2/eM (solid

line), and a =
√

2/eM ≈ 0.858M (dashed line). In both
plots M = 5.

the equation f(r) = 0 have two solutions, usually denoted
as r+ and r−. Therefore, the spacetime structure, in this
case, is similar to Reissner-Nordström spacetime. For
the case of a = 2M/e, the two horizons merge together,
namely, r+ = r− = 2M/e. Finally, for a > 2M/e, there
is no horizon and the metric does not describe a black
hole, but a kind of soliton. The Penrose diagram for the
case a < 2M/e and for the extreme case a = 2M/e are
given in Fig. 5.

V. GEODETICALLY COMPLETE BLACK HOLE

WITH MINKOWSKI CORE

In order to avoid the geodesic incompleteness of the
metric (15), we propose a slight modification to the
Simpson-Visser’s metric, namely [7]

f(r) = 1− 2M

r
e−a2/r2 . (17)

The metric tends to the Schwarzschild metric for large
values of the radial coordinate r and has a Minkowski
core for r → 0+. Likewise the Culetu-Simpson-Visser’s
metric, probe massive particles can reach r = 0 in finite
proper time, and we are again forced to make a continua-
tion of the spacetime beyond r = 0. However, contrary to
the metric (15), the improved metric (17) is continuous
in r = 0, and the extension of the spacetime to negative
r is doable.
A plot of the function f(r) in (17) is provided in Fig.

6, which is similar to the generalized Hayward metric
(13) for even powers of the integer n. Moreover, the
spacetime described by the metric (17) is geodetically
complete because the proper time for massive particles
to reach the edges at r = ±∞ of the spacetime is infinite.

The spacetime structure of the metric (17) is given
in Fig. 7. For the case of a2 < 2M2/e, there are two

FIG. 7. The Penrose diagram for the maximally extended
metric (17).

horizons, denoted by r+ and r−. The regions r = ±∞
represent the causal infinity of the region I and the region
III respectively. The Minkowski core in r = 0, which is
located inside the region III, is regular. For the extreme
case, namely a2 = 2M2/e, the two horizons r+ and r− co-
incide, and the spacetime consists of two asymptotically
flat regions.
A more general class of geodetically complete modifica-

tions of the Culetu-Simpson-Visser spacetime looks like
[7]:

f(r) = 1− 2M

r
e−

a
2n

r2n , n ∈ N , n > 1. (18)

The continuation of the metric (1) with the function
(18) assumes the same form of f(r) for positive as well as
negative values of the radial coordinate r. However, if we
assume f(r) to be a C∞ smooth function the spacetime
metric defined in terms of (18) is not unique because the
function f(r) is non-analytic at r = 0 since any derivative
of f(r) is zero in r = 0. Therefore, as an even simpler
choice, we could just extend the metric for r ∈ (−∞, 0)
to be exactly Minkowski. Notice that the latter extension
to Minkowski works also for the Culetu-Simpson-Visser’s
metric (15), which in this way turns out to be geodeti-
cally complete. In other words, the simplest extension of
the Culetu-Simpson-Visser metric (consisting in taking
the function (15) also for r < 0) is not geodetically com-
plete, but its extension to Minkowski or to other smooth
functions will be consistent with the geodesic completion.
Finally, we make a comment about the uniqueness is-

sue. Indeed, multiple (in principle infinity) extensions of
the metric imply multiple evolutions for point-like parti-
cles beyond r = 0, which boils down to the loss of predic-
tivity. In other words, r = 0 turns out to be a bifurcation
or multi-furcation point once the metric is fixed for r > 0
because of the ambiguous extension to negative values of
the radial coordinate. Such a multi-furcation problem is
tantamount of the geodesic incompletion because in both
cases manifest a loss of predictability. Therefore, we here
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face two options: (i) we reject non analytic spacetimes,
or (ii) we select a class of non analytic spacetime whose
all extensions are geodeticaly complete. In this paper,
we assumed (ii).

VI. SUMMARY AND DISCUSSION

In this paper, we focused on the geodesic complete-
ness of some popular singularity-free black holes whose
regularity is based on curvature invariants. We pointed
out that in order to ensure the analyticity of the geodesic
equations, geodetics reaching r = 0 have to be extended
to negative values of r if the metric exhibits analytic-
ity. As a typical example, the Hayward spacetime should
be extended to negative values of r. Hence, we showed
that the spacetime is geodetically incomplete because the
Hayward metric (10) is singular at the point r = −L.

In the case of non-analytic regular black holes, we can-
not require the analyticity of geodesic equations and the
continuation of geodesics is not unique. Hence, such non-
analytic metrics can not in general solve the singularity
issue. Indeed, the ambiguity in the extension of the met-

ric beyond r = 0 is tantamount of geodesic incomplete-

ness. In order, to avoid such issue we select as physical
nonanalytic spacetimes the ones whose all extensions are
geodetically complete. In such respect, we focused on
the simplest extension of non-analytic metrics, namely
to negative values of r in order to keep the metric form-
invariant. Hence, we showed that the simplest extension
of the non-analytic metric with a Minkowski core pro-
posed by Culetu, Simpson, and Visser (15) is not geode-
tically complete. Therefore, such spacetimes are actu-
ally pathological although r = 0 is a smooth core. To
address such issue, we proposed a generalization of the
metrics of above and showed that the modified metrics
are geodetically complete. Although the proposed com-
plete spacetimes are a simple extension of Hayward and
Culetu-Simpson-Visser’s metrics, we think they need an
analysis of the thermodynamic properties that we have
not addressed in this paper. In particular, the gravita-
tional collapse should be rethought in light of the causal
structure derived in this article.

In particular, one can show the geodesic complete-
ness of other popular regular black holes. For exam-
ple, the Bardeen’s black hole [1], the Nicolini-Samilagic-

Spallucci’s black hole [10–13], the Lee-Wick black hole

[16], and the loop black hole [14, 15] and other singularity-
free spacetimes found in conformal gravity are geodeti-
cally complete [17]. As a further feature and contrary
to the other regular black holes, conformal black holes,
which are a prediction of local [18, 19] and nonlocal [20–
24] higher derivative theories, do not show any Cauchy
horizon (if not present in the solution of Einstein’s the-
ory), usually unstable [25] in the Einstein’s theory of
gravity.
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Appendix A: Analytic continuation of geodesics

In this section, we show that we are forced to extend
some spacetimes to negative values of r whether the ana-
lytic continuation of geodesics is required. In particular,
for the Hayward spacetime, the equation of motion of
ingoing radial null geodesic is given by

−f(r)ṫ2 + f−1(r)ṙ2 = 0 , f(r) = 1− 2Mr2

r3 + L3
,(A1)

where the dot represents the derivative with respect to
the affine parameter λ. Replacing the conserved quantity
e ≡ −gttṫ in (A1), we get

ṙ2 = e2 , ṫ2 = e2
(

1− 2Mr2

r3 + L3

)−2

. (A2)

Since ṙ is constant, we have ∆λ ∝ ∆r and the affine
parameter to reach r = 0 is finite.
Let us now consider the analytic continuation of the

geodesic. There are two possible continuations we can
consider: (i) the coordinate r is always positive then the
geodesics should be continued to the antipodal direction
(see Fig.8), namely

θ → π − θ , φ → φ+ π ; (A3)

(ii) the geodesics should be continued to negative values
of r (see Fig.9). The antipodal continuation of geodesics

FIG. 8. Panel on the left: the simple antipodal continuation
of radial geodesics. Panel on the right: the function r(λ) for
the null geodesics described by the equation (A2).

is the simplest one, but it is not analytic. In order to
show this issue, we can verify the analyticity of the para-
metric equation t(λ) in (A2). In Cartesian coordinates,
the parametric curves {t(λ), x(λ), y(λ), z(λ)} of should
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be analytic functions. From the geodesic equation (A2),
ṫ can be expanded around r = 0 as

ṫ(r) = 1 +
2M

L3
r2 +

4M2

L6
r4 − 2M

L6
r5 +O(r5) , (A4)

where, without loss of generality, we fixed e = 1 and the
condition ṫ > 0 is used since t is a timelike coordinate
near r = 0. The r5 term in the Taylor’s expansion (A4)
implies that the fifth-order derivative of ṫ(λ) is non-zero
and changes sign in r = 0. Indeed,

(

d

dλ

)5

ṫ(λ) = ṙ5
(

d

dr

)5

ṫ(r) . (A5)

As shown in Fig.8, when a test particle crosses the origin
r = 0, the function ṙ changes the sign instantaneously,
namely ṙ = −1 → +1 for λ = λ0. Therefore, the left
and right limits of formula (A5) are different at r = 0,
namely

lim
λ→λ0

(

d

dλ

)5

ṫ(λ) =
240M

L6
, when λ < λ0 ,

lim
λ→λ0

(

d

dλ

)5

ṫ(λ) = −240M

L6
, when λ > λ0 . (A6)

The discontinuity of (d/dλ)6t(λ) at r = 0 breaks the
analyticity of the geodesic equation.

FIG. 9. The continuation of geodesics to negative values of r.

For the continuation shown in Fig.9, since ṙ does not
change the sign, the analyticity of function t(λ) is pre-
served. Hence, the continuation to negative values of r
is the only choice we have to make for the case of the
Hayward spacetime consistently with the analyticity of
geodesics.
In general, spherically symmetric metrics with well-

defined Taylor expansion near r = 0 can be divided into
two classes:

(1). The metric is not symmetric under r ↔ −r. This
class includes the Hayward spacetime[2] and its
generalizations. The terms with odd powers of r are
present in the Taylor expansion of the metrics thus
the antipodal continuation is not analytic. There-
fore, this kind of spacetimes should be continued
beyond r = 0 to negative values of r.

(2). The metric is symmetric under r ↔ −r, such as
the Minkowski spacetime and the Bardeen black
hole[1]. Since all the powers of terms in the Tay-
lor series of metrics are even, the simple antipo-
dal continuation is analytic. So it is not necessary
to extend the coordinate r to negative values for
such spacetimes. Moreover, predictably, there is no
novel result that motivates us to extend such space-
times to negative values of r because the extension
is an isometry.

Finally, it deserves to be noticed that the above conclu-
sion is similar to the main result of Ref.[4], which shows
that terms with odd powers of r in the Taylor series of
metric around r = 0 make higher-derivative curvature in-
variants to diverge. Indeed, using Cartesian coordinates
near r = 0, it is easy to verify that the first kind of met-
rics we summarized above are not smooth, which causes
the divergence of higher-derivative curvature invariants
and the non-analyticity of geodesic equations. Moreover,
in [4] it was proved that this kind of metrics might not
contribute to the Lorentzian path integral if the classical
gravitational action contains higher-derivative curvature
invariants. In this paper, we mainly focus on the analyt-
icity of geodesic equations and we stress that spacetimes
with the first kind of metrics should be extended to neg-
ative values of r.
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