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Abstract In the present work we investigate the Newtonian
limit of higher-derivative gravity theories with more than four
derivatives in the action, including the non-analytic logarith-
mic terms resulting from one-loop quantum corrections. The
first part of the paper deals with the occurrence of curva-
ture singularities of the metric in the classical models. It is
shown that in the case of local theories, even though the cur-
vature scalars of the metric are regular, invariants involving
derivatives of curvatures can still diverge. Indeed, we prove
that if the action contains 2n + 6 derivatives of the metric in
both the scalar and the spin-2 sectors, then all the curvature-
derivative invariants with at most 2n covariant derivatives
of the curvatures are regular, while there exist scalars with
2n+2 derivatives that are singular. The regularity of all these
invariants can be achieved in some classes of nonlocal grav-
ity theories. In the second part of the paper, we show that the
leading logarithmic quantum corrections do not change the
regularity of the Newtonian limit. Finally, we also consider
the infrared limit of these solutions and verify the universal-
ity of the leading quantum correction to the potential in all
the theories investigated in the paper.

1 Introduction

There has been an increasing interest in higher-derivative
theories of gravity in recent years, especially those with
more than four derivatives and weak nonlocalities. Such
models are obtained by extending the Einstein–Hilbert
action with curvature-squared terms such as R F0(�) R and
Cμναβ F2(�)Cμναβ , where F0,2(�) are analytic functions
of the d’Alembertian and Cμναβ denotes the Weyl tensor.
Among the motivations for this, we can mention the possi-
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bility of conciliating unitarity and renormalizability in the
framework of perturbative quantum gravity.

From one side, higher derivatives improve the behaviour
of the propagator in the ultraviolet (UV) regime, which
favours renormalizability. In fact, if F0,2 are non-zero con-
stants one has the fourth-derivative gravity, which is renor-
malizable [1]; while if F0,2(�) are non-trivial polynomials,
the theory can be made super-renormalizable [2]. We remark
that, even if the metric tensor is not quantised, the renor-
malization of matter fields in curved space-time requires
the introduction of at least four derivatives in the gravita-
tional action [3]. It is well known, however, that local higher-
derivative models usually contain ghost-like massive poles in
the propagator, which violate unitarity. In this approach, uni-
tarity can be recovered either by projecting out the ghost-like
poles of the propagator from the spectrum [4–9], or avoiding
them ab initio by means of nonlocality [10–13].

The former possibility includes the Lee–Wick gravity,
which requires an action with at least six derivatives of the
metric so that all the ghost-like poles of the propagator can
be complex [4,5]. In the work [4] it was shown that these
models are unitary at tree-level; while the generalisation of
the Lee–Wick quantisation prescription [14–16] proposed in
Refs. [6,7] guarantees unitarity at any perturbative order [8].
It is worthwhile to mention that the same procedure can be
applied to real ghost modes [9], e.g., in the context of the
simplest fourth-derivative gravity or to the additional ghost
modes of higher-order theories.

In what concerns the nonlocal higher-derivative gravity
theories, we note that if the analytic functions F0,2(�) are
not polynomials and have the form

Fs(�) = eHs (�) − 1

� , (1)

where H0,2(z) is an entire function, the propagator only con-
tains the massless pole of the graviton. Therefore, these mod-
els are automatically tree-level ghost-free; they can also be
(super-)renormalizable, depending on the choice of the func-
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tions H0,2(z) [12,13]. For a discussion on solutions and sta-
bility issues in nonlocal gravity models, see, e.g., Refs. [17–
22].

In the present work, we investigate general properties of
the Newtonian limit of a generic higher-derivative gravita-
tional theory, including the leading logarithm quantum cor-
rections, with particular focus on the occurrence of curvature
singularities and on the far infra-red (IR) behaviour. Accord-
ingly, the gravity effective action of our interest has the gen-
eral structure

Γ = − 1

�2

∫
d4x

√|g|
{

2R + Cμναβ F2(�)Cμναβ

− 1
3 RF0(�) R

}
, (2)

where Cμναβ denotes the Weyl tensor, �2 = 32πG and the
form factors Fs have the form

Fs(�) = Fs(�) + βs log (�/μ2
s ), s = 0, 2. (3)

Here, βs are constants, μs are renormalization group invari-
ant scales and Fs(�) are analytic functions of the
d’Alembertian. As discussed above, the choice of Fs(�) cor-
responds to the definition of the higher-derivative sector of
the classical action. In the formula (2) we do not write terms
that are irrelevant to the weak-field limit, such as the cosmo-
logical constant, superficial terms, and O(R3)-structures.

The leading logarithmic quantum corrections are related
to the quantities βs , which depend on the field content of a
given quantum field theory and can be calculated (for the
results of standard matter fields, see, e.g., [23]). Regard-
ing quantum gravity contributions, in the fourth-derivative
gravity the beta functions of the curvature-squared terms are
unambiguous [24,25], while those in general relativity are
gauge- and parametrization-dependent – an issue which can
be solved by using the Vilkovisky–DeWitt formalism [26–
29].1 In the local super-renormalizable models the beta func-
tions are gauge-independent and, if the degree of the poly-
nomial Fs(�) is at least three, they are one-loop exact [2].
However, since here we aim for general results, we leave
these parameters arbitrary.

It is useful to recall some results for classical theories
(i.e., when βs ≡ 0) in the Newtonian limit. For the fourth-
derivative gravity, the (modified) Newtonian potential is
finite at r = 0 [1], but the curvature invariants still have
singularities [34]. The situation is completely different when
Fs is a non-trivial polynomial; in this case, the Newtonian-
limit metric is not only finite [35,36], but all the invariants

1 See [30–32] for a discussion about the dependence on the field
parametrization in quantum general relativity, and [33] for a recent
application of the Vilkovisky–DeWitt formalism in effective quantum
gravity.

built only with curvature and metric tensors are regular [37].
Also, for a plethora of choices of the entire functions Hs(z)
within the nonlocal models (1) one meets the same situation
of the polynomial gravity; for a detailed discussion, see Ref.
[38]. One of the present work goals is to investigate if the
insertion of the logarithmic terms in (3) either improves or
spoils the aforementioned results.

Actually, the generalisation carried out in this paper is
threefold. First, in what concerns the conditions for the reg-
ularity of the curvature invariants, here we also consider
the scalars build with derivatives of the curvatures; and it is
proven that these quantities can still diverge in local higher-
derivative gravity models. Then, a general characterization
of theories that have a regular Newtonian limit is presented,
including the case of non-analytic form factors such as (3).
The quantum corrections are treated in two different ways,
namely, as the full resummation of the one-loop 1-particle
irreducible dressed propagator, like in (2), and as the first
order correction to the 2-point correlation function, which
comprises a perturbative expansion on βs . Finally, the IR
limit is also discussed, and it is shown that it has a univer-
sal behaviour related to the quantum logarithmic corrections.
Due to the difference between the case of fourth-derivative
gravity and the other higher-derivative models, we hereby
only discuss the latter one, addressing the former case in the
parallel work [39].

The paper is organized as follows. In Sect. 2 we briefly
review the Newtonian limit of the higher-derivative gravity
model (2), while in Sect. 3 we present a theorem on the con-
ditions that the metric potentials should fulfil to regularise
the scalars involving derivatives of the curvatures. In Sect. 4
we give two explicit examples of classical theories that sat-
isfy the assumptions of the theorem, namely, the polynomial-
derivative gravity (with simple poles in the propagator) and
a nonlocal gravity model. The discussion is extended in the
Sect. 5, where we characterise a large family of local and non-
local gravity models satisfying the conditions of the theorem;
this analysis also includes non-analytic quantum corrections.
Finally, in Sect. 6 we derive results considering a perturbative
expansion of the metric potentials in the quantum-correction
parameter βs . Some general results are presented, especially
in the IR limit; and the quantum correction to the Newto-
nian potential for two specific models are explicitly evalu-
ated: the polynomial-derivative gravity with simple poles in
the propagator, and the simplest nonlocal ghost-free gravity.
The results are summarised in Sect. 7, where we also draw
our conclusions.

2 Newtonian limit

In the weak-field approximation, we consider metric fluctu-
ations around Minkowski space-time,
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gμν = ημν + hμν (4)

and expand the action (2) up to second order on the field hμν .
The quadratic part of the action (2) reads

Γ (2) = − 1

2�2

∫
d4x hμν Hμν,αβ hαβ, (5)

where

Hμν,αβ = f2(�) [δμν,αβ� − (
ηα(μ∂ν)∂β + ηβ(μ∂ν)∂α

)]
− 1

3
[ f2(�) + 2 f0(�)] [ημνηαβ�

− (
ημν∂α∂β + ηαβ∂μ∂ν

)]
+ 2

3
[ f2(�) − f0(�)]∂

μ∂ν∂α∂β

� , (6)

and the functions fs(z) are defined as

fs(�) = 1 + Fs(�)�. (7)

The interaction between gravity and matter is introduced
via the matter action

Sm = −1

2

∫
d4x Tμν hμν, (8)

where Tμν is the energy-momentum tensor in the flat space-
time, such that the principle of least action

δ(Γ (2) + Sm) = 0 (9)

yields the equations of motion,

Hμν,αβ hαβ = −�2

2
Tμν. (10)

As our interest is in the Newtonian limit, we shall consider
the metric associated with a point-like mass in rest, whose
energy-momentum tensor reads

Tμν = ρ δ0
μ δ0

ν with ρ(r) = Mδ(3)(r). (11)

In isotropic Cartesian coordinates we have the line element

ds2 = (1 + 2ϕ)dt2 − (1 − 2ψ)(dx2 + dy2 + dz2), (12)

where ϕ = ϕ(r) and ψ = ψ(r) are the Newtonian-limit
potentials and r = √

x2 + y2 + z2 . Writing the metric
potentials in the form

ϕ = 1

3
(2χ2 + χ0) , ψ = 1

3
(χ2 − χ0) , (13)

it is possible to show that the auxiliary potentials χ0,2 are the
solutions of [37]

fs(−Δ)Δχs = κs ρ , (14)

with

κs = 2πG (3s − 2) . (15)

One of the benefits of working with these auxiliary poten-
tials is the explicit separation of the contributions owed to
the scalar and spin-2 degrees of freedom. In fact, to the New-
tonian limit, the relevant part of the propagator associated
to (6) is given by

Gμναβ(k) = P(2)
μναβ

k2 f2(k2)
− P(0−s)

μναβ

2k2 f0(k2)
, (16)

where P(2) and P(0−s) are the spin-2 and spin-0 projectors
[40,41], k2 = kμkμ and we used Euclidean signature. As the
massive poles of the propagator are defined by the zeros of
the functions f0,2(z), the potential χs only depends on the
spin-s sector of the theory. Also, the overall structure of the
equations defining these potentials is essentially the same,
see (14), which makes it possible to derive general results
based on certain particular characteristics of the functions
fs(z), e.g., by means of the effective source formalism of
Sect. 5 (see also [38]). Once the expressions for both χ0,2 are
obtained, the potentials ϕ and ψ can be recovered as a linear
combination of them, through (13). In this sense, one can
work with the spin-s potentials without loss of generality.

3 Regularity conditions in the Newtonian limit

It is widely known that the regularity of a given metric does
not imply in the absence of curvature singularities. For exam-
ple, consider the following curvature invariants associated
to (12),

R2
μναβ = 4

[
(Δψ)2 + (∂i∂ jϕ)2 + (∂i∂ jψ)2], (17)

R2
μν = (Δϕ)2 + 5(Δψ)2 − 2ΔϕΔψ + (∂i∂ jϕ)2

+ (∂i∂ jψ)2 − 2∂i∂ jϕ∂i∂ jψ, (18)

C2
μναβ = 2(∂i∂ jχ2)

2 − 2

3
(Δχ2)

2 and R = 2Δχ0. (19)
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In view of (13) one can say that the absence of singularities in
the scalars above is related to the regularity of the quantities2

Δχs = χ ′′
s + 2χ ′

s

r
, (20)

∂i∂ jχs1∂i∂ jχs2 = χ ′′
s1

χ ′′
s2

+ 2

r2 χ ′
s1

χ ′
s2

, (21)

where we changed to spherical coordinates in the spatial sec-
tor. Therefore, the existence of the limits

lim
r→0

χ ′′
s (r) and lim

r→0

χ ′
s(r)

r
(22)

is a sufficient condition for avoiding curvature singularities
at r = 0 in the invariants (17)–(19). These conditions depend
on the derivatives of the potentials χs , not only on their finite-
ness; this is why there are curvature singularities in the fourth-
derivative gravity although the potentials are bounded [1,34].

It turns out that the existence of the limits (22) also ensures
the regularity of the higher-order scalars of the type Rn ,
formed by the contraction of an arbitrary number n of curva-
ture tensors. In fact, by dimensional arguments, such object
depends solely on combinations of products of χ ′′

s and χ ′
s/r .

Nevertheless, if one aims to regularise not only the invari-
ants of the typeRn , but also those involving derivatives of the
curvatures, the potentials should fulfil additional conditions.
This can be readily seen from the evaluation of �n R (for an
arbitrary n), which, according to (19), is given by

�n R = 2Δn+1χ0. (23)

For a generic central function π(r) one has

Δn+1π(r) = π(2n+2)(r) + 2(n + 1)

r
π(2n+1)(r). (24)

Therefore, to regularise the scalar �n R it suffices to have a
potential χ0(r) of class C2n+2 such that there exists the limit

lim
r→0

χ
(2n+1)
0 (r)

r
. (25)

(Notice that the condition (22) is the particular case n = 0.)
In addition, if χ0(r) is of class C2n+2, but (25) diverges, then
�n R is not regular.

It is straightforward to verify that if the same conditions
hold also for χ2, then the invariants of type �nRk , for any
integer k ≥ 1, are finite at r = 0. Indeed, the scalars Rk are
built only with combinations of products of χ ′′

s and χ ′
s r

−1,
thus �nRk is formed by sums of terms Δn[(χ ′′

s1
)i (χ ′

s2
r−1) j ]

2 Throughout this work we use the prime and superscript notation to
denote differentiation with respect to r .

for some powers i, j such that i + j = k. Provided that
the derivatives of odd order of both potentials χ0 and χ2

vanish at least up to (including) the (2n + 1)-th order, the
Taylor representation of (χ ′′

s1
)i (χ ′

s2
r−1) j has no term with

odd power r2�−1 for � ≤ n. Then, [(χ ′′
s1

)i (χ ′
s2
r−1) j ](2n−1) ∼

r and it follows from (24) that �nRk is regular too, for any
k ≥ 1.

To establish more general results, let us define the set I2n

of all the scalars constructed with curvature tensors and their
derivatives, with the restriction that the maximum number of
derivatives of curvatures is 2n. For example, I0 = {Rk; k ≥
1}, while �Rk and (∇μRαβ)2 belong to I2. Accordingly, it
is clear that I2n ⊃ I2(n−1) ⊃ · · · ⊃ I0. It is also useful to
introduce the definition of order of regularity of a function,
as follows.

Definition. Given a function π : [0,∞) → R and an
integer p ≥ 0, we shall say that p is the order of regularity
of π if:

(i) π(r) is at least 2p-times differentiable on [0,∞) and
π(2p)(r) is continuous.

(ii) If p ≥ 1, the first p odd-order derivatives of π(r) vanish
as r → 0, namely

0 ≤ n ≤ p − 1 �⇒ lim
r→0

π(2n+1)(r) = 0.

If these conditions hold we shall also say that the function
π(r) is p-regular.

In terms of this definition, a continuous function which is
regular at r = 0 is 0-regular, while the limits in Eq. (22) char-
acterise the 1-regularity of a function at least twice continu-
ously differentiable.3 Having Taylor’s theorem in mind, one
can say that a real function π(r) is p-regular if the first p odd-
order coefficients of its Taylor polynomial around r = 0 are
zero. In this sense, an analytic function π(r) is ∞-regular if
and only if it is an even function. Moreover, the condition (ii)
of the definition is equivalent to say that π(2n+1)(r) −→

r→0
0

at least linearly.
According to the discussion presented here, if the poten-

tials χ0,2 are (n + 1)-regular then there exist regular scalars
with 2n derivatives of the curvatures. A stronger result is
stated as the following theorem, whose proof we postpone to
the Appendix.

Theorem. Given an integer n ≥ 0, a sufficient condition
for the regularity of all the elements in I2n is that the poten-
tials χ0 and χ2 are (n + 1)-regular.

3 The definition of “finiteness” (the standard notion of regularity) is
equivalent to “0-regularity”. Therefore, throughout this work, we shall
simply say “regularity” instead of “0-regularity” without ambiguity in
interpretation. This is in contrast to the definition of “regularity” adopted
in [37,38,42], which coincides to what here we call “1-regularity”.
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Most of the discussions in the literature on higher-
derivative gravity has been focused on the regularisation of
the invariants in I0 (see, e.g., [37,38,42] and references
therein). One of the goals in the present work is to extend the
characterisation of regular models in the Newtonian limit
beyond the simplest 0-regularity. In this spirit, in the next
section we characterise the local classical higher-derivative
gravity models for which the setI2n (for a given n > 0) only
contains non-singular scalars; while in the following sections
we extend considerations to the cases involving leading log-
arithmic quantum corrections as well as classical nonlocal
gravity models.

4 Higher-order regularity in classical
polynomial-derivative gravity models

Summary of the section We show that if a local gravitational
model has 2(N + 1) derivatives in the spin-s sector, then the
potential χs(r) is (N − 1)-regular, but it is not N -regular.
According to last section’s theorem, it means that all invari-
ants containing up to 2(N − 2) covariant derivatives of the
curvature tensors are singularity-free at r = 0. As an antic-
ipation of Sect. 5, we also give an example of a nonlocal
theory for which the potentials are ∞-regular.

Given a function f (z), the solution of (14) can be reduced
to a quadrature by means of the three-dimensional Fourier or
the Laplace transform methods (see, e.g., [35–37,42–44]).
In the first case, it is possible to integrate over the angular
coordinates of the three-vector k , the result is:

χ(r) = − κM

2π2r

∫ ∞

0

dk

k

sin(kr)

f (k2)
, k = |k|. (26)

Notice that we dropped the s-label for the sake of simplicity.
In this section we assume that f (z) is a real polynomial

of degree4 N > 1, which corresponds to the local super-
renormalizable models of Ref. [2]. Comparing Eqs. (2) and
(7) we see that, for this choice, the gravitational action con-
tains 2(N + 1) derivatives of the metric tensor. For sim-
plicity, here we restrict considerations to the case in which
the equation f (z) = 0 has N simple roots z = −m2

i ,
with i = 1, . . . , N . We allow, however, the occurrence of
complex roots, which can only appear in conjugate pairings
owed to the fundamental theorem of algebra.5 Moreover, in
order to avoid tachyons in the spectrum it is assumed that
Re(m2

i ) > 0. The scenario with complex roots is of greatest
interest from the physical viewpoint. Indeed, such models

4 The case N = 1 is not considered here for it corresponds to the strictly
renormalizable fourth-derivative gravity [1], which contains singulari-
ties already in I0.
5 Remember that here we consider that f (z) is a real polynomial so
that the action is also real and polynomial in derivatives.

correspond to the class of Lee–Wick gravity [4,5] in which
the conflict between unitarity and renormalizability is solved
if the ghost degrees of freedom are quantized à la Lee–Wick
with the prescription given in [6,7], but without introducing
any extra fictitious scale.

Under these conditions, and recalling that f (0) = 1, the
polynomial f (z) can be factored as

f (z) =
N∏
i=1

z + m2
i

m2
i

. (27)

To solve the integral (26) we can start applying the partial
fraction decomposition,

1

f (z)
=

N∏
i=1

m2
i

z + m2
i

=
N∑
i=1

Ci
m2

i

z + m2
i

, (28)

where

Ci =
N∏
j=1
j 
=i

m2
j

m2
j − m2

i

. (29)

Thus,

χ(r) = − κM

2π2r

N∑
i=1

Ci m
2
i

∫ ∞

0

dk

k

sin(kr)

k2 + m2
i

. (30)

Performing an analytic continuation to the complex plane
via k �→ z ∈ C, it is possible to define a closed contour
C on the upper half-plane Π+ = {z ∈ C : Im (z) ≥ 0}
with an indentation around the origin, such that the values
of the integrals in (30) over the real line are related to the
poles inside C by means of the Cauchy’s residue theorem.
The result is [35,36]

χ(r) = − κM

4πr

(
1 −

N∑
i=1

Ci e
−mir

)
. (31)

Some general comments about this solution are in order.
Even though the coefficients Ci might be complex, the
masses appear only in complex conjugate pairs, and the com-
bination in (31) guarantees that the potential is a real-valued
function [36]. From (31) it is possible to show that the pres-
ence of complex poles in the propagator yields oscillatory
contributions to the Newtonian potentials, which are damped
by Yukawa factors [45]. In Ref. [37] the solution (31) was
generalized to address the case of degenerate poles of arbi-
trary order – the outcome is that the solution gets new addi-
tional terms in the form of products of modified Bessel and
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power functions. Furthermore, it was proved that the poten-
tial (31) is 1-regular if N > 1 (that is, in theories with at least
sixth-derivatives) [37].

In what follows, we refine this result, showing that the
potential is, actually, (N − 1)-regular and that it cannot be
regular to an order higher than this. As mentioned above, in
the explicit proof in this section we only deal with the case
of simple poles in the propagator; the most general case is
postponed to the next section.

To show that all the first N odd-order Taylor coefficients
of the potential (31) are null, let us start by writing the series
explicitly, namely

χ(r) = −κM

4π

[(
1 −

N∑
i=1

Ci

)
1

r

+
∞∑
k=0

(−1)k+1

(k + 1)!

(
N∑
i=1

Ci m
k+1
i

)
rk
]

. (32)

Then, we use the relations that come from the partial frac-
tion decomposition (28) to show that the divergent and the
aforementioned odd-power terms vanish.

Writing the r.h.s. of (28) as a single fraction we get

N∑
i=1

Ci
m2

i

z + m2
i

= 1∏
i (z + m2

i )

N−1∑
�=0

α� z
� (33)

where

αN−� ≡
N∑
i=1

Cim
2
i B�−1,i (34)

and B�,i is defined as the sum of all the combinations of
products of distinct quantities m2

j with j 
= i , taken � by �.
For example,

B0,i ≡ 1, B1,i =
N∑
j=1
j 
=i

m2
j ,

B2,i =
N∑

j,k=1
j,k 
=i, j 
=k

m2
jm

2
k , . . . , BN−1,i =

N∏
j=1
j 
=i

m2
j .

It is also useful to define the related quantities

B� =
N∑

k1,...,k�=1
ki 
=k j∀i, j

�∏
i=1

m2
ki , � = 1, . . . , N , (35)

which is the sum of all the combinations of products of dis-
tinct quantities m2

i , taken � by �; and B0 ≡ 1. We have
immediately the recursive formula

B�,i = B� − m2
i B�−1,i , (36)

that can be applied � times to express B�,i in terms of the
quantities B� solely, namely

B�,i =
�∑

j=0

(−1) j m2 j
i B�− j . (37)

Therefore, Eq. (34) can be rewritten as

αN−�−1 =
�∑

j=0

(−1) j B�− j

N∑
i=1

Cim
2( j+1)
i , (38)

for � = 0, . . . , N − 2, while � = N − 1 implies

α0 =
(

N∏
i=1

m2
i

)
N∑
j=1

C j . (39)

On the other hand, the comparison of Eqs. (28) and (33)
yields

α0 =
N∏
i=1

m2
i �⇒

N∑
i=1

Ci = 1 . (40)

The relation (40) is responsible for the finiteness of the poten-
tial at r = 0, see (32) [35–37]. In the general polynomial
model with simple poles considered here, it has the explicit
form

∑
i

∏
j 
=i

m2
j

m2
j − m2

i

= 1. (41)

Although (41) can be proven to hold for any set of dis-
tinct numbers {m2

i } [36], it is not necessary to work with
the expression of the coefficients C j in terms of mi to ver-
ify the cancellation of the singularity, since (40) is merely a
consequence of the partial fraction decomposition, as showed
above.

Besides, we have N − 1 relations of the type

αN−�−1 = 0, � = 0, . . . N − 2. (42)

Hence, the system (38) can be easily solved for the quantities∑
i Cim2n

i with n = 1, · · · , N , iteratively starting from � =
0 and successively applying (42) up to � = N − 1, when we
use (40). The result is:

N∑
i=1

Ci m
2n
i =

{
0, if n = 1, . . . , N − 1,

(−1)N−1∏N
i=1 m

2
i , if n = N .

(43)
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Comparison with (32) then revels that the potential is (N−1)-
regular, but not N -regular.

It was already known that all the polynomial models with
at least six derivatives have 1-regular potentials [37]. Here we
showed that higher-order regularity can be achieved as one
increases the number of derivatives in the action. In nonlocal
ghost-free models, depending on the choice of the entire func-
tion H(z) the potentials can be ∞-regular. This is the case
of the family of ghost-free gravities defined by the function

f (k2) = e(k2/m2)N , (44)

where m is a mass parameter and N ∈ N. In fact, in these
theories the potential is an analytic even function [46,47],
i.e., it can be expressed as a power series in r2, ensuring the
regularity of all the curvature and curvature-derivative local
invariants. For example, for N = 1 the explicit solution for
(26) is [48] (see also [13,49–51])

χ(r) = − κM

4πr
erf
(mr

2

)
= −κMm

4π3/2 e
−m2r2

4 M
(

1, 3
2 , m2r2

4

)
,

(45)

where M(a, b, z) = 1F1(a; b; z) is the Kummer’s confluent
hypergeometric function. Further discussion on the regularity
in more general nonlocal models is carried out in the next
section.

5 Effective sources and regularity

Summary of the section We relate the order of regularity of
the potentials χ(r) to the behaviour of the propagator in the
UV. This is done through the effective source formalism, and
allows a characterization of higher-derivative models with a
regular Newtonian limit. The consideration is very general
and applies to local and nonlocal models, including some
non-analytic form factors, such as the logarithmic quantum
corrections.

The inclusion of the logarithmic quantum correction in
the functions fs makes the task of evaluating the Newto-
nian potentials (26) much more involved than in the case
of analytic form factors. From one side, the pole structure
of the integrand becomes considerably richer than its purely
classical counterpart. To our best knowledge, only for the
fourth-derivative gravity the detailed analysis of the structure
of these poles, taking into account the one-loop logarithmic
corrections, has been carried out [53]. Moreover, still in this
simplest case it seems that knowing the pole’s position is not
very helpful in solving the corresponding integral (26) using
Cauchy’s theorem, and other methods should be applied [39].

Even if the classical theory is ghost-free at tree-level, one
may think that quantum corrections can introduce new ghost

degrees of freedom in the propagator (see, e.g., [52]). We
remark, however, that the logarithmic or other quantum cor-
rections are only perturbative, and cannot affect the spectrum
of the theory in their validity regime. This is strictly related
to the perturbative unitarity based on the Cutkosky cutting
rules, which are also based on the Landau’s singularities of
the loop amplitudes. Indeed, the singularities in the ampli-
tudes in weakly non-local theories, defined by the form fac-
tors (1), are exactly the same of the local ones, as proved in
[54–58]. This is also evident when looking at the zeros of
the denominator of the propagator, namely, considering the
following equation,

z[1 + βe−H(z) log (z)] = 0 ,

which is the sum of all one-loop one-particle irreducible
amplitudes. The zeros appear for βe−H(z) log (z) ∼ 1, which
is in contradiction with the one-loop approximation
βe−H(z) log (z) < 1. The case of local higher-derivative
gravity models can be analysed in a similar way; all in all, this
discussion is in agreement with the two explicit analytic solu-
tions that we will present in Sect. 6, in which only the poles of
the classical propagator contribute to the Newtonian potential
(see, for instance, Eqs. (90) and (100)). Ultimately, the pres-
ence (and the stability) of a ghost originated from quantum
corrections can only be decided with non-perturbative results
– see [59–63] for a discussion related to this issue in the con-
text of the fourth-derivative gravity. Let us mention that the
logarithmic quantum corrections produce also an IR singu-
larity in the propagator; this well-known fact is responsible
precisely to the asymptotic 1/r3 behaviour of the one-loop
correction to the Newtonian potential [64–72], which we will
discuss in more details in Sect. 6 (similar reasoning applies
in quantum electrodynamics see, e.g., [73]).

Owed to the mentioned difficulties to obtain explicit solu-
tions for the metric potentials with nonlocal form factors
(including those with logarithmic corrections), our strategy
to obtain general results concerning the occurrence of sin-
gularities in the Newtonian limit is to follow the approach
used in Ref. [38] in terms of effective sources.6 While in
[38] the relation between the regularity of the source and the
1-regularity of the potential was derived under the assump-
tion that the function f (z) is analytic, here we shall extend
the considerations to non-analytic form factors. Moreover,
as in [38] the main concern was related to the regularity of
the curvature invariants of the type Rn , it was sufficient to
prove the finiteness of the effective source. Here, in order to
verify whether the conditions obtained in Sect. 3 for the regu-
larity of invariants constructed with derivatives of curvatures
are also satisfied, we should take into account the source’s
differentiability.

6 See, e.g., [13,48,74–80] for applications of the formalism to specific
models.
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The basic idea of the method is to rewrite Eq. (14) as a
standard Poisson equation,

Δχ = κ ρeff , (46)

with the modified source

ρeff(r) = M

2π2

∫ ∞

0
dk

k sin(kr)

r f (k2)
. (47)

In this way, the effect of a non-constant, continuous func-
tion f (z) on the Newtonian potential can be treated as the
smearing of the original δ-source (11) – and the regularity
properties of the potential χ can be deduced from those of
the effective source ρeff.

Indeed, if the source in (46) is bounded and integrable,
then χ(r) is continuously differentiable. If, in addition,
ρeff(r) is locally Lipschitz continuous, the potential χ(r) is
twice continuously differentiable (see, e.g., [81]). In partic-
ular, the existence of ρeff(0) and χ ′′(0) implies that

lim
r→0

χ ′(r)
r

< ∞,

as it can be directly verified by writing the Laplacian in spher-
ical coordinates,

χ ′′(r) + 2

r
χ ′(r) = κ ρeff(r) , (48)

and applying the limit r → 0 in both sides of this equa-
tion. Hence, under these circumstances, the finiteness of the
source means that the Newtonian potential χ(r) satisfies the
conditions (22), and all the curvature invariants of type Rn

are regular. In what follows, we investigate the conditions
for the finiteness and higher-order regularity of the effective
source.

Assuming that the propagator does not have tachyonic
poles, f (z) does not change sign for z ∈ (0,∞). Moreover,
putting f (0) = 1 (see Eq. (7)), the function

g(r, k) = k sin(kr)

r f (k2)
, (49)

in the integrand of (47), is bounded on any compact. The inte-
grability of (49), thus, depends on its behaviour as k → ∞.
It holds, however, that if there exists k0 > 0 such that f (k2)

grows at least as fast as k4 for k > k0, then

k > k0 �⇒ |g(r, k)| ≤ c

k2 (50)

for some constant c. This means that g(r, k) is integrable,
even for r = 0, provided f (z) grows as z2 or faster7 for

7 It is actually possible to refine this condition to faster than z3/2+ε for
ε > 0.

sufficiently large arguments, as it can be proved using the
Weierstrass test. Under these circumstances, ρeff(r) is inte-
grable and finite for r ≥ 0, showing that the δ-singularity
of the original source is regularised by the higher derivatives
[38].

5.1 1-Regularity of the potential

So far, we have established conditions for the finiteness of
ρeff. It is also possible to prove that, if those conditions hold,
r = 0 is the global maximum of the effective source [38],
which is an intuitive idea. The shape of this maximum can,
in principle, depend on the gravity model. Now we show that
if f (k2) grows faster than k4+ε (for an arbitrary ε > 0 and
sufficiently large k) then this maximum is “smooth” in the
sense that the effective source is at least 1-regular,

lim
r→0

ρ′
eff(r) = 0. (51)

In general, one cannot expect the effective source, viewed
as a function on R

3, to be of class C∞ because the original
source is a δ-function. However, it is useful to recall that if the
source is differentiable and ρ′

eff(r) is bounded, as it is here,
then ρeff is locally Lipschitz – and the Newtonian potential
is 1-regular.

To prove Eq. (51), notice that (see (65) below)

∣∣∣∣ ∂

∂r
g(r, k)

∣∣∣∣ = k

r f (k2)

∣∣∣∣k cos(kr) − sin(kr)

r

∣∣∣∣ ≤ k3

2 f (k2)
.

(52)

Therefore, if for k large f (k2) grows at least as fast as k4+ε

(for an ε > 0), the integral

∫ ∞

0
dk

∂

∂r
g(r, k) (53)

converges uniformly for r ≥ 0. Under these conditions ρeff

is differentiable and we can apply differentiation under the
integral sign in (47). Furthermore, since in the limit r → 0 the
function ∂

∂r g(r, k) converges uniformly to 0 on any compact,
the limit on r can be interchanged with the integral in (53).
This gives (51) – provided that f (k2) asymptotically grows
faster than k4+ε. In particular, because ρ′

eff(r) is bounded,
the effective source is Lipschitz continuous and the potential
χ is 1-regular.

It remains to deal with the limiting situation of ε = 0, in
which f (k2) ∼ k4 asymptotically, like in the sixth-derivative
gravity. In this case, it is possible to define an integrable
function which serves as an upper bound like in the r.h.s.
of (52), but it depends on r . In fact, for k sufficiently large,
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it holds

∣∣∣∣ ∂

∂r
g(r, k)

∣∣∣∣ ≤ 2k2

r f (k2)
∼ c

rk2 , (54)

for some constant c. Thence, the integral (53) converges uni-
formly on intervals which do not contain r = 0 as a limiting
point, but limr→0 ρ′

eff(r) cannot be evaluated by interchang-
ing the limit r → 0 and the integral. Owed to this, these
sources may have a spike in r = 0 but, if they are still locally
Lipschitz, χ is 1-regular.

For instance, the effective source for the classical sixth-
derivative gravity (see Sect. 4) with a pair of simple poles
with masses m1 and m2 can be read off from the general
result of Ref. [38],

ρeff(r) = Mm2
1m

2
2

4π(m2
2 − m2

1)

(
e−m1r − e−m2r

r

)
. (55)

It is straightforward to verify that ρ′
eff(r) is bounded (which

is enough to guarantee the 1-regularity of the potential) even
though it does not vanish at r = 0,

ρ′
eff(0) = −Mm2

1m
2
2

8π
. (56)

To prove that this qualitative result remains unchanged
in the more general case with logarithmic quantum correc-
tions and/or classical nonlocalities, one can change variables
kr �→ u (r 
= 0) in (53), which becomes

∫ ∞

0
dk

∂

∂r
g(r, k) =

∫ ∞

0
du

u (u cos u − sin u)

r4 f (u2/r2)
. (57)

Having assumed that f (k2) ∼ k4 asymptotically, there exists
a small enough r0 such that 0 < r < r0 yields

∣∣∣∣
∫ ∞

0
dk

∂

∂r
g(r, k)

∣∣∣∣ ≤
∣∣∣∣
∫ 1

0
du

u (u cos u − sin u)

r4 f (u2/r2)

∣∣∣∣
+ c

∣∣∣∣
∫ ∞

1
du

u cos u − sin u

u3

∣∣∣∣, (58)

for some constant c. Since the first integrand on the r.h.s. is
bounded for (r, u) ∈ (0, r0]× (0, 1], the corresponding inte-
gral is bounded for r < r0. It is easy to prove that the remain-
ing integral, over an unbounded interval, is finite. Therefore,
limr→0 ρ′

eff(r) is bounded even for a non-analytic function
f (k2) which asymptotically grows as k4.

The reasoning above proves that if the functions f (k2)

asymptotically grow at least as fast as k4, then the poten-
tials χ are 1-regular, and the curvature invariants in I0 are
regular. This comprehends a large class of local and nonlo-
cal theories. In particular, all polynomial-derivative models

with more than four derivatives in both scalar and spin-2 sec-
tors have a regular Newtonian limit, and this feature is not
changed if the logarithmic quantum corrections are taken
into account. Also, the one-loop quantum corrections do not
spoil the regularity for the weakly nonlocal models for which
f (k2) tend to a polynomial of the type kn (n ≥ 4) in the UV,
as well for the family of models for which the classical f (k2)

is an exponential function (44). This result is a generalisa-
tion of [38] to the case in which the effective sources can be
non-analytic functions.

Finally, it is useful to mention that in the case of the fourth-
derivative gravity, f (k2) ∼ k2 in the UV and ρeff(r) diverges
as r → 0, which means that at least one of the conditions
in (22) are violated. Indeed, the effective source for the clas-
sical model was calculated in [38], and it was shown that it
behaves like r−1 for small r . When the logarithmic one-loop
quantum corrections are taken into account,

f (z) = 1 + z [α + β log (z/μ2)], (59)

and the asymptotic behaviour becomes f (k2) ∼ k2 log k2.
Then, combining the result of Ref. [39] with Eq. (48) we
obtain, in the small-r approximation,

ρeff(r) ∼
r→0

M

4πr

1

α − 2β log (μr)
, (60)

which diverges slightly more slowly than in the classical
model, but not enough to regularise the potential beyond the
0-regularity [39].

The effective source also diverges for nonlocal gravity
theories defined by the form factors (1) that tend to a constant
in the UV. One such example is the Kuz’min form factor [11],

H(k2) = λ
[
γ + Γ (0, k2/m2) + log (k2/m2)

]
, (61)

in the case with λ = 1. Here and in the following γ denotes
the Euler-Mascheroni constant, Γ (0, z) is the incomplete
gamma function, m is a mass parameter and λ ∈ N. For
large momentum it satisfies

lim
k→∞ eH(k2) ≈ eλγ

( k
m

)2λ
, (62)

whence, in the classical theory, f (k2) ∼ k2 if λ = 1 and
the associated potential is only 0-regular. This can be viewed
in the numerical evaluation of χ(r) and χ ′(r) using (26),
displayed in the upper panels of Fig. 1. Notice that for λ = 1
the potential is finite, but its first derivative does not vanish
as r → 0, indicating the singularity of the source (and of
the curvature invariants). As in the local fourth-derivative
gravity [39], the leading logarithmic quantum correction does
not change this outcome. On the other hand, for λ ≥ 2 the
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Fig. 1 Numerical evaluation of χ(r) and its first odd-order derivatives
for the Kuz’min form factor for λ ∈ {1, 2, 3, 4} in (61)

corresponding potential is at least 1-regular, regardless of the
logarithmic corrections, as discussed above.

5.2 Higher-order regularity

The main argument used above to prove the 1-regularity
of the potential involved the first derivative of the effective
source. It is possible to generalise the previous discussion
to higher-order derivatives and investigate the higher-order
regularity of the Newtonian potentials.

Accordingly, we first observe that since the function
g(r, k) in (49) is even and analytic in r , and it can be expressed
as a series,

g(r, k) = k2

f (k2)

∞∑
�=0

(−1)�

(2� + 1)! (kr)2� , (63)

whence,

lim
r→0

∂n

∂rn
g(r, k) =

{
0 , if n is odd,
(−1)n/2

(n+1)
kn+2

f (k2)
, if n is even.

(64)

Furthermore, the derivatives with respect to r are bounded
(for a fixed k). This can be seen by noticing that since

∂n+1

∂rn+1 g(r, k) = −n + 1

r

∂n

∂rn
g(r, k)

+ kn+2

r f (k2)
sin

[
kr + (n + 1)π

2

]
,

the extrema of ∂n

∂rn g(r, k) are limited by kn+2

(n+1) f (k2)
. Tak-

ing (64) and the analyticity of g(r, k) in r into account, we
have

∣∣∣∣ ∂n

∂rn
g(r, k)

∣∣∣∣ ≤ kn+2

(n + 1) f (k2)
, (65)

which generalises (52).
Regarding the upper bound defined by (65) as a function

of k it follows that if f (k2) grows at least as fast as kn+4,
then the improper integral
∫ ∞

0
dk

∂n

∂rn
g(r, k)

converges uniformly. As in the previous section, under these
circumstances the source ρeff can be differentiated n-times,
namely,

ρ
(n)
eff (r) = M

2π2

∫ ∞

0
dk

∂n

∂rn
g(r, k) (66)

and the limit r → 0 can be interchanged with the integral in
the expression above. In particular, the odd derivatives of the
source vanish at r = 0 because of (64).

This result can be reformulated as: if the function f (k2)

asymptotically grows at least as fast as k4+2N for an integer
N > 0, then the effective source ρeff(r) is (at least) 2N times
differentiable and ρ

(n)
eff (0) = 0 for all odd n ≤ 2N – in other

words, ρeff(r) is N -regular. As a corollary, we notice that
if f (k2) asymptotically grows faster than any polynomial,
then the effective source is an analytic function of r and is
∞-regular.

Of course, the converse of the collorary is not true, as in
Ref. [38] it was shown by explicit calculation that ρeff(r) is
also analytic if f (k2) is a polynomial. For example, for the
polynomial model with N ≥ 2 simple poles considered in
Sect. 4 we have f (k2) ∼ k2N and the analytic function [38]

ρeff(r) = M

4πr

N∑
i=1

Ci m
2
i e

−mir , (67)

with Ci defined in (29). The finiteness at r = 0 follows from
the result (43) with n = 0, which holds for any N ≥ 2. The
remaining identities can be used to explicitly show that for
N ≥ 3 the source (67) is (N − 2)-regular.

As this example already suggests, and like in Sect. 5.1,
the higher-order regularity properties of the source can be
extended to the Newtonian potential χ(r). Namely, if the
source ρeff(r) is of class C2N , the potential is C2N+2, and it
is straightforward to verify that the p-regularity of the source
implies that the potential is (p + 1)-regular. The conclusion
is that if the function f (k2) asymptotically behaves as k4+2N
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for some N ≥ 0, then the associated potential is (N + 1)-
regular and all the curvature invariants in I2N are regular.

To close this section, let us return to the example of the
classical Kuz’min form factor (61). Since in the UV we have
f (k2) ∼ k2λ, according to the discussion above the potential
χ must be (λ−1)-regular. In Fig. 1 we display the numerical
evaluation of the first odd-order derivatives of the potential
χ(r) for λ ∈ {1, 2, 3, 4}, which verifies our result and shows
that the potential cannot have an order of regularity higher
than λ − 1, just like for the local (polynomial) form fac-
tors. Indeed, for a form factor with a certain λ, we see that
χ(2λ−1)(0) 
= 0. Again, the leading logarithmic quantum cor-
rections do not modify the regularity order of the potential.
A similar consideration applies to the more general nonlocal
form factors proposed in Refs. [12,13], which also tend to a
polynomial in the UV.

6 Perturbative solution of the potential

Summary of the section here we focus on the quantum log-
arithmic corrections to the Newtonian potentials, treated as
the first order correction to the 2-point correlation function.
This differs from the approach employed in the previous sec-
tion, which considered the full resummation of the one-loop
1-particle irreducible dressed propagator. We evaluate the
explicit form for the correction at first order in β for two spe-
cific models: the polynomial gravity with simple poles and
one ghost-free nonlocal gravity model. General results are
also obtained concerning the UV and the IR behaviours of
the quantum-corrected potentials.

Another approach to obtain a solution for the potential
with logarithmic quantum corrections is to solve the differ-
ential equation (14) using perturbation theory in β. This relies
on the assumption that the scale related to the one-loop quan-
tum correction term is much smaller than the classical coun-
terpart because the former is of order O(h̄). Thence, we shall
rewrite Eq. (7) splitting its classical and quantum parts,

f (z) = fc(z) + β z log (z/μ2), (68)

and look for solutions of the potentials in the form

χ = χc + χq + O(β2), (69)

where χc is the O(β0) classical potential and χq is the O(β)

one-loop correction.
Substituting (68) and (69) into (14) gives the equations at

each order in β,

fc(−Δ)Δχc = κMδ(r), (70)

fc(−Δ)Δχq = β log (−Δ/μ2)Δ2χc. (71)

Fig. 2 Contour of integration used to evaluate (78), poles and branch
cut defined by (77)

Hence, in the three-dimensional Fourier space we have the
transformed potentials

χ̃c(k) = − κM

k2 fc(k2)
, (72)

χ̃q(k) = − βk2

fc(k2)
log

(
k2

μ2

)
χ̃c(k), (73)

which after the integration over the angular coordinates yield

χc(r) = − κM

2π2r

∫ ∞

0
dk

sin(kr)

k fc(k2)
(74)

and

χq(r) = βκM

π2r

∫ ∞

0
dk

k sin(kr) log (k/μ)[
fc(k2)

]2 . (75)

As mentioned above, the potential χc given by (74) coin-
cides with the one without logarithm quantum corrections,
whose explicit solution for different types of classical gravity
models can be found, e.g., in [1,13,35–37,45–48]. In partic-
ular, the case of polynomial-derivative gravity with simple
poles has been discussed in detail in Sect. 4. Therefore, our
main concern here involves the integral

I ≡
∫ ∞

0
dx

x sin(xr) log (x/μ)[
fc(x2)

]2 , (76)

which appears in Eq. (75). In what follows, we shall eval-
uate it explicitly for the two models discussed in Sect. 4:
the local polynomial gravity and the exponential ghost-free
gravity. Subsequently, we present general results regarding
the regularity of χq and its behaviour in the IR regime.
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6.1 Polynomial gravity

The first example we consider is the case in which fc is a poly-
nomial function with only simple roots, given by Eq. (27)
with N > 1. Differently from the general formula (26),
in (76) the logarithm function appears in the numerator
because of the perturbative expansion. Hence, we can follow
the method developed in [39] and apply Cauchy’s residue
theorem in the context of the pole structure of the classical
theory.

Let us define the function

h(z) = zeirz log (z/μ)[
fc(z2)

]2 , −π

2
≤ arg z <

3π

2
(77)

which has poles at z = ±imi (i = 1, . . . , N ). The branch
cut defined in (77) corresponds to the negative part of the
imaginary axis, therefore it is possible to construct the ori-
ented simple closed path C depicted in Fig. 2, for which
Im (z) ≥ 0. Notice that C has an indentation around z = 0,
where log z is not defined. Since there is only a finite number
of poles, we can take R > maxi {|mi |} and ε < mini {|mi |}.
Only the poles at z = +imi are inside C , then

�

C

dz h(z) = 2π i
∑
i

Res (h(z), imi ). (78)

On the other hand,

�

C

dz h(z) =
∫ R

ε
dx

xeir x log (x/μ)[
fc(x2)

]2 +
∫
CR

dz h(z)

+
∫ −ε

−R
dx

xeir x ( log (|x |/μ) + iπ)[
fc(x2)

]2 +
∫
Cε

dz h(z).

(79)

Utilizing Jordan’s lemma, it follows that the integral along
the semicircular arc CR vanishes when R → ∞; similar
consideration shows that the integral along Cε also vanish in
the limit ε → 0. Thus, making the substitution x �→ −x in
the third integral in the r.h.s. of formula (79) and comparing
with (78) one has

I = π Re

[∑
i

Res (h(z), imi )

]
+ π

2

∫ ∞

0
dx

x cos(r x)[
fc(x2)

]2 .

(80)

In order to evaluate the remaining integral in (80), we
employ the partial fraction decomposition, which now gives
(c.f. (28))

1[
fc(z2)

]2 =
N∑
i=1

2∑
j=1

Ai, j

(
m2

i

z2 + m2
i

) j

, (81)

with the coefficients

Ai,1 = 2m2
i

∑
k 
=i

m4
k

(m2
i − m2

k)
3

∏
� 
=i,k

(
m2

�

m2
i − m2

�

)2

(82)

and

Ai,2 =
∏
j 
=i

(
m2

j

m2
j − m2

i

)2

. (83)

Therefore, using (81) we get

∫ ∞

0
dx

x cos(r x)[
fc(x2)

]2 =
N∑
i=1

[
m4

i Ai,2

∫ ∞

0
dx

x cos(r x)

(x2 + m2
i )

2

+m2
i Ai,1

∫ ∞

0
dx

x cos(r x)

x2 + m2
i

]
. (84)

The above integrals have the result (for Re (m2
i ) ≥ 0) [82]

∫ ∞

0
dx

2m2
i x cos(r x)

(x2 + m2
i )

2
= 1 + mir sinh(mir) Chi(mir)

− mir cosh(mir) Shi(mir), (85)

and
∫ ∞

0
dx

x cos(r x)

x2 + m2
i

= sinh(mir) Shi(mir)

− cosh(mir) Chi(mir), (86)

where we define the hyperbolic integrals

Chi(z) = γ + log z +
∫ z

0
dt

cosh t − 1

t
, (87)

Shi(z) =
∫ z

0
dt

sinh t

t
. (88)

On the other hand, the real part of the residues in (80) is
given by

Re

⎡
⎣∑

i

Res (h(z), imi )

⎤
⎦ =

N∑
i=1

m2
i e

−mi r

4

[
2Ai,1 log

(
mi

μ

)

+ Ai,2mir log

(
mi

μ

)
− Ai,2

]
. (89)

Collecting (84), (85), (86) and (89) we get the expression for
the quantum correction to the potential,

χq (r) = βκM

4πr

N∑
i=1

m2
i

{
Ai,2(1 − e−mi r )

+ (2Ai,1 + Ai,2mir) e
−mi r log (mi/μ)
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+ [2Ai,1 sinh(mir) − Ai,2mir cosh(mir)
]

Shi(mir)

− [2Ai,1 cosh(mir) − Ai,2mir sinh(mir)
]

Chi(mir)
}
. (90)

Taking into account the series representations of the func-
tions above, the potential (90) can be written as

χq(r) = βκM

4π

∞∑
k=0

{
2

(2k)!
[
H2k − γ − log(μr)

]
Gk r

2k−1

+ 1

(2k + 1)! Ek r
2k
}

(91)

where

Hk =
k∑

n=1

1

n
(92)

is the k-th harmonic number, and

Gk =
N∑
i=1

m2(k+1)
i

(
Ai,1 − k Ai,2

)
, (93)

Ek =
N∑
i=1

m2k+3
i

{
Ai,2 − log

(
mi
μ

) [
2Ai,1 − (2k + 1)Ai,2

]}
. (94)

With a procedure similar to the one of Sect. 4 one can prove
that

k ≤ 2N − 2 �⇒ Gk = 0, (95)

whereas

G2N−1 = −
N∏
i=1

m4
i 
= 0. (96)

Due to these relations, the non-analytic part of (90) has the
general structure

r2k−1 log (μr) with k ≥ 2N − 1. (97)

Moreover, the potential χq is (2N − 2)-regular and the one-
loop quantum correction does not spoil the regularity of the
classical solution. In fact, in Sect. 4 we proved that χc is
(N − 1)-regular. The explicit calculations of this section are
also in total agreement with the general discussion of Sect. 5;
we shall return to this issue in Sect. 6.3.

Finally, we point out that even though the potential
χq associated to the fourth-derivative gravity [39] can be
obtained from the general expression (90) by setting N = 1,
in such a case relations (95) only hold for G0. In that case
we have A1,1 = 0 and A1,2 = 1, so that χq(r) is finite (0-
regular) but does not satisfy the 1-regularity conditions (22)
as the leading non-analytic term is already r log (μr) (see
[39] for further discussion on this model).

6.2 Nonlocal ghost-free gravity

As a further example of a form factor that admits a compact
expression for the quantum correction χq(r), let us consider
the simplest case of nonlocal ghost-free gravity, for which

fc(k
2) = ek

2/m2
. (98)

In this case, the integral (76) is given by

I =
∫ ∞

0
dx xe−2x2/m2

sin(xr) log (x/μ), (99)

whose solution can be obtained by taking a derivative (with
respect to a) of the integral representation of Kummer’s func-
tion [83,84],

M
(

3
2 − a, 3

2 , − z2

4b

)
= 2b

3
2 −a

z Γ
(

3
2 − a

)
∫ ∞

0
dx x1−2ae−bx2

sin(zx),

defined for Re (a) < 3/2, Re (b) > 0, and using the prop-
erty M(a, b, z) = ezM(b−a, b,−z). The final result for (75)
reads

χq(r) = βκMm3

8(2π)3/2 e
−m2r2

8

[
2 − γ + 2 log

(
m

8μ

)

− ∂

∂a
M
(
a, 3

2 , m2r2

8

) ∣∣∣
a=0

]
. (100)

The solution above is analytic because Kummer’s conflu-
ent hypergeometric function,

M(a, b, z) = 1F1(a; b; z) =
∞∑
n=0

(a)nzn

(b)nn! , (101)

is entire for b = 3/2. Here, (p)n = p(p+ 1) · · · (p+ n− 1)

is the Pochhammer symbol. The last term inside the brackets
in (100), actually, has a simple power series representation:
from (a)n = a(n − 1)! + O(a2), we get lima→0 ∂a(a)n =
(n − 1)! , so that

∂

∂a
M (a, b, x)

∣∣∣
a=0

=
∞∑
n=1

xn

n (b)n
. (102)

Therefore, since the functional dependence of Eq. (100)
involves only r2, the quantum correction to the potential is
∞-regular (see discussion in Sect. 3), just like its classical
counterpart, given by Eq. (45). Finally, the analyticity of the
potential χq in this example can be qualitatively explained as
the limiting scenario of the polynomial gravity (discussed in
Sect. 6.1) when the number of derivatives in the action tends
to infinity; thence, the logarithmic terms which occur in (97)
hide in the infinity.

123



462 Page 14 of 19 Eur. Phys. J. C (2021) 81 :462

6.3 Regularity in general higher-derivative gravity

The procedure to evaluate χq can be cumbersome for more
general higher-derivative models defined by other nonlocal
form factors, or by polynomial functions fc which contain
degenerate roots. However, some general properties of the
one-loop quantum correction to the potential in these mod-
els can be derived without the need to work out the explicit
solution.

In what concerns the small-r behaviour, this follows from
the observation that χq is sourced by a smeared distribution,
see Eq. (71). In fact, its integral representation (75) is very
similar to the one of the source (47), both integrands being
regular as k → 0. Therefore, we can apply the same formal-
ism of Sect. 5 to the potential χq , which is the solution of

Δχq = κ β ρ̃eff , (103)

where

ρ̃eff(r) = M

2π2

∫ ∞

0
dk

k3 sin(kr) log (k2/μ2)

r
[
fc(k2)

]2 . (104)

Rewriting the integrand of (104) as (c.f. (47))

gq(r, k) = k sin(kr)

r φ(k2)
with φ(k2) =

[
fc(k2)

]2
k2 log

(
k2/μ2

) ,

(105)

one can follow all the discussion of Sect. 5 concerning the
finiteness and higher-order regularity of the potentials by
analysing the function φ(k2) instead of f (k2). Notice that
even though φ(k2) diverges as k → 0 (while in Sect. 5 it is
assumed that limk→0 f (k2) = 1), both integrands gq and g
vanish as k → 0. In this sense, for most of the cases, here
the behaviour for small k is actually improved with respect
to the one of Sect. 5. Regarding the behaviour for large k, if
fc(k2) ∼ k2n asymptotically, then φ(k2) ∼ k2(2n−1)/ log k.
This shows that for n > 1 it happens that φ grows faster8

than fc.
The analysis of Sect. 5, mutatis mutandis, allows us to

conclude that χq is finite (0-regular) if the classical action
contains at least four derivatives of the metric – or, in the case
of nonlocal theories, if the associated fc(k2) asymptotically
grows at least as fast as k2. Moreover, if χc is p-regular,
then χq is (2p)-regular. The explicit examples involving the
polynomial models considered above perfectly agree with

8 On the other hand, for n = 1 (as in the fourth-derivative gravity)
the situation is the opposite – see [39] for further discussion on this
particular model. Still, the quantum correction χq is finite at r = 0, like
the classical potential.

this general result. In short, for the higher-derivative models
considered in this work, the perturbative quantum correction
to the potential is at least as regular as the classical part, and
in most of the cases it is regular at a higher order.

6.4 Infrared limit

Regarding the far-IR limit, it is not difficult to see that the
large-r leading quantum corrections to the classical mechan-
ics’ Newtonian potential are captured by the O(β) correction
(75). This can be verified by using (68) into (26) and making
the change of integration variable kr �→ u, which yields

χ(r) = − κM

2π2r

∫ ∞

0
du

sin u

u
[
fc(u2/r2) + 2βu2

r2 log (u/μr)
] .

(106)

Therefore, for large r ,

χ(r) ∼
r→∞ − κM

2π2r

∫ ∞

0
du

sin u

u fc(u2/r2)

+ κMβ

π2r3

∫ ∞

0
du

u sin u log (u/μr)

fc(u2/r2)
. (107)

The last integral in (107) is just (75) in the new variables.
Noticing that fc(u2/r2) → 1 for large values of r (see
Eq. (7)), the first term in (107) gives the classical Newton
potential,

χc(r) ∼
r→∞ − κM

4πr
, (108)

while the quantum part tends to

χq (r) ∼
r→∞

βκM

π2r3

[ ∫ ∞

0
du u sin u log u − log(μr)

∫ ∞

0
du u sin u

]
.

(109)

Using the exponential regularization to the distributional
integrals above, the result of the first integral is −π/2 and
the other one, a δ-function, from which we obtain

χq(r) ∼
r→∞ −βκM

2πr3 , (110)

for any classical higher-derivative model defined by analytic
form factors. This result is in agreement with the common
lore about the effective theory of quantum gravity, which
states that the details of the underlying “true” quantum the-
ory of gravity are unimportant for the behaviour of the low-
energy regime [64–72].

Of course, the particular cases presented in the previous
sections exemplify this general result. Indeed, by means of
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the explicit solutions obtained, Eqs. (90) and (100), the large-
r limit (110) of the quantum corrections to the potential can
be directly verified.

7 Summary and conclusion

The present work can be regarded as a generalisation of pre-
vious results concerning the possibility of avoiding space-
time singularities in higher-derivative theories of gravity (see,
e.g., [35–38,42,43,45–47,77,78]). Due to the difficulties in
obtaining exact solutions for the full non-linear theory, most
of the results in the literature are derived in the Newtonian
limit. Here, the considerations were still restricted to the lin-
earized version of the model, but we made two generalisa-
tions.

Instead of solely considering the curvature invariants
made only by curvature tensors, we also discussed the regu-
larity properties of scalars containing derivatives of the cur-
vatures. In this vein, the main result was a relation between
the number of derivatives in the action and the maximum
number of derivatives in the regular scalars: all the curvature-
derivative invariants with at most 2n derivatives of curvatures
are regular if the local gravity action has at least 2n+6 deriva-
tives in both scalar and spin-2 sectors (moreover, there are
scalars with 2n + 2 derivatives which are singular). The reg-
ularity of all the local curvature invariants can be achieved in
some classes of nonlocal gravity, namely, those defined by a
form factor that grows faster than any polynomial, in the UV.
So far, the known solutions that are “infinitely regular” are
the Nicolini–Smailagic–Spallucci metric [74,75] and similar
generalisations [77]. Other known solutions with singularity-
free Kretschmann invariant may have higher-order diver-
gences. One example is Dymnikova’s metric [85], for which
a direct evaluation of �2R reveals a divergence at r = 0.
This is in accordance with the analysis of the present paper
since, in that solution, the Taylor expansion of the metric
components has the first non-zero odd-order coefficient at
O(r5).

Furthermore, in our analysis we also allowed for the possi-
bility of some universal non-analytic form factors associated
with quantum corrections. The conclusion is that the loga-
rithmic corrections do not change the regularity of the New-
tonian limit, inasmuch as they are sub-leading with respect
to the classical part of the form factor in all the super-
renormalizable models.

Since the main set of theories considered in this paper have
a classical propagator at least as strong as k−6, the quantum-
correction k4 log k2 has a more prominent role in the far-IR
regime, where it gives the leading correction to Newton’s
potential, proportional to βr−3. We showed that this qualita-
tive behaviour is not affected by the specific classical action
(the values of the quantities β are model-dependent, though).

This result supports the hypothesis of the universality of the
effective approach to quantum gravity in the IR [64–72].
Also, it is worth mentioning that we evaluated the quantum
correction to the potential to linear order in β for two mod-
els, viz. the polynomial-derivative gravity with simple poles
in the propagator and one case of nonlocal ghost-free gravity.
Such computations can be viewed as related to the first-order
correction to the 2-point correlation function.

Last but not least, we would like to stress the correctness
of our result in the ultraviolet regime, regardless the linear
approximation. Indeed, the asymptotic freedom of the theory
[86] at short distances guarantees the stability of the potential
(or the metric) under nonlinear corrections.
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Appendix A: Proof of the Theorem of Sect. 3

Here we present the main steps of the proof of the theorem
stated in Sect. 3, namely, that given an n ≥ 0 the sufficient
condition for the regularity of all the elements in I2n is that
the potentials χ0,2 are (n+ 1)-regular. We choose to work in
the isotropic coordinate system, with spherical coordinates
(r, θ, φ) for the spatial sector, i.e., the flat-space metric reads

ηt t = −1, ηrr = 1, ηθθ = r2, ηφφ = r2 sin2 θ. (A.1)

Thus, the non-zero components of the Riemann tensor asso-
ciated with the metric perturbation in (12) are

Rtrtr = −ϕ′′ , Rtθ tθ = −r ϕ′ = Rtφtφ

sin2 θ
,

Rrθrθ = r (ψ ′ + r ψ ′′) = Rrφrφ

sin2 θ
, Rθφθφ = 2r3ψ ′ sin2 θ .

(A.2)
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Since Rαβγ δ is already of order �2, in the linear approxima-
tion all the covariant derivatives in terms like ∇μ1∇μ2 · · · ∇μi

Rαβγ δ are evaluated in flat spacetime (thus they commute),
with the nonzero Christoffel symbols

Γ r
θθ = −r, Γ r

φφ = −r sin2 θ, Γ θ
φφ = − cos θ sin θ,

Γ
φ
φθ = cot θ, Γ

φ
φr = Γ θ

θr = r−1. (A.3)

With these ingredients we can evaluate any curvature-
derivative scalar Sq2n ∈ I2n involving 2n derivatives and
q curvature tensors. The building blocks of such scalars will
always have the structure

∇μ1∇μ2 · · · ∇μi Rαβγ δ, i = 0, 1, . . . , 2n. (A.4)

Since the components of the metric (A.1) do not have the
same dimension, let us define the balanced component of a
covariant rank-� tensor T in isotropic spherical coordinates,
denoted by ]Tμ1,...,μ�

[, as follows: if Tμ1,...,μ�
is a component

of T such that s indices (0 ≤ s ≤ �) are angular indices
(θ or φ), then ]Tμ1,...,μ�

[ ≡ r−s Tμ1,...,μ�
. This definition

is motivated from the fact that in an invariant Sq2n all the
indices of the building blocks (A.4) are contracted (possibly
with other building block) and the contraction of a pair of
angular indices involves ηθθ or ηφφ , which are proportional
to r−2. Therefore, in the balanced component we distribute
the factor r−2 coming from the angular components of the
inverse metric between its two indices.

It is also useful to recall the definition of p-regularity
(introduced in Sect. 3) of a function π(r), which is of class
C2N (with N ≥ p ≥ 0) and its first p odd-order derivatives
vanish as r → 0; we shall denote this property symbolically
as P(π) = p. According to Taylor’s theorem, if N ≥ 1 and
N > p such a function can be written as

π(r) =
N−1∑
�=0

c2� r
2� +

N−1∑
�=p

c2�+1 r
2�+1 + q2N (r) r2N , (A.5)

where c� = π(�)(0)/�! and the remainder q2N (r) satisfies
limr→0 q2N (r) = 0. In particular, for small r ,

π ′(r) − r π ′′(r) ∼
⎧⎨
⎩

O(r0), if p = 0,

O(r2), if p = 1,

O(r3), if p ≥ 2.

(A.6)

Let us now assume that the metric potentials are p-regular,
with p ≥ 1, and satisfy the conditions underlying (A.5). It
is straightforward to check that the components (A.2) of the
Riemann tensor have the following small-r behaviour and
regularity properties:

]Rαβγ δ[ ∼ r0, and P(]Rαβγ δ[) = p − 1. (A.7)

Thus, the balanced components are (p − 1)-regular. Since
all the scalars Sq0 ∈ I0 (q ∈ N) have as building blocks the
objects in (A.7), it is clear that near the origin they tend to a
constant value (they do not diverge) and that their first odd-
order term occur at r2p−1, for any p ≥ 1, which means that
they are (p− 1)-regular – in short, P(Sq0 ) = p− 1 ∀q ∈ N.
Hence, if p = 1, the elements in I0 are 0-regular but not
higher-order regular. Finally, it is easy to see that if the met-
ric potentials are only 0-regular some components ]Rαβγ δ[
diverge, which means that the finiteness of the potentials is
not enough to avoid curvature singularities.

The next step is consider terms with one covariant deriva-
tive of the Riemann tensor. By direct calculation one can
verify that the non-zero components satisfy

]∇μRαβγ δ[ ∼
{
r0, if p = 1
r1, if p ≥ 2.

(A.8)

In the evaluation of some of these components it is necessary
to use the identity (A.6), which only contain terms at least of
order r2 for p ≥ 1. This is an important feature, as the leading
terms r0 or r would generate singular balanced components.

Thus, we can say that r ]∇μRαβγ δ[ is (p − 1)-regular,
which means that it is not 1-regular for p = 1. Of course,
since the object in (A.8) has an odd number of indices, it is
not possible to make any scalar with only one of it. However,
considering an even number of them we can build scalars
such as (∇μRαβγ δ)

2 ∈ I2. From Eq. (A.8) we see that these
scalars are regular for any p ≥ 0, but they are only (p − 1)-
regular, just like the scalars in I0.

Having established the regularity order and the behaviour
near r = 0 for the quantities ]Rαβγ δ[ and r ]∇μRαβγ δ[ we
are in position to extend considerations for a generic building
block with any number of derivatives,

∇�
r ∇m

θ ∇n
φRαβγ δ. (A.9)

Given two natural numbers d and k, let us first assume the
hypotheses:

(Ia) the total number d = � + m + n of derivatives is odd,
and P(r ]∇�

r ∇m
θ ∇n

φRαβγ δ[) = k for some k ≥ 1, for any
combination of �,m, n such that � + m + n = d;

(Ib) there exists the limit limr→0 ]∇�
r ∇m

θ ∇n
φRαβγ δ[. Together

with I a, this is equivalent to r ]∇�
r ∇m

θ ∇n
φRαβγ δ[ ∼

O(r2).

We shall refer to the hypotheses above in the concise notation
I (d, k). Now we take one more covariant derivative of (A.9),
analysing each case separately. Applying ∇φ we get:

∇φ∇�
r ∇m

θ ∇n
φ Rαβγ δ = −�Γ

φ
φr∇�−1

r ∇m
θ ∇n+1

φ Rαβγ δ
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−nΓ r
φφ∇�+1

r ∇m
θ ∇n−1

φ Rαβγ δ −nΓ θ
φφ∇�

r ∇m+1
θ ∇n−1

φ Rαβγ δ

−mΓ
φ
φθ∇�

r ∇m−1
θ ∇n+1

φ Rαβγ δ −Γ ν
φα∇�

r ∇m
θ ∇n

φ Rνβγ δ

−Γ ν
φβ∇�

r ∇m
θ ∇n

φ Rανγ δ −Γ ν
φγ ∇�

r ∇m
θ ∇n

φ Rαβνδ

−Γ ν
φδ∇�

r ∇m
θ ∇n

φ Rαβγ ν . (A.10)

Assuming I a and I b above and taking into account (A.3) it
follows, for example,

lim
r→0

]Γ r
φφ∇�+1

r ∇m
θ ∇n−1

φ Rαβγ δ[ = const.

and

P (]Γ r
φφ∇�+1

r ∇m
θ ∇n−1

φ
Rαβαβ [) = P (r ]∇�+1

r ∇m
θ ∇n−1

φ
Rαβγ δ [) − 1

= k − 1.

All in all, it is straightforward to verify that analogous rela-
tions hold for every term in (A.10), giving

]∇�
r ∇m

θ ∇n+1
φ

Rαβγ δ [ ∼ O(r0), P (]∇�
r ∇m

θ ∇n+1
φ

Rαβγ δ [) = k − 1. (A.11)

Notice, however, that if in I a we had allowed k = 0, then in
I b we would have r ]∇�

r ∇m
θ ∇n

φRαβγ δ[ ∼ O(r) and therefore

]∇�
r ∇m

θ ∇n+1
φ Rαβγ δ[ would not be regular.

Similar considerations can be applied to the terms
∇�
r ∇m+1

θ ∇n
φRαβγ δ and ∇�+1

r ∇m
θ ∇n

φRαβγ δ , with the same
qualitative result of (A.11). Thus, if I a and I b above hold,
then

P(]∇μ∇�
r ∇m

θ ∇n
φRαβγ δ[) = k − 1 (A.12)

for any index μ. One can use this relation, for example,
to investigate the building blocks ∇μ1∇μ2 Rαβγ δ , with two
derivatives. We already know that if the metric potentials
are p-regular, then P(]r ∇μRαβγ δ[) = p − 1. Therefore,
it is immediate to get P(]∇μ1∇μ2 Rαβγ δ[) = p − 2, for
p ≥ 2. On the other hand, if p = 1 then ]∇μRαβγ δ[ ∼
O(r0) (see (A.8)) and some components diverge, e.g.,
]∇φ∇φRαβαβ [ ∼ r−1. This explains why �R diverges if
p = 1 (compare with the example in Sect. 3). If p > 1, then
]∇μ1∇μ2 Rαβγ δ[ ∼ O(r0), but the occurrence of the first odd
power depends on p; for p = 2 it is already at linear order
(thus this term is regular but not 1-regular). To sum up, only
if p ≥ 2 then all the scalars in I2 are bounded at r = 0.

After having established the result of applying one covari-
ant derivative to a regular object with odd number of deriva-
tives, let us now assume:

(II) the total number d = � + m + n of derivatives is even,
and P(]∇�

r ∇m
θ ∇n

φRαβγ δ[) = k for some k ≥ 1, for any
combination of �,m, n such that � + m + n = d,

which we shall refer as I I (d, k). Since the action of one
covariant derivative converts an odd polynomial into even, it

is more useful to consider the regularity order of the quantity
r∇μ∇�

r ∇m
θ ∇n

φRαβγ δ . As in the previous cases, it is necessary
to take one covariant derivative with respect to each coordi-
nate. Let us consider

∇r∇�
r ∇m

θ ∇n
φ Rαβγ δ = ∂r∇�

r ∇m
θ ∇n

φ Rαβγ δ

−mΓ θ
rθ∇�

r ∇m
θ ∇n

φ Rαβγ δ−nΓ
φ
rφ∇�

r ∇m
θ ∇n

φ Rαβγ δ

−
∑
ε∈A

[
Γ θ
rθ δ(ε, θ)+Γ

φ
rφ δ(ε, φ)

]
∇�
r ∇m

θ ∇n
φ Rαβγ δ

=
[
∂r − m + n + jω

r

]
∇�
r ∇m

θ ∇n
φ Rαβαβ, (A.13)

where A = {α, β, γ, δ} and jω is the number of angular
indices (θ and φ) in Rαβγ δ . Since ]∇�

r ∇m
θ ∇n

φRαβγ δ[ is at
least 1-regular, its limit as r → 0 must be finite and it can be
written as

]∇�
r ∇m

θ ∇n
φRαβγ δ[ = c0 + O(r2) (A.14)

for a constant c0. Also, recalling the definition of the balanced
components,

∇�
r ∇m

θ ∇n
φRαβγ δ = rm+n+ jω

[
c0 + O(r2)

]
, (A.15)

whence

∂r∇�
r ∇m

θ ∇n
φ Rαβγ δ = c0(m + n + jω)rm+n+ jω−1 + O(rm+n+ jω+1).

Therefore, although

]∂r∇�
r ∇m

θ ∇n
φRαβγ δ[ = c0(m + n + jω)

r
+ O(r) (A.16)

diverges, this singularity is precisely cancelled by the extra
term appearing in (A.13), so that

r ]∇�+1
r ∇m

θ ∇n
φRαβγ δ[ ∼ O(r2), P(r ]∇�+1

r ∇m
θ ∇n

φRαβγ δ[) = k.

(A.17)

The behaviour of (A.17) can be verified also for the
terms involving an extra derivative ∇θ or ∇φ . In fact,
the remaining components can be dealt by commuting the
derivatives, applying the Bianchi identities and noticing that
∇m′

θ ∇n′
φ Rαβγ δ = 0 if the total number of indices θ (or φ) is

odd (for any m′, n′). Therefore, if I I holds, then,
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r ]∇μ∇�
r ∇m

θ ∇n
φ Rαβγ δ[ ∼ O(r2), P(r ]∇μ∇�

r ∇m
θ ∇n

φ Rαβγ δ[) = k.

(A.18)

It is useful to notice that had we allowed k = 0 in I I , the only
change in the result (A.18) is that r ]∇μ∇�

r ∇m
θ ∇n

φRαβγ δ[ ∼
O(r).

Given the relations I I (d, k) �⇒ I (d + 1, k) and
I (d, k) �⇒ I I (d + 1, k − 1), starting from Rαβγ δ and
∇μRαβγ δ one can successively apply covariant derivatives
until one reaches k = 0. The considerations above show that
if the metric potentials χ0,2 are (p+ 1)-regular, all the terms
]∇�

r ∇m
θ ∇n

φRαβγ δ[ are bounded if d = � + m + n ≤ 2p + 1;
therefore, all the invariants inI2p are regular, as the theorem
stated.
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