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Event structures have emerged as a foundational model for concurrent computation, explaining computational processes by outlining
the events and the relationships that dictate their execution. They play a pivotal role in the study of key aspects of concurrent
computation models, such as causality and independence, and have found applications across a broad range of languages and models,
spanning realms like persistence, probabilities, and quantum computing. Recently, event structures have been extended to address
reversibility, where computational processes can undo previous computations. In this context, reversible event structures provide
abstract representations of processes capable of both forward and backward steps in a computation. Since their introduction, event
structures have played a crucial role in bridging operational models, traditionally exemplified by Petri nets and process calculi, with
denotational ones, i.e., algebraic domains. In this context, we revisit the standard connection between Petri nets and event structures
under the lenses of reversibility. Specifically, we introduce a subset of contextual Petri nets, dubbed reversible causal nets, that precisely
correspond to reversible prime event structures. The distinctive feature of reversible causal nets lies in deriving causality from inhibitor
arcs, departing from the conventional dependence on the overlap between the post and preset of transitions. In this way, we are able

to operationally explain the full model of reversible prime event structures.
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1 INTRODUCTION

Event structures [33] are a well-established model of concurrency, that describe computational processes through event
occurrences and constraints that regulate such occurrences (i.e., relations over events). In their simplest form, known as
prime event structures, the relations are causality and conflict. Causality dictates the order and precedence of events in
valid executions, while conflict denotes the mutual exclusion of events — conflicting events cannot coexist in any valid
system execution. Consider a computational process denoted as P, involving three distinct events: q, b, and ¢, where b
causally depends on a, and b and ¢ are in conflict. Describing the behaviour of this system as a prime event structure
necessitates defining two binary relations over the set of events: < for causality and # for conflicts. Specifically, the

relations are defined as follows: < = {(a,b)} and # = {(b, ¢), (¢, b)}. A graphical representation is shown in Figure 1a,
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Fig. 1. A simple Prime Event Structure and its associated Petri net

where causality is drawn with straight lines (to be read from bottom to top) and binary conflicts are represented by
curly lines.

The behaviour associated with such event structure can be understood in terms of a transition system defined over
configurations (i.e., sets of events), as illustrated in Figure 1b. For instance, the transition @ — {a, c} indicates that the
initial state @ (i.e., no event has been executed yet) may evolve to the state {q, c} by concurrently executing a and c.
Moreover, the same configuration can be achieved by initially executing a followed by c (as outlined in the transitions
0 — {a} — {a,c}). Conversely, one can attain the identical configuration by first transitioning through ¢ and then
through a (i.e., @ — {c} — {a,c}). In other words, a and ¢ are concurrent. In contrast, the configuration {a, b} can only
be reached by executing a before b since the occurrence of b causally depends on the prior execution of a. Note that
neither {b} nor {a, b, c} are configurations because, on the one hand, b cannot occur without a and, on the other hand,
b and c cannot occur in the same run of the system.

Event structures were originally proposed by Nielsen, Plotkin and Winskel [23] as an intermediate abstraction in
between Scott domains (i.e., a denotational model) and Petri nets (i.e., an operational model). While event structures
encompass a set of event occurrences and constraints that govern the occurrence of such events, Petri nets describe the
behaviour of a system in terms of the consumption and production of data items (i.e., tokens) from repositories (i.e.,
places). A Petri net N corresponding to the prime event structure P above, is depicted in Figure 1c. It consists of five
places s1, s2, 53, 54 and ss, three transitions a, b and c and two tokens (depicted as bullets) respectively placed on s; and
s3. The edges connecting places to transitions describe the consumption and production of tokens; e.g., the firing (i.e.,
execution) of b consumes a token from each sz and s3 and produces a token in s4. The tokens available in N enable the
firing of the transitions a and ¢ but not that of b because there is no token in s;. That missing token is produced by the
firing of a; hence, b can be fired only after a is so. For this reason, b causally depends on a. However, b can be fired only
if ¢ is not (and vice versa) because each transition requires a token from s3, which just contains one. In this case, b and ¢
are in conflict.

The foundational work in [33] shows a tight connection, established through a chain of correflections, between

the category of safe nets and prime event structures. Subsequent research efforts have systematically explored the
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Fig. 2. Causal-consistent reversible version of N

alignment of distinct incarnations of Petri nets with their respective classes of event structures. Examples of this line of
work include [4, 5, 16, 32].

Recently, there has been a noteworthy extension of event structures to accommodate reversible concurrent systems,
namely a class of systems that have lately received lot of attention because of their applications in different fields [1, 21].
These applications span programming abstractions for reliable systems (7, 12, 17], program analysis and debugging [13],
bio-chemical simulation modeling [11], and quantum computing [24]. The distinctive feature of a reversible system is
that the execution of actions is liable to be undone. Reversible prime event structures (rPES) [26] accommodate the undoing
of executed actions by allowing configurations to evolve by removing events. For instance, if ¢ were an undoable event
of the event structure P in Figure 1a, then the associated transition system would include the transition {a,c} — {a}.
This is a disruptive feature in event structures since it breaks the underlying assumption by which configurations
evolve by adding events. In fact, if X and Y are two configurations of an rPEs then X — Y does not imply X C Y. As a
consequence, the existing approaches to recover Petri nets out of event structures, even the most general ones [31], are
not applicable. As a matter of fact, we still lack a procedure to associate a Petri net to a given rpEs. Indeed, the approach
presented here stands as the first to provide a systematic procedure for associating a Petri net with a given rpes. Previous
attempts [18] do this job just for the subclass of cause-respecting rpEses, i.e., rPEses that allow the reversing of an event
once all events it caused have been reversed. For instance, the transition system associated with a cause-respecting
reversible version of the event structure P in Figure 1a is depicted in Figure 2a. Note that each transition X — Y is
paired with a reversing one Y — X; consequently, the configuration {a, b} can be reversed only by undoing first b and
then a, ie, {a,b} — {a} — 0. Contrastingly, the transition {a, b} — {b} is not included because it accounts for the
reversal of a before the reversal of the event b, which causally depends on a.

As shown in [18], the transition system of a cause-respecting rpEs can be implemented (concurrently / distributedly)
as a Petri net where the undoing of events is achieved via reversing transitions, i.e., each transition t (corresponding
to some event of the rpes) is accompanied by another transition t that undoes the effects of the firing of ¢, i.e., t (i)
consumes the tokens produced by t; and (ii) produces the tokens consumed by ¢. The transition system in Figure 2a is
implemented by the net N in Figure 2b, which is essentially the extension of N (Figure 1c) with the reversing transitions

a,bandc.
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Fig. 3. Prevention and reverse causality operationally

This approach however falls short when addressing the full expressivity of rpEses, which accommodates different
flavours of reversibility [1, 21]. The reversing mechanism of an rpEs is defined in terms of two relations (additional
to the classical causality and conflicts): prevention and reverse causality. For instance, an rPEs can stipulate that some
event can be undone only when some other events have not occurred (prevention). For instance, if we stipulate that
¢ prevents the undoing of a (written c » g), then {a,c} — {c} is banned from the transition system even though a is
undoable and ¢ does not causally depend on a. We can also specify that a particular event can be undone only when
some other events have already occurred (reverse causality). For instance, if ¢ is a reverse cause of a (written ¢ < a)
then a cannot be reversed until ¢ occurs, i.e., the transition {a} — 0 is not admissible. We note that these constraints
can be translated into Petri nets in the form of contextual arcs; in particular, inhibitor arcs [2, 22] that prevent the firing
of a transition if a token is present in some place of the net. For instance, the prevention ¢ > a can be represented in a
Petri net with an inhibitor arc in g, as shown in Figure 3a; the added arc (depicted as —) forbids the firing of a when ss
contains a token. Note that s5 contains a token only when c has been fired, hence a cannot be fired if ¢ has occurred.
Along the same lines, the reverse causality ¢ < a can be represented as shown in Figure 3b: in this case, the inhibitor
arc is connected to s3, which will contain a token if ¢ has not been fired. Hence, a will be enabled only after c is fired.

Unfortunately, the previous observation is insufficient for capturing the full spectrum of rreses due to the interplay
among causality, prevention and reverse causality. This becomes clear when addressing rpEses enjoying out-of-causal
order reversibility, which is typical in bio-chemical reactions [27]. Consider again the reversible system in Figure 1a.
Assume now that a can be undone also in an out-of-causal order fashion, i.e., a can be reversed independently of the
events that it may have caused (which in this case is b). Hence, the transition system would be extended to include the
transition {a, b} — {b}, in which a is reversed even though b is not, and also {b} — {b, a}, in which the minimal event
a is executed. When looking at the net N in Figure 2b, the transition {a, b} — {b} would require to be able to fire the
reversing transition a also when the place sy does not contain any token (because the firing of b has consumed that
token). Hence, a more involved definition of a would be needed for handling the undoing of a. Moreover, after reversing
a we should be able to fire a again, since the transition system associated to the rpes allows both {a} — 0 — {a} and
{a,b} — {b} — {a,b}. It should be noted that the execution of a has different effects in the two computations above:

while the configuration {a} allows for the firing of b, the configuration {a, b} does not (because, b has been already
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Fig. 4. Examples on how inhibitor acts (— arcs) can be used to model causality <, reverse causality < and prevention » relation
among events

fired). The way in which the causality relation between a and b is described in N (Figure 2b) would be insufficient to
distinguish the cases above.

In this paper, we take a different approach by observing that inhibitor arcs can be used to model also causality. This
simple idea is rendered by the net in Figure 4a, which is an operational counterpart of the event structure P in Figure 1a.
The inhibitor arc in Figure 4a is used to model causality among the events a and b. Indeed, b can happen only after
a has happened, hence a < b. As previously discussed, we represent prevention and reverse causality with inhibitor
arcs, as illustrated in Figures 4b and 4c. On the one hand, the inhibitor arc in Figure 4b models the reverse causality
b < a, ie., a can be reversed only when b has been executed. On the other hand, the inhibitor arc in Figure 4c models
prevention b > g, i.e., the undoing of a cannot be executed if the event b has happened. A liberal usage of inhibitor arcs
would not do the work. Therefore, we impose some (structural) constraints on nets to achieve our purpose, namely to
identify a subclass of nets with inhibitor arcs that corresponds to reversible prime event structures.

The main contribution of our work, which is a revised and extended version of [19], is the definition of an operational
interpretation of rpEses in terms of a proper subclass of Petri nets with inhibitor arcs, called reversible causal nets.

The considered subclass is expressive enough to recover the classical operational interpretation of PEses in terms
of Petri nets, meaning that this is a conservative extension of the classic notion of occurrence net. The novel way to
model dependencies using inhibitor arcs can be fruitfully used to model non standard dependencies among events, e.g.,
asymmetric conflicts.

The schema below summarizes part of our findings: reversible causal nets (rcN) extend causal nets by introducing

reversibility, and rcNs are equivalent to rpEss. On the other hand, prime event structures (pEs) are equivalent to cN.

Structure of the paper

This paper is structured as follows: after setting some notions that will be used in the paper, we start by recalling the
basics of prime event structures and reversible prime event structures (Section 3), and those of nets with inhibitor
arcs (Section 4). Then, we introduce causal nets, which are subclass of nets with inhibitor arcs, and show that they are

a suitable counterpart of prime event structures (Section 5). In Section 7, we introduce a reversible notion of causal
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nets and prove that they fully correspond to reversible prime event structures, thus giving a proper operational model
of them. In Section 8 we compare and discuss the relationship between a more classical operational model for prime
event structures, namely occurrence nets, with our proposal, and illustrates the reasons that undermine the possibility
of generalising occurrence nets to cope with richer models of reversibility as, e.g., out-of-causal order reversibility.
Section 9 illustrates some real use of our approach and the last section, after recapping our achievements, provides a

brief comparison with the results we extend.

2 PRELIMINARIES

We begin by revisiting some key concepts that will be employed throughout this paper. The symbol N signifies the set
of natural numbers. A multiset over a set A is a function m : A — N. Multisets are assumed to be equipped with the
standard operations of union (+) and difference (—). We write m C m’ if m(a) < m’(a) for all a € A. The multiset [[m]]
is defined such that [[m]](a) = 1 if m(a) > 0 and [[m]](a) = 0 otherwise. We often confuse a multiset m with the set
{a € A| m(a) # 0} when m = [[m]]. In such cases, a € m denotes m(a) # 0, and m C A signifies that m(a) = 1 implies
a € A for all a. The underlying set of a multiset m, namely the one formed by the elements a with m(a) > 0, is precisely
[[m]]. Additionally, we will employ standard set operations like N, U, or \. The set of all multisets over A is denoted as
11A; the symbol 0 stands for the unique multiset defined such that [[0]] = 0.

Given a partial function f : A — B, the domain of f is defined as dom(f) = {a € A | 3b € B. f(a) = b}. A sequence
of elements of A is a mapping p : N — A such that if n € dom(p), then Vn’ < n. n’ € dom(p). A sequence p is often
represented as ajay - - - where a; = p(i). The length of a sequence p, denoted by len(p), is the cardinality of its domain,
ie, len(p) = |dom(p)|. A sequence is considered finite when its length is finite. Requiring that a sequence p has distinct
elements implies asserting that p is injective on dom(p).

A binary relation < C A X A is an irreflexive partial order when it is irreflexive and transitive, and we use < to denote
its reflexive closure. We write | a|< for the set {a’ € A | @’ < a} U {a} and shall omit the subscript < when it is clear

from the context.

3 EVENT STRUCTURES

In this section, we provide an overview of the fundamentals of prime event structures. Subsequently, we delve into the

reversible variant of prime event structures, by following the presentation in [26].

3.1 pre-PEs and PEs

Pre-prime event structures represent a relaxed form of prime event structures where conflict heredity may not necessarily

hold. They play a key role in the definition of reversible prime event structures.

Definition 3.1. A pre-prime event structure (pPES) is a triple P = (E, <, #), where

(1) E is a countable set of events;
(2) # C E X E is an irreflexive and symmetric relation, called the conflict relation; and
(3) < € E X E is an irreflexive partial order, called the causality relation, defined such that Ve € E. | e < is finite and

Ve',e'” € le]<. (e’ #e”).

We say a ppEs P is a prime event structure (PEs) when # is hereditary with respect to <, i.e.,if e # ¢/ < ¢/’ then e # e/

foralle,e’, e’ € E.
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The third condition prevents events from depending on an infinite number of causes, rendering their execution
unfeasible. It also prohibits conflicts between two causes of the same event, which would likewise make the occurrence
of the event unfeasible. Moreover, it ensures that an event is not in conflict with any of its causes.

Conflict inheritance is intuitively clear in systems whose state evolves monotonically. If an event e is in conflict
with another event e’ that causes a third event e’’, then e would necessarily be in conflict with e’’. This is because e’/
cannot occur without e’, and the conflict between e and e’ prevents the occurrence of e. However, this straightforward

relationship breaks down in situations where certain events can be undone, as will be discussed further in Section 3.2.
Example 3.2. Let P = (E, <, #) be defined such that

E={ab,cd} #={(a,b),(b,a)} <={(b,0)}

It is immediate to check that # is irreflexive and symmetric, and < is an irreflexive partial order. Furthermore, if
e € Eand e # c, then | e] < = e—a finite and conflict-free set. Additionally, | c]< = {b, ¢} is also finite and conflict-free.
Hence, P is a ppes. However, P is not a PEs because conflicts are not inherited along <. Indeed, while a # b < ¢ holds,

the relation a # ¢ does not. P would be a PEs if # were defined as {(a, b), (b, a), (a,¢), (c,a)}.

A set of events X C E is conflict-free if for every pair of events e and ¢’ in X, it holds that =(e # e”). We write CF(X)
if X is conflict-free. Note that for any subset Y of X, if X is conflict-free (CF(X)), then Y is also conflict-free (i.e., CF(Y)).
A configuration is a conflict-free set of events, encompassing, for each event e, the set of its causes, namely |e]<—as

formally defined below.

Definition 3.3. Let P = (E, <, #) be a ppEs and X C E be a subset of events. We say that X is a configuration if
(1) CF(X), and
(2) Yee X. |le]< C X.

We denote the set of all configurations of P as Confppps(P). When P is a pEs, we write Confpes(P) instead of
Confppgs (P).

The subsequent definition introduces the concept of (labeled) transitions between sets of events in a pPEs.

Definition 3.4. Let P = (E, <, #) be a ppEs and X C E a conflict-free set of events. We say A C E is enabled at X if

(1) AnX =0 and CF(X U A), and
(2) Yee A.ife’ <ethene € X.

A
If A is enabled at X, then X — pps Y with Y = X U A.

Intuitively, a set of events that are not present in X is considered enabled if there are no conflicts among them or with
the events in X, and all their causes are already included in X. It is worth observing that condition (2) in the preceding

definition can be formulated as follows: for every event e in A, it holds that |e] < \ {e} C X, i.e., all its causes are in X.

Example 3.5. Consider the ppEs P in Example 3.2. The sets {a}, {b}, {d}, {a,d}, and {b,d} are all enabled at 0

because they are all conflict-free and they contain just minimal elements (according to <). This enables the derivation

b.d}

of transitions such as 0 ﬂp“s {a} and 0 {;@pm {b,d}. Conversely, neither {a, b} nor {c} are enabled at 0. The

former, because a and b are in conflict; the latter because @ does not contain b, which is a cause of c. Moreover, {c} is

enabled at {b}, because the unique cause of ¢ is b; consequently, {b} iipPEs {b, c} holds.
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The notion of configurations of a ppEs can be reformulated based on the transitions of enabled events.

Definition 3.6. Let P = (E, <, #) be a ppEs. A set of events X C E is a reachable configuration if it is conflict-free, i.e.,
CF(X), and there exists a sequence Aj, Az, As, ... of nonempty set of events such that

(1) Xo = 0, Xi = UjgiAi,

(@) Xi 25 p0s Xiy for all i, and

(3) X = U Ar.

In simpler terms, a reachable configuration is constructed step by step, adding enabled sets of events in each step.
PROPOSITION 3.7. Let P = (E, <, #) be a ppes and X C E. Then, X is a configuration iff it is a reachable configuration.

ProoF. =) We need to demonstrate that a reachable configuration X is indeed a configuration. Given that
X is a reachable configuration, there exists a sequence Aj, Az, As, ... of sets of events such that X = (J; A;,
Xi-i =Uj<;Aj and Xi—q iPPES X;j. Since X is conflict-free by definition, we need to show that |e|< € X for
all e € X. Suppose e € A; for some i. As X is a reachable configuration, we have X;_; iPPES X;and X;_1 C X.
Due to X;—1 ﬁppm Xij, all ¢/ < e are in X;_1 and, consequently, in X. Thus, the thesis holds.

&) We need to show that a configuration X is indeed a reachable configuration. As X is a configuration, its elements
can be totally ordered with respect to <, resulting in the sequence ey, e1, ez, . ... By defining A; = {e;}, we
demonstrate the thesis. In fact each subset of X is conflict-free, and for all i, X;_1 = {ep, e1, €2, ..., e;, } contains
all events preceding e;. Additionally, X;—1 U A; = X is conflict-free, and therefore, X;_; iq,pm X;.

m}

Example 3.8. Consider once again the pPEs P in Example 3.2. It is noteworthy that certain conflict-free sets of events
do not correspond to states in the computation of P. For example, the set {c, d}—despite being conflict-free—is not a
configuration of P. This is due to the fact that it cannot be reached from the initial state 0: the introduction of ¢ to a

configuration necessitates the presence of b.

The following definition and result from [26] highlight that we can reconstruct a PEsfrom a ppEs by enforcing the

heredity of conflicts.

Definition 3.9. Let P = (E, <, #) be a ppEs. Then hc(P) = (E, <, §) is the hereditary closure of P, where § is inductively
defined by the following rules

e#e effe’ e <e” e’ e

efie efie” efie

PRrRoOPOSITION 3.10. Let P = (E, <, #) be a pPEs, then
e hc(P) = (E, <, 8) is a pEs,
o if P is a pEs, then hc(P) = P, and
e Confppps(P) = Confpgs(hc(P)).

3.2 Reversible prime event structures

We now revisit the concept of a reversible prime event structure presented in [26]. Reversible event structures extend

pESes by introducing the possibility for some events to be reversible or undoable. A reversible event, denoted as u,
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implicitly possesses a corresponding reversing event, symbolized as u, capable of undoing its effects. In other words, the
execution of u followed by u is indistinguishable from no execution at all. Due to this characteristic, the configurations
of a reversible prime event structure may not evolve monotonically, as reversible events have the ability to disappear
because of the execution of their corresponding reversing events.

To accommodate various nuances of reversibility, a reversible prime event structure incorporates two relations

known as prevention and reverse causality. These relations define the manner in which reversing events can be executed.

Definition 3.11. A reversible prime event structure (rPEs) is a tuple P = (E, U, <, #, <,») where (E, <,#) isa pPes, U C E
are the reversible/undoable events (with corresponding reverse events being denoted by U = {u | u € U} and disjoint
fromE,i.e.,, UNE = 0) and

(1) < € E x U is the reverse causality relation; which is defined such that u < u for all u € U; and moreover
{e € E | e < u} is finite and conflict-free for all u € U,

(2) » C Ex U is the prevention relation defined such that < N> =0,

(3) the sustained causation < is a transitive relation defined such that if e < e’ then
o ¢ < e’,
o ifec Uthene e,

(4) # is hereditary with respect to <:if e # ¢/ < ¢’’, thene # ¢”.

The reverse causality relation prescribes the events necessary for the execution of each reversing event. In other
words, e < u signifies that u can be executed (or equivalently, u can be undone) only when the event e is present.
Therefore, the condition u < u asserts that an event u can be undone solely when it is present in a configuration.
Conversely, the prevention captures cases where an event can be reversed only if some other event is absent in the
configuration. Specifically, e » u denotes that u can be reversed only if e is not present in the configuration.

Despite the fact that the underlying structure (E, <, #) is a ppES, where conflicts may not necessarily be inherited
through causality, the definition mandates that conflicts must be inherited through the newly introduced sustained
causation relation <. This relation, which is coarser than <, accommodates situations where the causes of certain

events may vanish from a configuration, as illustrated in Example 3.21.

Example 3.12. Let P1 = (E, U, <, #,<,>) be an rpEs defined such that

E={ab,cd} U={b,c}
<={(b,0)} #={(ab),(b,a),(ac),(ca)}
<={(bb).(c.0)} >={(c,b)}

While b and c are reversible in Py, a and d are not because a,d ¢ U. Moreover, there is a causal dependency between
b and ¢ (b < ¢); and a is in conflict with both b and ¢ because of the definition of #. As a result, d is concurrent w.r.t.
a, b and c. In the reverse causality relation, each reversible event is undone only if it has been executed (i.e., b < b
and ¢ < c). The prevention relation stipulates that b cannot be reversed if ¢ has been executed, i.e., ¢ » b, which is
typical of causal reversible models. In this example, sustained causation coincides with causality (« = <): specifically,
b < c holds because b < ¢ and ¢ » b implies so. Also, it is important to note that conflicts are inherited along sustained

causation and, consequently, along causality, as demonstrated by a # b < cand a # c.

Example 3.13. Consider P, = (E, U, <, #, <,»), a variant of P obtained by extending the definition of < with the pair

(d, ¢). In this scenario, the event ¢ can only be reversed after the execution of d. This illustrates a case of non-causal
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reversibility, where concurrency interferes with reversibility: the reversal of ¢ is contingent on the execution of a

concurrent (and hence, unrelated) event.
The following definition extends the notion of transitions between sets of events to account for reversing events.

Definition 3.14. Let P = (E, U, <, #, <,>) be an rPEs and X C E a conflict-free set of events, i.e., CF(X). For A C E and
B C U, we say that A U B is enabled at X if

(1) ANX =0,BC X and CF(X U A),

(2) YVee A,e’ €E.ife’ <ethene’ € X\ B,

(3) Yee B¢’ € E.ife’ <ethene’ € X\ (B\ {e}),

(4) Ve e B¢’ € E.ife’pethene’ ¢ X UA.

AUB
If AU B is enabled at X then X ——pps Y with Y = (X \ B) U A.

Example 3.15. In the rpEs P from Example 3.12, we have, e.g., the following transitions:

{a} {d}

® 0 —ypps {a} —rpxs {a. d},

{b.d} {b}
® ) ——ppps {b,d} ——rpps {d}, and
{b} {c} {d.c} {c}

® 0 —ypps {b} —rpps {b, ¢} —rprs {b,d} —rpes {b, ¢, d}.

Now, consider the rpes P, presented in Example 3.13. Notice that the set {d, ¢} is not enabled at {b, c}. Despite the

presence of ¢, the reverse causality d < c indicates that d is also required for the reversal of c.

The reachable configurations of an rpEs are the sets of events that can be reached from the empty set by performing

events or undoing previously performed events, as stated below.
Definition 3.16. Let P = (E, U, <, #, <,>) be an rpEs and X C E a conflict-free set of events, i.e., CF(X) holds. We say
that X is a (reachable) configuration if there exist two sequences of sets A; and B;, for i = 1,..., n, such that
(1) A; CEand B; C U for all i, and
A;UB;
(2) Xj —ppgs Xit1 for all i with X7 = 0 and X,,41 = X.
The set of configurations of P is denoted by Confpgs(P).

Definition 3.17. Let P; and P be two rpEses. We say that they are equivalent, written Py = Py, if they have the same

set of configurations, i.e., Confypgs(P1) = Confrps(P2).

Example 3.18. Consider the rpes Py introduced in Example 3.12. The set of configurations of Py is

Confrpes(P1) = {0, {a}, {b}, {d}. {a.d}, {b,d}, {b, c}, {b,c.d}}

(Refer to Example 3.15 for the corresponding sequences of transitions.)

3.3 Reversing disciplines

The interplay between the forward relations (causality and conflicts) and the backward relations (reverse causality and
prevention) in rpeses determines different ways of reversing events, referred to as reversing disciplines. As an example,
consider the rpes Pq in Example 3.12, where the undoing of the event b is prevented by the event ¢, which causally
depends on b. This scenario illustrates a causal reversing discipline, where an event can only be reversed after the

events it has caused have been reversed.
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Definition 3.19. Let P = (E, U, <, #, <,») be an rPEs. We say that P is

o cause-respecting if for any e, e’ € E, if e < ¢’ then e < ¢’;

o causal if for any e € E, u € U we have

(1) e <uiffe =u, and

(2) eruiffu <e;

o inverse cause-respecting if for any e € E, u € U, if e < u then e > u; and
o inverse causal if for any e € E, u € U we have

(1) e <uiffe =u, and

(2) eruiffe <u.

In a cause-respecting rpEs, sustained causality coincides with the causality relation, but the undoing of an event may
depend, not only on the reversing of those that it has caused, but also on others, as illustrated in P, of Example 3.13.
Conversely, P1 in Example 3.12 is an example of a causal rpEs. In an inverse cause-respecting rpEs, an event can only be
reversed after all its causes have been undone.

The following example illustrates an inverse-cause-respecting rpEs.

Example 3.20. Let P3 = (E,U, <, #, <,>) be an rpEs defined such that

E={ab,c} U={ab,c}
< ={(a,b),(a,c),(bc)} #=0
<={(aa),(,b),(c.0),(c.a)} >={(ab), (a0 (bo)}

Here, there is just a causal dependency between a and b (a < b). Since a » b, to reverse b we must first reverse a. This
I'PES is inverse-cause-respecting but not inverse causal, because we also have ¢ < a. Removing this constraint would

make P3 inverse causal as well.

The out-of-causal-order reversibility of rpEses poses a significant challenge when trying to integrate it into an
operational model, as illustrated by the next example. It is worth noting, as observed in various papers (e.g., [26]), that
there are examples of biochemical systems where the computations exhibit this characteristic. Interested readers can

refer to [26] for more details.

Example 3.21. Consider P4 = (E, U, <, #, <,») as a variant of the rpes P, in Example 3.13, defined as follows

E={ab,cd} U ={b,c}
<={(bc)} #={(a,b),(b,a)}
<={(b,b),(c.0). (d.c)} =0

In this scenario, the induced sustained causation is empty, meaning b < ¢ holds because b < ¢ does so and ¢ » b

does not. Since ¢ > b is not satisfied in P4, the reversal of b can occur even after executing c, which, in turn, depends

{c} {b}

b a
causally on b. For instance, we can observe the sequence: ( Q,pgs {0} —rpes {b, ¢} —rprs {c} {_}’rPEs {a,c}.
It is important to note that the configuration {a, ¢} would be prohibited in standard pEses because a # b < ¢ holds.
However, rpEses permit such configurations since conflicts are not necessarily inherited through causality, crucial for

accommodating out-of-causal-order reversibility.

The previous examples highlight the primary challenges to address when formulating a net semantics for rpEses.

These challenges can be summarised as follows:
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{b}

configurations may drop events during computation, i.e., {b, ¢} ——,pgs {c} in Pyg;

reachable configurations may not necessarily encompass all the causes; for instance, in P4, the configuration {c}

does not include b despite b < ¢

causes can be re-enabled; for example, b is enabled at {c} in P4, but the re-execution of a disables b again, i.e., b

is not enabled at {a, c};

conflicts are not inherited through causality, as in Py;

reversibility induces dependencies on concurrent events, for example, ¢ in P, can be reversed only after the

concurrent event d has been executed.

4 PETRI NETS WITH INHIBITOR ARCS

We summarize the fundamentals of Petri nets with inhibitor arcs following the presentation in [2, 22].

Definition 4.1. A Petri net is a 4-tuple N = (S, T, F, m) where S is a set of places, T is a set of transitions with SNT = 0,
F C (SXT)U (T xS) is the flow relation, and m € pS is the initial marking.

Definition 4.2. A Petri net with inhibitor arcs (1pT for short) is a tuple N = (S, T, F, I, m), where (S, T, F, m) is a Petri
net, and I € S X T is the inhibiting relation.

Given an 1T N = (S, T, F,I, m) and x € S U T, the pre- and postset of x are respectively defined as the (multi)sets
*x={y|(yx) e Ffandx®* ={y | (x,y) € F}.If x € S, then *x € uT and x* € yT; analogously, if x € T, then *x € uS
and x* € uS. The inhibitor set of a transition ¢ is the (multi)set °¢t = {s | (s,t) € I}. The definitions of *-, -*, °- generalise

straightforwardly to multisets of transitions.

Example 4.3. Consider the simple 1pT Nj depicted in Figure 5, which consists of six places depicted as circles and
three transitions drawn as boxes. The flow relation is represented by black arrows, while the inhibitor relation is shown
by red lines ended with a small circle. The initial marking m = {s1, s, 53} is represented by the bullets drawn within the
corresponding places. Let us consider the transition b, which consumes tokens from s, and s3, produces a token in ss,

and is inhibited by s;. Hence, its pre-, post- and inhibiting sets are respectively *b = {s3,s3}, b® = {s5}, and °b = {s1}.

A (multiset of) transition(s) A € uT is enabled at a marking m € uS, written m [A), whenever *A C m and
Vs € [[ °A]l. m(s) =0 A A®*(s) = 0. The last condition requires the absence of tokens in all places connected via
inhibitor arcs to the transitions in [[A]]. Observe that the multiset 0 is enabled at every marking. A (multiset of)

transition(s) A enabled at a marking m can fire and its firing produces the marking m’ = m — *A+ A®. The firing of A at

Fig. 5. Ny
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a marking m is denoted by m [A) m’. We assume that each transition ¢t of an 1pT N is defined such that *t # 0, i.e., it

cannot fire spontaneously in an uncontrolled manner without consuming tokens.

Example 4.4. Consider the 1pT introduced in Example 4.3 and note that both a and ¢ are enabled at the initial marking
m. On the contrary, b is not enabled because its inhibitor place s; contains a token. The firing of a produces the marking
m’ = {s3, 53,4}, denoted as m [a) m’. In this marking, b becomes enabled since its preset sy and s3 are marked, while

its inhibitor place s is not.

We now give a precise definition of firing sequences, reachable markings and states of a 1T in terms of sequences of
firings. Given an 1pT N = (S, T, F, I, m), a firing sequence (shortened as fs) of N is a sequence ¢ of markings such that
for each 0 < i < len(o) there is a multiset of transitions A; enabled at o (i) and o(i) [A;) o(i + 1). A firing sequence ¢
is written as mq [Ag) m1 - -+ my [An) mp41 - - - and we use start(o) to indicate its initial marking o(0) = myg; should
o be finite (i.e., len(o) < o), lead(o) designates its final marking o(len(o)). We say that o starts at a marking m if
start(o) = m, and let RY denote the set of all firing sequences of the 1pT N that start at m. A marking m is reachable
in N iff there exists an fs o € Rﬁ such that m = o (i) for some i < len(o). The set of all reachable markings of N is
My = er‘Rﬁ{U(i) | i < len(o)}. Given an fs o, X, is the set of all sequences of multisets of transitions that agree with
o, namely the set {0 | len(6) = len(c) A (o(i) [0(i)) o (i + 1) with i < len(0))}, and X, = {2 0(i) | 6 € X5} for
the set of multisets of transitions associated to an fs. Each multiset of X is a state of the net and write St(N) = U, eRN Xs

for the set of states of the net N, and 0 € X is an execution of the net.

Definition 4.5. We say that N1 and Ny are equivalent, written N1 = Ny, if they have the same set of states, i.e.,
St(N7) = St(Ny).

Example 4.6. The set of reachable markings of the 1pT in Example 4.3 is My, = {m, {s2, 3,54}, {51,552, 6}, {54, 5},
{s2, s4, s¢ } } while its set of states is St(Ny) = {0, {a}, {c}, {a, b}, {a,c}}.

An 1PT N is safe if every reachable marking is a set, i.e, Ym € My.m = [[m]]. Henceforth, our focus will be
exclusively safe 1PT.
For a given net N = (S, T, F, m), we denote the transitive closure of F as <p. The net N is acyclic if the relation <p

is a partial order.

5 CAUSAL NETS

We now restrict our attention to representing causal dependencies through inhibitor arcs. We introduce a class of
contextual Petri nets, dubbed causal nets, where causality is determined by the inhibiting relation rather than the
typical flow relation. The main result in this section (Theorem 6.9) states that causal nets are an adequate operational
counterpart of PEses. As a matter of fact, they are tightly connected with occurrence nets (as discussed in Section 8).
We define the relation < between transitions ¢,¢” of an 1pT. We stipulate ¢t < ¢’ iff *t N °t’ # 0, i.e., the firing of ¢
consumes (at least) one of the tokens that inhibit the firing of ¢’. Similarly, we define fj by ¢ i t’ iff *t N *t" # 0.

Definition 5.1. Let C = (S, T, F,I, m) be an 1pT. C is a pre-causal net (pcN) if the following conditions are satisfied:
(1) <cN(TXT)=0;

@ [[T*] =T*;

B) Vet eT.*tNn*t' N°T=0;

(4) Yt € T. °t is finite;
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(5) < is an irreflexive partial order;
(6) Vt',t" € [t]<. ' Bt = t' =t"";and
(7) m="°Tand °TC m.

We say a pcN C is a causal net (cN) if it also satisfies the following condition
Ve t' " eT.tht At <t = tht".

The conditions imposed on cNs share motivations with those posed on occurrence nets, unravel nets [5, 6, 28] and
flow nets [4], which are aimed at explaining computations without resorting to firing sequences. The first condition,
alternatively expressed as Vt € T. Vs € *t. ®s = 0, signifies that causal dependencies within cNs do not originate from
the flow relation. This is evident as t* N *#’ = @) holds for all ¢, ¢’ € T. The second condition guarantees the absence
of backward conflicts, meaning that a place is, at most, part of the postset of a single transition. The third condition
asserts that any place present in the preset of at least two transitions cannot be connected via inhibitor arcs to other
places in the net. This restriction prohibits or-causality, where the firing of a transition could have multiple distinct
causes. Together with the fourth requirement, these conditions ensure that each transition has a finite set of causes,
specifically, the set {t’ € T | +’ < t} is finite. The fifth condition prevents the occurrence of cycles in the dependencies
arising from inhibitor arcs. Given that < is irreflexive, it ensures that none of the transitions is blocked, i.e., *t N °t =0
for all t. The sixth condition bears resemblance to the prerequisite of ppEs, ensuring local inheritance of conflicts. In
other words, any pair of different transitions ¢/, #’’ in | t] < are not in conflict. The last requirement states that the preset
of all transitions are initially marked (m = *T). Additionally, °T C m, combined with the first requirement, implies that
inhibitor places cannot be part of the postset of any transition.

The supplementary condition for cNs enforces the inheritance of conflicts along the relation <, where conflicts are

represented by shared input places.

Example 5.2. The 1pT Cy, illustrated in Figure 6a, is a pcN net, as detailed below. Conditions 1 and 2 of Definition 5.1
are satisfied because each place in the postset of a transition has precisely one incoming and no outgoing arcs. The only
place belonging to the preset of at least two transitions is sy, yet there is no inhibitor arc connected to s3. Therefore,
Condition 3 is also met. Condition 4 is immediately satisfied since there is only one inhibitor arc. The induced causality
relation is the irreflexive partial order < = {(b, c)}, satisfying Condition 5. If t € T and ¢ # c, then |t]< = {t}. Fort =,
we have | c]« = {b,c}, and *b and ®c are disjoint, fulfilling Condition 6. Condition 7 is immediate. We remark that C; is
not a cN because conflicts are not inherited along <. Specifically, a § b and b < ¢, yet we do not have a }j c. In contrast,

the 1pT C3 in Figure 6b, which explicitly captures the conflict between a and c, is a cN.

The initial condition outlined in Definition 5.1 asserts that t* N *’t = () for any pair of distinct transitions ¢ and t’.
As a consequence, each transition is restricted to being executed at most once. This limitation arises from the fact that

its preset cannot be marked again after firing, as formally expressed below.
ProrosITION 5.3. Let C = (S, T, F,I,m) be a cN. For everyt € T and every X € St(C), it holds that X (t) < 1.

Proor. Since *T =m and t* N *’t = 0 for any pair of transitions ¢,t" € T, it is evident that each transition can be

fired at most once. ]

Definition 5.4. Let C = (S, T, F,I, m) be a pcN. A set of transitions X C T is a configuration of C if:

(1) Vt,t' e X.tht' = t =1t (conflict freeness), and
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S0

S5 S1

S6

(@) ¢ (b) G,

MO E ROk

Fig. 6. Two pre-causal nets

(2) Vt € X. [t]« € X (left closedness with respect to <).

The set of configurations of a pcn C is denoted by Confpen (C). If C is a N, we use Confey (C) in lieu of Confpen (C).
Example 5.5. Consider the pcN C; and the cN C; in Figure 6. Their configurations are identical, as illustrated below
Confpen(Cr) = Confen(C2) = {{a}, {b}. {d}. {a, d}. {b,c}. {b.d}, {b,c.d}}

Example 5.6. Consider the cN C, in Figure 6b. The marking m’ = {sq, s7, 8, S9} is reachable due to the following
firing sequence:

m [{b,d}) {s0,s1,54,57,50} [{c}) m
Then, it holds that *m’ = {b, ¢, d} is a configuration of C; (where Confcy(C2) is defined in Example 5.5). Conversely,

take X = {b,c,d} € Confcy(C2), and note that *X = {so, s2, 53, 54, 55} and X*® = {s7, s3, s9}. In this case, m — *X + X*® =
{s1,54,57,59} = m’ is is a reachable marking of C,.

6 CAUSAL NETS AND EVENT STRUCTURES

In this section, we establish the connection between causal nets and prime event structures.

6.1 From pPEses to pcNs

We demonstrate that every pPEs can be linked to a pcN with identical configurations. To begin, we introduce the
mapping A from ppESes to pCN.

Definition 6.1. Let P = (E, <, #) be a ppEs. The corresponding pcN is A(P) = (S, E, F, I, m) where
(1) S={(xe)lecE} U {(e,x) e E}U {({e,e’},#) | e# €'},

(@ F={(se) Is=(xe) Vv (s=(W,#) A ecW)}U {(es) |s= (e}

B) I={(s,e) | s=(x¢€) A € <e},and

4 m={(xe)|ec E}U{({e,e'},#) |e#e'}.

The construction associates the ppes P with a pcn that has as many transitions as there are events in P. Places are
identified with pairs, taking one of the following forms: (i) (x, ) for the precondition of e; (ii) (e, *) for the postcondition

of e; and (iii) ({e, e’ }, #) for the conflict e # ¢’. The flow relation is defined so that each transition e consumes tokens
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({a,c}. #)

Fig. 7. A(P)

from (%, e) and every (W, #) where e € W (W is a subset of events containing two pairwise conflicting events); and
only produces a token in (e, *). In contrast to the classical construction of occurrence nets from preses [33], places do
not convey causal dependencies. Instead, causal dependencies are modeled through inhibitor arcs: if e causally depends
on e’ (i.e, e’ < e), then there is an inhibitor arc between the transition e and the place (x, e’), which is a place in the

preset of e’. The initial marking m assigns a token to any place appearing in the preset of a transition.

Example 6.2. Let P = (E, <, #) be a ppEs where E = {a,b,c,d}, < = {(b,c)} and # = {(a,b), (b,a), (a,c), (c,a)}. The
corresponding pcN is illustrated in Figure 7. Note that the transition c is not initially enabled due to the inhibitor arc
from (%, b); however, all other transitions are enabled. Additionally, a and b are in conflict since they both consume
tokens from ({a, b}, #).

The adequacy of the mapping A(-) is formally stated by demonstrating the equivalence of the respective sets of

configurations.
PROPOSITION 6.3. Let P is a ppes. Then, A(P) is a pcN and Confpprs(P) = Confpen(A(P)).

Proor. We begin by examining the conditions to ensure that A(P) is a pcN.

(1) According to the definition of F, for every event e, we have that e® = {(e, ) }. Additionally, (e, x) ¢ ®¢’ for all
¢’ € E. Consequently, < gp) N (E X E) = 0.

(2) By the definition of F, E®* = {(e, %) | e € E}. Hence, [[E°®]] = E°.

(3) By the definition of F, for every pair of transitions e and €’, if a place s belongs to *e N *¢’, then it has the form
({e, €'}, #). According to the definition of I, there are no inhibitor arcs connected to places of the form ({e, e}, #).
Therefore, Ve # ¢’ € E. *e N ®*¢’ N °E = 0 holds.

(4) According to the definition of I, Ve € E. °e = {(s,e) | s = (x,¢’) A €’ < e}. Since |e]< is finite, °e is so.

(5) According to the definitions of F and I, we have ®*e N °¢’ = {(s,e) | s = (x,¢’) A €’ < e}. Therefore, ¢’ <e if
and only if ¢’ < e. Consequently, < is an irreflexive partial order, given that < is also such.

(6) By analogous reasoning to the previous point, |e]« = |e]<. We argue by contradiction. Suppose there exist
e’,e” € |e]< such that e’ fj ¢’ and ¢’ # ¢”’. From ¢’ ¢/, we deduce that ®¢’ N e’ # 0. According to the
definition of F, ®¢’ N ®¢”’ = ({¢/,e¢”’},#) and ¢’ # ¢’’. Since |e]< = |e]<, it follows that ¢’ < e and ¢’ < e.
Therefore, two causes of e are in conflict in P, contradicting the hypothesis that P is a ppEs.

(7) m = °E and °E C m both hold by construction.
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It remains to show that configurations of P and A(P) coincide.

C) Consider a configuration X of P, i.e, X € Confppps(P). Assume a total ordering {ey,...,e,} of the events
in X that is compatible with the causality relation (<). Let X; represent the set of events {es,...,e;} fori €
{1,...,n}. Through a straightforward induction on i, it can be demonstrated that the transition e; is enabled at
m—*X;_1 +X;_1°. Consequently, m — *X + X* is a reachable marking, and, as a result, X € CoanCN(.‘ﬂ(P)).

2) Consider a configuration X in Confpcy (A (P)). For all e, ¢’ € X, it holds that *e N *e” = 0, implying (e  ¢’).
Consequently, —(e # ¢’). Additionally, |e]« = | e]<. Hence, X is downward closed with respect to <. Therefore,
X € Confppgs(P). ]

COROLLARY 6.4. Let P be a PEs. Then A(P) is a cN and Confpgg(P) = Conf oy (A(P)).

6.2 From pcNs to pPEses
Now, we introduce the mapping Q from pcNs to ppEses. Its definition relies on the facts that < is an irreflexive partial
order, and conflicts are locally preserved in a pcN.

Definition 6.5. Let C = (S, T, F,I, m) be a pcN. The associated prEs is Q(C) = (T, <, #) where

#={(t,t)|t#t €T A tht'}.

Example 6.6. Consider the pcn C; of Example 5.2. Note that, b < ¢ holds because *b N °c # 0. Additionally, a and b
are in conflict (i.e., both a#b and b#a holds) because *a N*b # (. Hence,

Q(C1) = ({a,b,c.d}, {(b,0)}. {(a, ), (b, a)})

The pEs associated with the cN C of Example 5.2 is

Q(C2) = ({a,b,¢,d}, {(b,0)}. {(a, ), (b,a), (a,¢), (b,¢))}

which is actually a PEs because conflicts are hereditary.
PrOPOSITION 6.7. Let C be a pcN. Then, Q(C) is a ppEs and Confcn(C) = Confppps(Q(C)).

ProoF. Consider the pcNC = (S, T, F,I, m) and its encoding Q(C) = (T, <, #). We first show that Q(C) is a pPEs.
Note that # is irreflexive by definition. It is also symmetric because } is so. Since C is a pcN, < is an irreflexive partial
order. Moreovoer, {¢’ € E | ¢’ < e} is finite and conflict free because | e]« is finite and conflict free. Since C is a pcN,
e < ¢’ implies = (e lj ¢’). Therefore, we conclude that e < ¢’ implies e # e’. Hence, Q(C) is a pPEs.

We now show that Confppps (Q(C)) = Conf ey (C). The proof is analogous to the one in Proposition 6.3 but we spell

it in some details.

C) Consider a reachable marking m’ of C. It is easy to see that *m’ is a configuration of Q(C), as the firing sequence

leading to m’ guaranties conflict freeness of *m’ and also that for each e € *m’ it holds that | e]« is a subset of

‘m.
D) Consider a configuration X of Q(C). Assume a total ordering {ey, ..., e, } of the events in X that is compatible
with the causality relation (<). Let X; represent the set of events {ey,...,e;} for i € {1,...,n}. Through a

straightforward induction on i, it can be demonstrated that the transition e; is enabled at X;. Consequently, X is

a reachable marking, and, as a result, X € Confpprs(Q(C)).
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COROLLARY 6.8. Let C be a cN. Then, Q(C) is a PEs and Conf pgs(Q(C)) = Confy(C).
Proor. If C is a cN, then conflicts are also inherited along <. Hence, Q(C) is a PEs. O

The following result ensures that the notion of causal nets is adequate for pEses. It is obtained by combining

Proposition 6.3 and Corollary 6.4 (in Section 6.1) with Proposition 6.7 and Corollary 6.8 above.

THEOREM 6.9. IfC is a causal net, then C = A(Q(C)). If P is a PEs, then P = Q(A(P)).

7 REVERSIBLE CNS AND REVERSIBLE PESES

In this section we introduce a reversible version of pcNs and show that they are an operational counterpart for rpEses.

7.1 Reversible causal nets

The intuition behind the definition of a reversible causal net is that of extending a (pre) causal net with transitions
referred to as backward. These backward transitions are designated to reverse or undo the effects of previously executed
ordinary transitions, which are called forward. Consider an 1pT N = (S, T, F,I,m), and let t € T be a transition. We use
St to denote the set of places {s € S | s € *t A s* = {t}}. In other words, S; represents the places in the preset of ¢ that

do not appear in the preset of any other transitions.

Definition 7.1. An1pT V = (S, T, F,I, m) is a reversible causal net (rcN) if there exists a partition {T, T} of T satisfying
the following conditions (here, T represents the set of forward transitions, and T comprises the backward transitions):

) ST Fpp Iz

(@) [[*T] =°TandVt e T. 3!t € T such thatt* = °t, *t = t*,and S; N °t # 0;

B)VteT.K={t|teTA °tN°T # 0} is finite and [[*K]] = *°K;

(4) Vt e TVt € T.if *t N °t # 0 then t* N °t = 0;

(5) <« C T x T is a transitive relation defined such that t << ¢’ if t < t’ and if there exists t € T such that *f = ¢*

then °tN¢'* # 0; and
O VL, 1" eT.tNY 20 AV <t = *tn°t” £0.

m) is a pCN net;

We write VL for an reN V with backward transitions T.

The first condition states that the subnet consisting of just forward transitions is a pre-causal net. The second
condition establishes that each backward transition ¢ precisely reverses one forward transition ¢. As a result, ¢ consumes
the tokens produced by ¢ (i.e., t* = °t) and produces the tokens consumed by ¢ (i.e., t* = *t). The condition S; N °t # 0
ensures that ¢ causally depends on t. Requiring [[*T]] = °T ensures that a forward transition has at most one reversing
transition. The remaining conditions mirror those imposed on pEses, where inhibitor arcs model the reverse causality
relation (<) and the prevention relation (>). If an inhibitor arc connects a backward transition to a place in the preset of
some forward transition, then the modeled relation is reverse causality. Conversely, prevention is represented by linking
a backward transition to a place in the postset of a forward transition. Consequently, the third condition requires each
backward transition to causally depend on a finite number of forward transitions (i.e., those in K), which should also be
conflict-free (i.e., not sharing places in their preset). The fourth condition stipulates that a backward transition ¢ causally
dependent on a forward transition ¢ (i.e., *t N °t # 0) cannot be prevented by the same transition (i.e., t* N °t = 0).
The relation <« defined by the fifth condition is analogous to sustained causation, coinciding with causality only when

prevention enforces causal reversibility. The last condition asserts that conflicts are inherited along <.
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Fig. 8. A simple rcn

To illustrate better which inhibitor arcs are used to model the various relations (causality, reverse causality and

prevention) we decorate them with the relation symbol.

Example 7.2. Consider the 1pT V in Figure 8, which is an rcN with reversing transitions T = {b, c}. Firstly, observe
that <S, T, Fl?XT’ I|T><T’

b, for reversing b, and ¢ for reversing c. Each of them reverses the markings of its associated forward transition, e.g., b

m) corresponds to the causal net Cy illustrated in Figure 6b. There are two backward transitions:

consumes from s7 and produces on sz and s3. The inhibitor arcs linking s3 to b and s4 to ¢ encode reverse causality,
e.g., establishing a causal dependency of b on b. In this case, the behaviour of the net would remain unaffected if these
inhibitor arcs were omitted. However, their inclusion is mandated for a consistent representation of causality through <,
as opposed to relying on the flow relation. Moreover, the inhibitor arc connecting ss to ¢ encodes also reverse causality
by stipulating that ¢ cannot be fired until d is fired and the token in ss5 is consumed. Finally, the inhibitor arc linking sg
to b models prevention. Specifically, b is not enabled if sg is marked, signifying that c has been fired and preventing the

execution of b.

7.2 From rpEses to rcNes

This section delves into the relation between rpEses and rcNes. We establish the adequacy of the identified connection

in Section 7.4.

Definition 7.3. Let P = (E, U, <,#, <,>) be an rpes and A(E, <,#) = (S, T/, F/,I’,m) the pcn associated with the
forward flow. Then, the corresponding rcn is A, (P) = (S, T, F, I, m) where

W) T=T"U{(ur)|ueU}

2 F=F U{(s,(u,r)) | seu*}U{((ur),s)|se u};

B I=T"U{((xe).(wr) le<u}U {((ex),(wr)) |e>u}

The construction employs the mapping A (_) to derive a pcN from the underlying ppEs that consists solely of forward
events. This resulting structure is then extended with an equal number of backward transitions as there are reversible
events in P. A backward transition (u, r) reversing u, is defined with its preset being the postset of u and its poset being

the preset of u. Inhibitor arcs are implemented as anticipated: the reverse causality relation e < u translates into an
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({a,c}.#)

(xa) ({a. b}, #) (= b) (xd)
(a,%) (d,*)
Fig. 9. A, (P1)

(xa) ({ab},#) (% b) (%) (x,d)

arc connecting the backward transition (u, r) to the enabling condition of e, i.e., (*, e); the prevention relation e > u is

represented by an arc connecting (u, r) to the post condition of e, i.e., (e, *).

Example 7.4. Consider the rpes Py = (E, U, <, #, <,») presented in Example 3.12. Notably, the structure (E, <, #) and
its associated cN were discussed in Example 6.2. Then, the rcN A, (P1) illustrated in Figure 8 is obtained by extending
the cN in Figure 7 with the transitions (b, r) and (c, r) corresponding to the reversing events b and c. The inhibitor
arcs from (b, ) to (b,r) and (c, *) to (c, r) indicate that the backward transitions are only enabled after the respective
forward transitions have been executed. Furthermore, the inhibitor arc from (%, ¢) to (b, r) indicates that the firing of b
is prohibited if ¢ has already been executed.

The rcN A(P4) corresponding to the rpes P4 in Example 3.21 is depicted in Figure 10. Note the absence of the place
({a, c}, #), reflecting that a and ¢ do not conflict in P4. Furthermore, there is not an inhibitor arc from (x,c) to (b,r),
indicating that b can be reversed even when (*, ¢) is marked. Moreover, the inhibitor arc from (d, *) to (c, r) serves to
prevent the reversal of ¢ until d has been fired.

The encoding of the rpEs P, in Example 3.13 results in a net that is isomorphic to the one shown in Figure 8, with

only the names of places and transitions being different.
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ProrosITION 7.5. IfP is an rpEs, then A, (P) is an rcn.

ProoF. Assume P = (E,U, <, #, <,»). We show that A,(P) = (S,T,F,I,m) with T = {(u,r) | u € U} satisfies the
conditions in Definition 7.1.

(1) A(E, <, #) =(S,T’,F’,I’, m) is a pcN by Proposition 6.3. Moreover, T’ = E by Definition 6.1. Hence, T=E.

(2) It is immediate that, for any (u, r) there exists a unique u € T such that u® = *(u,r) and *u = (u,r)*® based on
the definition of F. Moreover, the condition S;, N °(u, r) # 0 is satisfied by the definition of F and I.

(3) By construction, {fe | e € E A °(u,r) N ®e# 0} = {e | ((x¢€),(u,r)) € A e <u} is finite. This is due to the
fact that P is an rpEs, and thus {e € E | e < u} is finite.

4) If *en °(u,r) # 0 then ((e, ), (u,r)) € I. Hence, e < u by the definition of A, (_). Since P is an rpEs, it follows
that —(e > u). Therefore, ((*,€), (u,r)) ¢  and e®* N °(u,r) = 0 by the definition of A, (_).

(5) Take <<=<, ie, e <« ¢’ iff e < €’. Given that P is an rpPEs, e < ¢’ holdsif e < ¢’ and if e € U, then ¢’ > e.
Therefore, e < ¢’ implies ®*e N °¢’ # 0, and hence e < ¢’ by Definition 6.1. Moreover, e € U and e’ > ¢, implies
(e,r) € T and ((¢’, %), (e,r)) € I (by Definition 7.3). Hence, °(e,r) Ne’® # 0.

(6) If *en ®¢’ # 0, then e#e’ by Definition 6.1. If ¢/ <« €”/, then ¢/ < ¢”’ because < and < coincide. Since P is an

rPES, e#e’ < ¢’/ implies e#e’’. Hence, *e N ®e’’ # 0 by Definition 6.1. O

7.3 From rcNes to rPEses

We now address the transformation of rcNs into rpEses, presenting the encoding function as Q(_).

Definition 7.6. Let VL = (S, T, F,I,m) be an rcN with backward transitions T. Then, the associated rpEs is Qr(VI) =
(E,U, <, #,<,») where:

(1) E=T\T;

@ U=A{t|teTAteTAt=t

(3) <=<xEs

4) #={(ee’) |e+ e €E Nehe'};

(5) <={(t, ') |[te EAtY e TA®tN

°t# 0}

6) »={(t,t')|te EAt e T At*N °t # 0}.
The construction establishes a mapping from rcN VL to an rpEs where events correspond to the forward transitions
T\ T of VI (Condition (1)). By Condition (2), only forward transitions with corresponding reversing transitions in T
are designated as undoable events (belonging to U). Conditions (3) and (4) specify that causality (<) and conflict (#)
relations are obtained as proper restrictions of those induced by the structure of VL. Conditions (5) and (6) describe the

reconstruction of reverse causation (<) and prevention (>) from inhibitor arcs.

Example 7.7. Consider the rcN depicted in Figure 8. The events of the associated rpEs are {a, b, ¢, d}, with {b, c}
identified as reversible events. The sole causal dependency is b < c. Conflicts arise from shared places in the presets of
transitions, specifically so and sy, resulting in a # ¢ and b # d. The inhibitor arc connecting s3 to b is translated into
the reverse causality b < b because s3 belongs to the preset of b. Similarly, the arcs from s4 to ¢ and from ss5 to c are
mapped to ¢ < ¢ and d < ¢, respectively. In contrast, the arc from sg to b results in ¢ > b since sg is part of the postset of

c. Consequently, the derived rpEs corresponds to the one defined in Example 3.13.

ProposiTiON 7.8. IfVL is an rcn, then Q- (VL) is an rpes.
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Proor. Consider VL = (S, T, F, I, m) with backward transitions T, and let Qr(VI) = (T, U, <, 4, <,v) be defined as in
Definition 7.6. According to Definition 7.1(1), (S, T.F

It remains to show the conditions in Definition 3.11.

m) is a cN. By Proposition 6.7, (T, < #) is a pPEs.

T 7T T

(1) According to the definition of Q,(_), <= {(t,f) |t e TAt € T A *tN °t # 0}. From Definition 7.1(2), it is
established that S; N °t # 0. Hence, ¢ < t holds for all ¢ € T. Analogously, by using Definition 7.1(3), it can be
deduced that {t € T | t < u} is finite and conflict-free for every u € U.

(2) Immediate.

(3) If t < u, then *t N °u # 0 according to the definition of Q,(_). Based on Definition 7.1(4), it is established that
t* N °u = 0. Hence, —(¢ > u) holds by the definition of Q,(_).

(4) It follows by setting <<=< and reasoning as it is done in the proof of Proposition 7.5.

(5) It follows from Definition 7.1(6).

7.4 Correspondence between rcNes and rpeses
The mappings introduced in the preceding sections establish a close correspondence between rpEses and rcNs concerning

configurations, as will be evident in what follows.

Definition 7.9. Let VL = (S, T,F,I,m) be an rcN. A pre-configuration X of VL is a conflict-free set of forward
transitions, i.e, X C T\ T and Vt,t’ € X. *t N *t’ # 0 = t =t’. The associated marking is myx = m — *X + X°.

If X is a pre-configuration of VL, it is noteworthy that my may not necessarily be a reachable marking. For example,
consider the pre-configuration {c, d} of the rcn in Figure 8. The associated reachable marking mx = {s1, s2, 53, s3, S9} is

not reachable itself, as firing c is inhibited when s3 is marked.

Definition 7.10. A pre-configuration X of an rcN VL is a configuration if mx is a reachable marking of VL. The set of
all configurations of VL is denoted by Confrexn (VI).

ProposITION 7.11. Let VL = (S, T, F,I, m) be an rcN, and m € Myt a reachable marking. Then, X = [[*m]| N (T \ T)

is a configuration.
ProoF. Trivial. O
The subsequent auxiliary results are pivotal for establishing the proofs of the main results in this section.

PROPOSITION 7.12. Given an rPEs P = (E, U, <, #, <,»), every conflict-free set of events X C E is a pre-configuration of
Ay (P).

Proor. It follows straightforwardly by observing that the conflict-free condition for X implies that in the corre-

sponding rpes A, (P), for any pair of events e and ¢’ in X, *e N *¢’ = 0 holds. O

LEMMA 7.13. Let P = (E, U, <, #, <,») be an rpes and X C E a conflict-free set of events. If AU B is enabled at X, then
mx [AU{(u,r) | u € B}) in A, (P).

ProoF. Assuming that AU B is enabled at X, we demonstrate that my [A U {(u,r) | u € B}) . Since X is conflict-free,

it is a pre-configuration, and mx is the associated marking. The enabling of A U B at X implies:

(1) ANX =0,B C X and CF(X U A),
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(2) Vee A,e’ €E.ife’ <ethene’ € X\ B,
(3) Yee B¢’ e E.ife’ <ethene’ € X\ (B\ {e}),
(4) Yee B¢’ e E.ife’>ethene’ ¢ X UA.

We examine the different conditions:

(1) The condition ANX = @ implies that *A C my, while B C X means that B* C mx. Consequently, Bx {r} C mx.
Finally, the conflict-freeness condition CF(X U A) is trivially verified as *A C my.

(2) Foreverye € Aand e’ € E,if ¢’ < e,thene’ € X \ B. Now, e’ < e implies that (,e”) € e, and since ¢’ € X \ B,
we have mx (x,e’) = 0.

(3) Foreverye € Bande’ € E,if e’ < e,thene’ € X\ (B {e}). Once more, as ¢’ < ¢, the inhibitor set °(e,r)
includes (e’, *). Since ¢’ € X \ (B \ {e}), it follows that mx (e, *) = 0.

(4) Forevery e € Band e’ € E, if ¢’ » ¢, then ¢/ ¢ X U A. Once again, ¢’ » ¢ implies that (e¢’,*) € °(e, r), and since
e’ ¢ X UA, we have mx(e€’, %) = 1, indicating that ¢’ must not be in X, as mx (e’, *) = 1 shows.

Combining these arguments, it follows that mx [A U {(u,r) | u € B}) : in fact the first condition implies that *A +

*(Bx {r}) € mx, whereas the other three imply that all inhibiting places are empty. O

LEMMA 7.14. Let P = (E, U, <, #,<,>) be an rpes, X C E a conflict-free set of events, and Y € EU (U X {r}) a set of
transitions of A, (P). If mx [Y) then (YNE)U{u| (u,r) € Y} is enabled at X.

Proor. First, we observe that X is a pre-configuration and, according to Proposition 7.12, mx = m — *X + X* is its
associated marking. Assume that myx [Y) . We will demonstrate that (Y N E) U (Y N U X {r}) is enabled at X. We need
to show that, denoting A = (Y N E) and B = (Y N U), the conditions of Definition 3.14 hold:

(1) For ANX =0,B C X and CF(X U A), we proceed as follows.
e Observe that mx [Y) implies my [A) . Then, *A C mx, which implies AN X = 0.
e From B= (Y NU) and mx [Y), we conclude *(Y N U x {r}) € mx. Consequently, B=YNU C X,
e CF(X U A) holds trivially because my [A) and conflicts cannot be introduced in the net.

2

~

Condition Ve € A, e’ € E.ife’ < e then e’ € X \ B is obtained as follows.

We have that ((,¢’),e) € I and mx [Y), which means ¢’ € X. Additionally, ¢’ ¢ B because if ¢’ € B, it would
imply that mx ((e’,)) = 1 and Y*((¢’,)) = 1, contradicting the fact that mx [Y).

Condition Ve € B,e’ € E.if ¢’ < ethene’ € X \ (B {e}) is shown below:

e’ < e implies that (x,e’) € °(e,r). As mx [Y) we have that (e,r) is in Y and then mx ((*,¢’)) = 0, implying

@3

~

that ¢/ € X. Furthermore, ¢’ ¢ B because otherwise myx [Y) would not hold. Thus, we can conclude that

e’ € X\ (B\{e}).

(4) Condition Ye € B,e’ € E. ife’ > e then e’ ¢ X U A is shown below.

~

The condition e’ > e implies that (e’, *) € °(e,r). Given that mx [Y) and (¢’, *) is not marked, it follows that
e ¢ XNA.

As all the conditions of Definition 3.14 are satisfied, we conclude that (YN E) U (Y NU X {r}) is enabled at X. O

LemMA 7.15. Let VL = (S, T,F,I,m) be an rcN, X C T \ T a pre-configuration of VL, A C T \ T a set of forward
transitions, B C T a set of backward transitions, and B = {u |u € TAt € TAu® = *T}. IFAUB is enabled at X in Q, (VL)
then my [AU B).

Proor. Along the same line of Lemma 7.13
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LEMMA 7.16. Let VL = (S, T,F,1I,m), X a pre-configuration ofVZ, A C T\T aset of forward transitions, B C T a set of
backward transitions, and B= {ulu e TAt € T Au® = °T}. Ifmx [AUB) then AU B is enabled at X in Q,(VL).

Proor. Following a similar line of reasoning as in Lemma 7.14. O
As a consequence of the above result, we have the operational correspondence for A, (_) and Q,(_) as stated below.
THEOREM 7.17. Let P be an rres. Then, X € Confypes(P) iff X € Confren(Ar(P)).

Proor. Follows from Lemma 7.13 and Lemma 7.14 O
TuEOREM 7.18. Let VL be an ren. X € ConfrCN(VI) iff X e ConfrPEs(Qr(Vz)).

Proor. Follows from Lemma 7.15 and Lemma 7.16 O
Combining the previous results, we conclude that rcNs are a proper counterpart of rpEses.

TuroreM 7.19. IfVL is an ren then VL = A(Q- (VD). IfP is an rpes then P = Qr (A, (P)).

7.5 Reversing disciplines

Similarly to the characterisation of rpEses, it is possible to structurally characterise various reversing disciplines in rcns.
In the following, given an rcN VL = (S, T, F, I, m) and a reversing transition t € T, we denote ¢ € T the corresponding

forward transition. Conversely, for any t € T we denote t € T the corresponding reversing one, if it exists.

Definition 7.20. Let vI = (S, T, F,I,m) an rcN. Then, the reversing disciplines are defined as follows.
e cause-respecting: for all t,t' € T, if *t N °t’ # O and there exists t € T such that *t = t* and t* = °t then
°tnt’® #0;
e causal:forallt e Tandt’ € T,if *t N °' # O then * =t* and t’* = *t,and t* N °t’ # O iff *t N °t' # O;
e inverse cause-respecting: for allt € T and t’ € T, if *t N °t’ # 0 then t* N °t’ # 0; and
o inverse causal: forallt € Tand t’ € T,if *t N °t’ # O then *t’ = t* and ’* = *t, and t* N °t’ # O iff *+' N °t # O;

The definition above reformulates the conditions imposed on the forward and backward relations in rpEes. In a
cause-respecting rcN, the forward dependencies among transitions align with the sustained causality <. In a causal
rcN, forward transitions prevent the reversing of their causes.

Similarly, in an inverse cause-respecting rcN, if one transition causes another, it also prevents the reversal of the
second. In contrast, in an inverse causal rcN, the reversal of a transition is prevented by all its causes, and the reversing

causality relation behaves similarly to a causal rcN.

Example 7.21. The net depicted in Figure 9 is both cause-respecting and casual. In this rcN, we have *b N °c # 0 and
there exists a reversing transition (b, r). According to the requirement in Definition 7.20, we have °(b,r) Nc® # 0.
This implies that the relation <« coincides with <.

Furthermore, it is also causal because each reversing transition (x, r) (where x € a, b) satisfies °(x,r) N *x = 0. The
condition *b N °c # @ holds if and only if °(b,r) N c® # 0, provided that the reversing transition exists.

The net depicted in Figure 11 is both inverse cause-respecting and inverse causal. For the inverse cause-respecting
case, we observe, for instance, that *t; N °t3 # 0 and *t; N °t3 # 0, implying that ;* N °t, # O and t2° N °t, # 0
must hold true. The net is also inverse causal because, for example, *t3 N °t3 # 0, where °t3 precisely corresponds to

the place s3.
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Fig. 11. An inverse causal rcn VL

PROPOSITION 7.22. Let P be an rres and A, (P) the associated rcN. If P is cause-respecting, causal, inverse cause-

respecting, or inverse causal, then A, (P) is also so.

Proor. Consider P = (E, U, <, #, <,») and the associated rcN A, (P) = (S, T, F, I, m) with T = {(u,r) | u € U}.

(1) Assume that P is cause-respecting, then for every e,e’ € E, if e < ¢’ then e < ¢’. First consider e, e’ ¢ U and
e < e’. Then (e, ) and (¢, f) in T are such that *(e, f) N °(¢’,f) # 0 as e < ¢’. Suppose now that e = u € U. We
have again (u, ) and (¢, f) in T, and since u < e’ it holds that *(u, f) N °(e’, ) # 0. Since u € U, there exists
the transition (u, r) € T. Since u < ¢’ we have that ¢’ > (u, r), but this implies that °(u,ryn (e, f)* #0.

(2) If P is causal then for every e € E, u € U we have

(a) e <uiffe =u,and

(b) eruiffu<e
We have (e, f) € T and (u,r) € T. Assume that *(e, f) N °(u,r) # 0. Since P is causal by condition e < u iff
e = u we have that e = u. Assume now that there is another (u/,r) € T such that *(e, f) N °(u,r) # 0. Being P
causal u’ = e = u. Assume now (e, f)* N °(u, r) # 0, this implies that e > u and being P causal we have that u < e
which means ®(u, f) N °(e, f) # 0. The same reasoning applies when °*(u, f) N °(e, f) # 0 as we can conclude
that (e, f)* N °(u,r) # 0.

(3) P isinverse cause-respecting then for every e € E, u € U, if e < u then e > u, but then if *(e, f) N °(u,f) # 0
(e <u)and (e,f)* N °(u,r) 0.

(4) For case in which P is inverse causal we can use the same reasoning of the previous cases.

]

PrOPOSITION 7.23. Let VL be an rcn and Qr(VI) the associated rpEes. If VL js cause-respecting, causal, inverse

cause-respecting or inverse causal then also Q, (VL) is so.
Proor. Along the same lines of proof of Proposition 7.22. O

Example 7.24. Consider again the rcn VL in Figure 11. Up to renaming of transitions Q, (VL) is the inverse causal

rpEs P which corresponds to the rpEs P3 of Example 3.20 where (c, a) has been removed.
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In causal rcN, a transition can be undone provided that all its consequences are undone beforehand. If the set of
backward transitions coincides with the forward one, we have that each transition can be reversed. Hence, one could
state that the basic property of a reversible calculus holds: the loop lemma. Furthermore, by using the framework of
[14] one could prove that this kind of rcN is causally consistent, and this results can be brought also to rpEs. More in
general, other reversing disciplines can be studied on rcN, and the theorems in the previous subsections guarantee that

these disciplines can be transferred from nets to event structures and vice versa.

8 CAUSAL NETS AND OCCURRENCE NETS

The developments in Sections 6.1 and 6.2 have shown that cNs serve as counterparts to prime event structures, as
highlighted in Theorem 6.9. Now, we delve into the connections between cNs and occurrence nets, typically associated
with prime event structures. Finally, we present additional evidence that indicates the difficulty of adapting occurrence
nets to model out-of-causal order reversibility.

Let us start by introducing some key concepts about nets that will be essential throughout this section. An 1pT N is
deemed single-execution if its states are sets, meaning that for all X € St(N), X = [[X]]. In simpler terms, each transition
in a single-execution net can be fired at most once in a firing sequence. Single-execution nets (albeit without inhibitor
arcs) are also known as I-occurrence nets [30, 32]. The net Nj in Figure 4a is single-execution.

An 1PT is said conflict-saturated if any pair of transitions, not present in any firing sequence of the net, share a

common place in their presets.

Definition 8.1. Let N = (S, T, F,I, m) be an 1pT. Two transitions t,t’ € T are deemed to be in conflict if they do not
simultaneously appear in any state of N, expressed as {t, '} ¢ [[X]] forall X € St(N). The 1pT N is said conflict-saturated
when, for all t,t’ € T, if t and ¢’ are in conflict, then *t N *t’ # 0.

A conflict-saturated net is one in which conflicts are characterised structurally.

Example 8.2. The 1pT shown in Figure 12 is conflict-saturated since the absence of pairs a and ¢, as well as b and ¢, in
any configuration of the net implies that each pair of transitions shares a place in their preset (s7 for a and c, and s3 for
b and c).

$7

Fig. 12. A conflict-saturated net

Every single-execution 1PT can be transformed into a conflict-saturated, equivalent one, i.e., without changing the

executions of the net. This can be achieved by adding a new place for any pair of conflicting transitions and then
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extending the presets of the transitions with the corresponding new places. The formalisation of this procedure is
provided below.

Consider a single-execution 1pT N = (S, T, F, I, m). Define the set confl(N) of pairs of transitions in conflict as
confl(N) ={T’ cT||T'|=2 A ¥X € St(N).T' ¢ X}.

Then, the conflict-saturated version of N is given by N' confl(N) — (S',T,F,I,m") where

e S"=SU{sy | T’ € confl(N)},

e FF=FU{(sp,t) | teT'};

e m=mU {sy | T’ € confl(N)}.
It should be noted that for every transition ¢ € T and each reachable marking m € My such that m [t), there exists
a reachable marking m” € Mpconi(vy such that m’ [t) and Vs € S. m’(s) = m(s). In other words, the transformation
preserves the behaviour despite m and m’ may differ in the places added by the transformation. The correspondence
also holds in the opposite direction: for each transition ¢ € T and each reachable marking m’ € Myyconfin) such that
m’ [t), there exists a reachable marking m € My such that m [t) and Vs € S. m’(s) = m(s).

The construction above provides a procedure for obtaining an equivalent, conflict-saturated version of an 1pT, as

stressed by the following proposition.
PROPOSITION 8.3. Let N be a single-execution 1pT, then N©OMI(N) = N

Proor. Straightforward, as N is a single-execution 1pT, the added places do not have any incoming arc and are

initially marked, and the transitions in their postsets are in conflict. O

It is worth stressing that pcNs and cNs are single execution nets; moreover, cNs are also conflict-saturated.

8.1 Occurrence nets

We recall the notion of occurrence nets!. We adopt the usual convention by which places and transitions are called
conditions and events; and write B and E for their respective sets (instead of S and T) and c for the initial marking. We
may confuse conditions with places and events with transitions. Moreover, we will omit the inhibiting relation I since

occurrence nets do not have inhibitor arcs (i.e., I = 0).

Definition 8.4. An occurrence net (oN) O = (B, E, F, c) is an acyclic, safe net satisfying the following restrictions:

(1) Vb € B. *b is either empty or a singleton, and Vb € c. *b = 0,

(2) Vb € B. AV’ € csuch that b’ <p b,

(3) foralle € E the set {e’ € E | ¢’ <o e} is finite, and

(4) # is an irreflexive and symmetric relation defined as follows:
e c#ye iffe,e’ €E,e#¢e’ and ®en ®e’ #0,

o x#x’ iff Jy,y’ € E such thaty #y ¢y’ andy <p x and y’ <p x’.

Each condition b in an oN represents the occurrence of a token. Hence, b either belongs to the initial marking c or is
produced by the unique event in *b. The flow relation is interpreted as the causality relation among the elements of the
1Occurrence nets are often the result of the unfolding of a (safe) net. In this perspective an occurrence net is meant to describe precisely the non-sequential

semantics of a net, and each reachable marking of the occurrence net corresponds to a reachable marking of the unfolded net. Here we focus purely on
occurrence nets and not on the nets they are the unfoldings of, nor on the relation between the net and its unfolding.
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net; for this reason we say that x causally depends on y iff y <o x. Observe that <o N (E X E) is a partial order and # is

inherited along <p; hence, e # ¢’ <o ¢’/ implies e # e”’.
PROPOSITION 8.5. Let O = (B, E, F, c) be an occurrence net. Then, O is a single execution net.

As for Proposition 8.3, every single execution IPT can be converted into an equivalent conflict-saturated net. Since

the construction does not modify the inhibitor relation, the same holds for occurrence nets.

Definition 8.6. Let O = (B, E, F, c) be an oN. A set of events X C E is a configuration of O if:

(1) Ve,e’ e X.e e’ = —(e#¢), e, itis conflict-free; and
(2) Ve e X. le] € X, ie, itis left-closed.

The set of configurations of O is denoted by Confoy(O).

If a oN is conflict-saturated then the first condition can be rewritten as Ve, e’ € X.®e N ®e’ # 0 = e = ¢’. Moreover,

observe that each configuration of an on is also a state.

8.2 From ONs to cNs

We demonstrate that it is possible to transform every occurrence net into a causal one, establishing that the latter

notion constitutes a conservative extension of the former.

Definition 8.7. Given an oN O = (B, E, F, c) we can associate with it a net O(O) defined as (S, E, F/, I, m) where

(1) S={(x,e) |ecE}U{(e,*) |e € E}U {({e,e’},#) | e#e'};

2) FF={(s,e) |s=(xe)V (s=(W,#) A eecW)}U {(e5s) | s=(e*)};
3) I={(s,e) | s=(x¢€") A ¢ <c e};and

(4) m:S — Nis such that m(s) = 0if s = (e, *) and m(s) = 1 otherwise,

The construction resembles the one from pEses to cNs: each event e of an occurrence net is associated with a
homonymous transition and two places (x, e) and (e, %) in the corresponding causal net. When marked, (x, e) represents
the fact that e has not been fired yet, while (e, *) describes the fact that e has been executed. Moreover, there is one
additional place ({e, e’}, #) for any pair of conflicting events e#e’ in O. As expected, the preset of an event e consists of
the place (x, e) and all the places of the form ({e, e’}, #), which represent the conflicts of e with some other event e’.
Causal dependencies are mapped into inhibitor arcs so that (e’, ) belongs to the inhibitor set of e only if e causally

depends on €’ in O. The initial marking assigns a token to every place belonging to the preset of some transition.
Example 8.8. Figure 13 shows the encoding of the onN O in Figure 13a as the cN O(O) in Figure 13b.
PROPOSITION 8.9. Let O be an occurrence net. Then, O(O) is a cN and O = O(0).

Proor. Consider the oN O = (B, E, F, c) and let O(0) = (S, E, F/, I, m) be its corresponding net. We first show that
O(0) isacn.

The requirements (1), (2), and (7) in Definition 5.1 are trivially satisfied by the construction of O(O). For the third
one, we proceed as follows: observe that ®*e N *¢’ # () implies e#e’ and, by construction, *e N *¢’ = {({e,e’}, #)} but
({e, ¢’}, #) does not belong to the inhibitor set of any transition in O(O). Condition (4) reduces to showing that | e]« is

finite, which holds because | e] is so in O. Condition (5) follows because O is an on, and hence F* N E X E is acyclic.
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c
(@) O (b) 0(0)

({a,c}. #)

Fig. 13. An occurrence net as a causal net

Finally observe that |e]« = |e] and this implies that for all ¢/, ¢’ € |e]«, if e’he’’ then ¢’ = ¢’’. Therefore, we can
conclude that O(O) is indeed a cN.
We now show that St(0) = St(O(0)).

e St(0) € St(0(0)). Assume X € St(O) and a firing sequence o such that X = X,;. We prove by induction on the
length of a firing sequence o € RY that there exists a firing sequence ¢’ € Rg (©) such that X5 = X5. The base
case (len(o) = 0) is immediate since 0 € St(O) and 0 € St(O(0)) holds. For the inductive case, we assume that
len(c) = nand o € RY implies there exists ¢’ € 722(0) such that X; = X,v. Assume now that o [e) ¢’. Then,
Xs U {e} is conflict-free, and |e| C X;. Hence, X, U {e} is conflict-free, and | e|« C X, . Therefore, o’ [e) .

e St(0O(0)) C St(O) follows along the lines of the case above.

Hence O = O(0). O

We stress that O(O) is conflict-saturated for any on O.

8.3 From pcns to ONs

The encoding from pcNs to oNs basically requires to embed causal dependencies expressed in terms of inhibitor arcs into
the the flow relation. For this reason, the encoding incorporates new places of the form (t, ") as a way for representing

the dependency t < t’.

Definition 8.10. Let C = (S, T, F,1, m) be a pcN. The associated oN is a net Z(C) = (B, T, F’, c¢) where
e B=SU{(t,t') |t<t'};
e FF=FU{(s,t) | s=({',t)}U {(t,s) | s=(t,t")}; and
e c: B — Nissuch that c¢(b) = m(b) if b € Sand c(b) =0ifb ¢ S.

Note that the flow relation is extended to account for causal dependencies: each transition ¢ produces tokens in the
places (t,¢’) (ie., (£, (t,t")) € F) and consumes tokens from (t"/, t) (i.e., (¢, (¢”/,t))). In this way, a transition ¢ is enabled
when all its causes have been already fired (i.e., the places (¢”/,t) are marked).

The following results highlights that the transformation preserves the behaviour of the net.

PROPOSITION 8.11. Let C be a pcN, then Z(C) is an oN and C = Z(C).
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Fig. 14. A causal net as an occurrence net

Proor. Take the cN C = (S, T, F, m). We first check that Z(C) = (B, T, F’, ¢) is an oN. Observe that each place in a
cN has at most one input arc. The new conditions introduced in the transformation have just one input transition, so
for all b € B, it holds that |*b| < 1. Furthermore, the added conditions are not marked, and since c is equal to m when
the condition in S are considered, we have that for all b € ¢, *b = 0 holds. The transitive closure of F’ restricted to
T x T coincides with <, hence [t]<,, is finite as | |« is finite, and furthermore < is an irreflexive partial order, and
the net is acyclic. We prove that the conflict relation in Z(C) is inherited along the causality one. Assume that ¢ #( ¢’ as
*tN *t’ # 0 and assume that t’ < t’/, which means that there is a condition b = (¢’,t"”) such that *b = t’ and b* = t"’.
As the token in the place in *t N *#’ is used by ¢, the condition b cannot be marked and this implies that ¢ # t’/, and
Z(C) is indeed a cN.

We now show that St(C) = St(Z(C)).

e St(C) C St(Z(C)). We prove by induction on the length of ¢ that o € R% implies that there exists ¢’ €
such that X, = X,. The base case (len(c) = 0) is immediate since 0 € St(C) and 0 € St(Z(C)) as well. For the

inductive case, we assume that len(c) = n and ¢ € RS, implies there exists o’ € ﬂcz (©) such that X5 = Xor.

RZ(©)

Assume now that o [t) m’. Now as lead(o) [t) it means that Vs € °t. lead(o)(s) = 0 thus all the conditions
(¢',t) are marked for all ' € °t* and this implies that lead(c”) [t) .
e St(Z(C)) € St(C) is proved similarly.
Hence C = Z(0). O

The net Z(C) in not necessarily conflict-saturated, as C could be not conflict-saturated.

Example 8.12. In Figure 14 we depict a pcN C (on the left) and the associated oN (on the right), where the causal
dependency of ¢ on b is represented by the place (b, ¢).

By combining Proposition 8.9 and Proposition 8.11 we obtain the following result.
THEOREM 8.13. Let C be a causal net. Then C = O(Z(C)). Let O be an occurrence net. Then O = Z(0(0)).

Despite being able to directly obtain a PEs from a oN and vice versa [33], the mappings introduced in Sections 6.1
and 6.2 provide an alternative procedure. This procedure relies on the intermediate representation of PEss in terms of

CNs, as stated below.

THEOREM 8.14. Let P be a PEs. Then Z(A(P)) is an oN and Conf pgs(P) = Confon(Z(A(P))). Let O be an oN. Then
Q(0(0)) is a pEs and Confon(0) = Confpps(Q(O(0))).
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8.4 Reversible occurrence nets

A causal-consistent reversible version of oNs has be proposed in [18, 20]. This model associates each reversible event of
an occurrence net with a reversing transition, similar to our concept of rcNs. As already noticed in [18], this approach
encounters limitations when dealing with the full generality of rpEs. The issue arises from the tight correspondence
between the configurations of an occurrence net and their associated reachable markings. For an oN O = (B, E, F, )
and a configuration X, the associated reachable marking my is computed as (¢ U [[X*]]) \ [[*X]]. This equation makes
clear that certain effects—i.e., the produced tokens— resulting from the execution of events may remain observable
in the reachable marking. Specifically, if e € X and e® N *X # 0, then e®* ¢ my. This scenario is exemplified in the
configuration {b, c} of the oN depicted in Figure 14b, where the condition (b, ¢) is used by the firing of ¢ and ceases to
hold after c is executed. Assuming that b is an out-of-causal-order reversible event, we introduce the reversing transition
b that consumes from s4 and (b, ¢). Consequently, it becomes evident that b is not enabled at mx. Consequently, the

reversal of b would require the reversal of c, thereby enforcing a causally-ordered reversibility model.

9 APPLICATIONS

Out-of-causal order behaviours. Out-of-causal order reversibility was initially developed to model biochemical
reactions. However, in this section, we broaden its scope to explore applications beyond biochemistry. We showcase
its application in standard programming languages, demonstrating its utility in scenarios such as implementing the
sagas pattern [9] for managing long-running transactions. The saga pattern has been employed in various contexts
since its introduction as a mechanism for managing database transactions. It has found applications in workflow
composition languages and service-oriented composition languages. More recently, with the rise of microservices,
the saga pattern has proven to be a practical solution for implementing distributed long-running transactions. The
concept of long-running transactions typically relies on a weaker notion of atomicity based on compensations [9]. A
saga breaks down the steps of a long-running transaction into a series of short, local transactions. In a distributed
setting, a local transaction serves as the unit of work performed by a saga participant. Each step may be accompanied
by a compensating transaction—a transaction designed to reverse, to the extent possible, the effects of its corresponding
local transaction. The core principle guiding saga execution is that the steps are carried out in the order specified by the
saga. However, if any step encounters a failure, the compensations for the already executed steps are triggered in an
order consistent with the reversal of those executed steps. Moreover, the saga pattern ensures that either all operations
complete successfully, or the corresponding compensation transactions are executed to undo the work previously
completed. It is essential to emphasise that while perfect reversal is attainable in certain situations, in several others,
reversals are partial. Consequently, the execution of a saga is not atomic in the conventional sense, as partial effects of
its execution may become observable when a saga is rolled back.

Consider a business process for handling orders, composed of the following three services:

e 0: Placement order service that registers information about the order.
e p: Payment service responsible for charging the customer’s credit card.
e f:Fulfillment of the order.

Services o and p are designed to execute in parallel, while the activation of f depends on the completion of the first
two actions. The fulfillment service can either succeed or fail. In the former case, the process concludes successfully; in

the latter case, the process is aborted. When fulfillment fails, compensation is required for the preceding steps.
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Fig. 15. The rcN associated to the rpes that models a saga Ps.

While o can be perfectly undone, i.e., there exists a reversing transaction o that completely rolls back the effects of
performing o (e.g., resetting the information in the database), the service p is not reversible but compensatable. In case
of need, a transaction r for refunding the charge on the credit card should be invoked. For simplicity, we assume that
neither o nor p fails.

The above saga, can be represented as an rpEs Pg = (E, U, <, #, <,>) defined as follows:

E={o,p.f.ar} U ={o} <=A{(0. /). (p. f). (0,a), (p, a), (a,r)}
#={(f.a),(a f)} <={(0,0),(a,0)} >={(f.0}

The observable events in E can be interpreted as follows:

e 0: Successful completion of the placement order service.

e p: Successful completion of the payment service.

o f: Successful completion of the order fulfillment service.

e a: Abortion of the process due to the failure of the fulfillment service.

o r: Completion of the credit card refunding.

As described earlier, the sole reversible action is the placement of an order (0). The causal dependencies in < dictate
that the fulfillment event (f) and the abortion (a) can only occur after o and p ocurr. Moreover, the refunding r can only
happen after abortion a occurs. The conflict relation states that the process either completes successfully (f) or aborts
(a). The prevention relation > states that the placement of an order cannot be undone if the order has been fulfilled. The
reverse causality dictates that the placement of an order can be reversed only if the order has been placed (0) and the
process has been aborted (a).

The rpEs described above can be associated with the rcn depicted in Figure 15 using the constructions provided in
the previous sections. We now comment on the structure of the net. The successful completion of 0 and p enabling f is
represented by the inhibitor arcs connecting f to s; and s;. Similarly, the arcs connecting the abortion event a to s;
and sy signify that the process can abort only after the execution of 0 and p. The fact that the process completes either
with the successful fulfillment f or the abortion is captured by the events f and a being in conflict due to the place in
s4. The refunding event r is only executed in case of abortion, as indicated by the arc connecting s5 with r, ensuring
that the compensating event r is enabled only when fulfillment aborts (consuming the token in ss5). Analogously, the
occurrence of a enables the reversing of 0. Conversely, when f completes successfully, the undoing of o is prevented by

the presence of the token in s9 generated by f.
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The implementation of the sagas pattern often requires ingenuity [8, 29]. A saga’s implementation involves coordi-
nating the steps of the saga. The coordination logic selects and instructs a participant to execute a local transaction.
Upon completion, the sequencing coordination selects and invokes the next saga participant, continuing until all steps
of the saga are executed. In the context of microservices, it can be seen as a sequence of local transactions where each
update publishes an event, triggering the next update in the sequence [29]. As illustrated by the previous example, the
mappings from rpEses to rcN in the previous section make explicit the messages that should be generated to activate the
execution of transitions. These constructions provide a helpful blueprint for implementing the sagas pattern, ensuring

that the necessary steps are coordinated, and compensations are performed when needed.

Reversible debugging in shared memory models. One successful application of reversibility is causal-consistent
reversible debugging [10, 15]. Reversible debuggers extend classical ones by allowing the user to go back in the
execution, thereby making it easier to find the source of a bug. Causal-consistent reversible debuggers further improve
on reversible ones by leveraging causal information while undoing computations. While this technique has been applied
to message-passing concurrent systems (e.g., actor-like languages), it has not been applied to shared-memory-based
concurrency so far. One of the main challenges is accommodating asymmetric conflicts. Asymmetric conflicts arise
when two independent actions, both of which can occur in a computation, cannot happen in any order. In other words, it
may happen that one action prevents the other, but not vice versa. Therefore, both actions can coexist in a computation

only if executed in a particular order.

1 int x = @; //global shared variable
2 void *tOne(void *vargp)

3 {

4 int a = x; //thread local variable
5 3

6

7 int main()

8 {

9 pthread_t thread_id1;

10 pthread_create(&thread_id1, NULL, tOne, NULL);
11 X++;

12 return 1;

13 }

Fig. 16. Snippet of C code

Asymmetric conflicts are typical in shared memory scenarios. Let us consider the snippet of C code listed in Figure 16.
This fragment of code illustrates a scenario where a thread read the current value of a shared global variable, storing it
in a local variable. A global variable x is declared and initialised to e (line 1). Then, a thread function (tone) is defined.
The thread function declares a local variable (a), initialized with the current value of the global variable x. The main
function creates a thread, assigning it to execute the tone function. Then, the global variable x is incremented. The
order of execution of the thread and the main program is not guaranteed, leading to non-deterministic behaviour
and potential race conditions. That is, depending on how the scheduler executes the thread, its local variable can be
initialised with either 0 or 1 (assuming sequential consistency). Therefore, any valid and complete execution of the
program lead the system to one of the configurations (i.e., state variables) in Figure 17a.

The program’s behaviour can be effectively described using a PEs. Specifically, one approach is to describe com-

putations in terms of the values assigned to variables. Accordingly, events may be selected to represent these value
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a=1, x =1

(a) Configurations

Fig. 17. An cN model of the C Code

assignments. For clarity, we denote events such as xp and x; to signify instances where variable x is assigned the values
o and 1, respectively. Analogously, events like ag and a; are employed for the variable a.

Consequently, the program’s behaviour can be defined using the pEs Py = (E, <, #), where

E = {ay, a1, x0,x1} < = {(x0,x1), (x0, a0), (x1,a1)} # = {(ao, a1), (a1, a0)}

The causality relation establishes that x( is the minimal event since the assignment of o to x is the first one to occur
in the program. The relation xo < x1 signifies that the assignment of 1 due to the increment in the program follows the
initial assignment. The remaining pairs in the definition of the causality relation capture the dependency of the value
assigned to the local variable on the value of the global variable. For example, (xo, ag) indicates that the assignment to a
occurs after reading the value o from x, while (x1, a1) denotes the case where the value read from x is 1.

Furthermore, it is noteworthy that both x( and x; coexist in every complete execution, as x is initially assigned e and
subsequently 1. This is not the case for the local variable a, if a is assigned ¢ in one execution, it cannot be assigned 1
in the same execution (and vice versa). This fact is captured by the conflict relation, which states that the different
assignments to the local variable are in conflict, i.e., ap#a;.

The network depicted in Figure 17b is obtained by applying the encoding outlined in the previous sections. While the
proposed model accurately captures maximal configurations, it is noteworthy that it exhibits a weakness in constraining
the order in which certain assignments can take place. For instance, the state {xp,x1} allows the firing of a¢. This
suggests that the model does not explicitly account for the fact that the value assigned to a has been read before the
assignment of 1 to x. While this behaviour may be acceptable in certain contexts, its justification becomes less evident
when utilising the model for debugging.

Consider a scenario where the program has reached its maximal configuration {xo, x1, ap} with reverse debugging
activated. Given that ag is a maximal event, a reverse of ap would generate tokens in s; and s3, consequently enabling
both a; and ag. Notice that, if computing forward, the execution of ap should be precluded, as x; is already present in
the configuration, and thus, the variable x holds the value 1. The model must explicitly state that the occurrence of
event ag should be precluded when the variable x has value 1. We can enhance the model by introducing inhibitor arcs
to account for these dependencies. In our rcN, we use inhibitor arcs between the postset of a transition and a reversing
transition, signifying the prevention relation. This mechanism can be extended to handle asymmetric conflicts, such
as those between ag and x;. Specifically, we can broaden the prevention relation to include forward events (which

is not the case of rPEs) , e.g., ap > x1, indicating that ag is prevented by the presence of xj. This relationship can be
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(a) Ny extended with the prevention relation between for- (b) Reversible version of the extended model
ward transitions

Fig. 18. A reversible model of the C code

effectively modelled with an inhibitor arc linking the postset of x; to the transition ay, as illustrated in Figure 18a. Note
the inhibitor arc connecting ag with sg. This suggest that we can extend our results to (reversible) Asymmetric Event
Structures.

Then, an accurrate reversible model of the code is straightforwardly obtained by adding the reversing transitions in

a standard fashion, as depicted in Figure 18b.

10 CONCLUSIONS

The main contribution of this paper is the characterisation of a class of Petri nets with inhibitor arcs, dubbed reversible
causal nets (rcN), which provides an operationally counterpart for the reversibility model behind reversible prime event
structures (rpes) [26]. The key observation is that three out of the four (primitive) relations that rreses define over
events can be captured by inhibitor arcs: both forward and reverse causality can be modelled as inhibitor arcs that
connect an event (either forward or reversing) to (some of the conditions in) the presets of its immediate causes, while
prevention is translated to arcs that connect an event to (some of the conditions in) the postsets of the preventing events.
The remaining conflict relation corresponds, as usual, to overlapped presets.

Figure 19 briefly recaps our results with respect to the state of the art. The correspondence between occurrence nets
and prime event structures is due to Winskel’s seminal work [33]. We have introduced a new class of Petri nets, called
causal nets, and showed their correspondence with prime event structures (Theorem 6.9). We have then presented the
reversible variant of causal nets (rcNs), and showed that they are an operational counterpart of the reversible prime
event structures of [26] (Theorem 7.19). Finally, we showed that causal nets are tightly connected to occurrence nets
(Theorem 8.13), and give a revisitation of Winskel’s correspondence via Theorem 8.14. To give a complete picture of
known results, we depict the extension of occurrence nets into reversible occurrence nets proposed in [18]; where
the latter ones correspond to a proper subclass of rpEs that just accounts for causally-consistent reversibility (crpes).
We plan to implement our framework into Agda so to automatically check the correctness of our results and of the
encodings.

In section 7.5 we hinted what subclass of rcNs obeys to causal consistent reversibility. We leave as future work to

formally prove from the axioms provided in [14] that such subclass is causal consistent with respect to reversibility.
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Fig. 19. Recap of results. Solid arrows represent known results/works in the literature while dashed arrows stand for results in this
paper. Double-headed arrows are used for correspondences while curly tailed arrows are for inclusions and reversible extensions.

Besides contributing to the well-established line of work initiated in [23, 33] that links classes of nets with classes of
event structures, our work explains the reversing mechanisms of rpEses by relying on a well-studied concurrent model.
In this respect, our contribution constitutes a step forward with respect to [18], which just deals with the subclass of
causal-reversible rpEses which, e.g., do not provide out-of-causal-order reversibility. Remarkably, our reversible causal
nets do not appeal to original elements to achieve reversibility as, e.g., the bonds of [25]. As a matter of fact, causal nets
do not rely either on the information (i.e., colours) carried on by tokens (as done in [3, 20]).

The characterisation of rpEses as restrictions over the structure of the nets enables the study of less constrained
models. For instance, an undoable event in an rpEs can be undone just by performing one reversing event. This
excludes the possibility of defining alternative conditions for reversing an event. We can overcome this limitation in the
operational model just by dropping the requirement of non-overlapping backward transitions (i.e., [[*T]] = *T). This
kind of analysis seems an interesting line to explore in future work.

Causal nets and their reversible versions play a role analogous to occurrence nets (in their connection with pEses).
Consequently, we may ask ourselves about the class of (reversible) nets whose unfoldings are (reversible) causal nets, or,
alternatively, which are the suitable categories that would allow us, if possible, to extend Winskel’s chain of coreflection

to reversible event structures.
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