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Abstract

In this paper we consider radially symmetric solutions of the fol-
lowing parabolic-elliptic cross-diffusion system

ug = Au — V(uf(|Vv]?) Vo),

0= Av—p(t) + gu), plt) = s12| /Q o(u(-, 1)) dz
u(x,0) = ug(z),

in Q x (0,00), with Q a ball in RN, N > 1 under homogeneous Neu-
mann boundary conditions, g(u) a regular function with the prototype
g(u) = uF, uw >0, k> 0. The function f(¢£) = kp(1+&)~%, kf > 0, de-
scribes gradient-dependent limitation of cross diffusion fluxes. Under
suitable conditions on the data, we prove that the solution is global
in time. If N > 3, under conditions on f, g and initial data, we prove
that if the solution u(z,t) blows up in L*-norm at finite time T4z
then for some p > 1 it blows up also in LP-norm. Moreover a lower
bound of blow-up time is derived.
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1 Introduction

In this paper we consider the chemotaxis system with flux limitation and
nonlinear signal production,

(w, = Au— V(uf(|[V|?) Vo), reQ, t>0,

0=Av — pu(t) + g(u), xeQ, t>0,
(1.1) Gu — v, zed, t>0,

u(z,0) = up(x), x €,

([ v(z, t)de =0, t >0,

in Q:= Bp(0) C RN with R >0, N > 3,

(1.2) f e C*([0,00)),
u(t) = Jo 9(u(z, t))da > 0,

(1.3)
g € Upe01)Che([0,00)) N C*((0, 00)), nonnegative and nondecreasing.

On the boundary we assume no flux conditions. The initial data ug is non-
negative, radially symmetric function nonincreasing with respect to |z| and

(14) Uy € Uge(o’l)ce(ﬁ).

When ¢(u) = u, and the drift term depends on the chemical flux Vv in the
sense that f(|Vv|?) = y, for a positive given constant y, and pu(t) replaced by
v(x,t), the chemotaxis model (1.1) is just the classical Keller-Segel system.
Keller-Segel systems ha been extensively studied in the last years: in par-
ticular the existence of global bounded solutions and the detection of some
solutions blowing up in either finite or infinite time, in a great number of
literature (see [1], [7], [9], [11], [19] [20], and the references therein).

In recent years, a large number of variants of the classical chemotaxis model
have been introduced as a non linear diffusion terms (for instance div(h(u)Vu),
div(|Vu|P~>Vu), Au™ (see [1], [11], [17] and the references therein), as well as
nonlinear dependence of the chemical flux (div(u"Vv), div(uf(|Vv|)Vov)).

2



In [2] and [3], Bellomo and Winkler analyzed the case where the diffusion

term Auwu is replaced by div<ﬂ> and the chemotactic term is in the
U2+ Vul?

. uVv : :
form xV (—W) In [2] the authors obtain global existence of bounded

classical solutions for arbitrary positive radial initial data uy € C*(Q2) when
eitherNZQandx<1orN:1andeu0< 1

VR4

In [3], the authors complement the above result on global existence by show-
ing that in both cases N > 2 and N = 1 the previous conditions are optimal
in the sense that if appropriate reverse inequalities hold, then finite-time
blow-up may occur.

Chiyoda et al. (see [6]) generalized the blow-up results in [3] to the case u?
and u? in the diffusion term and the chemotactic term respectively, obtaining
the existence of blow-up solutions under some condition for y and ug when
l<p<gq

Negreanu and Tello in [14] considered the system (1.1) with flux limitation
f(IVv|) = x|Vv[P~2 and v(z,t) instead of u(t), and p satisfies

€ (1,00), if N=1, and p € (1, if N> 2,

N
1)
to derive uniform bounds in L*™ and the existence of global in time solutions.
Moreover, the steady states of the one-dimensional case are also considered
and infinitely many non-constant solutions appear for p € (1,2) for any x
positive and a prescribed positive mass.

The complementary case for p € (525,2) was studied in [18] where the au-
thor, for x large enough, derived conditions on the initial data to obtain blow
up phenomena at finite time for any regular solution of the problem.

In [16] Sastre-Gomez and Tello studied the existence of uniformly bounded
solutions of chemotaxis system with flux limitation f(|V|v) = x|Vv|P~2 and
with a logistic type growth term pu(l —u), > 0, for p < 3 and any N > 2.
In [4] Boccardo and Tello studied the stationary case in presence of non
linear flux limitation and a non negative source term f(x) € L™(Q), m >
max{1, %} and with subcritical signal production u?, @ positive and fulfilling
1<p< 5%, 1< N6 or max{N,p} < &L,

In [22], Winkler consider the following parabolic-elliptic system



uy = Au — V(uf(|Vv|*) Vo), reQ, t>0,
0=Av—pu+u, xreQ t>0,
(1.5)
Gu — Jv — ), x €00, t>0,
| u(,0) = uo(w), x €,
with @ a ball in RY, N > 3, u(t) = o [quder > 0, [yvde =0, [ €
C*([0, 00)).
The author proves that if f(|Vo]?) > k(1 + |Vo|*)™® with 0 < a < 2{}’\,’_21),

k¢ > 0 then throughout a considerably large set of radially symmetric initial
data, the blow-up phenomenon, with respect to the L* norm of u, occurs in
finite time.

This result is complemented by a second statement which ensures that in
general (not necessarily symmetric settings), if either N = 1 and o € R is
arbitrary, or N > 2 and a > %, F(IVul*) < kp(1+ |Vo|?)™ , then for
arbitrary nonnegative and continuous initial data, a global bounded classical
solution exists.

In [12] the authors proved that if the solution (u,v) of problem (1.5), with
F(Vu?) = kp(1 4 |Vo*)~, blows up in L*-norm at finite time T),4, then
for some p > 1 it blows up also in LP-norm and derive a lower bound of T},,,.

In [13] the authors considered the problem (1.5) with f(|Vv|*) = kg(1 +
Vo)™, 0 < a< Z(Z]VV__ZI) and a source term of logistic type: g(u) = \u— pu*,
A, >0k >1

(1, = Au— V(uf (Vo) Vo) + g(u), reQ, t>0,

0=Av— pu+u, reQ, t>0,
(1.6)

%:%:0, x e i, t>0,

u(z,0) = ug(x), x € ),

\

with Q a ball in RN, N >3, u = ﬁfﬂudx >0, [yvde =0, f e C?*([0,00)).
Under smallness conditions on « and k the authors prove that the solution
u(x,t) blows up in L*-norm at finite time 7T,,,, and for some p > 1 it blows
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up also in LP-norm. In addition a lower bound of blow-up time is derived.
Finally, under largeness conditions on « or k, they prove that the solution is
global and bounded in time.

For the case of nonlinear signal production we refer the paper [21] where
Winkler considered the problem

'ut:Au—XV(qu), reQ t>0,

0=Av— pu(t) + g(u), reQ t>0,
(1.7)

%:%:o, x €I, t>0,

L u(z,0) = up(x), x €,

inaball Q C RN, with u(t) = ﬁ Jo 9(u(z,t))dz and g € Upe(o,1)Che ([0, 00))N
C*((0,00)) nonnegative and nondecreasing. If g(u) > ku* for all « > 1 and
some k > 2, k > 0, the author proved that the solution (u,v) of (1.7) blows
up in finite time 7,4, On the contrary if g(u) < KuF, for all u > 1 with
some K > 0 and k < 2, then Ty, = 00 and |u(:,t)|| > C, with some
¢ > 0.

In this paper we are interested to analyze the behavior in time of the solution
of the parabolic-elliptic system (1.1) in presence of flux limitation term and
non linear signal production in the form

(1.8) F(VoP) =

The first of our main result asserts global existence and boundedness of the
solution (Section 3).

Theorem 1.1 (Global existence and boundedness). Let Q = Bgr(0) C RY,
N >3, R > 0 and let f and g satisfy (1.2), (1.8) and (1.3) respectively.
Assume

- N -2

a —
2(N — 1)
and

(1.9) g(u) < Kb, u>0,
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with some K1 > 0 and

2
1.10 k< —.
(1.10) -
Then for all radially symmetric nonnegative initial data uy € C°(Q), system
(1.1) possesses a unique global classical solution (u,v) in Q x (0,00), which
s bounded in the sense that

(1.11) sup |[u(-,t)||zeeo @) < oo.
te(0,00)

Remark 1.1. We observe that if & = 0 we obtain the problem (1.7), studied
in [21], where if k < % the author proved that the solution is global and
N—2

bounded. Thus, in some cases when a < N1 and for suitably small

powers k, a possibly alternative to prevent blow-up can be obtained.

The purpose in Section 4 is to prove that the solutions of (1.1) blow up at
finite time in LP-norm, for some p > 1, if they blow up in L*-norm.

Theorem 1.2 (Finite-time blow-up in LP-norm). Let Q = Br(0) C RY,
N >3 and R > Oand let f satisfy (1.2), (1.8) and (1.3) respectively. Assume

0<a<——2
a —_—
2(N —1)’
and
(1.12) g(u) < KouF,  u>0,
with some Ky > 0 and
k> 2
N

If a classical solution (u,v) of (1.1) fort € (0, Tyuaz), blows up at finite time
Trnaz 10 L°-norm, then for all p > %k,

lim sup ||U('at>||Lp(Q) = 00.
t/‘Tmaz



2 Preliminaries

In this section we state a few helpful results, most of which have already
been proven elsewhere. In some cases, for the convenience of the reader, we
state the conditions differently from the original source, in such a way that
the lemmas become more easily applicable in the present form.

By using standard arguments well-established in the context of parabolic-
elliptic Keller-Segel type systems, we state the local existence and extensi-
bility of solutions to (1.1) (see e.g. [8], [21] and [22]):

Lemma 2.1. Let N > 1, and assume that Q = Br(0) C RY for some
R >0, f, g and uy satisfy respectively (1.2), (1.3) (1.4). Then there exist
Tinaz € (0,00] and a unique pair (u,v) of functions

u € CQ X [0, Traz)) N C*HQ X (0, Trnaz)),

v € NN L2 ([0, Trnaz); WH(Q2)) N C*Y(Q x (0, Thnaz)),
which solves (1.1) in the classical sense in X (0, Tyae). Moreover, we have

u>01in QX (0, Thae), and both u(-,t) and v(-,t) are radially symmetric with
respect to x =0 for all t > 0. Finally,

(2.1) if Trnaz < 00, then limsup ||u(-,t)|re@) = oo.

t/Tnzax

We next give some properties of the Neumann heat semigroup which will be
used later. For the proof, see [5, Lemma 2.1] and [19, Lemma 1.3].

Lemma 2.2. Let (€'®);50 be the Neumann heat semigroup in €, and let
> 0 denote the first non zero eigenvalue of —A in  under Neumann
boundary conditions. Then there exist ky,ky > 0 which depend only on )
and have the following properties:

(i) if 1 <q<p<oo, then
(2.2) 12 2] ooy < ka (141 2@ D) e 2] gy, ViE>0
holds for all z € LY(Q) satisfying [,z = 0.

(1) If 1 < q<p<oo, then
(23) |V - 2|l o) < ko (1+ 72260 e | 2| ooy, V>0
is valid for any z € CY(Q) which satisfy z-v =0 on 0.
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We observe that since constants are invariant under e’ we can use (2.2)

writing z = ﬁ o z dz so that we have [, (z — Z) dz = 0 (see [19]) .

In Section 3 we will use the Gagliardo—Nirenberg inequality in the following
form.

Lemma 2.3. Let Q be a bounded and smooth domain of RN with N > 1.
Letr> 1,1 <qg<p< oo, s>0. Then there exists a constant Cgny > 0
such that

(2.4) 113y < Can (IV £y 113 + 1)

for all f € LI(Q) with Vf € (L"(Q))N and a :=

See [15] for more details.

3 Boundedness

The purpose of this section is to prove the boundedness result of Theorem
1.1.
To this end we derive an LP-estimate for u with some p > 1.

Lemma 3.1. Assume that the conditions of Theorem1.1 hold. Then for some
p > 1 there exists C' > 0 such that

[, t)[Lr@) < C
for all t € (0, Tinax)-

Proof. We consider some p > 1. We note that, since k < % we have p > 1 >
%k. By straightforward calculations, we have

td updac:/uplAudx—/uplv- (uf(|Vo[*)Vv))da
Q Q Q

pdt
=: [1(t) + Lx(t).

We first deal with the term ;. Integrating by parts and using the Neumann
boundary condition of (1.1) imply

(3.2) Li(t) = —(p -1) / P3| Vul*dx

/|VW’ dr = ———— ( HV Hiz(n)

(3.1)



We next estimate the term I,. Again by an integration by parts and the
Neumann boundary condition of (1.1), we derive

L(t) = (p—1)/Qup_1f(\Vv|2)Vu~Vvdx
N p;l/f(Wvlg)W”-de
- _/ (u” f(|V[*) Vo) d — —/ (f(|[Vv[?)Vv)da
= —T/Qupf(|VU| )Avdz — T/Qupf'(|Vv| )Vo - V(|Vv]?)dx

Here, by using f(|Vv|?) = kfm and the second equation in (1.1), it
follows that

_ p—1 uP .
(33) 12<t) - :u(t)kf p /Q(l + ‘V’U’Q)o‘d

p—1 uPg(u)
+ k d
™ / (1 + Vo)™

1 Vo V(|Vu]?)
+aki—— [ wP
aky* p Jo! T+ [Vop)et

Neglecting in (3.3) the negative term p(t)k;2— - —<——dr and using

o
Q 1+|Vv\2
! e < 1 and g(u) < Kju*, we arrive at

(14+]| V|
-1 , Vo -V([Vo]?)
Prkg ke p——o d
» /Qu x+af / 1+‘VU| )aHx

(34)  L(t) < kK2

Now, to estimate the first term in (3.4), we use the Gagliardo—Nirenberg
inequality (2.4) with p =~ = @, q=r=s=2. So it follows that

% 2(p+k)
(3.5) / T
Q L )

» 2(p (1 61) » 2(p+k)
< Can (HWQ’HH ot N i )
where 6 := %125’1’? = (ka) (0,1) since k < 2 and p > 1 > Jk.

2
%k that p+k9 = Zf < 1 and applying the Young inequality
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to the first term in the right-hand side of (3.5) yield

p 2(P+k)9 p 2(P+k)(179 )
ng HLJQ) 1”“5 HLQE?Q) 1
Nk op— Nk 1 22Utk Nk

81||V“g||i2(m + NE H“g”LQ(?)pf

< —
2p 2p €12 NE

for all £; > 0, which along with (3.5) implies

Nk P
(3.6) /Qup““dx < CGN%&HVWH;(Q)

2p— Nk 1

Nk
2]9 €12 Nk

2(p+k)—Nk 2(p+k)
2

+ Can v +CGN||U§HL2fQ) .

p 228tk
H“gHm(Qp)

We next estimate the second term in the right-hand side of (3.4). To this
end we consider the second equation of (1.1) in radial variables. We have

(3.7) (r" ), =V () =V g(u).

Integrating (3.7) from 0 to r, we obtain

(3.9 = ult) [ o g [ gl 0)de
0 0

= %u(t) - /0 PN g (ulp,t))dp.

Differentiating (3.8), we have
(N — D)rV 20, + 7V o, = vV ut) — vV lg(u),

which in conjunction with (3.7) yields

(B9 o= plt) ~ glw) — T,
=) = gtw) = = [t = [0 gty

= (0 =)+ S [0 gty
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Writing in radial variables the second term of (3.4) and using (3.9), we have

Vv - V(|Vv]?)
p
(3.10) /Qu i |Vv|2)a+1dx

R 1 T
+2N(N — l)Kle/ up—</ pN_lukdp>dr
0 mNJo

= Iy + I,

where we neglected the negative term —2Nwy fo u? v2g ()a) N =1dr and used

(1402
the fact that 77 )QH < 1 and hypothesis (1.9) g(u) < Kju*. To estimate the
term o, we use u( Iﬂ\ Jo 9(u)da < |I§zl\ Jq, uFdz and the Young inequality,
we obtain

R
(3.11) I = 2,u(t)wN/ uPr™N "t dr
0

< 2K1 (/ (x,t)dz) (/ up(x,t)dl‘)
1€ Q
K -
< p+k ptk pi . p+k p+k pi
2K1‘Q| </u dw) Q|7 </Qu d:z:> Q|7

:2K10JN/Up+kd9$'.
Q
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Also, by using the Young inequality, we can estimate Iy5 as

1(/ N-1 kdp)d?"
”
R 1 Pk r p-}—ik
< 2N(N — 1)K1wN/ p;(/ N-lq ) (/ uerkpN’ldp) dr
0
1

rNL

R _k_
== QN(N — 1)K1Q}N/ up_(w) ptk </ up+k?pN—ldp> P"'kdr
0 r 0

R T _k_
= ZNP%(N — 1)K1wNP% / uprzf%*l (wN/ up+kpN_1dp> Ty
0 0

R ke
< QNHL’@(N — 1)K1wNP%k (/ uprPNﬁcldr) (/ up+kda:> -
0 Q

N
Here, to estimate the term fOR wPriti'dr we choose ¢ > 0 such that the
Holder inequality holds:

R Np R T R izi
(3.13) / uProtk tdr < </ up+k+g7"N_1dr>p (/ T‘Sdr>p
0 0 0
p P R6+1 k+e
— o pTREE < up+k+£dx> prkte ( > PR
N 0 §+1

: _ ,_ (p+k+Ne) kA
with § = d(e) := [(;ﬁ)(p%;) —1]EEE > —1, for all e > 0.

Applying the inequality (3.13) to (3.12), we obtain

_p _k_
(3_14) Iy, < C1</ up+k+5d$> prhte (/ up+k:d$> P+k’
Q 9)
k+e

where ¢; = ¢(e,wy, N, K;) = 2Npﬁ(N — 1) Kjwy et <%> ke
Substituting (3.11) and (3.14) in (3.10) derives

Vo - V(|Vo]?)
Nl p
(3.15) /Qu (1+]Vv]2)°‘“dx
k

_p _r_
< 2wN/ uPFdr + cl</ uerk“dx) pire (/ up““dx) e
0 0 Q

12

(3.12)
R
[22 = ZN(N — 1)K1(.UN/ uP




Using (3.15) in (3.4) and applying the Young and Hélder inequalities, we see
that

-1
(3816) L) < kPt (K + 2wna) / g
p Q

_ 1 p = _k_
+ Cl@k’fp— ( / up+k+5dx> p+k+ ( / uerkdx) p+k
p Q Q

1
< kpr(Kl + 2wy a) / WPt dy

Q
+k
p p+k\Jg
-1 k
+c ak: -~ | wPtRdx
1 p p+k /g

p—1
=k —<K1+2WN06+01
p p+

k )/up+kda:
k7 Jo
p—l k pp%kis
+ k (/ p+ +Ed>
cro (rayn Qu x

pik

p+k+e

< cg</ u“k*sdac) ,
Q

where ¢y 1= |Q|p+i+s kfp%l(Kl + 2wNoz+clp+k) +clozkfp+k Combining (3.2)
and (3.16) with (3.1), we arrive to

1 Alp—1 y e
(3.17) 1d uPdr < ) |Vuz|*dr + c uPtEre gy ) T
pdt 2
Q p Q Q

In the last term of (3.17) we use the Gagliardo—Nirenberg inequality (2.4)
with v = 21%’“, p= 2’%, q=s= % and r = 2, and the mass conservation
law ||[u(-, )| 1) = |[uol| L1 for all £ € (0, Tiax), We obtain

prkte g \PibeE _ g 2y 20
(3.18) U dx = Hu2H e
Q ()

(1_92) *’“
scGN(Hw A )

L7 () %(m

'ﬁ\w

2> 1—62) k
scGN(kuLz [ e 1 i )

p 2PEtEg
< ey (||vu§||L2§m2 + 1)
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P
with some ¢z > 0, where 0y = M € (0,1). Moreover, for 0 < € <

p+N 2
(p+R)2+Nk) +Nkzr(zfj2\7k) we obtain
p k _ __ptk
p—i‘ke 3T T ke 1
p 2T T pyrL_1 <&
2 TN T2

Hence, applying the Young inequality to the right-hand side of (3.18) implies

(/up+k+ad >P+k+s < ( >Hvu2HL2 +ey
Q p2cs

with some ¢4 > 0, which together with (3.17) yields

d 2(p—1 P
(3.19) pr / uPdxr + %/ |Vuz|*dz < peyey.
Q Q

Again by the Gagliardo-Nirenberg inequality (2.4) with v = %, p=r=2

and q =s = %, and the mass conservation law, we observe

2
ull ooy = w2 |72,

2(1-03) p, 2
chN(kuLQ P 4t )
LP(Q) LP(Q)

I (0, 1), which implies

with some c; > 0, where 63 :=

(3-20) Vs | o) 2 Cs||U||Lp -1
with some ¢g > 0. A combination of (3.19) and (3.20) yields

d 7
updx + ¢ (/ updx) <cg
dt Q

with some c7,cg > 0. Upon an ODE comparison argument this inequality

warrants that
03
Cs p p
uPdr < max<{ | — | updx p
Q Cr Q

which proves the conclusion. O



We are now in a position to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Since, for all t € (0,00) we have ||u(-,t)| 1) =
luo(z)|[ 1) < o0, then ]|uk(~,t)HL%(Q) < oo forallp = + > %, thus
Vo(-,t) € W (Q) with p* = ]\][pr and t € (0,00). From Sobolev em-
bedding Theorem we obtain WP (Q) C L¥ (Q) and from the first equation
we obtain |[u(-,t)||r@) < oo for all p > L. From which we can conclude
[uls )]z (@) < oo

4 Blow up in LP-norm. Proof of theorem 1.2

In this section we prove that if the solution (u,v) of system (1.1) blows up
in L*°(Q)-norm in finite time 7}, then for some p > 1 it blows up also in
LP(Q)-norm. This result allows us to determine a lower estimate T of the
blow up time T,,, such that we can obtain a safe time interval of existence
of the solution (u,v). To this end, we first prove the following Lemma.

Lemma 4.1. Let Q@ ¢ RY, N > 3, be a bounded and smooth domain. Let
(u,v) be a classical solution of system (1.1), let

1 N -2
(4.1) FIVe) =k s O <1

if for some p > Sk, k> %, there exists C' > 0 such that
Hu<x7t)HLp(Q) < C? te (07Tmax)7

then for some C' > 0 we have

(4.2) . 1)} (0 < C.

Proof. We set ty := max{0,¢ — 1} and using the representation formula for
u we have

_ (t—to (- vels,s)
(-, t) = o )Au(-,t) — ky /to et=8)Ay7 . (u(-,s)(l n |Vv(-,t)|2)°‘) ds

= Ul(', t) + Ug(-, t)
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and

(4.3) (-, )] zoe) < Mua (-, )| Loy + Juz(-, )| oo (@)-

We recall that if 1 < ¢ < p < oo, then

e 2] o) < k(1 +¢72 G ;))6_”1t||2||m(9), Vit >0,

so that, with p = co and ¢ = 1 we obtain
N
[l ()l ey = 12, ) [ () < ka (L4 (8 —t0) "2 )e ™ [lull 10
If t < 1 then ¢, = 0 and from the maximum principle ||ui(-,t)| pe) <
[[wol[ Lo (0)-

If t > 1 then t —ty, = 1 and we obtain

(4.4) w1 (-, )] o) = ka (14 (¢ — to)_%)e_’“(t_t(’)||U||L1(Q)
< 2]€1HU0HL1(Q) = 2]€177L|Q|,

with m = ﬁ Jo u(z, t)de = ﬁ Jo uo(z)dz.

We now estimate |[ua(,t)||ro ().
. tA — 3 S E=1)\ gt
By using (2.3) |2V -z || o) < ko (1+t7 27 2% 0 )e |z || 1oy, V> 0.

Since % < |Vo(-, 8)|' 72, we have

(4.5) Jluz(, )| o)

K 1N Vo(-,s)
< kok 1+ (t—s) 2 2a)e =9 |y (. §) — 2
- f/to (=) ) ( )(1 + [ Vo2) llLee)
t
< k;gk;f/ (14 (t— )5 B)emC9)lu( ) Vol )2 ds.
to Li(Q)
By Holder inequality we obtain
(46) ||u(';S)|VU('aS)|1_2a||L‘1(Q) S ||u(a8)||L%(Q)||V’U(78)”},;(25)
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Now, using (1.12), since ||ul|r@) < C and p > Tk > k there exists Cy =
Co(q) such that

lg(u)llzag) < Cokallullfniay < CoR2Ct = Cr on (0, Thnaa),

for any ¢ > N > max{1, ¢
Thus, the elliptic regularity theory to the second equation in (1.1) tell us
that Vv € WP and

(4.7) Vvl 1, 2“ < Oy,

for some Cy > 0. By using (4.7) in (4.6) we arrive to

(4.8) (-, $)[Vo(, $)[' 7 Lao)
< a8l o IV0( s >HL£a < Gollul 8), 4
< C3HU(‘73)|’9Loo(n)||u('>3)“y(g) = Cym'™ QHU(';S)H%OO(Q)

with
200
(4.9) h=1-22 c(0,1)
q
and m = g [, uo(z)dz.
Inserting (4.8) in (4.5) we arrive to
(4.10)
¢
LN
ot oy < o [ =) 4B s sup )]
0 te[0,7

< B sup [[u(-, )] 20
t€[0,T]

where B := 04[1—|—fooo(t—s)_%_%e_“l(t_s)ds] > 0 is finite, because %"‘2% <1
(¢ > N).

The substitution of (4.4) and (4.10) in (4.3) leads to

(4.11) lu( O)llz=@) < A+ B sup [[u(-,1)]| 7).

t€[0,T
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with A := 2kym|Q|. From inequality (4.11) we can write

o
(412)  sup u( D)ooy < A+ B( sup Jult)llzee)
te[0,T] t€[0,T
with 6 in (4.9).
The inequality (4.12) leads to (4.2). O

Now we are ready to proof Theorem 1.2.

Proof of Theorem 1.2. If the solution (u,v) of system (1.1) blows up at
finite time ¢* in L°°-norm, by contradiction we suppose that for some p > %kz,
the solution (u,v) is bounded V¢ > 0. From Lemma 4.1 if the solution of
(1.1) is bounded in LP-norm, it is bounded also in L*>*-norm. This reach a
contradiction. Then (u,v) blows up in LP-norm for some p > %k
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