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Polyharmonic Helices

S. Montaldo and A. Ratto

Abstract. The main aim of this paper is to investigate the existence of
Frenet helices which are polyharmonic of order r, shortly, r-harmonic.
We shall obtain existence, non-existence and classification results. More
specifically, we obtain a complete classification of proper r-harmonic
helices into the 3-dimensional solvable Lie group Sol3. Next, we inves-
tigate the existence of proper r-harmonic helices into Bianchi–Cartan–
Vranceanu spaces and, in this context, we find new examples. Finally,
we shall establish some non-existence results both for Frenet curves and
Frenet helices of order n ≥ 4 when the ambient space is the Euclidean
sphere S

m.
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1. Introduction

Harmonic maps are the critical points of the energy functional

E(ϕ) =
1
2

∫
M1

|dϕ|2 dVg1 , (1.1)

where ϕ : M1 → M2 is a smooth map between two Riemannian manifolds
(M1, g1) and (M2, g2). We refer to [12,13] for an introduction to this impor-
tant topic.

The study of polyharmonic maps of order r, shortly r-harmonic maps,
was first proposed by Eells and Lemaire in [12]. These maps are defined as
the critical points of the functionals

Er(ϕ) =
1
2

∫
M1

|(d + d∗)rϕ|2 dVg1

which represent a version of order r ≥ 2 of the classical energy (1.1). We refer
to [5] for a detailed discussion on the definition of the functionals Er(ϕ).

In this context, the most widely studied instance is r = 2. This is the
case of the so-called bienergy functional and its critical points are known as
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biharmonic maps. At present, a very ample literature on biharmonic maps is
available (see [26] and references therein).

More recently, several authors worked intensively on the case r ≥ 3. For
instance, we refer to [5,9,10,14,17,19–21,24,25] for background and results.

In this paper, we shall focus on the study of r-harmonic curves in the
Euclidean sphere S

m, in the 3-dimensional solvable Lie group Sol3 and into
the so-called Bianchi–Cartan–Vranceanu spaces. Thus, to simplify the expo-
sition, from now on we shall assume that the ambient space M is orientable
and that an orientation on M has been fixed.

To avoid trivialities arising from re-parametrization it is convenient to
restrict the attention to curves parametrized by the arc length and we shall
adopt this assumption throughout the whole paper.

Now, let γ : I ⊂ R → M denote a smooth curve parametrized by the
arc length s and let T denote its unit tangent vector. Then γ is r-harmonic
if and only if its r-tension field τr(γ) vanishes, i.e.,(see [4,17,22])

τr(γ) = ∇2r−1
T T +

r−2∑
�=0

(−1)�R
(∇2r−3−�

T T,∇�
T T

)
T = 0, (1.2)

where ∇0
T T = T, ∇k

T T = ∇T

(∇k−1
T T

)
and R is the Riemannian curvature

operator of M .
We point out that any geodesic is trivially r-harmonic for all r ≥ 1.

Therefore, we say that γ is a proper r-harmonic curve if it is r-harmonic and
not a geodesic.

A general study of (1.2) is a difficult task. Therefore, in this paper we
restrict our attention to a geometrically rich and significant family of curves.
To define this family, following [28, p. 21], for a smooth curve γ : I → M
parametrized by arc length we say that {F1, . . . , Fn}, 2 ≤ n ≤ m = dim M ,
is a Frenet n-field along γ if:

• The vectors T,∇T T, . . . ,∇n−1
T T are everywhere linearly independent

and ∇n
T T is everywhere linearly dependent on T,∇T T, . . . ,∇n−1

T T ;
• {F1, . . . , Fn} is the Gram-Schmidt orthonormalization of {T,∇T T, . . . ,

∇n−1
T T}.

Definition 1.1. (n-Frenet curves, see [28]) Let γ : I → M be a smooth curve
parametrized by arc length and assume 2 ≤ n ≤ m = dimM . Then we say
that γ is a Frenet curve of order n, shortly, an n-Frenet curve, if it admits
a Frenet n-field {F1, . . . , Fn} along γ. Moreover, for a n-Frenet curve, when
2 ≤ n < m = dim M , we have, by construction, the Frenet equations:⎧⎪⎪⎨

⎪⎪⎩

F1 = T
∇T F1 = k1 F2

∇T Fi = −ki−1Fi−1 + kiFi+1, i = 2, . . . , n − 1,
∇T Fn = −kn−1Fn−1

(1.3)

where k1(s), . . . , kn−1(s) are positive functions, called the curvatures of the
curve, and kn(s) = 0. In the case that n = m ≥ 2 we choose Fn in such a way
that {F1, . . . , Fn} is a positively oriented orthonormal base of Tγ(s)M . In this
case we still have (1.3) but we allow that kn−1(s) can assume any real value.
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Finally, we say that an n-Frenet curve γ is full if kn−1(s) does not vanish at
any point.

Definition 1.2. (n-Frenet helices) Let γ be a Frenet curve of order n. We say
that γ is a Frenet helix of order n, shortly, an n-Frenet helix, if its curvatures
k1(s), . . . , kn−1(s) are constant functions which will be denoted κ1, . . . , κn−1.

Remark 1.3. A curve γ : I → R
3 whose trace belongs to an affine plane of

R
3 is a 2-Frenet curve. The arc length parametrization of a circle in R

3 is a
Frenet helix of order 2 while the curve γ(t) = (cos(t/

√
2), sin(t/

√
2), t/

√
2) is

a Frenet helix of order 3 in R
3. Let now M be an m-dimensional space form.

Then (see, for example, [28]) an n-Frenet curve γ : I → M , 2 ≤ n ≤ m, must
lie in some n-dimensional totally geodesic submanifold of M . Conversely,
given positive smooth functions k1, . . . , kn−1 : I → R, 2 ≤ n ≤ m, there
exists an n-Frenet curve γ : I → M such that k1, . . . , kn−1 are its curvatures.

Remark 1.4. To make easier the comparison of our results with those which
are available in the literature, in the case of 2-Frenet helices we shall write
{T,N} instead of {F1, F2} and κ for κ1.

As for 3-Frenet helices, we write {T,N,B} for {F1, F2, F3}, and κ, τ for
κ1, κ2.

Moreover, we point out that we adopt the following notation and sign
convention for the Riemannian curvature tensor field R of the ambient space
M :

R(X,Y )Z = ∇X∇Y Z − ∇Y ∇XZ − ∇[X,Y ]Z,

R(X,Y,Z,W ) = 〈R(X,Y )W,Z〉.
The Chen–Maeta conjecture states that any r-harmonic submanifold of

R
n is minimal. As for curves, Maeta (see [17]) proved that the conjecture is

true.
The study of triharmonic helices in space forms was initiated by Maeta

(see [18]) and, more recently, Branding carried out a complete study of r-
harmonic Frenet helices of order 3 into 3-dimensional space forms (see [4]).
More precisely, he described explicit examples in S

3 and proved non-existence
when the curvature of the ambient space form is non-positive.

This last result supports the idea that, in general, it is difficult to find
examples of proper r-harmonic submanifolds in an ambient space whose Rie-
mannian curvature tensor field is non-positive. Despite this, the non-existence
of proper biharmonic submanifolds into a non-positively curved ambient
space, known as generalized Chen’s conjecture, was first proved to be false in
[27]. Moreover, other examples were also constructed in a conformally flat,
non-positively curved ambient space (see [16]).

An investigation of triharmonic 2-Frenet helices in surfaces and tri-
harmonic 3-Frenet helices in 3-dimensional homogeneous spaces with a 4-
dimensional group of isometries was carried out in [22]. More recently, tri-
harmonic 3-Frenet helices in the 3-dimensional solvable Lie group Sol3 were
fully classified in [23].

In this paper, we shall make some progress concerning r-harmonic n-
Frenet helices, n = 2, 3, into the 3-dimensional solvable Lie group Sol3 and



   26 Page 4 of 27 S. Montaldo and A. Ratto MJOM

into Bianchi–Cartan–Vranceanu spaces. Our results in this context will be
described and proved in Sects. 3 and 4 respectively.

As for general results for curves into an oriented Riemannian manifold
M , our first contribution is

Theorem 1.5. Let γ : I → M be a Frenet helix of order 2 and r ≥ 2. Then

τr(γ) = −κ2r−3
[
κ2 N + (r − 1)R(T,N)T

]
.

Corollary 1.6. Let γ : I → M be a Frenet helix of order 2 and r ≥ 2. If

〈R(T,N)T,W 〉 = 0 ∀W ∈ (
Span{T,N})⊥

,

then γ is proper r-harmonic if and only if

κ2 = (r − 1)R(N,T,N, T ). (1.4)

Next, we examine the case of 3-Frenet helices. To this purpose, let us
introduce the following quantities:

A1 = κ2(r − 1) + τ2, A2 = −κ τ (r − 2), A3 = − (
κ2 + τ2

)2
. (1.5)

Then we can state our result:

Theorem 1.7. Let γ : I → M be a Frenet helix of order 3 and r ≥ 2. Then

τr(γ) = c
{

A3N + A1R(N,T )T + A2R(N,B)T
}

,

where c = (−1)rκ
(
κ2 + τ2

)r−3 and Ai, i = 1, 2, 3, are defined in (1.5).

Corollary 1.8. Let γ : I → M be a Frenet helix of order 3 and r ≥ 2. Assume
that

〈R(N,T )T,W 〉 = 0, 〈R(N,B)T,W 〉 = 0 ∀W ∈ (
Span{T,N,B})⊥

.

Then γ is proper r-harmonic if and only if the following two equations hold:

(i) A1R(N,T,N, T ) + A2R(N,B,N, T ) + A3 = 0

(ii) A1R(N,T,B, T ) + A2R(N,B,B, T ) = 0.
(1.6)

Remark 1.9. (i) Putting together Theorem 1.5 and Corollary 1.6 we con-
clude that condition (1.4) is a necessary condition for a 2-Frenet helix
to be r-harmonic. This condition is also sufficient if one proves that
τr(γ) belongs to Span{T,N}. For instance, this surely happens if the
ambient space is a surface or any m-dimensional space form, m ≥ 2.
Similarly, we deduce from Theorem 1.7 and Corollary 1.8 that the two
equations in (1.6) represent a necessary condition for the r-harmonicity
of a 3-Frenet helix, and this condition is also sufficient if one proves that
τr(γ) belongs to Span{T,N,B}. For instance, this is automatic if the
ambient space has dimension 3 or it is an m-dimensional space form,
m ≥ 3.

(ii) Theorems 1.5 and 1.7 imply that the component of τr(γ) along T van-
ishes. Therefore, these helices are always r-conservative.



MJOM Polyharmonic Helices Page 5 of 27    26 

(iii) In the special case that the ambient space M is a 3-dimensional space
form of curvature K it is easy to check that equation (1.6)(ii) always
holds, while (1.6)(i) is equivalent to

(
κ2 + τ2

)2
= K

(
(r − 1)κ2 + τ2

)
.

Then we have recovered Theorem 1.1 of [4] as a special case of our
Theorem 1.7–Corollary 1.8.

Our next result suggests that helices and, more generally, curves of high
order cannot be r-harmonic for small values of r. More precisely, we have:

Theorem 1.10. Let γ be a full n-Frenet curve in S
m, m ≥ n ≥ 2. If n ≥ 2r,

then γ cannot be r-harmonic.

In the final section of this paper, we shall prove that a stronger non-
existence statement can be obtained if we assume that the curve is a helix
(see Sect. 5).

Remark 1.11. For the sake of completeness, here we point out that the choice
of the most suitable definition of a general helix in a Riemannian geometric
context is a delicate matter and may depend on the specific situation. Defi-
nition 1.2 above seemed to us the most appropriate for our approach to the
study of r-harmonic curves. By contrast, the following geometrically interest-
ing definition has been used in a significant paper of Barrios (see [1]) along
the lines of previous work by Langer and Singer (see [15]).

Definition 1.12. [1] A curve γ(s) into a 3-dimensional space form will be
called a general helix if there exists a Killing vector field V(s) with constant
length along γ and such that the angle between V and the unit tangent T
is a non-zero constant along γ. We will say that V is an axis of the general
helix.

In particular, this definition does not imply that the curvatures of the
helix are constant, and this would boost the analytical difficulties in our con-
text. The interested reader can find some further comments in this direction
in the last section of our recent paper [23].

Our paper is organized as follows.
The results stated in this introduction will be proved in Sect. 2. The

classification and existence results concerning r-harmonic n-Frenet helices,
n = 2, 3, in the 3-dimensional solvable Lie group Sol3 and in BCV-spaces will
be stated and proved in Sects. 3 and 4 respectively.

Next, in Sect. 5 we shall study full, r-harmonic n-Frenet helices in S
m

and prove some non-existence results. To overcome some technical difficulties
in this context we shall make use of some properties of Groebner bases.

Finally, at the end of the paper we have added a related appendix where
we discuss some conditions which imply that a proper triharmonic curve has
constant geodesic curvature.
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2. Proof of the Results Stated in the Introduction

Proof of Theorem 1.5. First, an elementary argument using{ ∇T T = κN
∇T N = −κT

shows that, for all � ≥ 0,⎧⎨
⎩

∇2�
T T = (−1)�κ2� T

∇2�+1
T T = (−1)�κ2�+1 N.

(2.1)

Next, let us assume that r = 2s. Then, in order to be able to use (2.1), it
is convenient to rewrite the r tension field τr(γ) given in (1.2) splitting odd
and even terms as follows:

τ2s(γ) = ∇4s−1
T T +

s−1∑
j=0

R
(
∇2(2s−2−j)+1

T T,∇2j
T T

)
T

−
s−2∑
j=0

R
(
∇2(2s−2−j)

T T,∇2j+1
T T

)
T . (2.2)

Next, inserting (2.1) into this expression and simplifying we deduce that

τ2s(γ) = −κ2r−1N −
[ s−1∑

j=0

κ2r−3 +
s−2∑
j=0

κ2r−3
]

R(T,N)T = −κ2r−3
[
κ2 N + (r − 1)R(T,N)T

]

and so the proof is completed in this case. When r = 2s + 1 the proof
is analogous and so we omit the details. �
Proof of Corollary 1.6. It suffices to observe that 〈τr(γ), T 〉 = 0 and compute
〈τr(γ), N〉. �
Proof of Theorem 1.7. First, we recall a lemma for 3-Frenet helices which
was proved by Branding (see Lemma 2.1 of [4]): �
Lemma 2.1. Let

h(�) = (−1)�κ2
(
κ2 + τ2

)�−1 if � ≥ 1, h(0) = 1;
g(�) = (−1)�−1κ τ

(
κ2 + τ2

)�−1 if � ≥ 1, g(0) = 0;
f(�) = (−1)�κ

(
κ2 + τ2

)� if � ≥ 0.

Then, for all � ≥ 0, we have:{
∇2�

T T = h(�)T + g(�)B

∇2�+1
T T = f(�)N.

(2.3)

Next, let r = 2s. We use again the split (2.2). More precisely, inserting
(2.3) we obtain:

s−1∑
j=0

R
(
∇2(2s−2−j)+1

T T,∇2j
T T

)
T =

⎛
⎝s−1∑

j=0

f(2s − 2 − j)h(j)

⎞
⎠R(N,T )T
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+

⎛
⎝s−1∑

j=0

f(2s − 2 − j)g(j)

⎞
⎠R(N,B)T

=

⎛
⎝f(2s − 2) +

s−1∑
j=1

f(2s − 2 − j)h(j)

⎞
⎠

×R(N,T )T

+

⎛
⎝s−1∑

j=1

f(2s − 2 − j)g(j)

⎞
⎠R(N,B)T.

Similarly,

−
s−2∑
j=0

R
(
∇2(2s−2−j)

T T,∇2j+1
T T

)
T =

⎛
⎝−

s−1∑
j=1

f(j−1)h(2s−1−j)

⎞
⎠R(T,N)T

−
⎛
⎝s−1∑

j=1

f(j − 1)g(2s−1−j)

⎞
⎠R(B,N)T.

Next, using these last two computations and simplifying we obtain:

τr(γ) = f(2s − 1)N

+

⎛
⎝f(2s − 2) +

s−1∑
j=1

[f(2s − 2 − j)h(j) + f(j − 1)h(2s − 1 − j)]

⎞
⎠

×R(N,T )T

+

⎛
⎝s−1∑

j=1

[f(2s − 2 − j)g(j) + f(j − 1)g(2s − 1 − j)]

⎞
⎠R(N,B)T.

Next, a simple, explicit computation of the sums in τr(γ) gives

τr(γ) = c
{

A3N + A1R(N,T )T + A2R(N,B)T
}

,

where c = (−1)rκ
(
κ2 + τ2

)r−3 and Ai, i = 1, 2, 3 are defined in (1.5). So the
proof is completed in the case that r = 2s. When r = 2s + 1 the proof is
analogous and so we omit the details. �

Proof of Corollary 1.8. It suffices to observe that 〈τr(γ), T 〉 = 0 and com-
pute 〈τr(γ), N〉 and 〈τr(γ), B〉. Then we easily obtain equations (1.6)(i) and
(1.6)(ii) respectively. More precisely, under the assumptions of this corollary,
we have

τr(γ) = c
{

(A1R(N,T,N, T ) + A2R(N,B,N, T ) + A3) N

+
(
A1R(N,T,B, T ) + A2R(N,B,B, T )

)
B
}

as required to end the proof. �
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Proof of Theorem 1.10. First, we recall that the curvature tensor field R on
S

m is given by:

R(X,Y )Z = −〈X,Z〉Y + 〈Y,Z〉X. (2.4)

Next, using the structural equations (1.3) of the Frenet field it is elementary
to show by induction that, for any 0 ≤ � ≤ n − 1, we can write

∇�
T T =

�∑
j=1

aj(s)Fj + Π�
j=1kj(s)F�+1, (2.5)

where the explicit expression of the coefficients aj(s) is not relevant for our
purposes.

Now, taking into account (1.2), (2.4) and (2.5), it is immediate to deduce
that, whenever 2r ≤ n, we can write

τr(γ) =
2r−1∑
j=1

bj(s)Fj + Π2r−1
j=1 kj(s)F2r

where, again, the explicit expression of the coefficients bj(s) is not relevant
for our purposes. Now, inspection of the component of τr(γ) along F2r readily
ends the proof. �

3. r-Harmonic Frenet Helices in the 3-Dimensional Solvable
Lie Group Sol3

In this section, we shall obtain a complete classification of r-harmonic Frenet
helices in the 3-dimensional solvable Lie group Sol3.

Let Sol3 = (R3, gSol) denote the 3-dimensional Riemannian manifold
given by R

3 endowed with the metric tensor gSol = e2zdx2 + e−2zdy2 + dz2

with respect to the standard Cartesian coordinates (x, y, z).
The space Sol3 is a 3-dimensional solvable Lie group and the metric gSol

is left-invariant with respect to the group operation

(x, y, z).(x′, y′, z′) =
(
ezx′ + x, e−zy′ + y, z′ + z

)
.

A global orthonormal frame field on Sol3 is

E1 = e−z ∂

∂x
, E2 = ez ∂

∂y
, E3 =

∂

∂z
.

With respect to this orthonormal frame field, the Lie brackets and the Levi–
Civita connection can be easily computed. We have:

[E1, E2] = 0, [E2, E3] = −E2, [E1, E3] = E1,

∇E1E1 = −E3, ∇E1E2 = 0, ∇E1E3 = E1

∇E2E1 = 0, ∇E2E2 = E3, ∇E2E3 = −E2

∇E3E1 = 0, ∇E3E2 = 0, ∇E3E3 = 0.
(3.1)

A further computation gives

R(E1, E2)E1 = −E2, R(E1, E3)E1 = E3, R(E1, E2)E2 = E1,
R(E2, E3)E2 = E3, R(E1, E3)E3 = −E1, R(E2, E3)E3 = −E2

(3.2)
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and from this we deduce
R1212 = 1,
R1313 = −1,
R2323 = −1.

(3.3)

Let γ(s) = (x(s), y(s), z(s)) be a 3-Frenet curve in Sol3 parametrized by the
arc length s. Then

T = x′ezE1 + y′e−zE2 + z′E3 = (T1, T2, T3) . (3.4)

Now, let V = V1(s)E1 + V2(s)E2 + V3(s)E3 = (V1(s), V2(s), V3(s)) be
any vector field along γ. Then a computation using (3.1) and (3.4) shows
that

∇T V =
(
V1

′ + T1V3, V2
′ − T2V3, V3

′ − T1V1 + T2V2

)
. (3.5)

Our main result in this context is:

Theorem 3.1. Let r ≥ 3. Then there exists a proper r-harmonic 3-Frenet
helix γ in Sol3 if and only if

κ =
1
4

√
3r2 − 10r + 7

(r − 2)2
and τ = ± r − 1

4(r − 2)
.

Moreover, up to isometries of Sol3 and orientation of γ, the parametrization
of such a proper r-harmonic helix is

γ(s) =

(
−
√

(1 − c21)
c1

√
2

e−c1s,

√
(1 − c21)
c1

√
2

ec1s, c1 s

)
, (3.6)

where

c1 =
1
2

√
3r − 7
r − 2

. (3.7)

Since the ambient space is 3-dimensional, the analysis of Theorem 3.1
enables us to deduce:

Corollary 3.2. Let r ≥ 3. Then there exists no proper r-harmonic 2-Frenet
helix in Sol3.

Remark 3.3. In [6] the authors proved that there is no proper biharmonic
curve in Sol3. The special case r = 3 of Theorem 3.1 was proved in [23].

Proof of Theorem 3.1. We assume that B = T ∧ N so that {T,N,B} is a
positively oriented basis. Then, the Frenet equations are:⎧⎨

⎩
∇T T = κN
∇T N = −κT + τ B
∇T B = −τ N

and, according to Definition 1.1, in this case we allow that τ may be negative.
Now, using (3.2) and (3.3), we compute

R(T,N, T,N) = −1 + 2B2
3

R(T,N, T,B) = −2N3B3

R(B,N,N, T ) = 2T3B3

R(B,N,B, T ) = −2T3N3.

(3.8)
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Next, we need the following technical Lemma:

Lemma 3.4. Let γ be a proper r-harmonic 3-Frenet helix in Sol3, r ≥ 3. Then

(i) N3 ≡ 0 along γ.
(ii) Both T3 and B3 are constant along γ.

Proof of Lemma 3.4. This lemma was proved in [23] in the case that r = 3
(see Lemma 4.1 of [23]). The proof in the case that r ≥ 3 is essentially the
same and so we omit further details. �

Now, a routine computation shows that for any 3-Frenet helix γ in Sol3
we have:

(i) T3 = z′

(ii) N3 = − 1
κ

(
e2zx′2 − e−2zy′2 − z′′)

(iii) B3 =
1
κ

( − y′x′′ + x′(−4y′z′ + y′′)
)

(3.9)

Since we work up to isometries and orientation of γ, T3 constant implies that
we can assume

z(s) = c1s (3.10)

for some constant c1 with 0 ≤ c1 ≤ 1. Moreover, as a consequence of Lemma
3.4, we can assume that N3 = 0 along γ.

Then integration of the condition N3 = 0 using (3.9)(ii) and (3.10)
yields

y′ = c2e2c1sx′ (3.11)

where c2 > 0 is an integration constant. Next, using (3.4), (3.10) and imposing
〈T, T 〉 = 1 we deduce

c21 + 2c2e2c1sx′2 = 1

along γ. Integration of this equality tells us that either

x(s) = −
√

(1 − c21)
c1

√
2c2

e−c1s + cx (3.12)

or

x(s) =

√
(1 − c21)

c1
√

2c2
e−c1s + cx (3.13)

where cx ∈ R is an integration constant. Arguing as in [23], we see that it
is not restrictive to assume that we are in the case (3.12) and that c2 = 1,
cx = 0.

Now, direct substitution into (3.11) and integration enables us to deduce
that

y(s) =

√
(1 − c21)
c1

√
2

ec1s + cy,
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and, again, we can assume that cy = 0. Now, a straightforward computation
using these explicit expressions for x(s), y(s), z(s) and (3.5) shows that:

κ2 = c21 − c41, τ = 1 − c21.

Finally, using these values for κ and τ into (1.6), together with (3.8) and
B3 = ±

√
1 − c21, it is straightforward to check that the only acceptable value

for c1 is (3.7). This value for c1 gives the stated values of κ and τ (positive)
and so the proof of Theorem 3.1 is completed in the case (3.12). The case
(3.13) is analogous and gives the negative value of τ = c21 − 1. �

4. r-Harmonic Frenet Helices in BCV-Spaces

It is well-known (see, e.g., [3,6,8,11]) that 3-dimensional homogeneous spaces
with group of isometries of dimension 4 admit, as a local canonical model,
the so called Bianchi–Cartan–Vranceanu spaces (shortly, BCV-spaces)

M3
m,� =

(
M̄ × R, g =

dx2 + dy2

[1 + m(x2 + y2)]2
+
[
dz +

�

2
ydx − xdy

1 + m(x2 + y2)

]2)
,

(4.1)

where M̄ = {(x, y) ∈ R
2 : 1 + m(x2 + y2) > 0}.

The space M3
m,� is the total space of the following Riemannian submer-

sion over a simply connected surface M2(4m) of constant curvature 4m, see
[11]:

π : M3
m,� −→ M2(4m) =

(
M̄, h =

dx2 + dy2

[1 + m(x2 + y2)]2

)
, π(x, y, z) = (x, y).

(4.2)

We point out that while in S
n(ρ) the letter ρ indicates the radius, in M2(4m),

H
2(4m) the real number within the brackets represents the sectional curva-

ture.
These BCV-spaces are also a local model for the Thurston eight 3-

dimensional geometries with the exception of the hyperbolic space H
3(m)

and Sol3. More precisely, we have the following cases:

(1) When � = m = 0, then M3
m,� is R

3;
(2) When �2 = 4m > 0, then M3

m,� is a local model of S3(1/
√

m);
(3) When � = 0 and m < 0, then M3

m,� is the product space H
2(4m) × R;

(4) When � = 0 and m > 0, then M3
m,� is the product space S

2( 1
2
√

m
) \

{∞} × R;
(5) When � �= 0 and m = 0, then M3

m,� is the Heisenberg space Nil3;
(6) When � �= 0 and m < 0, then M3

m,� is S̃L(2,R);
(7) When � �= 0, m > 0 and �2 �= 4m, then M3

m,� is a local model of SU(2)
with a Berger metric.

The aim of this section is to investigate the existence of r-harmonic
3-Frenet helices in BCV-spaces.
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We shall mainly focus on the case r ≥ 3 because the biharmonic case
was thoroughly investigated in [6,7].

We begin by introducing some basic preliminary facts. First, it is easy
to check that the vector fields

E1 = F
∂

∂x
− �y

2
∂

∂z
, E2 = F

∂

∂y
+

�x

2
∂

∂z
, E3 =

∂

∂z
,

where F = 1+m(x2 +y2), form a global orthonormal frame field. Moreover,

∇E1E1 = 2myE2, ∇E2E2 = 2mxE1,

∇E1E2 = −2myE1 +
�

2
E3, ∇E2E1 = −2mxE2 − �

2
E3,

∇E3E1 = ∇E1E3 = − �

2
E2, ∇E3E2 = ∇E2E3 =

�

2
E1,

all others ∇Ei
Ej = 0, i, j = 1, 2, 3.

(4.3)

The Riemannian curvature operator R of M3
m,� can be described as follows

(see [11], where the opposite sign convention for the curvature tensor is
adopted):

R(X,Y )Z =
(

4m − 3�2

4

)( − 〈X,Z〉Y + 〈Y,Z〉X) − (4m − �2)
(〈Y,E3〉〈Z,E3〉X + 〈Y,Z〉〈X,

E3〉E3 − 〈X,E3〉〈Z,E3〉Y − 〈X,Z〉〈Y,E3〉E3

)
. (4.4)

Then a simple computation gives the possible non-zero values of the sectional
curvatures:

R1212 = 〈R(E1, E2)E2, E1〉 = 4m − 3�2

4
,

R1313 = 〈R(E1, E3)E3, E1〉 =
�2

4
,

R2323 = 〈R(E2, E3)E3, E2〉 =
�2

4
.

(4.5)

Now, let γ : I → M3
m,� be a curve parametrized by the arc length s in a

BCV-space. Then, with respect to the orthonormal frame field {E1, E2, E3},

T = (T1, T2, T3) =
(

x′

F
,

y′

F
,

2z′ F + �(yx′ − xy′)
2F

)
.

Moreover, a computation based on (4.3) shows that, if V = (V1, V2, V3), we
have:

∇T V = (V ′
1 , V

′
2 , V

′
3) +

(
− 2myT1V2 + 2mxT2V2 +

�

2
(T2V3 + T3V2) ,

2myT1V1 − 2mxT2V1 − �

2
(T1V3 + T3V1) ,

�

2
(T1V2 − T2V1)

)
.
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As in the proof of Theorem 3.1, we can assume B = T ∧N . Now, using (4.5),
we compute:

R(T,N, T,N) = �2

4 + (4m − �2)B2
3

R(T,N, T,B) = −B3N3

(
4m − �2

)
R(B,N,N, T ) = T3B3

(
4m − �2

)
R(B,N,B, T ) = −N3T3

(
4m − �2

)
.

(4.6)

Next, a straightforward computation using Lemma 2.1, Corollary 1.8 and
(4.6) leads us to our first general result:

Proposition 4.1. Let γ be a 3-Frenet helix in a BCV-space M3
m,�. Then

τr(γ) = τr,NN + τr,BB, (4.7)

where

τr,N =
1
4
(
4B2

3

(
4m − �2

)
+ �2

) (
(r − 1)κ2 + τ2

)

+(r − 2)T3B3κτ
(
4m − �2

) − (
κ2 + τ2

)2
(4.8)

and

τr,B = −N3

(
4m − �2

) (
B3

(
κ2(r − 1) + τ2

)
+ (r − 2)T3κτ

)
. (4.9)

Now, the main objective of this section becomes the description of the
best applications of Proposition 4.1.

Since the case of space forms has been thoroughly discussed in [4], from
now on we shall restrict our attention to the case that 4m �= �2. First, we
establish the following important technical lemma:

Lemma 4.2. Let γ be a proper r-harmonic 3-Frenet helix in a BCV-space
M3

m,�, r ≥ 2, 4m �= �2. Then

(i) N3 ≡ 0 along γ.
(ii) Both T3 and B3 are constant along γ and B3 �= 0.

Proof of Lemma 4.2. Although the statement is similar to Lemma 3.4, the
proof is substantially different and so we include it.

(i) First, we observe that

B′
3 = ∇T B3 = ∇T 〈B,E3〉 = 〈∇T B,E3〉 + 〈B,∇T E3〉

= −τ N3 + 〈B,
�

2
T2E1 − �

2
T1E2〉 = −τ N3 +

�

2
N3

T ′
3 = ∇T T3 = ∇T 〈T,E3〉 = 〈∇T T,E3〉 + 〈T,∇T E3〉

= κN3 + 〈T,
�

2
T2E1 − �

2
T1E2〉 = κN3. (4.10)

We argue by contradiction and assume that N3 �= 0 on some open
interval. Since τr,B = 0, we deduce that

B3 = − κ(r − 2)τT3

(κ2(r − 1) + τ2)
. (4.11)
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Differentiating with respect to s and using (4.10) we deduce that(
−τ +

�

2

)
N3 = − κ2(r − 2)τ

(κ2(r − 1) + τ2)
N3.

Now, since N3 �= 0, we easily deduce that

� =
2τ

(
κ2 + τ2

)
κ2(r − 1) + τ2

. (4.12)

Finally, inserting (4.11) and (4.12) into (4.8) and simplifying we find

τr,N = −κ2(r − 1)
(
k2 + τ2

)2
κ2(r − 1) + τ2

.

Therefore, since this quantity cannot vanish, we conclude that there are no
solutions with N3 �= 0, as required to end part (i).

(ii) From (4.10) we have T ′
3 = κN3 and so the conclusion follows from

part (i). Finally, if N3 = B3 = 0 then T = E3 and γ would be a geodesic. �

Next, we prepare the ground to give explicit parametrizations of r-
harmonic 3-Frenet helices.

Let us assume that γ(s) = (x(s), y(s), z(s)) is a non-geodesic arc-length
parametrized curve immersed in a BCV-space M3

m,� with 4m �= �2 and sat-
isfying N3 = 0. Then, following the computations of [6, §5.2], we have that
there exists a constant αo ∈ (0, π) and a unique (up to an additive constant
2kπ) smooth function β such that we can assume that the Frenet frame field
along γ is given by⎧⎪⎨

⎪⎩
T (s) = sin αo cos β(s)E1 + sin αo sin β(s)E2 + cos αoE3,

N(s) = − sin β(s)E1 + cos β(s)E2,

B(s) = T (s) ∧ N(s) = − cos αo cos β(s)E1− cos αo sin β(s)E2+ sin αoE3.

(4.13)

Moreover, the curvature and the torsion of γ(s) are given by

κ(s) = ζ sin αo, (4.14)

τ(s) = ζ cos αo +
�

2
, (4.15)

where

ζ = |β′(s) + 2m sin αo [y cos β(s) − x sin β(s)] − � cos αo| > 0. (4.16)

We point out that in [6] the sign convention for τ is different because in [6]
the authors assumed

∇T B = τ N.

If we also require that γ(s) is a 3-Frenet helix, then ζ is constant. Fur-
thermore, substituting the expressions (4.14) and (4.15) in (4.8) we conclude
that any such a 3-Frenet helix is proper r-harmonic if and only if the constant
ζ is a positive root of the following polynomial of degree four:

P4(ζ) = 8ζ4 + 16� cos αoζ
3 +

[
cos(2α0)

(
16m(r − 1) − 3�2(r − 2)

)
−16m(r − 1) + �2(3r + 4)

]
ζ2

+2� cos αo

[
�2 − 2r(4m − �2) sin2 αo

]
ζ − 2�2

(
4m − �2

)
sin2 αo.
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(4.17)

4.1. The case m = 0
When m = 0 and � �= 0 the BCV-space M3

0,� represents the Heisenberg space
Nil3. More precisely, following the terminology of [11], Nil3 is R

3 endowed
with the metric (4.1) with m = 0. We point out that the standard metric
on Nil3 corresponds to the choice � = 1. In this case, the polynomial (4.17)
becomes

P4(ζ)|m=0 = 8ζ4 + 16� cos αoζ
3 − �2 [(3(r − 2) cos(2αo) − 3r − 4)] ζ2

+2�3 cos αo

[
1 + 2r sin2 αo

]
ζ + 2�4 sin2 αo (4.18)

while (4.16) reduces to

ζ = |β′(s) − � cos αo| . (4.19)

If β(s) = βo is constant, then cos αo = ±ζ/�. Replacing cos αo = −ζ/� in
(4.18) gives

−2
(
ζ2 − �2

) (
�2 + ζ2(r − 2)

)
.

In this case, the only positive root is ζ = |�| which is not acceptable as we
would have cos αo = ±1. When we use cos αo = ζ/� in (4.18) we obtain the
equation

2�4
(

ζ4

�4
(18 − 5r) +

ζ2

�2
(5r − 1) + 1

)
= 0.

Then a routine analysis shows that, for any r ≥ 2, there exists no acceptable
solution.

The other possible case occurs when β(s) is a non constant solution of
(4.19), i.e.,

β(s) = (±ζ + � cos αo)s + c (4.20)

where c ∈ R is an integration constant. In this case, we already know that
proper biharmonic 3-Frenet helices do exist (see [6,7]). Here we extend this
result to the case r ≥ 3. More precisely, we prove the following existence
result for proper r-harmonic helices into the Heisenberg space:

Theorem 4.3. Let � �= 0, r ≥ 2. Then there exists a proper r-harmonic 3-
Frenet helix γ : R → M3

0,�. The Frenet field of γ is as in (4.13), where β(s)
is a non constant function of the type (4.20).

Proof. We assume � > 0 (the case � < 0 is analogous). We set y = ζ/� and
rewrite the polynomial P4(ζ)|m=0 in (4.18) as follows:

�4 P (y),

where

P (y) = 8y4 + 16 cos αoy
3 − [(3(r − 2) cos(2αo) − 3r − 4)] y2

+2 cos αo

[
1 + 2r sin2 αo

]
y + 2 sin2 αo.

Then, to complete the proof, it is sufficient to show that for all r ≥ 2 there
exists 0 < α0 < π such that P (y) admits a positive root. To this purpose we
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observe that limy→+∞ P (y) = +∞ and P (0) > 0. Then it is enough to show
that there exists 0 < α0 < π such that P (1/2) < 0 for all r ≥ 2. Now

P (1/2) = cos2
(α0

2

) ( − 2r cos(2α0) + (r + 2) cos(α0) + r + 4
)
.

A direct inspection shows that, for any fixed r ≥ 2, the equation

−2r cos(2α0) + (r + 2) cos(α0) + r + 4 = 0

has a unique solution α∗ ∈ (0, π) given by

cos(α∗) = −
√

49r2 + 68r + 4 − r − 2
8r

∈
(

−1,−3
4

)
.

Finally, a routine analysis now shows that, if α∗ < α0 < π, then we have
P (1/2) < 0 as required to end the proof. �

Remark 4.4. The explicit parametrization of a curve γ as in Theorem 4.3 can
be easily obtained by direct integration of T (s) (see [7, Theorem 3]).

4.2. The case m �= 0
When m �= 0, the parametrizations of 3-Frenet helices in M3

m,� satisfying
N3 = 0 was obtained in [6, Theorem 5.6]. More precisely, they proved:

Theorem 4.5. [6] Suppose that γ(s) is an arc-length parametrized 3-Frenet
helix in a BCV-space M3

m,� with 4m �= �2 and m �= 0 satisfying N3 = 0. Then
the parametrization of γ(s) is of one of the following three types:
Type I ⎧⎪⎨

⎪⎩
x(s) = μ sin αo sin β(s) + c1,

y(s) = −μ sin αo cos β(s) + c2,

z(s) = �
4mβ(s) + 1

4m

([
4m − �2

]
cos αo − �ζ

)
s,

where μ > 0 and c1, c2 are constants satisfying

c21 + c22 =
μ

m

([
� cos αo + ζ − 1

μ

]
+ mμ sin2 αo

)

and β(s) is a nonconstant solution of

β′ = c1 sinβ − c2 cos β + 2mμ sin2 αo + ζ + � cos αo.

Type II If β(s) = βo is a constant such that sin βo cos βo �= 0,⎧⎪⎨
⎪⎩

x(s) = x(s),
y(s) = x(s) tan βo + c1,

z(s) = 1
4m

([
4m − �2

]
cos αo − �ζ

)
s + c2,

where c2 ∈ R, the constant c1 is given by

c1 =
ζ + � cos αo

2m sin αo cos βo

and x(s) is a solution of the ordinary differential equation

x′(s) =
(
1 + m

[
x2(s) + (x(s) tan βo + c1)

2
])

sinαo cos βo.
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Type III Let β(s) = βo be a constant satisfying sin βo cos βo = 0. Here we
describe the case that β0 = π/2, the case β0 = 0 is similar up to
interchanging the roles of x and y:⎧⎪⎨

⎪⎩
x(s) = xo = − ζ+� cosαo

2m sinαo
,

y(s) = y(s),
z(s) = 1

4m

([
4m − �2

]
cos αo − �ζ

)
s + c1

for a constant c1 ∈ R and where y(s) is a solution of the ordinary
differential equation

(y′(s))2 =
(
1 + m

[
x2

o + y2(s)
])2

sin2 αo. (4.21)

Now we are in the right position to summarize our analysis in the fol-
lowing result:

Theorem 4.6. Let r ≥ 2, 4m �= �2, m �= 0 and assume that ζ is a positive
root of the polynomial (4.17). Then

(i) any 3-Frenet helix as in Theorem 4.5 is proper r-harmonic in M3
m,�;

(ii) conversely, any proper r-harmonic 3-Frenet helix in M3
m,� is of this

form.

Proof. The first statement is a consequence of Proposition 4.1 and the sub-
sequent above derivation of the polynomial P4(ζ) in (4.17).

The converse follows readily from Lemma 4.2 and Theorem 4.5. �

We point out that, despite Theorem 4.6, an explicit description of all
the r-harmonic 3-Frenet helices in the case 4m �= �2 and m �= 0 is not an easy
task. The difficulty is to understand when, given m �= 0, � and r ≥ 2, there
exists an angle 0 < α0 < π such that the polynomial P4(ζ) defined in (4.17)
admits a positive root.

A simple case occurs when the BCV-space is a product. More precisely,
in the case � = 0 the polynomial (4.17) becomes:

P4(ζ)|�=0= 8ζ2
[
ζ2 − 4 m(r − 1) sin2 α0

]
.

Then it is immediate to deduce the following corollary:

Corollary 4.7. (i) Let m < 0, r ≥ 2. Then there exists no proper r-harmonic
3-Frenet helix in H

2(4m) × R.
(ii) Let m > 0, r ≥ 2. Then there exist proper r-harmonic 3-Frenet helices

of Types I, II and III in S
2( 1

2
√

m
) × R.

Remark 4.8. The cases r = 2, 3 of Theorem 4.6 were obtained in [6,22] re-
spectively.

We also point out here that it was proved in [6] that any biharmonic
curve into the product space H

2(4m) × R is a geodesic, and it was deduced
in [22] that there exists no proper triharmonic helix in H

2(4m) × R.

Another consequence of Theorem 4.6 is the following:
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Corollary 4.9. Assume that � �= 0 and 4m − �2 > 0. Let r ≥ 2. Then there
exist proper r-harmonic 3-Frenet helices in M3

m,� of Types I, II, III as in
Theorem 4.5.

Proof. It suffices to observe that under the assumptions of this corollary the
polynomial P4(ζ) in (4.17) satisfies P4(0) < 0 and limζ→+∞ P4(ζ) = +∞.
Then P4(ζ) admits a positive root in all these cases. �

Remark 4.10. We carried out some numerical studies which showed the ex-
istence of proper r-harmonic 3-Frenet helices in M3

m,� also in the case that
4m−�2 < 0. For instance, using an argument similar to the proof of Theorem
4.3, we found existence when m = 1/4, � = 2, and also when m = −1, � = 1.
Since these arguments have a rather technical nature and do not open any
new interesting path we omit further details.

5. r-Harmonic Full n-Frenet Helices in S
m

In Theorem 1.10 we obtained a non-existence result for full, r-harmonic n-
Frenet curves in S

m, m ≥ n, under the assumption n ≥ 2r.
In this section, we shall show that the hypothesis n ≥ 2r can be weak-

ened if we assume that the curve is a helix. In this case, the proof of non-
existence becomes equivalent to the fact that a system of polynomial equa-
tions admits no acceptable solution. To achieve this, in some cases we shall
use the notion of a Groebner basis.

To describe in detail the general situation, let us first recall that the
cases n = 3, r ≥ 2 have been fully understood in Theorem 1.1 and Corollary
1.4 of [4]. Also the case n = 2 is completely understood. Indeed, the full, r-
harmonic 2-Frenet helices in S

m are determined by the condition κ2 = r − 1
and are the well-known circles of radius R = 1/

√
r (see [24] and references

therein).
By way of summary, the open cases are n ≥ 4, r ≥ 3, n < 2r.
Our first result in this context is non-existence for the triharmonic case.

Indeed,

Theorem 5.1. Let γ be a full n-Frenet helix in S
m, m ≥ n ≥ 4. Then γ cannot

be triharmonic.

Proof. First, we observe that according to the previous discussion the open
cases are n = 4 and n = 5.

Now, a simple computation shows that, for all � ≥ 0, we can write

∇�
T T =

n∑
j=1

b[�, j]Fj (5.1)

where the coefficients b[�, j] are defined recursively as follows:

b[0, j] = δ1j ; b[�, j] = κj−1 b[� − 1, j − 1] − κj b[� − 1, j + 1]

with boundary conditions κ0 = κ−1 = κn = 0. Using this expression of ∇�
T T

and (2.4) we can easily compute the tension field τr(γ) as prescribed by (1.2).
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We study the two cases separately.
Case n = 4:
The components of τ3(γ) with respect to the base {F1, . . . , F4} are(

0, κ1

[
κ4
1 + 2κ2

1(−1 + κ2
2) + κ2

2(−1 + κ2
2 + κ2

3)
]
, 0, −κ1κ2κ3(−1 + κ2

1 + κ2
2 + κ2

3)
)

.

Thus the condition of triharmonicity is equivalent to the following polynomial
system: ⎧⎨

⎩
(i) κ4

1 + 2κ2
1(−1 + κ2

2) + κ2
2(−1 + κ2

2 + κ2
3) = 0

(ii) κ2
1 + κ2

2 + κ2
3 = 1.

(5.2)

Now, using (5.2)(ii) into (5.2)(i) and simplifying we obtain:(
1 + κ2

3

) (−1 + κ2
2 + κ2

3

)
= 0.

Since κ1 > 0, the last equation is not compatible with (5.2)(ii) and so this
case is ended. Case n = 5:

In this case, the condition of triharmonicity is equivalent to the following
polynomial system:⎧⎨

⎩
(i) κ4

1 + 2κ2
1(−1 + κ2

2) + κ2
2(−1 + κ2

2 + κ2
3) = 0

(ii) κ2
1 + κ2

2 + κ2
3 + κ2

4 = 1.
(5.3)

Next, to simplify the notation, we write

x = κ2
1, y = κ2

2, z = κ2
3, t = κ2

4.

Then our system (5.3) becomes:⎧⎨
⎩

(i) x2 + 2x(−1 + y) + y(−1 + y + z) = 0

(ii) x + y + z + t = 1.
(5.4)

Now, from (5.4)(i) we deduce

z =
−x2 − 2xy + 2x − y2 + y

y
. (5.5)

Using this condition in (5.4)(ii) we find

−ty + x2 + x(y − 2) = 0.

Now, if t = x, we have an immediate contradiction. If t �= x, then

y =
x2 − 2x

t − x
(5.6)

which, from (5.5), gives

z =
−t2 + t + x

t − x
. (5.7)

Finally, we show that (5.6) and (5.7) lead us to a contradiction. Indeed,
y > 0 implies t < x from (5.6). But t < x and (5.7) easily imply z < 0, a
contradiction and so the proof is completed. �
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Using the explicit expression of τrγ which can always be computed using
(5.1) and (2.4) it is possible to investigate any instance which falls into the
range of the remaining cases of interest, i.e., n ≥ 4, r ≥ 4, n < 2r.

A natural next step forward would be to attack the case of full, r-
harmonic 4-Frenet helices when r ≥ 4.

Here the computational complexity rapidly increases with r and we
propose a method of proof which uses the notion of a Groebner basis (see [2])
and enables us to solve the cases where r = 4, 5. More precisely, we obtain
the following non-existence result:

Theorem 5.2. Let γ be a full 4-Frenet helix in S
m, m ≥ 4. Then γ cannot be

r-harmonic, r = 4, 5.

Proof. We examine the two cases separately.
Case r = 4:
A computation shows that the components of τ4(γ) with respect to the

Frenet field {F1, . . . , F4} are(
0, κ1 P1(κ1, κ2, κ3), 0, κ1κ2κ3P2(κ1, κ2, κ3)

)
.

where
P1(κ1, κ2, κ3) = −κ6

1 − 3
(
κ2
2 − 1

)
κ4
1 + κ2

2

(−3κ2
2 − 2κ2

3 + 4
)
κ2
1

+ κ2
2

(−κ4
2 +

(
1 − 2κ2

3

)
κ2
2 − κ4

3 + κ2
3

)
and

P2(κ1, κ2, κ3) =
(
κ4
1 +

(
2κ2

2 + κ2
3 − 2

)
κ2
1 + κ4

2 + κ2
3

(
κ2
3 − 1

)
+ κ2

2

(
2κ2

3 − 1
))

.

We have to show that the polynomial system of equations

P1(κ1, κ2, κ3) = 0, P2(κ1, κ2, κ3) = 0

admits no solution with κi > 0, i = 1, 2, 3.
It is convenient to introduce an auxiliary polynomial

P3(κ1, κ2, κ3) = κ2
1 + κ2

2 + κ2
3 − c,

where c > 0 is a real constant. Now, the idea of the proof is the following (see
[2]). We consider the ideal I = 〈P1, P2, P3〉 of C[κ1, κ2, κ3] generated by the
polynomials Pi, i = 1, 2, 3. The associated algebraic variety can be described
by means of a Groebner basis of the ideal I. It follows that the solutions of
the polynomial system

P1(κ1, κ2, κ3) = 0, P2(κ1, κ2, κ3) = 0, P3(κ1, κ2, κ3) = 0

correspond to the common zeroes of the elements of a Groebner basis of the
ideal I. Next, the MathematicaR© code

GroebnerBasis[{P1[κ1, κ2, κ3], P2[κ1, κ2, κ3],
P3[κ1, κ2, κ3]}, {κ1, κ2, κ3}]//FullSimplify

gives a convenient, simplified Groebner basis GB of I. The outcome is:

GB =
{
(c − 1)c

(
(c − 2)κ2

3 + c
)
, 2

(
κ2
2 + κ2

3

)
−c((c − 3)c + 4), (c − 2)(c − 1)c + 2κ2

1

}
.
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By way of summary, it remains to prove that, for all c > 0, the system⎧⎨
⎩

(i) c(c − 1)
(
(c − 2)κ2

3 + c
)

= 0
(ii) 2

(
κ2
2 + κ2

3

) − c((c − 3)c + 4) = 0
(iii) c(c − 2)(c − 1) + 2κ2

1 = 0
(5.8)

admits no solution with κi > 0, i = 1, 2, 3. From equation (5.8)(iii) we deduce
that necessarily 1 < c < 2. Next, from equation (5.8)(i) we infer

κ2
3 =

c

(2 − c)
.

Substituting this condition into (5.8)(ii) we find:

c(c − 1)((c − 4)c + 6)
(2 − c)

+ 2κ2
2 = 0.

This is a contradiction since it is easy to check that

c(c − 1)((c − 4)c + 6)
(2 − c)

is positive when 1 < c < 2, so ending the proof of the case r = 4.
Case r = 5:
The scheme of the proof is identical to that of the previous case. Now

we have:

P1(κ1, κ2, κ3) = κ8
1 + 4

(
κ2
2 − 1

)
κ6
1 + κ2

2

(
κ2
2 + κ2

3 − 1
) (

κ2
2 + κ2

3

)2
+ 3κ2

2

(
2κ2

2 + κ2
3 − 3

)
κ4
1 + 2

(
2κ6

2 + 3
(
κ2
3 − 1

)
κ4
2

+κ2
3

(
κ2
3 − 2

)
κ2
2

)
κ2
1

and

P2(κ1, κ2, κ3) = κ6
1 +

(
3κ2

2 + κ2
3 − 3

)
κ4
1 +

(
κ2
2 + κ2

3 − 1
) (

κ2
2 + κ2

3

)2
+ κ2

1

(
3κ4

2 + 4
(
κ2
3 − 1

)
κ2
2 + κ2

3

(
κ2
3 − 2

))
.

Next, after computation of a Groebner basis, we find that system (5.8) here
takes the following form:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(i) (c − 1)
(
2c2 + (c − 4)(c − 1)κ4

3 + 2(c − 2)cκ2
3

)
= 0

(ii) 2(c − 2)κ2
2 − c(c(c − 6) + 7)κ2

3 − c
(
c2 + c − 4

)
= 0

(iii) c
(
2((c − 1)c − 1)κ2

2 − c(c + 1)
(
c2 + c − 3

))
+

−κ2
3

(
c5 − 5c4 + 2c3 + 2c2 + 4c − 2κ2

2

)
+ 2κ4

3 = 0
(iv) 4c2 + 9c3 − 10c4 + c5 + 8cκ2

2 − 8c2κ2
2+

−8κ4
2 + 4cκ4

2 − (4c4 − 20c3 + 16c2 + 8c)κ2
3 − 4(−2 + c)κ4

3 = 0
(v) κ2

1 + κ2
2 + κ2

3 − c = 0.

(5.9)

Then it remains to show that, for all c > 0, this system admits no
solution with κi > 0, i = 1, 2, 3.

First, it is easy to check that there is no admissible solution if c = 1.
Therefore, from now on, we assume that c �= 1. Then, from equation (5.9)(i)
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we find

κ2
3 =

2c − c2

(c − 1)(c − 4)
−
√

−c4 + 6c3 − 4c2

(c − 1)2(c − 4)2
if 3 −

√
5 < c < 1, (5.10)

or

κ2
3 =

2c − c2

(c − 1)(c − 4)
+

√
−c4 + 6c3 − 4c2

(c − 1)2(c − 4)2
if 3 −

√
5 < c < 1 or 1 < c < 4.

(5.11)

First, we analyse case (5.10). Replacing this value of κ2
3 into (5.9)(ii) we

deduce

κ2
2 =

c(c − 4)(c − 1)
(
c2 + c − 4

)
+ ((c − 6)c3 + 7c2)

(
2 − c − √−c2 + 6c − 4

)
2(c − 1)(c − 2)(c − 4)

.

(5.12)

Next, inserting (5.12) and (5.10) into (5.9)(v) we obtain:

g(c) + κ2
1 = 0,

where

g(c) =
c(c − 1)

(
2 − √−c2 + 6c − 4

)
2(c − 2)

.

Finally, a straightforward analysis shows that the function g(c) is nonnegative
on the interval 3 − √

5 < c < 1 and this ends the proof in the case (5.10).
The case (5.11) is similar and so we omit the details. �

6. Appendix

In this paper, we focused on the study of r-harmonic helices. A natural,
related general question is:

Problem 6.1. Let γ be an arc length parametrized proper r-harmonic curve
in a Riemannian manifold (M, g). Under which assumptions is γ necessarily
a helix?

We know that in general the answer is negative, as shown in Proposi-
tion 3.3 of [22], where the authors proved the existence of a triharmonic curve
with non constant curvature and torsion in a surface. If the dimension of the
ambient space M is greater than 2 also partial answers would be interesting
and the problem is open even in the case that M = S

m.
In this appendix we discuss briefly some related results.
First, we recall the following fact which derives from the explicit analysis

of the tangential component of the 3-tension field τ3(γ):
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Proposition 6.2 [22]. Let γ be an arc length parametrized proper triharmonic
curve in a 3-dimensional Riemannian manifold (M3, g). Then

2
d

ds

(
k(s)2k′′(s)

)
= k(s)

d

ds

(
k(s)2

[
k(s)2 + τ(s)2

] )
. (6.1)

As an immediate corollary, we conclude that if k(s) is a constant, then
also τ(s) ≡ τo ∈ R.

As a partial converse, in [22] the authors obtained:

Proposition 6.3 [22]. Let γ be an arc length parametrized proper triharmonic
curve in a 3-dimensional BCV-space M3

m,�, 4m �= �2. If τ(s) ≡ 0, then k(s)
is constant.

The proof of this proposition was only rapidly sketched in [22] and
some conclusions, although correct, do not follow directly from the arguments
indicated. Therefore, we take this opportunity to insert here the missing
details. A further motivation to write down this proof lies in the fact that an
adaptation of this method will enable us to obtain a stronger conclusion in
the case that the ambient space is S

m. More precisely, we shall prove:

Proposition 6.4. Let γ be an arc length parametrized proper triharmonic 3-
Frenet curve in S

m, m ≥ 3. If τ(s) ≡ τo ∈ R, then k(s) is constant.

Proof of Proposition 6.3. By assumption, τ(s) ≡ 0. The condition τ3(γ) =
0, where τ3(γ) is given in (1.2), can be expressed by the vanishing of the
components of τ3(γ) with respect to the base {T,N,B}. By a straightforward
computation, taking into account (3.8), we thus obtain that γ is triharmonic
if and only if
⎧⎪⎨
⎪⎩

−k(3)k + 2k3k′ − 2k′k′′ = 0
4k(4) +

(
16mB2

3 − �2
(
4B2

3 − 1
))

(k′′ − 2k3) − 40k2k′′ − 60kk′2 + 4k5 = 0
N3B3

(
4m − �2

) (
2k3 − k′′) = 0.

(6.2)

Now, let us first examine the component of τ3(γ) along B, that is the third
equation of (6.2). We assume that N3B3 �= 0 near some point s0. Then, in
this open set we must have

k′′ = 2k3.

Inserting this condition into the first equation of (6.2) it is easy to deduce
that

−8k3k′ = 0

and so k(s) must be a constant. Therefore, it remains to analyse the case that
N3B3 = 0 along γ. First, let us assume that N3 = 0. Then it follows from
(4.10) that B3 is constant. Next, using the prime integral (6.1), performing
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a further integration and the necessary replacements, it is easy to deduce:

k′ =

√
k4

5
− 2c1

k
+ c2

k′′ =
2k3

5
+

c1
k2

k(3) =
6
5
k′k2 − 2c1k

′

k3
=

2
(
3k5 − 5c − 1

)√
k4

5 − 2c1
k + c2

5k3

k(4) =
6c1k

′2

k4
− 2c1k

′′

k3
+

12
5

k′2k +
6
5
k′′k2

=
2
(
2k5 + 5c1

)(
6k5 + 15c2k − 35c1

)
25k5

(6.3)

where c1, c2 are integration constants. To be precise, we point out that also
the case

k′ = −
√

k4

5
− 2c1

k
+ c2

could occur, but all that follows would work analogously and so we just
describe the case (6.3). Finally, we insert all the expressions (6.3) in the
normal component of τ3(γ), that is the second equation of (6.2). Performing
the necessary simplifications we deduce that

126
25

k10 − 1
20

(
4B2

3

(
�2 + 4m

) − �2
)
(8k8 − 5c1k

3)

+
63
5

c2k
6 − 84

5
c1k

5 − 6c1c2k + 14c21 = 0.

It follows that k(s) is a root of a not identically zero polynomial with constant
coefficients and so k(s) is constant, as required. If B3 = 0, then B3 is a
constant and so the end of the proof is the same. �

Proof of Proposition 6.4. By assumption, τ(s) ≡ τo. Then a straightforward
computation shows that the vanishing of the components of τ3(γ) with respect
to the base {T,N,B} is equivalent to the following system:

⎧⎪⎪⎨
⎪⎪⎩

2k3k′ + k
(
τ2
o k′ − k(3)

)
− 2k′k′′ = 0

k(4)+
(
1 − 6τ2

o

)
k′′−10k2k′′+k

(
−15k′2+τ4

o − τ2
o

)
+2

(
τ2
o − 1

)
k3+k5 = 0

4τok
(3) + τo

( − 9k2 − 4τ2
o + 2

)
k′ = 0.

(6.4)
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Next, we use again the prime integral (6.1) and derive the analogous of (6.3)
in this context:

k′ =

√
k4

5
+

1
3
τ2
o k2 − 2c1

k
+ c2

k′′ =
c1
k2

+
1
3
τ2
o k +

2k3

5

k(3) =

(
18k5 + 5τ2

o k3 − 30c1
)√

k4

5 + 1
3τ2

o k2 − 2c1
k + c2

15k3

k(4) =
24k5

25
+

4
3
τ2
o k3 +

(
12c2

5
+

τ4
o

9

)
k − 14c21

k5
+

6c1c2
k4

+
5c1τ

2
o

3k2
− 16c1

5

(6.5)

where c1, c2 are integration constants. Finally, we insert all the expressions
(6.5) in the second equation of (6.4). Performing the necessary simplifications
we deduce that

126

25
k10 +

37τ2
o + 8

5
k8 +

567c2 + 40τ4
o + 30τ2

o

45
k6 − 84

5
c1k

5

− 3c1 − 13c1τ
2
o

3
k3 − 6c1c2k + 14c21 = 0.

Therefore, k(s) is a root of a not identically zero polynomial with constant
coefficients and so k(s) is constant, as required to end the proof. �
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