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Abstract

We study a Dirichlet problem driven by the (degenerate or singular) fractional p-Laplacian
and involving a (p — 1)-superlinear reaction at infinity, not necessarily satisfying the
Ambrosetti-Rabinowitz condition. Using critical point theory, truncation, and Morse the-
ory, we prove the existence of at least three nontrivial solutions to the problem.
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1 Introduction and main result

In this paper we study a nonlinear partial differential equation of fractional order, coupled
with a nonlocal Dirichlet condition:

(=A),u= f(x,u) mQ (1.1
u=20 in °€.

The data of (1.1) are as follows: 2 C RN (N > 2) is a bounded domain with C!-!-

smooth boundary 92, p > lands € (0,1) arereal s.t. ps < N,and f : Q xR - R

is a Carathéodory mapping with (p — 1)-superlinear growth. The leading operator is the
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s-fractional p-Laplacian, heuristically defined for all u : R¥ — R smooth enough by

(—A),u(x) =2 fim | (x) — u(¥)|P*(u(x) — u(y)) dy.

e=0+ Jpe(x) lx — y|Ntps
Nonlinear elliptic equations with superlinear reactions represent a challenging subject in
nonlinear analysis, because the corresponding energy functional is unbounded from below,
hence one cannot find solutions by the direct method of the calculus of variations. Minimiza-
tion is then replaced by convenient min-max schemes, according to the general definition of
[29], which often lead to multiplicity results.

The study of superlinear equations started with [ 1], where existence of fwo nontrivial solutions
was proved via the mountain pass theorem for a semilinear elliptic equation whose reaction
is superlinear at infinity and satisfies the Ambrosetti—-Rabinowitz condition, while infinitely
many solutions appear if the reaction is odd, thanks to the symmetric mountain pass theorem.
Later, in [32] the existence of three nontrivial solutions (with sign information) was shown
under the same hypotheses via the application of Morse theory for C?-functionals and the
separate study of truncated reactions. No symmetry conditions were involved.

Since then, a vast literature has developed on superlinear problems, using a number of vari-
ational techniques to prove multiplicity results. For short, we only list some results related
to fractional order equations: [2, 7, 15] deal with odd superlinear reactions, [10, 18, 27,
33-35] with superlinear reactions at infinity without symmetry conditions (on the contrary,
asymmetric behaviors are sometimes exploited to prove multiplicity), and [3, 12] consider
problems with critical growth, which are a special case of superlinear problems. In particular,
[10, Theorem 4.3] is a formal analogue of the fine result of [32] for the fractional Laplacian
(p=2).

The aim of the present paper is to extend the result of [32] (and henceforth of [10]) to the
case of the fractional p-Laplacian, with any p > 1. Before presenting the precise statement
of our main result, let us briefly revise the theoretical framework of variational methods
applied to fractional elliptic equations (see [25] for a general introduction). When compared
to classical elliptic boundary value problems, fractional problems present a very similar
variational structure, with the fractional Sobolev space Wos 7(Q) replacing Wol’p () (see [9,
23]). The most significant differences occur in regularity of solutions (especially boundary
regularity) and maximum-comparison principles:

(a) While fairly regular in the interior of the domain, weak solutions to fractional Dirichlet
problems may fail to be differentiable at the boundary (see [30] for the linear case),
hence boundary regularity for this kind of problems cannot aim at a C!*%-regularity
like in the case of the p-Laplacian (see [24]). Nevertheless, such property is effectively
replaced by a form of fine (or weighted) boundary regularity, namely, whenever u
solves (1.1), the quotient u/dg, (x) (do denoting the distance from the boundary) is
Holder continuous up to the boundary. This result was proved in [19] for all p > 1.
See also the recent contributions [5, 11] for interior regularity.

(b) The strong maximum and comparison principles are, surprisingly, easier to obtain
in the fractional case with respect to the classical p-Laplacian (see [16, 31]). For
instance, it is proved in [21] that any non-negative, non-zero solution of (1.1) lies
in the interior of the positive order cone of a convenient weighted space C?(ﬁ),
incorporating a fractional version of Hopf’s boundary point property. Note that no
integral condition is imposed to control the behavior of the reaction near the origin,
as was the case for the classical p-Laplacian, see [31]. This, in turn, leads to the
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comparison between local minimizers of the energy functional in the topologies of
Wos’p (R2) and CS(Q), which can be proved to coincide, see [20, 22].

The issues above are especially relevant in the study of problem (1.1) with (p — 1)-superlinear
reactions. In order to distinguish positive, negative, and general solutions we introduce several
truncations of the reaction and we need to separate the critical points of the correspond-
ing truncated energy functionals. This is possible through a delicate interplay between the
W(‘; P (Q) and C? (Q2)-topologies, respectively, and making essential use of the recent results
on regularity and maximum principles for the fractional p-Laplacian.

We will study problem (1.1) under the following hypotheses (where we denote p} =
Np/(N — ps) the fractional Sobolev exponent):

H. f:Q xR — Ris a Carathéodory mapping, we set for all (x,7) € @ x R

t
F(x,t) = / f(x,t)dr,
0
and assume that the following conditions are satisfied:
(i) thereexistco > 0,7 € (p, p¥)s.t.forae.x € Qandallt e R
|f 0l < col+ e,

(i7) uniformly for a.e. x € Q2
F(x,t) _

1m
[t|>o0 [t|P

(iii) there exists g € (%(r — p). p}) s.t. uniformly for a.e. x € Q

. fe D= pF(x, 1)
lim inf >

|t]— 00 [t|4

(iv) uniformly for a.e. x € Q2
fan

1m =
1—0 |t|P~2t

Our result is the following:

Theorem 1.1 Let H hold. Then, problem (1.1) has at least three nontrivial solutions, u4+ > 0,
u_ <0,andu #0.

For a precise definition of solution we refer to Sect. 2 below. We note that hypotheses H (i7)
(iv) agree with a (p — 1)-superlinear behavior of f both at infinity and at the origin, while
H (iii) is a generalization of the Ambrosetti-Rabinowitz condition, first introduced in [8]
for semilinear elliptic equations. The latter is essential, along with the subcritical growth
condition (i), to ensure that the energy functional of problem (1.1) satisfies the Cerami
compactness condition at any level. Again, no symmetry condition is required.

The proof of Theorem 1.1 is naturally splitin two parts. In the first part, we detect the constant
sign solutions u 4, by applying the mountain pass theorem to convenient truncations of the
energy functional: in this argument we make a major use of the aforementioned results from
[20, 21]. In the second part, we seek a third solution & # 0 arguing by contradiction and
computing all critical groups at u, at the origin, and at infinity, respectively, of the energy
functional: this method is an adaptation of [32] to the generalized C!-Morse theory displayed
in [26]. We remark that this is the first result of this type for fractional p-Laplacian equations
including the singular case (1 < p < 2).
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Example 1.2 Fix g € (p, p¥) and set forall r € R

f@)=t197%,

then it is easily seen that the (autonomous) mapping f € C(R) satisfies H (with r = ¢), and
it also satisfies the classical Ambrosetti—-Rabinowitz condition. Alternatively, we may set for
allt e R

0 ift=0

217 .
F(t) = 71n|t| if0 < |t <1

—ln|t| if |t] > 1
q

So F € C'(R) and f = F’ satisfies H (with any r € (g, p¥)), but it does not satisfy the
Ambrosetti-Rabinowitz condition. Both reactions considered here are odd, but one can easily
think of different mappings without symmetries.

The structure of the paper is the following: in Sect. 2 we recall some preliminary results on
the Dirichlet problem for the fractional p-Laplacian (Sect. 2.1) and general Morse theory
(Sect. 2.2); in Sect. 3 we deal with constant sign solutions; and in Sect. 4 we prove existence
of the third nontrivial solution.

Notations. Throughout the paper, for any & C RY we shall set ¢ = RV \ Q and denote
by |2| the N-dimensional Lebesgue measure of 2. For any two measurable functions u, v :
Q — R, u < vin Q will mean that u(x) < v(x) for a.e. x € Q (and similar expressions).
The positive (resp., negative) part of u is denoted u™ (resp., u ™). If X is an ordered Banach
space, then X, will denote its non-negative order cone and B, (x), B, (x), 3B, (x) will be
the open ball, the closed ball, and the sphere, respectively, centered at x with radius » > 0.
For all r € [1, 00], || - ||, denotes the standard norm of L’ () (or L"(R"), which will be
clear from the context). Every function u defined in 2 will be identified with its 0-extension
to RY. Moreover, C will denote a positive constant (whose value may change case by case).

2 Preliminaries

For the reader’s convenience, we collect here some known definitions and results that will
be used in the forthcoming arguments.

2.1 The Dirichlet problem for the fractional p-Laplacian

First we recall some notions on the Dirichlet problem (1.1), referring to [9, 23, 28] for
a detailed account. Let p, s be as in Sect. 1. For all open Q2 < RY and all measurable
u : Q — R we define the Gagliardo seminorm

lu(x) — u(y)|? 7
- d d] .
“ls.p = //QQ o — y Vs

We define the fractional Sobolev space

WHP(Q) = {u € LP(Q) : [uls,p0 < oo}

@ Springer



Partial Differential Equations and Applications (2025) 6:16 Page 5 of 20 16

Let now 2 be as in Sect. 1. The space
Wyl () = fue WHPRY) : u=0in Q)

is a uniformly convex, separable Banach space with norm ||ul|s,, = [ul;, p,rv and dual space
WP (Q) = (WyP(2))*. The space W;'” () is continuously embedded into L9 (£2) for
all ¢ € [1, p}] and compactly embedded into L (2) forall g € [1, p¥). We will also use the
following topological vector space:

p—1
®RNY: u e WSP(U) for some U 3 Q, / lu ()l

WP (Q) = {u eL? B ki
) RN (1 + [x)N+Ps

loc )C<OO}.

The s-fractional p-Laplacian can be defined as a continuous operator (—A); S WP (Q) —
WP (Q) by setting for all u € W*P (), ¢ € WyP ()

_ -2 _ _
(=AY, u, g) = /f [u(x) —u(IP™=Wwx) —u()(@x) —o(y)) dx dy.
RN xRN

|x_y|N+ps

Such definition agrees with the one given in Sect. 1 for p > 2 and u smooth enough. The
operator (—A)j7 is strictly 7-monotone [21, Proposition 2.1]. We are more interested in the

restricted operator to the subspace Wg P(Q) C WP (Q):

Proposition 2.1 [14, Lemma 2.1] [18, Lemma 2.1] The operator (—A)jJ : Wg’p(Q) —

WP (Q) is continuous, the gradient of u +— ||u||ﬁp/p, and of type (S) 4+, i.e., whenever
. s,p
up,—u in Wy (2) and
lim sup ((—A);7 Up, up —u) <0,

n

then u, — u in Wy'" (). Finally, for allu € Wy ()
=15 < ((—A)} u, +u™).

We consider now problem (1.1) under the following, more general hypothesis (equivalent to

H (i)):

Hy. f: Q xR — Ris a Carathéodory mapping, and there exist co > 0, r € (p, p¥) s.t.
forae.x € Qandallr € R

If (e, )] < eo(l+ |21,

We introduce the notions of weak (super, sub-) solutions:

Definition 2.2 We say that u € VT”’”(Q) is a (weak) supersolution of (1.1) if u > 0 in Q¢
and for all ¢ € Wy'"(Q)4

(aru0) > [ foupds
Q
Similarly, u € W* () is a subsolution of (1.1) if u < 0 in Q¢ and for all ¢ € Wy'¥ (@)

((—A)‘;,u,go)ifgf(x,u)godx.

Finally, we say that u is a solution of (1.1) if u is both a supersolution and a subsolution.
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Equivalently, u € Wy'”(2) solves (1.1) if for all ¢ € Wy'" ()

(=80 = [ s @

The notions of super- and subsolutions given in Definition 2.2 above (borrowed from [28])
are not the most general ones. Indeed, the space W*”(£2) may be replaced with suitable

subspaces of L] .(R") (see for instance [4]).

We next recall some qualitative properties of solutions, starting with a priori bounds:

Proposition 2.3 [20, Proposition 2.3] Let Hy hold, u € Wy'" () be a solution of (1.1).
Then, u € L*(2) with ||lulls < C, for some C = C(|lulls,,) > 0.

While solutions of nonlocal problems are in general very regular in the interior, they fail to be
smooth up to the boundary. An effective substitute for higher boundary regularity is a form
of weighted Holder continuity with weight

& (x) = dist(x, Q°)°.
For all « € [0, 1) we define the space
C¥(Q) = { uec’(Q): dif has a a-Holder continuous extension to 5}
Q

endowed with the norm |u|la,s = llu/d§ || ce @ (for @ = 0, the extension is only assumed

to be continuous). In particular we will use the space CY(£2), whose positive order cone has
a nonempty interior given by

. 03y N\ _ 05y . e UX)
int(C(Q)4) = {u € CI@): inf (5 > 0}. 2.2)

Combining Proposition 2.3 with [19, Theorem 1.1], we have the following global regularity
result:

Proposition 2.4 Let Hy hold, u € Wy’ (Q) be a solution of (1.1). Then, u € C%(Q) for
some a € (0, s] depending only on N, p, s, and Q, with ||ullq,s < C([lulls,p).

The following strong maximum principle holds for continuous supersolutions:

Proposition 2.5 [21, Theorem 2.6] Let g € CO(R) N BVige(R), u € WP (Q) N CO(Q) \ {0}
S.1.
(—A)i7 u+ g) > g0) weakly in Q2
u>0 inRN.
Then,
. ou
Hslzf @ > 0.
In particular, ifu € C?(ﬁ), then u € int(C?(§)+).

Assaid in Sect. 1, our approach to problem (1.1) is variational. We define an energy functional
by setting for all u € Wy'”(Q)

lull?

d(u) = —f F(x,u)dx.
Q
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As proved in [17], as soon as Hy is satisfied, @ is sequentially weakly l.s.c. in WS""(Q) and
o eC! (Wé "7 (Q)) with Gateaux derivative given for all u, ¢ € Wé P (Q) by

(@) 0) = (=80 0) = [ Frwpas

In particular, u satisfies (2.1) iff ®'(u) = 0 in W‘”’/(Q). Also, @ enjoys the following
bounded compactness condition, following from the (S).-property of (—A)j, (Proposi-
tion 2.1):

Proposition 2.6 [17, Proposition 2.1] Let Hy hold, and (u,) be a bounded sequence in
Wé’p () s.t. ®'(u,) — 0. Then, (u,) has a (strongly) convergent subsequence in WS P (Q).

Another crucial tool on our study is the following equivalence principle for Sobolev and
(weighted) Holder local minima of ®:

Proposition 2.7 [20, Theorem3.1] LetHy hold, u € W'’ (Q). Then, the following conditions
are equivalent:

(i) there exists p > 0 s.t. D(u +v) = ®(u) forallv € Wg’p(Q), lvlls,p < p;

(ii) there exists p' > 0 s.t. ®(u +v) = ®(u) forallv e Wy P () N CY(Q), Ilvllos < 0.

Finally we consider the eigenvalue problem for the fractional p-Laplacian with Dirichlet
conditions:

{(—A);u:xmv’—lu in © 03

u=0 in Q°.
For our needs, we only recall some properties of the principal eigenvalue:

Proposition 2.8 [13, Theorems 4.1, 4.2] The smallest eigenvalue of (2.3) is

lullf

min 12
ueWy " \{0} llullp

M= ,
it is simple, isolated, and attained at a unique positive eigenfunction e| € int(C‘? (Q)4) s.t.
leill, =1.

2.2 Some recalls of Morse theory

Here we collect some definitions from Morse theory for C!-functionals defined in Banach
spaces, mainly following [26, Chapter 6]. Such theory extends the classical Morse theory for
C2-functionals in Hilbert spaces (see [6]), but it focuses on critical groups rather than on the
Morse index. Let X be a reflexive Banach space with dim(X) = oo.

For every topological pair (A, B), with B € A C X, and k € N, we denote by Hy(A, B)
the k-th singular homology group of the pair (in fact a real vector space), for every map
g : (A, B) — (C, D) the homomorphism induced by g is g« : Hy(A, B) — Hy(C, D), and
the boundary homomorphism is d : Hy(A, B) — Hi_1(A, #) [26, Definition 6.9].

We recall some properties of singular homology groups, that we will use in the sequel (for
the notion of deformation retract see [26, Definition 5.3]):

Proposition 2.9 [26, Corollary 6.15, Propositions 6.14, 6.24, 6.25] Let (A, B) be a topolog-
ical pairin X, k € N:
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(i) if B is a deformation retract of A, then Hy(X, A) = Hy(X, B);
(ii) if A is a deformation retract of X, then Hy(X, B) = Hi(A, B);
(iii) if A is contractible to a point x € X, then Hi(X, A) = Hy(X, {x});
(iv) if X is contractible to a point x € X, then Hi(X, {x}) = 0;
() ifi:(A,B)—> (X,B),j:(X,B) = (X,A),and h : (A,?) — (A, B) are inclusion
mappings, then the following group sequence is exact:

. HW(A.B) 5 H.(X.B) 5 H.(x.4) % H. (A B) ...

Now consider a functional ® € C'(X). We say that ® satisfies the Cerami compactness
condition ((C)-condition for short), if every sequence (x,) in X s.t.

[P )| < C, (14 (1% DD (xn) — 0

has a (strongly) convergent subsequence. We denote by K (&) the set of all critical points of
® and set forall c € R
Ko(®) = {x € K(®): (x) =c}.

We say that x € K (®) is an isolated critical point, if there exists a neighborhood U of x s.t.
K(@)NU = {x}.

For any isolated critical point x € K.(®) and U as above, and any k € N we define the k-th
critical group of @ at x by setting

Cr(®,x) = H(®°NU, P NU \ {x}),

where as usual ®¢ = {® < c}. We note that the definition above is invariant with respect to
U by the excision property of homology groups [26, Axiom 6, p. 143]. We define the critical
groups of @ at infinity, by choosing a level ¢ < infcg (o) ®(x) and setting for all k € N

Cr(®, 00) = Hi (X, )
(this definition also is invariant with respect to ¢). Next we recall some properties of critical
groups:
Proposition 2.10 [26, Example 6.45 (a), Remark 6.58] Let ® € CY(X) satisfy the (C)-
condition:
(i) ifx € K(®) isanisolated critical point and a strict local minimizer, then for allk € N
Cr (D, x) = 3k 0RR;

(ii) if b < ¢ < a are real s.t. K.(®) is finite and K. (®) = @ for all ¢’ € [b, a]\ {c}, then
forallk e N
Hi(@*, o) = P Cu(@.x):
xeKo(d)
(iii) (Poincaré-Hopf formula) if K (®) is finite, all critical groups of ® either at critical
points or at infinity are finite-dimensional and vanish for k big enough, then

o0 o0
>0 (=DAIm(Cr(D, x)) = Y (=D dim(Ch(®, 00)).
k=0 xeK (d) k=0
Finally we recall a homotopy invariance property of critical groups at uniformly isolated

critical points:
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Proposition 2.11 [6, Theorem 5.6] Let (W¢):¢[0,1] be a family of C!-functionals satisfying
the (C)-condition, x € X, and U C X be a neighborhood of x s.t. K(V;) NU = {x} for all
T € [0, 1]. Then, for allk € Nand all T, 7" € [0, 1]

Cr(Wr, x) = Cr(Wrr, x).

Note that reference [6] is for C2-functional on Hilbert spaces, but homotopy invariance can
be proved similarly in our framework.

3 Constant sign solutions

Here we prove the existence of two constant sign solutions for (1.1), one positive and one neg-
ative. To achieve such result, we need to introduce some truncations of the energy functional
®. Note that by H (iv) we have for a.e. x €

f(x,0)=0.

So we set for all (x, 1) € 2 x R
t
felx, 1) = flx, £17), Falx,1) =f fe(x, ) dr.
0

The mappings f+ : & x R — R satisfy Hy. Also set for all u € Wy'" ()

llll¥
bL(u) = — — Fi(x,u)dx.
p Q

Reasoning as in Sect. 2.1 we see that both functionals & € c! (Wg P(Q)) are sequentially
weakly l.s.c., and enjoy the compactness property of Proposition 2.6.

Lemma 3.1 Let H hold. Then, both ® and ®4 satisfy the (C)-condition.

Proof We deal with ®. Let (u,) be a sequence in Wg’p(Q) s.t. | ®(u,)| < C and (1 +
llunlls, p) @’ (un) — 0asn — oo. So we have foralln € N

hually = [ Fosuar| <. 1)

and there exists a sequence (&) s.t. &, — 07 and for all ¢ € W'"(Q)

Sn”(/)”s,p

. 3.2)
1+ ”un”s,p

()= [ fexupds] <

Set ¢ = u, in (3.2):
_”un”f,p +/ f(X, un)un dx < En.
Q

Add (3.1):
f (f (e, up)un — pF(x,up))dx < C.
Q

By H (iii) wecanfind T, 8 > Os.t. forae. x € Qandall |[t| > T

fGx, 0t — pF(x, 1) > Blt]9.
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Besides, by H (i) we have fora.e. x € Qandallr € R
[F(x,0)] < CA4+[t]"). (3.3)

By the previous relations we have for all n € N

Cc

WV

/ Blun|? dx+/ (f(x, un)itn — pF(x, un)) dx
{lun|>T}

{lun|<T}

> Bllunlld +/ (F G )ity — pF (. ) — Blunl?) dx
{lun|<T}

> Blluglld —CcA+T" +T9).

So (u,) is bounded in L9(2). By r < p¥ we have

N
—(@r—p)<r,
ps

hence in H (iii) we may choose ¢ < r without loss of generality. Therefore, there exists

T€(0,]1)s.t.
1_1—1: T

r q pt

By the interpolation inequality and the embedding W(‘; P(Q) < LPI () we have
lunllr < ||un||;_t ”un”;;f < C”un”Ep

By (3.1) again and (3.3) we have

lunllf p < p];ZF(x,un)dx +C

< C+ luglly)
< CA A+ llun g
In fact we have 7r < p, indeed by H (iii)
_ * _ k
g (r*p)ps = (r>k dps _ P
pi—r (py—qr r

Therefore, (u,) is bounded in Wg’p () as well. Besides, ®'(u,) — 0. By Proposition 2.6,
(un) has a convergent subsequence, so P satisfies the (C)-condition.

The argument for @ is analogous, with the difference that we test (3.2) with ;5 and find
that (u,jf) is bounded in L9(2), while u,} — 01in L9(<2). m]

Since f (-, 0) = 0, problem (1.1) obviously admits the trivial solution # = 0. The next lemma
focuses on the nature of such solution as a critical point:

Lemma 3.2 Let H hold. Then, 0 is a local minimizer of both ® and ® .

Proof Again we consider ®. By H (iv), for all ¢ > 0 we can find § > 0 s.t. fora.e. x € Q
and all 7] < 8
|F(x, )] < elt]”.

Set
)

- ° -0
P= dam@Q)y
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Then, for all u € Wy'” () N CY(Q) with JJullo,s < p we have |lullc < 8. Indeed, for all
x e

lu(x)]

< pdg(x) < 6.
So, for all u € Wy’ () N CY(Q), llullo,s < p we have

P
lluells, p

P(u) > —elully

>(1 5)II 4
S T
“\p =P

with A; > 0 defined as in Propositign 2.8. Choosing ¢ < A1/ p, we see that ®(u) > 0, hence
0 is a local minimizer of ® in C?(Q). By Proposition 2.7, it is such in WOX’p(Q) as well.
The argument for ®4 is analogous. O

In the following arguments, we will always assume that both ® and ® 4 have a strict local
minimum at 0, otherwise the existence of infinitely many critical points would follow imme-
diately. Anyway, such minimum is not global. Indeed, due to the (p — 1)-superlinear growth
of f(x, ), the energy functionals are unbounded from below:

Lemma 3.3 Let H hold. Then, both
inf  ®(u) = igg O (u) = —o0.

ueWy? () ueWy?(Q)

Proof Again we deal with ®. By H (ii), forall K > O we can find T > O s.t. fora.e. x € Q
and all || > T there holds
F(x,t) > K|t|P.

Recalling (3.3), we find Cx > Os.t. fora.e. x € Qandallr € R
F(x,t) > K|t|? — Ck.
Lete; € int(CS(§)+) be defined by Proposition 2.8. Then, for all T > 0 we have

Izenllf
D(re) < —F

—/Q(Klre1|p—CK)dx

A
< (J—K)t”—i-C.
p

Choosing K > A1/p, we find
lim ®(re;) = —o0.
T—00

Therefore, ® is unbounded from below in Wg "P(82). The argument for @ is analogous. O

The previous lemmas allow us to infer that &4 satisfy a mountain pass type geometry around
the origin, which along with the (C)-condition leads to the following existence result:

Theorem 3.4 Let H hold. Then, (1.1) has at least two solutions ui € iint(C?(§)+) s.1.
@(ui) > 0.

Proof We focus on the positive solution and the truncated energy @ . By Lemma 3.2 and
the subsequent discussion, we may assume that ®_ has a strict local minimum at 0 with
®,(0) =0.
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Besides, by Lemma 3.3 we can find it € W'” () s.t.
@ (i1) < 0.
In fact, we can find p € (0, [|ully,p) s.t.

inf @ (u) =n3,>0. (3.4)
||’4”x,p:)0
Indeed, since 0 is a strict local minimizer, then we can find p € (0, [[ulls,p/2) s.t. @4 (u) > 0
forall u € Wy'”(),0 < |lulls,, < 2p. Arguing by contradiction, assume that 1, = 0. So,
for all n € N there exists v, € 9B,(0) s.t.

D (vy) <

S| =

By Ekeland’s variational principle [26, Theorem 5.7] there exists w,, € B> 0(0) s.t.

1
NS

d>+(wn) < ®+(vn)’ ”wn - Un”x,p <

and for all u € Ezp (0) \ {wy} there holds

lu — wy, ”x,p

Jn

From the properties of the bounded sequences (v,,), (w,) we have ® 4 (w,) — 0, |lw, || — p.
Also, foralln € Nand all p € WS’P(Q)

O (wy) < Py () +

D (wy + 19) — Py (wy)
t

(@ (wn), @) = lim

izl p lels,p
> — lim == — -
1—0 /nt Jn
while the reverse inequality follows replacing ¢ with —¢. So we have
1 s < —
w —s,p X T =
st S

where we have denoted by || -|| . ,» the norm of the dual space ws.p (2).ByLemma3.1,®
satisfies the (C)-condition, hence, passing if necessary to a subsequence, we have w, — w
in W(‘; "7 (Q). From the previous relations we deduce |jw|| = p, ® (w) = 0. This contradicts
the choice of p, and hence it proves (3.4).

We will now apply the mountain pass theorem [26, Theorem 5.40]. Set
I'={yeCqo,11. Wy (@) : y(0) =0, y(1) =},

= inf max & 1)).
¢+ = Inf max +(r (@)

Then, ¢ > 5, and there exists u; € K., ($4). Reasoning as in Sect. 2.1, we have for all
v e WP (Q)

(8 = [ Frxiuideds, (35)
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Choosing ¢ = —u7 € Wy'”() in (3.5) and using Proposition 2.1, we have
lufI? < {(=A)), uy, —ul)
= [ pwuds =0,
{uy <0}
So we have u; > 0 in Q. In turn, we can replace f1 with f in (3.5) and see that u

is a solution of (1.1). By Propositions 2.3, 2.4 we have u € (o (), in particular u is
continuous in 2.

Using H (iv) as in Lemma 3.2, for all ¢ > 0 we can find § € (0, ||u4|lo) s.t. fora.e. x € Q
and all ¢ € [0, §]
|f (e, 0] <ele]P~"

Besides, for all r € (8, ||u+||co] We have by H (i)
fOe 1) = —co(l 41"

! r—p p-1 -1
> —co( 5oy + sl ) = —Cor .

sp—1

Combining the previous inequalities, we get for a.e. x € Q and all ¢ € [0, [lu+||o]
flx, 1) > —CtP 1,

In conclusion we have that uy € W7 () N C%(Q) satisfies in a weak sense

(A uy+Cul ™ >0 inQ
u>0 inRV,

while from ® 4 (u ) = c, itfollowsthatu # 0.By Proposition 2.5 (with g(r) = C(tT)?~1)
and (2.2) we have uy € int(C?(§)+). Finally we point out that

D(uy) =P (uy) =cy > 0.
The argument for the negative solution u_ € —int(C? (€),) is analogous. ]

Remark 3.5 Theorem 3.4 simply represents an adaptation to the nonlinear, nonlocal frame-
work of the ideas of [1]. No Morse theory is involved so far.

4 The third solution

By Theorem 3.4 we know that @ has at least three critical points, namely 0 and u+ €
+int(CY(Q) ) with energies

D(ut) =c+ > 0= d(0).

In what follows, we will prove the existence of a fourth critical point. Arguing by contradic-
tion, let us assume:
K(®) ={0,uq,u_}. 4.1

We note that, whenever u € K(®,) \ {0}, testing &, (u) with —u~ and arguing as in
Theorem 3.4 we first find that u > 0 in €2, and then that u € int(C? (§)+). As a consequence,
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u € K(®) and by (4.1) we must have u = u. A similar argument runs for ®_. Thus, under
assumption (4.1), we also have
K(®y) ={0, us}.

We will now complete the picture by computing all the critical groups of ® and ®4. We
begin with critical groups at infinity:

Lemma 4.1 Let H, (4.1) hold. Then, for all k € N
Ci(®, 00) = Cp(Px,00) =0.

Proof We focus on . Since @ is sequentially weakly l.s.c. and WS "P(Q) is a reflexive space,
we have
inf &) =m > —o0.
ueB1(0)

Also, from Lemma 3.3 we know that ® is globally unbounded from below. We claim that
for all v € 9B (0),
lim ®(tv) = —o0. 4.2)
T—>00

Indeed, by (H) (ii), for all M > O there exists 7 > O s.t. fora.e. x € Qandall |t| > T
F(x,t) > M|t|P.

Besides, by H (i) we have forall |[t| < T

Il

F(x, 1) > —C()/ A+ NHdr
0

T?‘
> —C()(T + *)
r
So we can find Cy; > Os.t. forae. x € Qandall r € R
F(x,t) > M|t|? — Cy.

Now fix v € dB;(0). For all T > 0 we have

Plvlf, »
O(rv) < ——F — | (M|tv|” — Cy)dx
p Q

where A; > 0 is defined as in Proposition 2.8. Choosing M > A1/ p, the latter tends to —oo
as T — 0o, which proves (4.2).

Next we prove that there exists ¢ < m s.t. for all u € Wy'”(Q), ®(u) = ¢ we have
(@l(u), u) < 0. 4.3)
Indeed, by H (iii) we can find 8, T > Os.t. fora.e.x € Qandall [t| > T

fx, 0t — pF(x, 1) > Blt]9.
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Let ¢ < m (to be determined later) and ® (1) = c, then using as well H (i) we get
(@' (), u) = [ullf —/;Zf(x,u)u dx
=pd(u) — /Q (f(x, wu — pF(x, u)) dx
gpc—/ ,3|u|qu—/ (f(x,u)u—pF(x,u))dx
{lul>T} (lu|<T)

SPC—ﬂ||M||3+/ C(1+ |ul") dx
{lul<T}

< pe+C1+THIR,
with C > 0 independent of u. So choose
C(1+TH|2|
— I

and we plug this into the previous inequality to find (4.3).
Setforallv € 9B1(0),t > 1

¢ < min {m

(1) = ®(7v).
Then 1, € C!([1, 00)) with derivative given for all T > 1 by
1,(T) = (' (zv), v).
Because of the choice of the constant ¢ < m, we have
(1) =®@W) > c,

while by (4.2)
lim n,(t) = —o0,
T—>00

so there exists T € (1, 00) s.t. n,(t) = c. In turn, by (4.3) this implies

1
n,(1) = —(®'(tv), Tv) < 0.
T
So r > 1 is unique, otherwise we would have at least one t s.t. n,(tr) = ¢ and

n,(r) > 0. By the implicit function theorem [26, Theorem 7.3] we can find a mapping
n € C(B1(0), (1,00)) s.t. forall v € dB1(0) and all T € (1, 00)

>c ift < u(v)
P(rv) {=c ift = u)

<c ift > pu).

In particular we have
¢ ={tv: vedB(0), T >pnw}

Also set
E={tv:vedB(0), 1 >1}

We will now construct some continuous deformations between subsets of Wg "P(Q). First set
forall (r, Tv) € [0, 1] X E

(A =tv+tpuu if v < )

h(t, =
(¢, 7v) TV if t > pu().
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Then, i : [0, 1] x E — E is a continuous mapping s.t. for all tv € E
h(0, Tv) = tv, h(l, TV) € PF,
while for all ¢ € [0, 1] and tv € ®°
h(t, tv) = Tv.
Therefore, ®¢ is a (strong) deformation retract of E. Further, set for all (¢, Tv) € [0, 1] X E
h(t, tv) = (1 = t)Tv + v,
soh: [0, 1] x E — E is continuous s.t. for all tv € E
E(O, Tv) = TV, ﬁ(l, tv) € 9B1(0),
while for all # € [0, 1] and v € 9 B;(0)
fz(t, v) = v.

So,d B;(0)is as well a (strong) deformation retract of E. In view of Proposition2.9 (i) (iii) (iv)
we have for all k € N

Hy(WyP(Q), @) = Hy (W™ (Q), E)
= H (Wy'"(R),0B1(0)) = 0,

where in the last passage we have used the contractibility of dB;1(0) (this is due to
dim(Wy'” (Q)) = 00). Recall that

c<m < P0) < d(ug),
hence by (4.1) we have

c< inf ®(u).
uek ()

Thus, the previous algebraic relation and the definition of critical groups at infinity (see
Sect. 2.2) imply for all k € N

Cr(P, 00) = H (WP (Q), @) = 0.
A similar argument holds for ®.. ]

Remark 4.2 We note that the divergence relation (4.2) is not uniform with respect to v, in
general, since d B1(0) is not compact. For this reason &, is not anti-coercive in general.

Next we compute the critical points at O:
Lemma4.3 Let H, (4.1) hold. Then, for allk € N
Cr(D,0) = Cr(P+, 0) = 5k oR.

Proof Again we consider ®. We know from Lemma 3.2 that 0 is a local minimizer of ®,
while by (4.1) clearly 0 is an isolated critical point. In particular, 0 is a strict local minimizer
of ®. By Proposition 2.10 (i), then, we have for all k € N

Ci(®,0) = 8 oR.

A similar argument stands for . O
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Finally we consider u:

Lemma4.4 Let H, (4.1) hold. Then, for allk € N
Cr(®,us) = &1 R.

Proof We focus on uy € int(C?(§)+). By (4.1), u4 is an isolated critical point for both &
and ®. We first claim that for all k € N

Ce(@,uy) = Cp(Dy, uy). 4.4
Indeed, set for all T € [0, 1] and all u € W' (Q)
Vou)y=0-1)0u) + 1D (u)

_ lullf
p
By H (i), for all = € [0, 1] the Carathéodory mapping (I — ) f +tf4 : @ x R - R
satisfies Hy (with constants independent of 7). So, as seen in Sect. 2.1, U, € C1(Wy"(Q))
with derivative given for all u, ¢ € Wé P(Q) by

—/;2((1 —r)F(x,u)+rF+(x,u))dx.

(W), @) = {(~AY ) — /Q (1= D f ) + 7 i (x, ) dx.

Reasoning as in Lemma 3.1 we see that W, satisfies the (C)-condition. We prove now that
u 4 is a critical point of W, isolated uniformly with respect to T € [0, 1]. Indeed, clearly we
have for all T € [0, 1]

W (up) = (1= )@ (up) + 7@, (ug) = 0.

Arguing by contradiction, let (t,), (1) be sequences in [0, 1], Wg P(Q) \ {u4} respectively,
s.t.uy, — ug in Wy''(Q) asn — oo, and for all n € N we have u, € K(¥y,), ie.,
U, € WS’P(Q) solves in a weak sense

(=) un = (1 =) f(x, un) + T f(x, up). “4.5)
By H (i) there exists C > 0 (independent of n) s.t. foralln € N, a.e. x € Q,and all t € R
(1= 1) fOr. ) + T fr(x. D] < CU+ 7.

Since the sequence (u,,) is bounded in WS P (Q), by Proposition 2.3 (u,,) is bounded in L*>°(2)
as well. Further, by Proposition 2.4 (u,) is bounded in C{ (€2). By the compact embedding
C%(Q) = CY(RQ), passing to a subsequence we have u, — u in C?(Q).
Since u4 € int(C?(ﬁ).,.), for all n € N big enough we have u, € int(C?(§)+). So, (4.5)
rephrases as

(=AY, un = f(x,uy)in Q.

Thus we have
up € K(®)\ {0, us},
against (4.1).
Since u 4 is uniformly isolated as a critical point of W, for all T € [0, 1], then we can apply

Proposition 2.11 and see that Cy (W, ) is independent of t € [0, 1]. Noting that ¥g = ®
and V| = &, we get (4.4).
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Next we prove that for all k € N
Ce(@y, up) = 5 iR, 4.6)

Indeed, fixa, b € R s.t.
b<0<a<dy(uy).

By Proposition 2.10 (ii), assumption (4.1), and Lemmas 4.1, 4.3, we have for all k € N the
following algebraic relations:

H(Wy'? (), @4) = Cr(®4, 00) =0,
Hy (@4, @%) = C(@4,0) = i 0R,
He(Wy (@), %) = C(@uy).

We apply Proposition 2.9 (v) with A = &%, B = <I>i. With the obvious meaning of the
mappings, the following sequence is exact:

s ) Jx s hyo0d
o Hp(@L, 08) B Hwy P (@), 08) L Huwy (), 04) =55 Hi (94, 04) ...

In view of the relations above we have exactness of the following sequence

Sk.oR Lol Cr(Py,uq) LR Sk—1,0R oo
Then 9 is an isomorphism, i.e., we have
Cr(®y,uy) = 8k—1,0R = 8 1R,

which proves (4.6). By (4.4) and (4.6) we conclude.
A similar argument, involving the functional ®_ in the place of @, holds for u_. O

We are now in a favorable position to prove our main result.

Proof of Theorem 1.1 We argue under assumption (4.1). We recall the Poincaré-Hopf formula
(Proposition 2.10 (iii)), which in this case reads as

o0 o0
3 (=D [dim(Cr (@, 0)) + dim (Cy (@, 1)) + dim(Cr (@, u-))] = Y (—1)¥dim(Cy (@, 00)).
k=0 k=0

In addition, from Lemmas 4.1, 4.3, and 4.4 we know the critical groups of ® at all of its
critical points, and at infinity, so we have

o0
D (=1 @0 +28.1) =0,
k=0
which reduces to —1 = 0, a contradiction. Thus (4.1) fails, i.e., there exists
ue K(P)\{0,us}.

We already know from Theorem 3.4 that u4+ € :l:int(CA? (Q)4) solve (1.1). Similarly, since
it € K(®) we apply Propositions 2.3 and 2.4 to see that 1 € C(€2) \ {0} and it solves (1.1).
O
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Remark 4.5 In general, our method bears no sign information about the solution . Such
information can be retrieved in the (p — 1)-sublinear case, by using the sub-supersolution
method introduced in [14], but we are not aware of such a result for the superlinear case.
We also refer the reader to [22, Theorem 4.1]. Such result, which is formally analogous to
Theorem 1.1, is proved for the sublinear case but with a completely different underlying
variational structure: in [22] the constant sign solutions are local minimizer of the energy
functional and the third solution is a mountain pass, while here the constant sign solutions
are mountain passes and the third is detected via Morse theory.
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