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The Carnahan-Starling (CS) steric model is the best description of hard-sphere fluids within the mean-field
theory. Here we introduce an approximation of the near-linear adsorption concentration profile of a counterion
near an electrode for a CS model and derive the subsequent electric field and electrostatic potential profile
in a double layer. This enables the derivation of a semianalytical approximation of the electrode charge
density, differential capacitance, and total energies (grand potentials) of an electric double-layer capacitor.
These semianalytical equations are valid for electrode potentials between 0.2-4 V and converge to the full
numerical solutions of the CS model at high potentials of 1V and bulk concentration of 1M with relative
errors less than 2% for the electrode charge densities, and less than 5% for the capacitance and total energies.
We find the steric contribution comprises approximately one-quarter of the total energy at high electrode
potentials, while the contribution from ideal ion entropies becomes insignificant. The model shows very good
agreement with experimental measurements of an aqueous electrolyte, and good agreement at high potentials
with computer simulations of an ionic liquid. These semianalytical approximations are effective for applications
with concentrated solutions or ionic liquids at high applied voltages where the full numerical solution is
computationally expensive or in some cases impossible.

1. Introduction sizes. The chemical potential y;, of the i ion, can be written as y; =

19+ u, where i = kgT In(¢;/¢,;,) is the ideal (entropic) chemical

Supercapacitors, also known as electric double-layer capacitors
(EDLC), are a class of energy storage devices with high power char-
acteristics that make them desirable for fast charging and discharging
processes, even though their energy density may be lower than redox-
type devices (batteries). A supercapacitor operates via the formation
of an electric double layer (EDL) when charged electrodes contact
an electrolyte solution. The performance of these devices in terms
of capacitance and energy density depends on the structure of the
EDL. Modelling the EDL structure accurately helps in optimizing the
performance of these storage devices. A dilute solution model such as
the Poisson-Boltzmann model describes the EDL sufficiently well for
low potentials (<0.1 V) and, as the name suggests, for dilute electrolyte
solutions. However, in electrochemical systems electrode potentials are
typically high (>1 V), and the capacitance of EDLCs is maximized by the
use of concentrated electrolytes exceeding 1 mol/L. In these conditions,
the dilute solution model breaks down due to neglect of finite ion
sizes, resulting in unbounded ion concentrations and capacitance and
consequently unphysically high stored energy. A more realistic model
can be constructed by incorporating steric forces driven by finite ion

potential of the ion, kg is Boltzmann constant, T is temperature. ¢; =
c;u; is the volume fraction of the ion with size v; and concentration
¢;, while ¢;, is the reference volume fraction in bulk solution. uf* is
the excess chemical potential relative to the reference bulk solution,
defined in conventional dilute solution theory solely by the electrostatic
potential, y* = z,e®, z; being the valence number of the i" jon, e the
elementary charge, and @ the electrostatic potential.

Finite size effects are introduced by adding a steric potential '
to the excess chemical potential. There have been numerous attempts
to account for the ion size within mean field theory dating back to
Bikerman [1-8]. The simplest model to account for ion size is given by
a composite diffuse layer (CDL) [7], where the steric force is activated
to maintain a concentration cap determined by ion size [9-11]. The
CDL approach can be considered as the asymptotic limit of an excluded
volume or solvent entropy model [6,11]. The most common form of
the excluded volume model is the Bikerman model [1] with ubk =
—kgT In(1 — @), which conveniently enables a closed-form expression
for the Boltzmann concentration profile of ions. Here ¢ = Y, ¢; is the
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Fig. 1. Diagram of a counterion concentration profile (anions) next to an electrode (positively charged), showing a linear profile (red line) from surface concentration ¢, to bulk
concentration ¢, at distance H, compared with a Carnahan-Starling profile (black curve). Profiles from Bikerman (capped steric layer) and point charge (exponential) models are
shown in the inset for comparison. The illustration uses 1M LiPF4 in propylene carbonate with 1 V electrode potential (relative to bulk solution), PFg as counterion.

total volume fraction of all ions. At high potentials, both the CDL and
Bikerman models predict saturation of counterions near the surface of
an electrode, forming a steric layer of near-constant concentration. The
formation of a fixed steric layer enables the derivation of analytical
equations of the surface charge density and differential capacitance
of an EDL. These excluded-volume models successfully give insight
into the structure of an EDL [7,11,12]. Nevertheless, they continue
to overpredict the adsorption concentration of ions and therefore the
capacitance [7,8,11-13]. A more accurate description of the steric
interaction is provided by Equation-of-State models [14-16], of which
the Carnahan-Starling (CS) model [3,17,18] is best known, given by

@(8 =99 +3¢%)
(1-9)
The CS model provides an accurate model of the equation of state of
a hard-sphere fluid. Despite the accuracy, its highly nonlinear nature
makes it difficult to implement. Derivation of analytical equations of
the surface charge densities, differential capacitance, and total energies

of an EDL is also nearly impossible.

Nevertheless, it is possible to construct semi-analytic expressions
describing the electric double layer of the CS model (and other EOS
models). This is motivated by the observation [13] that the counterion
concentration profile of these models under high electrode potentials
is nearly linear, distinct from the fixed flat steric layer formed by
excluded-volume (Bikerman) models, shown in Fig. 1.

M[st:CS — kBT (1)

2. Theoretical background

The electrostatic potential is determined by the Poisson equation
N

-V gye,VO(x) = z z;ec;(x) 2)

i

where ¢, is the vacuum permittivity, ¢, is the dielectric function of
the solvent medium. In thermal equilibrium, the Poisson equation is
coupled with the Boltzmann equation that determines concentration
profiles

ci(x) = ¢; exp (—ﬂAM?X) 3

where g = 1/kgT Using the CS model, the excess chemical potential
in Eq. (3) will be Au* = ;4’.31 + A" is the change in the excess
chemical potential of the ion from the reference bulk and g = 1/kgT.
Apftes = v — yf“cs‘bu'k is the change in the steric potential relative
to the bulk reference.

2.1. Semianalytical EDL structure

Full numerical solutions of the CS model show that the concen-
tration profile of counterions follows a roughly linear profile (Fig. 1).
Hence at sufficiently high potential and concentration, the counterion
concentration can be approximated by

Cp —C

c(x) = x+cp 4)

where ¢, and ¢, are the concentration of the counterions in bulk and at
the electrode interface, respectively. Here we have dropped index i and
refer solely to the counterion, assuming that the coion concentration
is negligible under conditions of high potential. The counterion con-
centration at the interface corresponds to the surface volume fraction
@, With ¢y = ¢q/v, where v is the volume of the counterion. H is
the thickness of the steric layer, which will be determined below. The
volume fraction in the steric layer then follows ¢(x) = ve(x). Outside
the steric layer, i.e. x > H, ionic concentration is given by the bulk
concentration c¢(x) = c,. With a linear charge distribution, the electric
field (first integral of the Poisson equation) becomes

ze(cy, — Co)x2 + ﬂx B ze(cy + cb)H

2¢eH € 2¢e
where € = ¢y¢,. Here a boundary condition of zero electric field in the
bulk has been taken, i.e. E(x = H) = 0. If a mean constant value for
the dielectric constant ¢, inside the linear steric layer is assumed, then
the electric potential &(x) = — f E(x)dx with the condition that it also
goes to zero at bulk, @(x = H) =0,

E(x) = ()

ze(c, —¢y) 5 zecy ,  ze(cy+cy)H ze(cy + 2¢,) H?
—_—x - —Xx "+ X —

6eH 2¢ 2¢e 6e
To find an expression for the steric layer thickness H, we use the
condition that at the electrode interface the potential is the surface
potential @(x = 0) = @, giving

el 6ed, %)
ze(cy + 2¢p)

The steric layer thickness increases with increasing electrode potential,
®,, as one would expect.

D(x) = - (6)

3. Semianalytical approximation

The analytical expressions above require the determination of the
counterion surface concentration ¢, equivalent to determining the total
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ion volume fraction ¢, at the surface. This is evaluated from the surface
potential @. Recalling that ¢ = ), ¢;v; here (bringing back coions with
index i to aid discussion), and noting that concentrations ¢; are given by
the Boltzmann equation, Eq. (3), we construct an equation [19] relating
volume fraction ¢ to potential @,

@ = Y cipb; exp(—pz;ed®) exp(—fAu* (@) = 0 (8)

Then, assuming the coions are negligible in the surface adsorption
layer, we may estimate the volume fraction at the interface, ¢, as the
root of the equation

Py — ey exp(—fzedy) exp(~Au(py)) = 0 ©

Because of the exponential function and the nature of the steric po-
tential u“(p) as a function of volume fraction ¢, this equation is
transcendental and the root ¢, cannot be found analytically. But it
is easily evaluated numerically, providing ¢, (and therefore ¢;) as a
function of surface potential @,. Taken with the analytical expressions
we have derived, a semianalytical model of charge density, capacitance,
and total energy (grand potential) is constructed.

The counterion Boltzmann equation in Eq. (9) provides a means of
identifying the region of validity of the semianalytical approximation.
The surface volume fraction ¢, increases as surface potential @, in-
creases. Formally ¢, may never exceed 1, but the Carnahan-Starling
potential is infinite at this limit. A more practical limit can be obtained
treating the counterion as a hard sphere, such that ¢, may not exceed
the close packing limit [20], @« = 0.74 (i.e. 7/3 V2). For typical ions
with radius 1-10 A ¢, is reached at the surface when the surface
potential exceeds 3-4 V. The semianalytical approximation may be
considered valid up to this limit.

3.1. Semianalytical electrode charge density and capacitance

The electrode charge density o can be calculated from the electric
field at the electrode interface, o = e E(x = 0), giving

—6e@ ze(cy + c;)?

10
4 co +2¢, (10)

o = sgn(@)
An analytical expression for the differential capacitance C = do/d®,
can then be determined. This requires evaluation of the derivatives with
respect to surface potential, d H /d®, and dc,/d®,, which are outlined
in Supplementary Information. The resulting capacitance is

c= 3¢ [ ¢y tcy co + 3¢y Pzecyd ] an
2H +2 2 2¢9-8
0T (a+20) ((p‘)(l(—ﬂ(;o)“ - 1)

3.2. Grand potentials

The total grand potential (and therefore stored energy) of the elec-
tric double layer is composed of the ideal ion configuration entropy,
electrostatic energy, and steric potential. We note that the energy is a
grand potential rather than a free energy since ion adsorption proceeds
relative to a bulk electrolyte with a constant bulk concentration that
maintains a constant chemical potential for each ion. The entropic
component is given by [21,22]

Oy = keT Y, / dx [ci(x) In Cc(j)

The electrostatic component is given by

— () + (12)

E0E;
Qu=—>" / |EGo)® dx 13)

For the steric component, we apply a thermodynamic integration, not-
ing that simple summation of the steric potential [11] is not sufficient
when the potential depends on ion concentrations. That is,

=1
Qy = Z/dx/H At (Ap)Ac;d A a4
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For the Carnahan-Starling steric potential, this evaluates to [23]

4p-3¢g>  4p,—30]
Q= kBTZ/c,» o b b ax (15)
7 (I-9? (A-g)7
The total grand potential £ is the sum of the components, 2 = Q. +
Qg+ Q.

Under the model of a linear steric layer with thickness H, the grand
potential components reduce to semianalytical approximations,

2
o _H | %1 (0), 975% 16)
kT 2 |cg—cy cp 2
2 2H3
== 182 o 366 + 9cocy +8¢j] ()
and

o 5[1+3<1—¢o><1—¢b>+ 2 m(l—m)]

kgT ~— v (I =) —@,)  (p,—9y) 1-g,
H 4-3g,
— e, — — 0 18
> (¢p co)[(l_%)z] as)

Note that all these parameters, namely the charge density, differen-
tial capacitance, and the grand potentials, are ion-size specific either
directly through the ion volume v in their respective expressions or
through the counterion concentration ¢, = ¢, /v.

4. Results and discussion

In this section, the results of the semianalytical model are pre-
sented. Initially, a comparison is made between the semianalytical
model and full numerical solutions by examining the charge density
profiles and differential capacitance over a range of electrode potentials
and concentrations. The semianalytical model for grand potentials are
also compared against their full numerical counterpart. Finally, the
model is validated against experimental measurements of the differen-
tial capacitance for an aqueous NaF solution and molecular dynamics
(MD) simulations of an ionic liquid of 1-ethyl-3-methylimidazolium
bis(trifluoromethylsulfonyl)imide (EMIM—TFSI).

4.1. Comparison of semianalytical and full numerical solutions

A benchmark was first conducted by comparing the semianalytical
model with full numerical solutions. We consider a salt solution of
LiPF¢ which is commonly used in energy storage applications dis-
solved in propylene carbonate solvent. Hydrated-lithium ion of radius
2.82 A and PF ion of radius 2.54 A were used for modelling. We note
that the dielectric constant of the solvent is concentration/electric field
dependent in the solution and the effective value is less than the static
dielectric constant [24]. However, for the first part of the analysis, we
restrict ourselves to a uniform relative dielectric constant value of ¢, =
66.14 for propylene carbonate. We conducted a full numerical solution
of the coupled equations given by Egs. (2) and (3) with the CS steric
potential, using Finite Element Methods implemented in FEniCS [25].
We calculated electrode potentials running from —1 V to 1 V and bulk
ion concentrations of 0.01M, 0.1M, and 1M.

The full numerical differential capacitance is then calculated
through the electrode charge density as C = (6(®, + Ap) — o(Dy))/Ad
with 4¢ = 0.01 mV. The full numerical grand potentials are also com-
puted by integrating the electrostatic potentials and ions concentration
obtained numerically, using Egs. (12)-(14).

Calculated counterion concentrations and the corresponding electric
field are shown in Fig. 2, comparing 0.01M, 0.1M, and 1M bulk con-
centrations with electrode potential 0.9 V. Counterion concentrations
from the full numerical solution, Fig. 2(a)-(c), indicate that the model
of a linearly falling counterion concentration (Eq. (4)) improves as
the bulk concentration increases. The working electrode potential of
common electric double-layer capacitors is 2.5-2.7 V, with electrolyte
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Fig. 2. Comparison of the full numerical solution with the semianalytical approximation of (a)-(c) the counterion concentration profile (d)—(f) the electric field at potential 1 V

for bulk concentrations of 0.01M, 0.1M and 1M, respectively.
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Fig. 3. Comparison of the full numerical solution with the semianalytical approximation for (a)-(c) the electrode charge density (d)-(f) the differential capacitance for bulk
concentrations of 0.01M, 0.1M, and 1M. For comparison, we also include capacitance from CDL and Bikerman models.

concentration exceeding 1M, justifying the approximation of linear
counterion decay. The semianalytical electric field approximations in
Fig. 2(d)-(f) (likewise the electrostatic potentials) also match the full
numerical curve with increasing accuracy at high potential and high
concentration.

Calculated surface charge densities and electrode capacitances are
shown in Fig. 3 as a function of electrode potential. The semianalytical
expressions for these quantities reproduce the full numerical solutions
well, particularly at high concentration and voltage, reaching a relative
error of <2% at ~1 V and bulk concentration of 1M. The capacitance
in Fig. 3(d)-(f) also shows a transition from the camel to bell shape
at high density, matching the full numerical results with relative error
<5% at 1 V and concentration 1M.

4.2. Grand potentials

Calculated grand potentials are presented in Fig. 4, showing the
relative contributions of each component. The ion entropic component
(Eq. (12)) is significant at low potentials and low concentration, but
diminishes in importance as the electrode potential increases, as seen
in Fig. 4(a).

Fig. 4(b) shows an asymptotic trend, with the steric contribution
to the grand potential accounting for approximately one quarter of the
total energy at high electrode potentials, while the contribution of ideal
ion entropy becomes largely insignificant. This trend is consistent with

that seen in the simpler CDL, where the steric contribution comprised
half of the total energy [11]. That is, as the electrode potential rises,
increasing the electrostatic energy, the steric energy rises proportion-
ally, similar to the steric push-back mechanism used to construct CDL
models.

The error in the semianalytical approximation for the total grand
potential relative to the full numerical calculation is shown in Fig. 4(c).
At low electrolyte concentration and lower electrode potential, the er-
ror is quite large. This higher error in these regimes is attributed to the
limitation of the analytical model, with the counterion concentration
following a conventional exponential decay rather than linear decay
when the electrode potential lies below the critical steric potential (<0.2
V). Nevertheless, the error diminishes as electrode potential increases.
At 1M concentrations the error is less than 5% once the potential
exceeds 0.2 V.

4.3. Validation against literature

To further test the validity of the semianalytical model for dif-
ferential capacitance, we compare it against results from literature,
firstly experimental data for silver electrodes in 0.1M NaF aqueous
solution [26], and then molecular dynamics simulations of an ionic
liquid [27].

In both examples, the dielectric constant in the steric layer is
determined as an average effective permittivity e that accounts for
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the size and permittivity ¢; of the adsorbed counterion in the layer.
The average permittivity is determined via the Garnett mixing variant
of the Clausius—Mossotti equation [28],

£~ &

T o-

Eeff — &5
Eop + 26,
where ¢, is the counterion volume fraction at the surface, determined
by resolving Eq. (9) for a given surface potential. ¢, is the dielectric
constant of the medium.

The permittivity ¢; of each ion is related to its polarizability «;,
treating the ion as a dielectric sphere with volume v; [29],

-1l _dr
g+2 3y

&; 19

where both v; and «; are in volume units (A3). Our two examples illus-
trate different methods for determining the relevant input parameters
€, a; and v; from literature. But in both cases we find that consideration
must be given to dielectric saturation in the steric layer, reducing the
magnitude of €.

4.3.1. Aqueous NaF (experimental data)

Valette conducted extensive measurements of the differential capac-
itance of various silver crystal surfaces [26,30-32]. For the purpose of
testing the success of the semianalytical approximation, we consider the
case of 0.1M NaF measured at the 111 crystal face [26], considered also
in a recent paper on the Stern layer [33]. We apply the semianalytical
approximation comparing two alternative sets of ion volumes. Firstly
we consider Marcus’ hydrated ion radii [34], with ry, = 2.18A and rp =
2.12 A. The second set represents the hydrated radius of Na with a larger
value given by the average distance from the ion to the hydrogen atom
of water molecules in the hydration shell, ryy; = 2.93 A, determined
from radial distribution functions obtained by Ohtaki et al by computer
simulations [35]. For F~, the hydrated radius was reduced slightly to
1.95A to better fit the experimental capacitance at positive voltages. In
both cases the polarizabilities of the hydrated ions were estimated by
adding the polarizability of the bare ion to the polarizability of tightly
bound water molecules. The electronic polarizability of the bare ions,
previously calculated by quantum chemical methods [36], were given
by ay, = 0.139 A and ap = 1.913 A", and ayye = 14255 A* for a
single water molecule is given by [37]. The average numbers of water
molecules in the hydration shells were given by Marcus’ hydration
numbers, 3.5 and 2.7 for Nat and F~, respectively [34]. We found
that using the bulk permittivity of water (78.4), capacitances are vastly
over estimated. Instead, it is appropriate to use a reduced solvent per-
mittivity that accounts for dielectric saturation. We therefore applied
a surface water permittivity e, = 7.19, following Devanathan and
Tilak [38].

The differential capacitance of the aqueous NaF solution is plotted
in Fig. 5 as a function of electrode potential. The black dashed line
corresponds to the experimental data, and the red (dash-dotted) and
blue (solid) curves represent the values from the semianalytical model
using Marcus hydrated ion radii, and Ohtaki’s ryy hydrated radii,
respectively.

The overall experimental trend is reproduced by both semianalyt-
ical curves, with the right general magnitude obtained by applying

—0.5 0.0 0.5
electrode potential (volts)

—1.0 1.0

Fig. 5. Differential capacitance of an aqueous 0.1M NaF solution as a function
of electrode potential. Black dashed line: experimental data [26]; red dash-dotted:
semianalytical model with Marcus hydration radii [34]; blue solid curves: with radius
rym 2.93 A for Na* and reduced hydration radius 1.95 A for F~.

a reduced solvent permittivity that accounts for dielectric saturation.
The curve obtained by Marcus radii captures the camel-shaped capaci-
tance profile, however, it shows noticeable deviations. The Na™ radius
appears to be underestimated, leading to an exaggerated differential
capacitance at large negative potentials, while the F~ radius seems
to be overestimated, resulting in lower capacitance values at positive
potentials. In contrast, the values from the larger ryyy radius for Na®,
and reduced fitted radius for F~, exhibit excellent agreement with the
experimental data, particularly in the extreme potential regimes. The
peak positions and magnitudes are more accurately captured when the
ryy radii are used, suggesting that these radii provide a more suitable
representation of the effective ion sizes in the aqueous solutions. The
sodium peak at negative potentials is in excellent agreement with the
experimental result, capturing both the magnitude and location of the
peak. The F~ peak at positive potential overestimates the magnitude
of the peak, but still captures the location of the peak and follows
the experimental data well at higher potentials. Curiously, a similar
theoretical curve can be obtained using Ohtaki’s radius ryg = 1.6 A for
F, if the polarizability of hydration waters is not added to the F~
polarizability. This raises the question of whether the hydration shell of
F is partially removed or weakened by adsorption in the steric layer,
which would be consistent with the observation of specific adsorption
of F~ that Valette reported on this silver electrode.

4.4. Ionic liquid EMIM—TFSI (molecular dynamics data)

In this application, we aim to demonstrate how successfully the
semianalytical approximation can describe a complex ionic liquid under
conditions of relative ignorance of ion size, estimating the concentra-
tion from the bulk mass density and molar mass of the ionic liquid,
fitting only the ion polarizabilities. We compare the semianalytical
approximation against the simulated capacitance of a graphite elec-
trode in a room temperature ionic liquid EMIM—TFSI, with molecular
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Fig. 6. Differential capacitance of EMIM—TFSI ionic liquid as a function of electrode
potential. The red dashed lines shows the theoretical approximation using the effective
dielectric function while black stars indicate molecular dynamics simulation data from
Ref. [27]. An equivalent of bulk concentration of 3.89M was calculated from mass
density 1522 kg/m® and molar mass 391.31 g/mol of the ionic liquid.

dynamics simulations computed by Vatamanu et al. [27] The MD sim-
ulations employed nonpolarizable explicit atom/united atom (EA/UA)
hybrid force fields. Vatamanu found more irregular capacitance profiles
with geometrically flat surfaces, attributed to specific adsorption of
alkyl chains, that tend to lie flat on the smooth surface. We therefore
compare against the MD results for EMIM-TSFI on “rough” surfaces.

For this system, ionic radii were estimated from the mass den-
sity 1522 kg/m? and molar mass 391.31 g/mol of the ionic liquid
EMIM—TEFSI [27]. The average ion radius is 3.7 A, applied to both
cation and anion, is consistent with reported EMIM* and TFSI™ di-
mensions [39]. The corresponding bulk concentration is 3.89 M. The
average ion polarizability determined via Eq. (19) from the bulk per-
mittivity e = 12 and the average volume per ion would be 40 A3. As
in the aqueous case above, we employ a smaller polarizability in the
steric adsorption layer to account for dielectric saturation, removing the
rotational polarizability of the ions. In lieu of estimating the permanent
dipoles and corresponding rotational polarisabilites, we simply fit the
remaining (electronic) polarizabilities to match the MD data. The ion
polarizabilities are taken as 8 A for EMIM* and 17 A for TFSI, to
give an ion permittivity of 1.562 and 2.515 respectively. These were
used within the Clausius-Mossotti (Garnett) framework, Eq. (19), to
calculate the dielectric constant in the adsorption layer, with ¢, = 1
since the ionic liquid has no solvent.

The differential capacitance estimated by the semianalytical ap-
proximation is shown in Fig. 6. The semianalytical approximation (red
dashed line) converges to the MD simulation results (black stars) in
high potential regimes (|V| > 1 V).

We find that the semianalytical approximation, while reasonable or
even good at high potentials, shows significant deviation from the MD
results in the low potential regime. The high potential regime beyond
the peaks is the region where the steric forces represented by the
semianalytical model are significant, and the success of the model in
this region indicates that the behaviour at high potentials is dominated
by the steric forces. The behaviour of the model at low potentials was
nevertheless reasonable in the case of the aqueous system above, Fig.
5, while completely failing to describe the ionic liquid well at low
potentials below the steric peak. The Carnahan-Starling model used
to describe the steric forces is designed to reproduce the equation of
state of a liquid to the 10th virial coefficient [15], thereby describing
many-body hard-sphere interactions of the liquid well. That is, the
Carnhan-Starling model, represented by the semianalytical approxima-
tion, can be understood as representing ion-ion hard sphere correlations
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within the framework of a continuum model of the electrolyte. What
is missing from the theory are electrostatic correlations. Electrostatic
correlations are relatively weak in aqueous electrolytes, at least with
monovalent ions and at concentrations below 1M. But in ionic liquids
they are indispensible [40], at least in the low potential region before
steric hard sphere correlations begin to dominate. We tentatively at-
tribute the failure to describe the capacitance of the ionic liquid at
low potentials to the lack of electrostatic correlations in mean-field
continuum theory.

We note that at large negative potentials, where the semianalytical
approximation describes the MD results well, the capacitance curves
are concave up with respect to potential. The same is true for the
aqueous capacitance in Fig. 5. At high positive potentials, however,
the MD data shows a linear profile not matching the semianalytical
approximation, which remains concave up. We take this quality to be
a marker indicating whether the semianalytical approximation can be
applied successfully. The absence of a concave-up capacitance profile
may indicate insufficient sampling in computer simulations, or the
presence of other phenomena such as redox reactions in experimental
systems. The analytical approximation has a bell-shaped profile with
a peak at zero potential that would reach 87 yF/cm?, where the MD
results show a camel-shaped capacitance profile with a peak of only
7 wF/cm? near 1 V. However, the higher potential regions where the
semianalytical approximation is successful cover voltages relevant to
applications such as energy storage.

5. Conclusion

We have presented a semianalytical approximation of the Equation-
of-State models of steric force, exemplified by the Carnahan-Starling
model of an electric double-layer capacitor. Our approximation is based
on the linear counterion concentration profile observed in exact CS
calculations, valid for surface potentials in the range 0.2-4 V. We
have shown that these approximations agree well with the full nu-
merical solution of the CS equations in the limit of high potential
and electrolyte concentration with relative error less than 2% for the
surface charge density, and less than 5% for the differential capacitance
and the total grand potential. The relative error reduces as electrode
potential or electrolyte concentration increases, justifying the use of
the approximations for modelling supercapacitors where the working
potential and electrolyte concentration are high. Once dielectric satura-
tion is accounted for, reducing the permittivity in the steric adsorption
layer, semianalytical capacitance calculations are in good agreement
with literature values, both experimental and computer simulation,
particularly in high potential regimes. The model may be applied to
ionic liquids at high potentials, though not at low potentials <1 V.
Our analytical approximations immensely simplify the computation
time and effort needed to solve a highly nonlinear differential equa-
tion without compromising the accuracy of the solution. The results
demonstrate that the semianalytical approach is capable of reproducing
the differential capacitances, especially at electrochemically relevant
potentials.
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