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ABSTRACT: Studies of in-vacuo dispersion are the most active area of quantum-gravity
phenomenology. The way in which in-vacuo dispersion produces redshift-dependent corrections
to the time of flight of astrophysics particles depends on the model-dependent interplay
between Planck-scale effects and spacetime curvature/expansion, and we here derive the
most general formula for the leading order redshift-dependent correction to the time of flight
for the scenario in which relativistic symmetries are deformed at the Planck scale (DSR)
for the constant-curvature case. We find that, contrary to the broken symmetries scenario
(LIV), where in principle any arbitrary form of redshift dependence could be allowed, for
the DSR scenario only linear combinations of three possible forms of redshift dependence
are allowed. We also derive a generalization of our results to the FRW case, and discuss
some specific combinations of the three forms of redshift dependence whose investigation
might deserve priority from the quantum-gravity perspective.
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1 Introduction

The possibility of Planck-scale departures from (local) Lorentz invariance arises in several
quantum-gravity proposals (see, e.g., refs. [1-3] and references therein). In some scenarios
(LIV) relativistic invariance is broken [4-6], giving rise to a preferred frame, while in other
scenarios (DSR) relativistic invariance is merely deformed [7-9], preserving the equivalence
of reference frames but requiring a deformation of relativistic laws of transformation among
observers.

We are here concerned with tests of the fate of relativistic symmetries in quantum gravity
which are based on time-of-flight measurements, and when analyzed in a flat spacetime the
implications of the broken-symmetry and the deformed-symmetry scenario are indistinguish-
able: in both cases one gets a leading correction At to the special-relativistic time of flight
which (assuming linear dependence on the energy E of the particle) is governed by [4]

B (1.1)

At =
77MPl

where T is the (time) distance of the source, 7 is a phenomenological parameter and Mpy is
the Planck scale. However, matters become more complicated (and the differences between
the broken-symmetry and the deformed-symmetry scenario become more tangible) if one
takes into account the expansion of spacetime: the interplay between quantum-gravity effects
and curvature of spacetime can produce several alternative forms of redshift dependence of



the effect. In the LIV broken-symmetry scenario one has no constraints from symmetries
and in principle any arbitrary form of redshift dependence could be allowed (see for instance
refs. [10, 11]); however, LIV-based data analyses all rely on a particular form of redshift
dependence introduced in ref. [13] (also see ref. [14]) which gives the following redshift
dependence
E [71+zZ
TNy Jo H (2)
where z is the redshift of the source, related to the scale factor a(t) as z(t) = 1/a(t) — 1, H(z)
is the Hubble parameter, that for the ACDM model is' H(z) = Ho\/Qp + (1 + 2)3Q.
In the DSR deformed-symmetry scenario the possibilities for the interplay between

At = dz, (1.2)

quantum-gravity effects and curvature of spacetime are significantly limited by the requirement
that the merging picture should be compatible with (however deformed) relativistic invariance.
In a previous study [16] (also see ref. [17]) two examples of DSR-compatible forms of redshift
dependence were identified.

In the study we are here reporting we establish what is the most general form of redshift
dependence allowed by the requirement of DSR compatibility. We find that, in addition
to the two forms of redshift dependence already previously identified [16], there is only a
third possible form of redshift dependence. Of course, also linear combinations of these three
possible forms of redshift dependence are allowed.

Our analysis starts (section 2) by considering the simple case of propagation in a de Sitter
spacetime, where the possible DSR-relativistic scenarios can be characterized fully in terms of
deformations of the symmetries of de Sitter spacetime, which are described by an algebra of
10 generators (spacetime translations, rotations and boosts) [18, 19]. We establish that there
are only three different terms that can give a DSR-compatible description of the redshift
dependence of the time of flight. These results are generalized in section 3 to the case of
particles propagating in a FLRW spacetime through a slicing procedure, whose robustness was
well tested already in refs. [16, 19]. In section 4 we describe the phenomenology of some specific
combinations of the three DSR-compatible forms of redshift dependence which might be
particularly significant from the quantum-gravity perspective. In the closing section 5 we offer
a perspective on our results and on possible further developments for this research programme.

We use natural units ¢ = h = 1.

2 Most general deformation of the de Sitter algebra of symmetries

As announced, our analysis takes off from an investigation of the most general Planck-scale
deformation of the de Sitter algebra. We denote by H the curvature parameter of the de Sitter
algebra and we denote by ¢ (a length scale assumed to be of the order of the Planck length)
the deformation parameter and we shall be satisfied working at leading order in £.
Working in 141 spacetime dimensions, we start by characterizing the most general
deformation of the mass Casimir. We ask that the limits for vanishing curvature (H — 0)
and vanishing deformation (¢ — 0) are well-defined and in particular that the latter leaves

104, Ho and €, denote, respectively, the cosmological constant, the Hubble constant, and the matter
fraction, for which we take the values given in ref. [15].



us with the standard de Sitter Casimir. Moreover, we require that the vectorial properties
of the generators are accounted for, so that the generalization to higher spatial dimensions
does not affect space-rotational invariance. The most general deformation of the de Sitter
Casimir which satisfies these requirements is:

C=FE*—p?—2HNp+{ (aE3 + BEP? + 2yHNEp + 4,uH2N2E) . (2.1)

Here «, f3, v, 1 are dimensionless parameters. Compared to previous studies [16, 18] of
Planck-scale deformations of the de Sitter Casimir, our eq. (2.1) includes two additional
terms, the one parametrized by v (which however had been considered in ref. [20] in the
context of a study of particle kinematics with ¢g-de Sitter Hopf-algebra symmetries) and the
one parametrized by p. While the Casimir (2.1) is general and does not come from a specific
quantum gravity model, one can interpret the terms proportional to H/ in the framework of
a “quantum group” g-deformation of the Poincaré algebra, where the deformation is triggered
by a combination of the curvature scale and the “quantum gravity” scale encoded in the
parameter q (see, e.g., refs. [20, 21]). These theory implications may well deserve dedicated
studies, but we here intend to focus on the issues relevant for phenomenology.

The most general algebra of symmetry generators/charges that leaves the Casimir (2.1)
invariant can be described by the following set of Poisson brackets (see also refs. [16, 18]):

{E,p} =Hp—AtHE[(a+~—0)p+4pHN],
{N,E}=p+HN —(E[(a+B—0)p+ HN (a+~v—0)], (2.2)

¢
{N.p}=E+ 3 (0 +20) B2 + 3p? + 2yHNp + 4uH?N? .

These define a deformation of the standard de Sitter algebra. Notice that, in addition to the
parameters characterizing deformations of the Casimir, the algebra admits the additional
numerical parameter o.

So, at this kinematical level, departures from the standard relativistic symmetries
are characterized by five independent parameters. However, as we shall here show, the
implications for time-of-flight measurements only involve three independent combinations
of these 5 parameters.

3 In-vacuo dispersion for DSR-FLRW scenarios

In this section we use the description of deformed de Sitter symmetries given in the previous
section in order to derive the time-delay formulas which are here of interest. Those formulas
are then generalized to the FLRW case using, as announced, the “slicing” technique.

3.1 Time delays for deformed de Sitter spacetimes

In deriving our time-delay results, we must keep safe from possible relativistic artifacts due
to the relativity of locality [22-25] which is present in this deformed-relativistic scenarios. We
accomplish that by relying on two observers, one local to the emission event and the other
one local to the detection event. Following the strategy of analysis outlined in [16, 18, 20, 26],
we perform a finite translation that allows us to express the coordinates of an observer



at the detector (t,2B) in terms of the coordinates of an observer at the source (t*,z%),
defined by the prescription

(tB,2B) = e P e B (1A 2h), (3.1)

where > stands for the action by Poisson bracket of the corresponding generators® and ¢
and ( are respectively the space and time translation parameters. We then find that two
photons with energy difference AFE at the detector, emitted simultaneously by a distant
source, reach the detector with a time difference

62HT—1 1_672HT
At:mE((ﬁ—vﬂLUvLM)2H+(a+7—0—2u)T+u2H>, (3.2)

where T is the comoving (time) distance between the source and the detector. In terms of
the redshift of the source z = /T — 1 this reads

_(AE 2

2
At H (<6—7+0+M) <Z+ZZ> +(a+7—0—2u)ln(1+z)+u<%>>.

(3.3)
As announced, we are finding that the five numerical parameters that characterize the
deformation of the kinematics in egs. (2.1)—(2.2) combine to produce only three different
terms characterizing the functional dependence of the time delay on the redshift. In particular,
of the two terms in (2.1) that were not considered in [16, 18], the one parameterized by
~ does not add to the time delay formula any new functional dependence on the redshift
compared to what was already considered in [16, 18]. On the other hand, the new term in
the dispersion relation parameterized by p produces a functional dependence on the redshift
that was not considered before.

3.2 DSR-FLRW time delays

Up to this point we rigorously showed that in-vacuo dispersion in (DSR-)relativistic quantum
de Sitter spacetimes can only be characterized by (linear combinations of) certain 3 inde-
pendent forms of redshift dependence. This analysis did not require us to make additional
assumptions besides the quantum de Sitter invariance. However, for what concerns the
phenomenology of in-vacuo dispersion, we cannot rely on the constant-curvature assumption
that applies to de Sitter spacetime: we need to generalize our results to an FLRW expanding
spacetime, but a (DSR-)relativistic FLRW quantum geometry has still not been developed.
The ultimate goal would be to have some generalization of Einstein’s equation applicable to
quantum geometries, but that looks still like a distant goal for quantum-spacetime research.

We shall rely on a semiheuristic approach, which makes the reasonable assumption that
the relationship between travel times in quantum de Sitter and FLRW spacetimes should
preserve at least some aspects of the structure of the corresponding relationship between travel
times in classical de Sitter and FLRW spacetimes. Our strategy of analysis can be better

2For a generator G with parameter a, the finite action on a coordinate z is e bz = ZZOZO “TL—T,L {G,z},,
where {G,z}, = {G,{G,z}n-1}, {G,z}o = z. In this formalism, the composed action of a spatial translation

followed by a time translation is given by e P b e ¥ > .



appreciated by taking as reference the successful semiheuristic approach of refs. [10, 13] which
led to the identification of the Jacob-Piran redshift dependence, which is the standard of
reference for LIV (broken-relativistic-symmetry) quantum-spacetime phenomenology. Starting
from the results on in-vacuo dispersion in LIV flat quantum spacetimes, one could contemplate
any arbitrary form of redshift dependence in a LIV FLRW quantum spacetime, since the LIV
case provides no relativistic symmetry constraints. Indeed in ref. [10] some alternative forms
of redshift dependence were considered. The Jacob-Piran redshift dependence was singled
out through the assumption [10, 13] that, in LIV quantum spacetimes, momenta should be
affected by redshift in the same way that they do in classical general-relativistic spacetime.
It is turning out that this assumption is correct only in a subset of quantum-spacetime
models: the interplay between spacetime expansion and quantum properties of spacetime
often produces a modification of the effect of redshift on momenta (see, e.g., [11, 12]).

To see how our strategy of analysis is related to the Jacob-Piran approach we observe
that in the ordinary general-relativistic case travel times in FLRW can be obtained from
travel times in de Sitter equivalently assuming that momenta redshift general-relativistically
and assuming that the travel time in FLRW is obtained by “de Sitter slicing”, i.e. describing
propagation in FLRW, with its time-dependent expansion rate H (t) = a(t)/a(t), as a sequence
of infinitesimal steps of propagation in de Sitter spacetime with scale factor a(t) = exp(Ht)
(see appendix A). Our assessment is that in the relativistic quantum spacetimes whose
phenomenology we are describing the status of “de Sitter slicing” is much safer than that of
the effect of redshift of momenta, and we shall therefore rely on de Sitter slicing. For this we
follow exactly the procedure described in detail in ref. [16] (also see appendix A), in which
the propagation of signals in a FLRW spacetime with deformed local relativistic symmetries
is described by defining a sequence of intermediate observers along the particle’s trajectory,
such that each observer is local to the particle at a given spacetime point. Propagation of
the signal between two such nearby observers is described by using the deformed de Sitter
kinematics as done in the previous subsection and contributes to the total travel time by
an amount given by (3.2). The full trajectory (and the corresponding total travel time) in
the deformed FLRW spacetime is reconstructed by suitably matching [16] the observations
made by subsequent observers and considering a limiting procedure in which the number of
intermediate observers is sent to infinity, while decreasing their distance to zero.

Following this procedure we find that from our eq. (3.3) the time delay in the deformed

FLRW case reads:
_ 2
H(z) (# d7
1—11-
m+’72< ( 14z Jo H(z/)>>

H((z) (7 d7 *
s 1_(1_1+2/0 H(z/)>

As we anticipated, the time delay depends on only three numerical parameters 7y, 12,

At

_AE [*dZ(1+7%)
_Mp1/0 H (%)

and 73 that are to be determined by experiments. Their relation with the parameters of
the deformed algebra introduced in section 2 is given by

m=(@+p), m=(a—-—y+o+2u), m=—p.
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Figure 1. The redshift dependence of the three terms contributing to the time delay in eq. (3.4).
Each curve corresponds to the time delay (3.4) when only one of the three parameters 7y, 12 and
73 is different from zero. The continuous black line assumes that n; = 1 (while 2 = 13 = 0) and
AE = 10GeV. The dotted purple and dashed blue lines still assume AE = 10GeV, and they are
obtained by fixing, respectively, 1o and n3 so that the time delay matches the one of the black
continuous curve at z = 1.5.

Of course, for the case in which the H(z) is actually redshift independent the FLRW picture
turns into a de Sitter picture and our result (3.4) reproduces our result (3.3).

In figure 1 we plot the redshift dependence of the three terms in (3.4).

While any linear combination of the three redshift-dependent terms in (3.4) is a good
candidate for a DSR-FLRW time-delay formula, we find that the parametrization in terms of
11, 12, and 73 turns out to be convenient for the comparison of some specific phenomenological
scenarios that we are going to discuss in the next section. In particular, when 1y = n3 = 0, we
are left with the term parametrized by n; which gives the same time delay that was obtained in
the LIV scenario by Jacob and Piran in ref. [13]. On the other hand, scenarios with vanishing
71 or 19 characterize, respectively, two noteworthy cases that we shall discuss in the following:
when 77 vanishes one obtains curvature-induced scenarios (see subsection 4.1), while vanishing
72 relates to theoretical models where energies add up trivially (see subsection 4.2).

4 Some noteworthy special cases of DSR-FLRW time delay

We have shown that the requirement of compatibility with DSR-relativistic invariance
limits to combinations of only 3 independent forms of redshift dependence for time-delay
phenomenology. Still, even just a 3-parameter formula is a rather wide “hunting field” for
the phenomenology of time delays in astrophysics, where data are scarce and often of poor
quality. In this section we attempt to motivate from the theoretical perspective some specific
choices of the parameters 71, 12, and n3 in (3.4) which might deserve being the “first targets”
for the phenomenology.



4.1 Curvature-induced scenarios

A scenario that so far received little attention in the literature, but that could have interesting
phenomenological implications, is the one where the quantum gravity effects are triggered by
spacetime curvature. This is a scenario where the interplay between curvature effects and
Planck-scale effects produces results that are the most distant from what one would guess based
on analysing Planck-scale effects in the flat-spacetime approximation. Indeed, in this scenario
in-vacuo dispersion occurs only in combination with spacetime curvature/expansion so that
when curvature is negligible there is no expected time delay. Theoretically, these scenarios
find motivation in some studies based on a Hopf-algebra description of the symmetries of
quantum spacetime [21, 27], as well as in some considerations arising from loop-quantum-
gravity research [28]. A first study of these “curvature-induced” scenarios was performed
in [29], relying on a toy model where relativistic symmetries are broken. The preliminary
results reported in [29], confronting the slow onset of the quantum gravity effects in the
FLRW time-delays, that are typically expected in curvature-induced scenarios, with data
relative to gamma-ray-burst observations, showed how these features might have interesting
implications for experimental studies.

Here we show that there is a choice of parameters that produces a curvature-induced time-
delay also in the DSR-FLRW framework we constructed in the previous sections. As explained
in [29], the requirement for having only curvature-induced terms in the time-delay formula
amounts to asking that the coefficient of the first-order term in an expansion around z = 0
of the expression (3.4) vanishes. Indeed, expanding the redshift formula z(¢) = 1/a(t) — 1
for small distances (i.e. small (negative) times ¢ = —T'), one gets z(—1) ~ HyT, where

the Hubble constant is defined as Hy = %%|t=0- It follows that terms linear in z in the
AE =z ~, AE
Mpy Ho — Mp)
of spacetime curvature. Thus, only terms involving powers of z higher than 1 contribute

expansion of At will be proportional to T, and will survive even in the absence

to curvature-induced time-delay effects.
The leading order expansion in terms of the redshift of eq. (3.4) gives

MP§{0 (7712 + 0(22)> . (4.1)

Setting to zero the first order term corresponds to imposing the constraint 7 = 0 (i.e. « = —f3

At ~

in terms of the kinematical parameters). Notice also that the same condition is obtained in
the DSR-de Sitter case of subsection 3.1 if one asks that the time delay of egs. (3.2) and (3.3)
vanishes in the limit of vanishing spacetime curvature H. Indeed, considering the limit H — 0
in (3.2) (or in (3.3), noticing that z ~ HT + O(H?T?)), we obtain

AE
At == ((a+ B)z +0(z%) = LAE ((a+ B)T + O(HT?)), (4.2)
which gives again the condition o = —pg, i.e. g3 = 0.

By imposing the condition n; = 0 in (3.4) the time delay expression reduces to

_ 2

AE [(#dz(1+7%) H(z) (? d7

At = / 1—(1-
Mol Jo  H(z) |™ < 142 Jo H(Z)

H((z) (7 d7 *
13 (1_<1_ 1—1—2/0 H(z’)) )]

(4.3)




This formula, in which only two independent parameters appear, describes the most general
curvature-induced in-vacuo dispersion scenario arising from the deformation of symmetries
under the hypotheses of sections 2 and 3.

4.2 Scenarios with undeformed addition of energy

Apart from the deformation of the mass Casimir and the algebra of relativistic symmetry
generators, another important ingredient of DSR models concerns the conservation law of
energy-momenta for processes involving multiple particles. In order for the conservation law
to be invariant under the deformed symmetries, it must be accordingly deformed [7, 30].

In order to study the possible deformations of the energy-momenta conservation law
for the deformed de Sitter scenario described in section 2, we consider the total energy and
momentum charges resulting from the composition law in the two-particle case. Keeping the
description as general as possible, we consider all the possible terms that can be added to
the standard (linear) special relativistic sum law of energy-momenta at leading order in the
deformation parameter ¢. This is found by requiring that the total charges close the same
algebra (2.2) as the single particle energy and momenta (this ensures the relativistic properties
of the composition law) and that no deformation terms which involve only one particle charge
are present, so that we recover the definition of single particle charge when the charges of
the second particle are zero [31, 32]. Moreover, we require the same conditions of analyticity,
dimensional consistency, and “vectorial properties” adopted for the algebra deformation in
section 2. The most general composition laws complying with these requirements is given
by the following:

Eiwt=E1+E2+4((20 —B—a—b)PiPy+ (c—v+0)H(N1 P>+ P1N>)
— aE1Ey +2(c — 2u)H? N No)

Pt =Pi+ Po+L((0c —b)E1Pa+ (0 — a)Ea Py + cH(N1E2 + E1Ng))

Niot = N1+ No+ £ (aE1No + bEyNy) .

(4.4)

Notice that three additional parameters (a,b, ¢), that didn’t appear in (2.2), are allowed.

While all possibilities contemplated by our eq. (4.4) deserve being investigated, we feel
that priority should be given to scenarios in which the addition law of particle energies
remains undeformed. This is suggested by experience [30, 31] with the implications of these
modified addition laws in which one finds that preserving the linearity of addition of energies
is advantageous from the point of view of the interpretation of the results. Moreover this
requirement finds further motivation in scenarios where the DSR framework can be associated
with a quantum group deformation of de Sitter symmetries, where the summation law of
the charges/generators corresponds to a “coproduct rule” of the Hopf-algebra generators.
In that case an undeformed summation law of energies would correspond to a “primitive
coproduct” for energy/time-translation generators, that is necessary for having a “time-like”
g-deformation of de Sitter symmetries [33-36].

The requirement for the composition of energy to be undeformed imposes the following
constraints between the kinematical parameters:

a=0 y—o=2u, (4.5)
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Figure 2. The continuous line corresponds to the one-parameter scenario described by (4.7), with
AFE =10GeV and 13 = 1. The dashed line represents the expected time delay for the Jacob-Piran
case (1.2), corresponding to setting 7o = 73 = 0 in (3.4); the remaining free parameter in (3.4), 71, is
fixed by asking that the two lines cross at z = 1.5. Also for the dashed line we use AE = 10 GeV.

amounting to 72 = 0 in (3.4). The expression for time delay in the deformed FLRW scenario
then becomes

_AE [7dzZ(1+7%) H(z) (? dZ !
AtMPl/O H (%) s 1_<1_1+5/0 H(z’)) ’ (4.6)

in which, again, only two independent parameters appear.

4.3 A one-parameter scenario: curvature-induced and undeformed addition of
energy

Combining the requirements of Subsecs. 4.1 and 4.2 we obtain a scenario that has only
one free numerical parameter to be determined by experiments, 73, and is characterized by
undeformed composition law of energies and a curvature-induced time delay effect.

The resulting formula for the time delay is

AE [2dz(1+7) Hz) 7 a2\
At_"?’Mpl/o H @) 1_<1_1—|—z/0 H(z’)> : (47)

In figure 2 we compare the redshift dependence described by this formula to the one of

the Jacob-Piran scenario (1.2).

4.4 Alternative picture with the time delay changing sign

It is rather noteworthy that in our one-parameter scenario which is curvature induced and is
compatible with undeformed addition of energy the time delay changes sign at high redshift.
So far all the scenarios motivated in the literature gave rise to monotonic dependence of the
time delay on redshift, and it is interesting that our one-parameter scenario, with its appealing
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Figure 3. The continuous line corresponds to the “curvature-induced” scenario described by (4.3)
with 79 =4 and 73 = —3, see eq. (4.8). The dashed line represents the expected time delay for the
Jacob-Piran case (1.2), corresponding to setting 7o = 73 = 0 in (3.4); the remaining free parameter
in (3.4), n1, is fixed by asking that the two lines cross at z = 1.7 (which allows for a particularly
interesting comparison). As for figure 2, we set AE = 10 GeV for both lines.

theoretical qualities, is not monotonic. This led us also to investigate how frequently in our
3-dimensional parameter space such changes of the sign of the time delay occur and what
sort of functional dependence on redshift are then found in such cases. We found that cases
in which the time delay changes sign are not at all exceptional, and a variety of forms of
dependence on redshift can be found.

As an illustrative example we focused on the case of effects which are curvature induced
(m = 0) and with ne = 4, n3 = —3. With this choice, eq. (3.4) becomes

_AE [7dzZ(147%) H(z) (7 d7 ?
At_MPl/O H (%) 4 1_<1_1+z/0 H(z’))

H(z) [* d7 *
-9 1_(1_1+z 0 H(z’))

As shown in figure 3, in this scenario the redshift dependence starts off at small redshifts with

opposite sign with respect to the Jacob-Piran scenario, but then for redshift greater than 1 (up
to redshift of about 4.5) approximates reasonably well (oscillating around it) the Jacob-Piran
scenario. It would therefore be a valuable aspect of maturity of this phenomenology when
the quality of data at high redshift will prove to be sufficient for discriminating between
this scenario and the Jacob-Piran scenario.

4.5 Another one parameter scenario: curvature-induced and monotonicity

In the previous subsections we described some noteworthy curvature-induced scenarios where
the redshift dependence of the time delay is not monotonic. We do not see any robust argument
against the lack of monotonicity, the lack of monotonicity produces no “pathology”. Still, one
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At(s)

z
1 2 3 4 5

Figure 4. The continuous line corresponds to the “curvature-induced” monotonic scenario described
by (4.9) with n3 = —1. The dashed line represents the expected time delay for the Jacob-Piran
case (1.2), corresponding to setting 7o = n3 = 0 in (3.4); the remaining free parameter in (3.4), 7y, is
fixed by asking that the two lines cross at z = 1.5. As for figure 2, we set AE = 10 GeV for both lines.

might simply wonder whether monotonicity is at all possible in the curvature-induce scenario.
For this purpose we must check if it is possible for the derivative of the time delay with respect
to the redshift parameter z to never change sign. We find that this condition is satisfied
only when 12 = —2n3. Therefore, the two conditions of monotonicity and curvature-induced
effects lead to another one-parameter model. With this constraint, eq. (3.4) reads

At:UgAE/()de(1+Z) » 1_<1_H(z) z dz’)>2

Mpy H(f) 142z Jo H(fl
. (4.9)
. 1_H(z) Z dz
142z Jo H(Z)

We illustrate the behaviour of this time delay in figure 4. Interestingly, in this scenario
there is a range of redshifts, between ~ 3 and ~ 4.5, where the time delay is approximately
constant (in particular it has a stationary point at z ~ 3.8). This range does not depend
on the value of the model parameter.

4.6 Monotonicity for n; # 0

Having found an interesting (at least unique) scenario by requesting monotonicity in the
curvature-induced case (n; = 0), we find appropriate to also explore monotonicity for the
most general case (71 # 0). When 1 # 0 the requirement of monotonicity of the time
delay can be expressed by identifying a region of the parameter space {n2/n1, n3/n1} where
monotonicity holds. We illustrate this in figure 5 by fixing 71 = 1 and considering the
range 72,m3 € [—20,20]. The blue area identifies the values of 12, 73 such that % >0
for every value of the redshift.
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Figure 5. The blue region identifies the range of parameters 7, n3 such that the time delay of
eq. (3.4) depends monotonically on redshift when n; = 1.

5 Conclusions

We have derived the most general formula that describes the leading order time delays
(assuming linear dependence on the particle energy) for ultra-relativistic particles propagating
in an FLRW expanding spacetime with deformed (DSR) relativistic symmetries. This is
reported in eq. (3.4), which represents our main result. We found that the requirement of
relativistic consistency of the DSR scenario allows for only three possible independent forms
of redshift dependence. This is completely different from LIV scenarios, where relativistic
symmetries are broken and the lack of relativistic constraints allows in principle any possible
form of redshift dependence in the time-delay formula.

Considering the smallness of the Planck length and the rather poor quality of presently-
obtainable data, even the exploration of the small three-parameter space of eq. (3.4) is a
big challenge for phenomenological studies, and initially it might be necessary to focus on
some specific choices of our three parameters. We highlighted in section 4 some choices of
the three parameters which can be motivated by theoretical arguments based on the possible
requirement that the quantum gravity effects are “curvature induced”, so that the time-delay
vanishes when the spacetime curvature/expansion is negligible, and the possible requirement
that the total energy of a multi-particle system should be obtained with a standard linear
law of addition of particle energies. In particular, we found that combining these two possible
requirements one specifies completely the redshift dependence of the effects (subsection 4.3).
Similarly, combining the curvature-induced requirement with a requirement of monotonicity
of the redshift dependence also specifies completely the redshift dependence of the effects
(subsection 4.5). We believe that valuable first targets for phenomenology would be to
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discriminate between these two particular forms of DSR-allowed redshift dependence and
the redshift dependence of the Jacob-Piran scenario.

A de Sitter slicing for the LIV-FLRW Jacob-Piran scenario

The derivation of FLRW travel times using the technique of “de Sitter slicing” was discussed
in detail, mostly for DSR-relativistic scenarios, in refs. [16, 19]. We here focus on showing
that applications of the de-Sitter slicing to the LIV Jacob-Piran scenario produce results
that are equivalent to those found by redshifting the relevant momenta with the standard
general relativistic scale factor. Indeed our objective is to show that also Jacob and Piran
could have derived their form of redshift dependence using de Sitter slicing.

We work with comoving-time coordinates and we start by considering the LIV-modified
relationship between energy and momentum for a massless particle in (2D) de Sitter spacetime

E2 — 672Htp2 _ Ae*QHtEPZ’ (Al)

where A is the LIV scale, and this formula reproduces the Jacob-Piran redshift dependence [13]
in the de Sitter limit for which the FLRW scale factor is a (t) — e!, with constant H.

The speed of a massless particle can be easily obtained from (A.1) to be (working again
at first order in \)

v(t) = %ﬁ ~ ¢ Ht (1 - )\e_Htp) . (A.2)

We want to determine the difference in arrival times between a hard photon (a high-energy
photon, tangibly affected by LIV) and a soft photon (a low energy photon, for which the LIV
effects can be neglected), emitted simultaneously at a distant source, traveling through a
LIV-modified FLRW spacetime corresponding to (A.1). We consider an observer Alice local
to the event of emission (Alice’s frame origin coincides with the emitter), and an observer Bob
local at the detector (Bob’s frame origin coincides with the detector), and we assume that the
soft photon has been emitted at the (comoving) Bob time —T'. To reconstruct the trajectories
of the photons we divide the time interval T between the event of emission and the event of
detection in IV time intervals of equal temporal size T'/N, such that each “spacetime slice” is
described, with good approximation, by a constant expansion rate H, = H (t,), where t,, is
the initial time of the n-th slice, and n = 1,..., N. We consider now a set of intermediate
observers Bob,, such that the soft photon crosses the origin of their reference frame at the
time t,, so that Boby = Bob (and Bobg = Alice). Each observer Bob,, in the corresponding
n-th slice, which goes from t,,_1 to t,, will describe the motion of particles in terms of a
constant expansion rate H,,, and will describe the photons to travel with a speed v>".

To obtain the time delay at the detector, we are interested in the trajectory that Boby
assigns to the hard photon in the final N-th slice (the soft photon arrives by assumption
in Boby’s spatial and temporal origin), which is given by

N-1 th tBN

By (41BN _ By m BN 4BN By 4By

x (t )N—moA + Z /BN v Ndt —i—/BN v dttN (A.3)
n=1"%0,_, toy_y
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with vB¥ the velocity that Boby assigns to the photon in the nth slice, and (a:gf ) tg]: ) the
coordinates that Boby assigns to the photon when it crosses the (time) origin of observer
Bob,,’s frame.

To compute these quantities, it is necessary to establish the relations between the observers’
coordinates. We describe each Bob,, as the observer connected to Alice by a set of n spatial
translations followed by a set of n time translations, with each k-th translation characterized
by the relative constant expansion rate Hy and finite translation parameters (i, &, i.e.

(t, )P = ™ 2km1 §P 1 o= ke B b (¢ 7). (A.4)

Since in the LIV case the relativistic transformations are not deformed, one easily finds the
following relation between Bob,’s and Alice’s coordinates

n
Bn (JA A\ _ A _
t (t T ) t k;gk,

zBr (tA, :L“A) = eZZ=1 Hi G <1}A — zn: §k> .
k=1

The requirement for each observer Bob,, to be along the soft photon trajectories at the time

(A.5)

tn, is then ensured by imposing that the translation parameters satisfy the conditions

G=C=TIN, &=e Zinfo_—— (A.6)

and Alice describes each n-th slice to be of temporal size ( and spatial size &,.

By

The computation of v,

requires the use of these formulas and a suitable matching of
the scale factors a,, (t) = exp (H,t) at the junction of each slice, after which one obtains

B poY
U = By \L T B g ) (A7)
an™ (tB) an™ (tB~)
where N
GEN (tBN> =e D kmnt1 HyC ((N=n)Hn( ;HntPN (A.8)
The velocity (A.7) can be easily integrated in each slice in (A.3), where we take
toN =5 (B = 0) = = (W = n)(, (A.9)
and considering that, combining (A.5) and (A.6), one has that
N N 1— —H¢
LEgJZ = .CL'BN (,_’EA = 0, tA = O) = — Z QZs:k Hsgéik s (AlO)

k=1

the trajectory in the N-th slice is given by

_HntBN N —2H, —2HNtBN

n=1

(A.11)
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From the trajectory we obtain the hard-photon time delay (at first order in \) by solving
for tB~y (:I}BN = 0),

N =y
ALPN = \pPN Y " e? Yo, e L= e

A12
oI, (A.12)

n=1
We take now the limit N — oo, in which the slices are infinitesimally small. Using the
formulas (( = T/N)

ng -
3 g—>/t "t (A.13)
k:nﬁ—l g

€Z:=k+1HSC — a (i) , (A.14)
a(ty)
we obtain
0 qdt
At — )\ —_ A.15
[ (A15)

where we denoted by p; the momentum of the hard particle observed at the detector, we

considered that for N — oo one has that 6212{?;1 — (, that tg = =T, t§y = 0, and that

a(ty) = a(0) = 1. Finally, we can rewrite the delay in terms of the redshift of the source
z = z(—T), noticing that, for z = 2(¢t), a(t) = 1/(1+ z) and dt = —dz/(H(2)(1+ %)), so that

Al = App /O dz;(;z), (A.16)

which indeed coincides with the formula obtained by Jacob and Piran in [13].
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