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It is generally believed that it is not possible to have a four dimensional differential calculus in κ-
Minkowski spacetime, with κ-Poincaré relativistic symmetries, covariant under (κ-deformed) Lorentz 
transformations. Thus, one usually introduces a fifth differential form, whose physical interpretation is 
still challenging, and defines a covariant five dimensional calculus. Nevertheless, the four dimensional 
calculus is at the basis of several works based on κ-Minkowski/κ-Poincaré framework that led to 
meaningful insights on its physical interpretation and phenomenological implications. We here revisit the 
argument against the covariance of the four dimensional calculus, and find that it depends crucially on an 
incomplete characterization of Lorentz transformations in this framework, which neglected a feature, still 
uncovered at the time, that turns out to be fundamental for the consistency of the relativistic framework: 
the noncommutativity of the Lorentz transformation parameters. This suggests to revise the notion of 
covariance to accommodate the action of the full infinitesimal Lorentz transformation. Once this is taken 
into account, the four dimensional calculus is found to be fully Lorentz covariant. The result we obtain 
extends naturally to the whole κ-Poincaré algebra of transformations, showing the close relation between 
its relativistic nature and the properties of the differential calculus.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

κ-Poincaré algebra Pκ was introduced in [1,2] as a possible 
Hopf deformation of standard special relativistic Poincaré symme-
tries. In [3] it was shown that it can be given the structure of a 
semidirect product of the classical Lorentz group so(1, 3) acting in 
a deformed way on the translation sector T , a structure known as 
bicrossproduct, and denoted as U (so(1, 3))� � T . It was shown also 
in [3] that one can introduce a noncommutative space of coordi-
nates Mκ on which Pκ acts covariantly, denoted as κ-Minkowski. 
A (first order) differential calculus on Mκ can be defined ac-
cording to the Woronowicz formulation of bicovariant differential 
calculi on quantum groups [4]. In [5] (see also [6]), Sitarz intro-
duced a notion of “Lorentz” covariance for the differential calculus 
on Mκ according to which, in order to comply also with bicovari-
ance, one needs to add a fifth differential form, so that the calculus 
becomes five dimensional.

A further study of bicovariant differential calculi on Mκ was 
carried out in [7] (see also [8]), identifying in particular a pro-
posal for a four dimensional calculus compatible with a notion of 
translational invariant integration on Mκ . The four dimensional 
differential calculus proposed in [7]1 was at the basis of the defi-

E-mail address: giacomo.rosati@uwr.edu.pl.
1 Actually in [7] two versions of the 4D calculus are proposed, one is used in [9], 

while the other in [10,11].
https://doi.org/10.1016/j.physletb.2022.137016
0370-2693/© 2022 The Author(s). Published by Elsevier B.V. This is an open access artic
SCOAP3.
nition of Fourier transforms and plane waves on Mκ in [9], as well 
as of a description of noncommutative translation parameters [10]
that led to the first results on Noether analysis for κ-Minkowski 
field theories [11], that contributed towards a physical interpreta-
tion of noncommutative theories based on κ-Poincaré symmetries. 
These studies are among the premises of the research program of 
quantum gravity phenomenology based on Planck-scale (Hopf) de-
formed relativistic symmetries (see for instance [12–14]).

However, the results of [5] seem to rule out the four dimen-
sional calculus introduced in [7], if one doesn’t want to break 
Lorentz invariance. It is on this ground that in the relevant lit-
erature it is asserted that in κ-Minkowski spacetime there is no 
four dimensional calculus which is (Lorentz) covariant23 [15–20], 
so that some authors [16–18] tend to prefer a description of trans-
lations for Mκ noncommutative field theories based on the five 
dimensional calculus of [5]. The question of which differential cal-

2 In particular in [20] (see also references therein for the previous works of 
the authors) a classification of four dimensional bicovariant differential calculi for 
spacetimes with noncommutativity of Lie algebra type, that include κ-Minkowski 
within the “timelike” class of deformations, is given. It is concluded, adopting the 
notion of covariance given in [5], that the only Lorentz covariant calculi belong to 
the class of “lightlike” deformations, thus excluding κ-Minkowski (at least in its 
original formulation).

3 In [19] a more recent formulation of the 5D differential calculus, with the in-
troduction of other quantum differential geometry notions, is presented.
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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culus to use is not just a formal matter though. It is well known 
that among the most interesting frameworks for quantum grav-
ity phenomenology are the ones that depend on the possibility 
to have a deformed dispersion relation characterizing relativistic 
kinematics, as for instance in studies of Planck-scale in-vacuo dis-
persion [12–14], a feature that seems to emerge naturally [9] in 
scenarios based on the four dimensional calculus [7]. On the con-
trary, as it was pointed out already in [16], the resulting Noether 
charges associated to a description of translations based on the 5D 
calculus [17,18] (see also the recent [21]) satisfy the standard, un-
deformed, special relativistic algebra, and, if one interprets physical 
energy and momentum to be the conserved charges arising from 
Noether analysis, one finds that they satisfy the standard unde-
formed dispersion relation.

We find that these considerations, mainly the importance of the 
calculus for a physical interpretation of the noncommutative the-
ory and its implications for Planck-scale phenomenology, motivate 
to revise the argument put forward in [5] against the covariance of 
the 4D calculus, also in light of some more recent results regarding 
the properties of the κ-Poincaré symmetries. In particular, it was 
pointed out in [22] that the relativistic description of the whole 
κ-Poincaré framework requires to introduce, besides noncommu-
tative translation parameters [11], noncommutative boost and ro-
tation transformation parameters associated to Lorentz sector of 
the algebra. We find that when one takes into account of the role 
of the Lorentz noncommutative parameter, the four dimensional 
calculus of [7] complies naturally with a notion of covariance un-
der Lorentz transformations. Moreover, we show that this notion 
of covariance extends to the whole κ-Poincaré algebra of relativis-
tic transformations, in a way that the Lorentz transformations are 
also described by a (second) bicovariant 4D differential calculus. To 
further motivate the introduction of noncommutative Lorentz pa-
rameters, we show how they are necessary for the definition of 
Lorentz covariant plane waves on Mκ , and thus of scalar fields. 
We conclude with a description of a “pregeometric” [23] represen-
tation of the calculi, that allows to highlight some of the features 
of the calculi, and we outline some considerations for a compari-
son with the 5D calculus.

But, first of all, we introduce the notion of Lorentz covariance 
for a (bicovariant) differential calculus from relativistic considera-
tions.

2. Notion of covariance

Consider a noncommutative spacetime defined by commutation 
relations of Lie algebra type

[xμ, xν ] = γ
μν
ρ xρ , (1)

with primitive coproducts

�xμ = xμ ⊗ 1+ 1+ xμ , (2)

and a four dimensional differential calculus on (1), such that

xμ → xμ + dxμ .

The differential calculus must first of all satisfy the Leibniz rule

d( f (x)g(x)) = df (x)g(x) + f (x)dg(x) , (3)

where it is also assumed that d2 = 0. Moreover, Woronowicz’s for-
mulation [4] requires compatibility conditions with the Hopf struc-
tures known as bicovariance. One can show (see for instance [5,8]) 
that, due to the simplicity of the coproduct (2), the bicovariance of 
the differential calculus reduces to two conditions: compatibility 
with the defining commutators (1)
2

d[xμ, xν ] = [dxμ, xν ] + [xμ,dxν ] ,

and the Jacobi identities
[[

xμ, xν
]
,dxρ

] + [[
xν,dxρ

]
, xμ

] + [[
dxρ, xμ

]
, xν

] = 0 .

It is easy to see, assuming the independence of the dxμ , that these 
two sets of conditions combine to

[xμ + dxμ, xν + dxν ] = γ
μν
ρ (xρ + dxρ) , (4)

i.e. the map 1 + d is an algebra isomorphism.
An (infinitesimal) Lorentz transformation (boost plus rotation) 

is generated by the operator

L� = (1 + iξ j N j + iρ j M j)� , (5)

so that, a (scalar) function of xμ changes as

f (x′) = L � f (x) .

We define the action of Lorentz transformations on the differential, 
according to [5], as given by

dx′μ = L � dxμ = d(L � xμ) . (6)

We will actually show in Sec. 4 that this assumption is indeed 
justified from a relativistical point of view.

We now propose our definition of covariance for the differential 
calculus, that stems from the following relativistic consideration: 
since the Lorentz transformation (5) defines the relation between 
coordinates of events for observers that are relatively boosted or 
rotated, what we can ask as covariance, amounts to the require-
ment that the differential calculus satisfies the same properties for 
both observers. Thus, to be covariant, a differential calculus must 
satisfy the property

[x′μ + dx′μ, x′ν + dx′ν ] = γ
μν
ρ (x′ρ + dx′ρ) , (7)

or, equivalently,

[L � (xμ + dxμ), L � (xν + dxν)] = L � [xμ + dxμ, xν + dxν ] .

Notice that there is a crucial difference between this condition and 
the one proposed in [5], which was4

[N(1)
j � xμ, N(2)

j � dxν ] = N j � [xμ,dxν ] .

This is due to the fact that the covariance condition we are here 
proposing is based necessarily on the whole Lorentz transforma-
tion (5) connecting the coordinates of boosted and rotated ob-
servers, and this involves, as required for the consistency of the 
Lorentz action (see Sec. 4), boost and rotation parameters that do 
not commute with coordinates.

3. Four dimensional differential calculus

To keep the discussion focused on the relativistic aspects of the 
mathematical construction, we define our four dimensional dif-
ferential calculus, following the proposal of [10] (leading to the 
characterization of Noether currents in [11]), starting from the de-
scription of translations in κ-Minkowski spacetime Mκ . This is 
defined by the commutation relations and coproducts

[x0, x j] = i

κ
x j , [x j, xk] = 0 , (8)

4 We are here using Sweedler notation for which �a = a(1) ⊗a(2) ≡ ∑
i a(1)

i ⊗a(2)
i , 

the summation being suppressed.
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�xμ = xμ ⊗ 1+ 1+ xμ .

To introduce the κ-Poincaré (Hopf-) algebra Pκ of relativis-
tic symmetries of Mκ , one can start [10] from the definition of 
time-ordered plane waves : eikx:, that serve as base for the (non-
commutative) Fourier expansion of functions:

f (x) =
∫

dμ(k) f̃ (k) : eikx : ,

with dμ(k) a suitable (invariant) measure in momentum space. 
From a geometrical perspective [17,18,21], time-ordered plane 
waves represent elements of the (Borel) group AN3. From this, 
dual, perspective, momentum space is a curved manifold, mo-
menta are “coordinates” on AN3 (that cover half of de Sitter 
space), and xμ generate (covariant, dual) “translations” in mo-
mentum space. Choosing, for instance, the time-to-the-right plane 
waves

: eikx := eik j x
j
eik0x0

,

one can define translations as generated by operators Pμ whose 
“eigenvalues” are the momenta kμ:

Pμ� : eikx := kμ : eikx : . (9)

It is easy to show that, on products of functions, the action of P j

doesn’t satisfy the Leibniz rule. Its deformed action on products of 
functions is encoded in the non-primitive coproduct

�P j = P j ⊗ 1 + e−i P0/κ ⊗ P j . (10)

The time translation generator P0 acts with the standard Leibniz 
rule, and its coproduct is primitive

�P0 = P0 ⊗ 1 + 1 ⊗ P0 . (11)

One can show [10] that also for boosts and rotations, the con-
sistency of their action on time-to-the-right plane waves requires 
their algebra and coalgebra to be κ-deformed. In particular, identi-
fying the commutation of generators by the commutation of their 
action on functions on Mκ , i.e. for instance

N j � Pμ � f (x) − Pμ � N j � f (x) = [N j, Pμ] � f (x) , (12)

one gets the expressions

[Pμ, Pν ] = 0 , [M j, P0] = 0 , [N j, P0] = i P j ,

[N j, Pk] = iδ jk

(
κ

2

(
1 − e−2P0/κ

)
+ 1

2κ
�P 2

)
− i

κ
P j Pk ,

[M j, Pk] = iε jkl Pl , [M j, Nk] = iε jkl Nl , (13)

[M j, Mk] = iε jkl Ml , [N j, Nk] = −iε jkl Ml ,

�M j = M j ⊗ 1 + ⊗M j ,

�N j = N j ⊗ 1 + e−P0/κ ⊗ N j + 1

κ
ε jkl Pk ⊗ Ml ,

(14)

that, together with (10) and (11), define the κ-Poincaré Hopf-
algebra in bicrossproduct basis proposed in [3].

In order to describe translations, however, the properties of the 
generators are not enough. One has to consider the role of the 
translation parameters aμ that define the infinitesimal translation 
operator

T = (1 + iaμ Pμ) � .

In order to comply with the properties of κ-Minkowski, the param-
eters aμ turn out to have nontrivial commutation rules with xμ . A 
3

requirement that one wants to impose on translation parameters, 
leading to a suitable description of translation symmetries [10,11], 
is that their combination with translation generators restores the 
Leibniz rule for the operator iaμ Pμ�:

iaμ Pμ � ( f (x)g(x)) = (iaμ Pμ � f (x))g(x) + f (x)iaμ Pμ � g(x)

Given (10), and asking also that Pμ � aν = 0 and [aμ, aν ] = 0, this 
requirement singles out the possible choice of commutation rela-
tions to

[x0,a0] = [x j,aμ] = 0 , [x0,a j] = i

κ
a j . (15)

It turns out that, besides the Leibniz rule, these commutation 
properties of translation parameters ensure that the map T � is an 
algebra isomorphism,

[T � xμ, T � xν ] = T � [xμ, xν ] ,

i.e. translations transform elements of Mκ in elements of a second 
copy of Mκ , or, in other words, that for a translated observer the 
noncommutative spacetime is still defined by (8). These properties 
of aμ , Leibniz rule and algebra isomorphism, are crucial for the 
description of translational symmetries for noncommutative field 
theories in κ-Minkowski [11], as they allow to perform Noether 
analysis establishing a correspondence between differentiation and 
functional variation of the fields. It is also clear that the same 
properties are exactly the ones of bicovariance, discussed in Sec. 2, 
Eqs. (3) and (4), that a differential calculus on κ-Minkowski must 
satisfy. We can thus define our differential calculus on Mκ by the 
identification

dT := iaμ Pμ� , i.e. dT xμ = iaν Pν � xμ = aμ ,

where we have used that from the definitions (9) follows obviously 
that Pμ � xν = −iδν

μ . So that, from (15),

[x0,dT x0] = [x j,dT xμ] = 0 , [x0,dT x j] = i

κ
dT x j . (16)

It turns out that this differential calculus, that we have obtained 
from relativistic considerations involving translational symmetry, 
coincides with the one found, for κ-Minkowski spacetime, in [7], 
where it is shown moreover to be compatible with the introduc-
tion of a translational invariant notion of integration.

4. Covariance of the four dimensional calculus

It now comes the main part of this letter, the illustration that 
the four dimensional calculus induced by translation parameters, 
is not only bicovariant, but also covariant under Lorentz trans-
formations. In order to show that, we must first discuss the role 
of Lorentz parameters in the operator (5). Similarly to what was 
done for translations, we impose that the boost and rotations pa-
rameters combine with the coproducts (14) of the corresponding 
κ-Poincaré generators so that their action on products of functions 
satisfies the Leibniz rule. This construction was performed in [22], 
and, again, its physical motivation lies in the fact that with this 
property one can perform Noether analysis by variational principle 
on noncommutative field theory. The resulting commutation rela-
tion, asking also that Pμ � ξ j = Pμ � ρ j = 0 and [ξ j, ρk] = 0, are

[x0, ξ j] = i

κ
x j , [x j, ξk] = 0 ,

[x0,ρ j] = 0 , [x j,ρk] = − i
ε jklξ

l .

(17)
κ
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From these commutation relations, one can see [22] that boosts 
and rotations are intertwined, so that one cannot perform a boost 
without producing a (κ-suppressed) rotation (a feature denoted as 
“no-pure boost” in [22]). This implies that we have to consider the 
Lorentz transformation (5) as a whole.

It is noteworthy that (17) are such that the Lorentz transformed 
coordinates still satisfy (8), i.e., L� is also an algebra isomorphism 
on Mκ . In order to show it we first notice that the generators of 
rotation and boost admit the following representations in terms of 
xμ and Pμ

N j = x0 P j + x j
(

κ

2
(1 − e−2P0/κ ) + 1

2κ
�P 2

)
,

M j = ε jklx
k Pl .

(18)

However, their action on (κ-Minkowski) coordinates is still the 
standard action5

N j � x0 = −ix j , N j � xk = −iδ jkx0 ,

M j � x0 = 0 , M j � xk = iε jklx
l .

(19)

Using the last expressions with (17) and (8), one finds easily that

[x′0, x′ j] = i

κ
x′ j

, [x′ j
, x′k] = 0 ,

where, from (19),

x′μ = L � xμ = (1 + iξ j N j + iρ j M j) � xμ

= xμ + δ
μ
0 ξ jx j + δ

μ
j (ξ jx0 + ε jklρ

kxl) .
(20)

We can now check the Lorentz covariance of the differential 
calculus. The first step is to check the action of Lorentz transforma-
tions on differentials (6). Again, we rely on a relativistic argument 
to see how the translation parameters transform under Lorentz. 
The key is to consider the sequence of a Lorentz transformation 
followed by a translation, and its opposite. Translations must take 
into account of length contraction and time dilation (or simply 
of rotations), so that, when comparing translations before or after 
Lorentz transformations, the parameters must change accordingly. 
If we assume that the only change is in the translation parameters 
(and not in Lorentz ones), this change will be the action we are 
looking for. We thus want to find a′μ(a) such that

L � (T (a′) � f (x)) = T (a) � (L � f (x)) .

By expanding the actions we get

a′μ Pμ � f (x) = aμ Pμ � f (x)

+ iaμ Pμ � ((ξ j N j + ρ j M j) � f (x))

− i(ξ j N j + ρ j M j) � (a′μ Pμ � f (x)) .

(21)

First of all, we can drop the “′” in the last term, since a′μ = aμ +
O (ξ j, ρ j), and we are considering only terms up to first order in 
the Lorentz parameters. We now make use of the representations 
(18) to compute

M j � (aμ Pμ � f (x)) = ε jklx
kaμ Pl � (Pμ � f (x))

= aμM j � (Pμ � f (x)),

where we used that Pμ � aν = 0 and that [x j, aμ] = 0. Similarly, 
using the boost representation in (18),

5 Notice that P 2
μ � xν = Pμ � Pμ � xν = Pμ � −iδν

μ = 0.
4

N j � (aμ Pμ � f (x)) = x0aμ P j � (Pμ � f (x))

+ x jaμ
(

κ
2 (1 − e−2P0/κ ) + 1

2κ
�P 2

)
� (Pμ � f (x))

= aμN j � (Pμ � f (x)) + i
κ ak P j � (Pk � f (x))

where we considered that [x0, aμ] = i
κ δ

μ
k ak . Thus, Eq. (21) can be 

rewritten as

a′μ Pμ � f (x) = aμ Pμ � f (x)

− i(ρ jaμ[M j, Pμ] + ξ jaμ[N j, Pμ] + i
κ ξ jak P j Pk) � f (x) ,

where, again, the parameters are assumed to commute between 
themselves, [ξ j, aμ] = [ρ j, aμ] = 0, and we identified the commu-
tators of generators by the commutation of their actions as in (12). 
From (13), we finally obtain

a′μ Pμ� =
[
aμ Pμ + ε jklρ

jak Pl + ξ ja0 P j

+ �ξ · �a
(κ

2
(1 − e−2P0/κ ) + 1

2κ
�P 2

)]
� .

Applying last relation to f (x) = xμ , one finds the standard trans-
formations (see footnote 5)

a′μ = aμ + δ
μ
0

�ξ · �a + δ
μ
j (ξ ja0 + ε jklρ

kal) . (22)

The last equation expresses the action of a Lorentz transformation 
on differentials a′μ = L � aμ = L � dT xμ . However, differentiating 
Eq. (20), it follows that

dT (L � xμ) = dT xμ + δ
μ
0 ξ jdT x j + δ

μ
j (ξ jdT x0 + ε jklρ

kdT xl) ,

which, for dT xμ = aμ , is the same as (22). This proves that the 
Lorentz action (6) on differentials is satisfied:

L � dT xμ = dT (L � xμ) .

Finally, we have to prove that (7) is satisfied. With the last re-
sult at hand, we have that

x′μ + dT x′μ = L � (xμ + dT xμ)

= xμ + δ
μ
0 ξ jx j + δ

μ
j (ξ jx0 + ε jklρ

kxl)

+ dT xμ + δ
μ
0 ξ jdT x j + δ

μ
j (ξ jdT x0 + ε jklρ

kdT xl) .

It is now just a matter of calculation to check that, using (8), (16)
and (17), it follows

[x′0 + dT x′0, x′ j + dT x′ j] = i

κ
(x′ j + dT x′ j

) ,

[x′ j + dT x′ j
, x′k + dT x′k] = 0 .

(23)

This concludes our proof of the Lorentz covariance of the differen-
tial calculus (16).

5. Extension to the whole κ-Poincaré algebra

Since the commutation rules (17) of the Lorentz parameters are 
such that L� = (1 + iξ j N j + iρ j M j)� is an algebra isomorphism, 
with (iξ j N j + iρ j M j)� satisfying the Leibniz rule, according to the 
discussion of Sec. 2, we may try to define a second bicovariant dif-
ferential calculus dL on Mκ associated to Lorentz transformation 
as

L� := 1 + dL , dL xμ = (iξ j N j + iρ j M j) � xμ .

From (19), (8) and (17), one finds that the these differentials satisfy 
the commutation relations
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[x0,dL x0] = 2
i

κ
dL x0 ,

[
x0,dL x j

]
= i

κ
dL x j ,

[
x j,dL x0

]
= 0 ,

[
x j,dL xk

]
= − i

κ
δ jkdL x0

This calculus is bicovariant, and it is obviously also Lorentz co-
variant (since it is generated by Lorentz transformations), and thus 
is another example of a four dimensional bicovariant calculus on 
Mκ .

If we want to rewrite the condition of Lorentz covariance (23)
of dT in terms of this second calculus dL , we find that the condi-
tion of covariance becomes a condition of compatibility between 
the two calculi. For a generic noncommutative spacetime (of Lie 
algebra type) (1), the covariance condition becomes

[xμ + dL xμ + dT xμ + dT dL xμ, xν + dL xν + dT xν + dT dL xν ]
= γ

μν
ρ (xν + dL xν + dT xν + dT dL xν) ,

that can be rewritten, using (1), as

[dT xμ,dL xν ] + [dL xμ,dT xν ] + [xμ,dT dL xν ] + [dT dL xμ, xν ]
= iγ μν

ρ dT dL xρ = dT dL[xμ, xν ] .

These relations show the close relationship between the relativistic 
structure of the κ-Poincaré framework and the properties of the 
differential calculus.

6. Scalarity of noncommutative plane wave

The presence of noncommutative parameters associated to 
Lorentz transformations may seem awkward at first sight. How-
ever, there is at least another very good reason for their necessity. 
In analogy with classical field theory, we would like a scalar func-
tion on Mκ to transform, under an infinitesimal Lorentz transfor-
mations, as

f (x′) = L � f (x) . (24)

By Fourier transform, we can formulate this equation in terms 
of (noncommutative) plane waves. Then, the l.h.s. implies (these 
equations must be understood to be valid at first order in the 
transformation parameters)

: eikx′ := eik j(x j+ξ j x0+ε jklρkxl)eik0(x0+ξ j x j) .

Using the commutation relations (8) and (17), we can bring out 
(to the left) of the exponentials the terms containing the parame-
ters in the last expression. After some calculation, one gets, at first 
order in the parameters, that the expression becomes

: eikx′ :=
(

1 + iξ j(x0k j + x j(κ
2

(1 − e−2k0/κ ) + 1

2κ
�k2))

+ iρ jε jklx
kkl

)
: eikx : .

But, comparing it with (18), it follows that it is exactly

(1 + iξ j N j + iρ j R j)� : eikx := L� : eikx : ,

so that (24) holds. It is crucial, in the calculation, the role of the 
noncommutative parameters in order to reproduce the representa-
tions (18). We conclude that the introduction of the noncommu-
tative parameters (17) is necessary to define a scalar function in 
κ-Minkowski.
5

7. Pregeometric representation

In [23] we have proposed a representation of both κ-Minkowski 
coordinates and κ-Poincaré symmetries in (1+1)D, including the 
noncommutative transformation parameters, in terms of a standard 
(two-dimensional) Heisenberg algebra of operators. Such a repre-
sentation is called in the literature “pregeometric”. We want here 
to extend this representation to the four dimensional case. This 
will shed some light on some features of the noncommutative cal-
culus. Given the (four dimensional) Heisenberg algebra

[πμ,qν ] = −iδν
μ ,

Mκ coordinates can be represented as

x0 = q0 , x j = eπ0/κq j . (25)

Translation generators are given by [23]

P0� = [π0, ·] , P j� = e−π0/κ [π j, ·] , (26)

while translation parameters are

a0 = ã0 , a j = ã jeπ0/κ , (27)

with ãμ real (commutative) numbers. It follows that the action of 
the translation operator is

iaμ Pμ� = iãμ[πμ, ·] , (28)

that manifestly satisfies the Leibniz rule, since it acts by commu-
tation.

Boost and rotation generators are given by combining (18) and 
(25). It is easy to find the pregeometric representation also for 
boost and rotation generators (17). They are

ξ j = ξ̃ jeπ0/κ , ρ j = ρ̃ j − 1

κ
ε jkl ξ̃

kπl , (29)

where ξ̃ j and ρ̃ j are real numbers. From the last expressions, it 
is apparent how rotations and boosts are intertwined so that if 
boosts are different from zero, the parameter of rotation is also 
switched on. This is the manifestation of what was denoted in [22]
as no-pure boost transformation. Considering the representation of 
the Lorentz generators (18), from the pregeometric representations 
(25), (26) and (29), one can show that the total Lorentz operator is

(iξ j N j + iρ j M j)� = i[ξ̃ jη j + ρ̃ jμ j, ·] , (30)

where

η j = π jq
0 +

((
κ

2
(e2π0/κ − 1) − 1

2κ
�π2

)
δ jk + 1

κ
π jπk

)
qk ,

μ j = ε jklπlq
k .

Like for translations, Eq. (30) tell us that the Lorentz operator, since 
it acts by commutator, satisfies the Leibniz rule, as expected.

8. Aside on the five dimensional calculus

So far we didn’t mention the five dimensional calculus pro-
posed in [5]. Even if, with a covariant four dimensional calculus at 
our disposal, one can avoid the introduction of a fifth translation 
parameter, whose physical interpretation may be challenging, how-
ever, it is still an open question, having two covariant calculi at our 
disposal, what is the relation between them. While we postpone a 
more detailed investigation of this question to future studies, we 
want to conclude this letter with a few considerations that may be 
useful also in this respect.
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The first consideration is of geometrical nature. It is well 
known [15,17,18,21], that the five dimensional calculus d5D pro-
posed in [5] can be understood to correspond to spacetime trans-
formations

f (x′) = (1 + i Aμ P̄μ + i A4( P̄4 − κ)) � f (x) ,

where the parameters Aa ≡ d5D xa (a = 0, 1, 2, 3, 4), with A4 ≡
d5D x4 the fifth differential form, reproduce the commutation rules 
of the calculus[

x0, A0
]

= − i
κ A4 ,

[
x0, A4

]
= − i

κ A0 ,[
x j, A0

]
=

[
x j, A4

]
= − i

κ A j ,[
x0, A j

]
= 0 ,

[
x j, Ak

]
= i

κ

(
A4 − A0

)
δ jk ,

(31)

and with generators P̄a that coincide with “coordinates” in five 
dimensional flat, Minkowskian, momentum space given by the em-
bedding of the de Sitter hyperboloid (or better, of the AN3 mani-
fold) on 5D Minkowski space

P̄0 = κ sinh (P0/κ) + 1
2κ eP0/κ �P 2 ,

P̄4 = 1
κ cosh (P0/κ) − 1

2κ eP0/κ �P 2 .
P̄ j = eP0/κ P j . (32)

If we regard translations as describing a “rigid” shift of spacetime 
coordinates in the direction of the generating momenta, then we 
can argue that the transformations corresponding to the two cal-
culi are of different nature: for the four dimensional calculus they 
correspond to shifts in the direction of momenta Pμ “on the de 
Sitter (momentum space) hyperboloid”; while for the five dimen-
sional calculus they correspond to shifts of the xμ (and functions 
of xμ) in the direction of flat momenta P̄a = ( P̄μ, P̄4) character-
izing the surrounding five dimensional Minkowskian environment 
in which the de Sitter hyperboloid is embedded. From this per-
spective it is also clear why the translations associated to the 5D 
calculus have generators that satisfy the standard, flat, Poincaré 
commutators with boosts and rotations: the 5D embedding mo-
menta generators live in flat Minkowskian 5D space, and thus sat-
isfy standard special relativistic commutation rules with Lorentz 
generators. However, besides the possible implications for phe-
nomenology that we mentioned in the introduction, this choice 
of translations, in the direction of the surrounding (embedding) 
flat momenta, instead of the momenta on the hyperboloid, seems 
rather ad hoc. Thus, while the 5D calculus has a mathematical rel-
evance on its own, and may have as well physical applications, 
we feel that, if we want to apply the calculus to the description 
of spacetime translations for κ-Poincaré/κ-Minkowski framework, 
whose momenta are described as the AN3 group manifold, and 
coordinates as the “generators of translations in (de Sitter) mo-
mentum space”, it may be preferable to adopt the four dimensional 
calculus and its geometrical interpretation.

The second consideration regards the pregeometric representa-
tion of the 5D calculus. It is possible indeed to show that also the 
5D calculus admits such a representation, so that the commutators 
(31) are satisfied:

A0 = eπ0/κα0 − 1
κ e−π0/κπ j

(
α j − 1

κ α0π j

)
,

A j = α j − 2
κ α0π j ,

A4 = −eπ0/κα0 − 1
κ e−π0/κπ j

(
α j − 1

κ α0π j

)
,

(33)

with αμ numerical, commutative, constants. It follows by careful 
computation, that the transformation operator associated to this 
calculus, is
6

d5D ≡ (i Aμ P̄μ + i A4( P̄4 − κ))�
=

[
α0

(
κ(eπ0/κ − 1) − 1

κ e−π0/κ �π2
)

+ α jπ je
−π0/κ , ·

]

The last relation shows that the operator satisfies the Leibniz rule. 
On the other side, if we compare it with (28), we see that the 
two transformations are substantially different. Moreover, relations 
(33) manifest another feature: the translations generated by the 
5D calculus, differently from the four dimensional case (27), are 
intertwined together so that you cannot switch off the 5th extra 
parameter, in a way similar to the no-pure transformations of the 
previous section.

9. Conclusions

Motivated by the implications that a differential calculus has 
for the physical interpretation of the theory, we revisited the ar-
gument [5] against the (Lorentz) covariance of a four dimensional 
differential calculus on κ-Minkowski noncommutative spacetime, 
with κ-Poincaré relativistic symmetries. We found in particular 
that the notion of (Lorentz) covariance introduced in [5] does not 
take into account of the properties of the noncommutative Lorentz 
parameters of transformations [22]. These properties, however, in-
troduced in [22] with the purpose of performing Noether analysis 
on Mκ noncommutative field theory, turn out to be fundamen-
tal for the consistence of the whole setup of κ-Poincaré relativistic 
transformations, as we have here illustrated. Once taking correctly 
into account of the properties of the noncommutative Lorentz sec-
tor parameters, the four dimensional calculus introduced in [7], 
which is at the basis of several studies aiming to investigate the 
Planck-scale phenomenological implications of theories with κ-
deformed symmetries, turns out to be fully Lorentz covariant. The 
construction presented in this letter can be extended to the whole 
κ-Poincaré algebra of relativistic transformations, where the pa-
rameters of the Lorentz sector describe a second four dimensional 
calculus on Mκ (sec. 5). We have also given the pregeometric 
representations of the calculi, that help to clarify some of their fea-
tures, and outlined some considerations for a comparison between 
the 4D and 5D calculi.
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[20] T. Jurić, S. Meljanac, D. Pikutić, R. Štrajn, J. High Energy Phys. 07 (2015) 055.
[21] M. Arzano, A. Bevilacqua, J. Kowalski-Glikman, G. Rosati, J. Unger, Phys. Rev. D 

103 (10) (2021) 106015.
[22] G. Amelino-Camelia, G. Gubitosi, A. Marciano, P. Martinetti, F. Mercati, Phys. 

Lett. B 671 (2009) 298–302.
[23] G. Amelino-Camelia, V. Astuti, G. Rosati, Eur. Phys. J. C 73 (8) (2013) 2521.
7

http://refhub.elsevier.com/S0370-2693(22)00150-2/bib146DECA317AC065684A442843D394112s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib8508FB54832284963F3216E659B7E5A4s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib8508FB54832284963F3216E659B7E5A4s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib5E1CC8FC7C84A3F128BF7CCD03E2B0C3s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bibB4A9AA8A8EA9620463B4018F33547B38s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bibB4A9AA8A8EA9620463B4018F33547B38s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib0157D234FD3C40178706F97E30725016s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bibCB84C56994E6C832F7FA99991B850646s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib3729B0D2CF1EE69082D3233346636F47s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib3729B0D2CF1EE69082D3233346636F47s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib98803036AA25DD2EF6557CDFBE9C9773s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib37F7BA4EA5B9F7D84873BE3C7ADA27DAs1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib2515D5998CA3F4B5AFEFCC8BE5C41283s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib2515D5998CA3F4B5AFEFCC8BE5C41283s1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib4C741CCB8C3F3EBA9C2340E97CA3518Ds1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib4C741CCB8C3F3EBA9C2340E97CA3518Ds1
http://refhub.elsevier.com/S0370-2693(22)00150-2/bib0CBFFFF75BD189F8BEA9F7D2B5A4C5B4s1

	Covariant four dimensional differential calculus in κ-Minkowski
	1 Introduction
	2 Notion of covariance
	3 Four dimensional differential calculus
	4 Covariance of the four dimensional calculus
	5 Extension to the whole κ-Poincaré algebra
	6 Scalarity of noncommutative plane wave
	7 Pregeometric representation
	8 Aside on the five dimensional calculus
	9 Conclusions
	Declaration of competing interest
	Acknowledgements
	References


