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Abstract

Since its birth quantum mechanics has inspired new logical ideas. The most
important �logical revolution� of the theory concerns a divergence between the
concepts of maximal information and logically complete information. This is a
natural consequence of Heisenberg's uncertainty principle: any quantum pure
state represents a maximal information that cannot be consistently extended to
a richer knowledge about the physical system under consideration. At the same
time, such information is logically incomplete, since it cannot decide all relevant
properties of the system in question. Birkho� and von Neumann's quantum logic

represents a natural logical abstraction from the algebraic structure of all events
(that may occur to a quantum system S), mathematically represented as pro-
jection operators of the Hilbert space HS associated to S. Projections of HS

represent sharp quantum events that satisfy the logical non-contradiction prin-
ciple. Following Ludwig, the sharp concept of quantum event can be generalized
to the unsharp concept of quantum e�ect, that gives rise to possible violations of
the non-contradiction principle. The concepts of observable and of compatibility

between observables have di�erent behaviors in the framework of sharp and of
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unsharp quantum theory. Canonical examples of observables (say, position and
momentum), that are incompatible in sharp quantum theory, turn out to be
jointly measurable in the case of unsharp quantum theory. Interestingly enough,
a famous thought experiment (proposed by Heisenberg) about the possibility of
an approximate simultaneous measurement of position and momentum can be
described and justi�ed in the formal language of unsharp quantum theory.

Keywords: keyword1, Keyword2, Keyword3, Keyword4

1 Introduction

Since its birth quantum mechanics has inspired new logical ideas. Strangely enough,
logicians did not immediately recognize the most �revolutionary� logical result of quan-
tum theory: the possible divergence between the concepts of maximal information and
logically complete information. As is well known, the pure states of a classical physical
system S (say, a gas-molecule) represent pieces of information that are at the same
time maximal and logically complete. The information provided by a pure state of S
cannot be consistently extended to a richer knowledge; at the same time such infor-
mation decides all possible events that may occur to S. The classical notion of pure
state seems to be very close to the idea of a complete concept investigated by Leibniz:
although many properties of an individual object (say, the Moon) may be unknown
to �nite minds, God knows the complete concept of any object (living either in the
actual or in some possible world), and this concept represents a maximal and complete
piece of information about the object in question.

An important consequence of Heisenberg's uncertainty principle is that complete
concepts (in Leibniz' sense) cannot exist for quantum objects. Consider a quantum
system S (say, an electron) in a pure state that assigns an exact value to itsmomentum
in a given direction. In such a case the position of S (in the same direction) will
be completely indeterminate: the object S turns out to be non-localized. Quantum
objects are, in a sense, �poor�, and their �poverty� concerns the number of physical
properties that can be satis�ed at the same time.

Furthermore, quantum properties behave in a contextual way: properties that are
completely indeterminate in a given context may become actual and determinate in a
di�erent context (for instance, after the performance of an appropriate measurement).
Hence, the system of properties that are determinate for a given quantum object turns
out to be context-dependent. It is worth noticing that both "poverty" and "contex-
tuality" are at the basis of the applications of the quantum formalism to cognitive
science [1].

Quantum pure states are pieces of information that are at the same time maxi-
mal (since they cannot be consistently extended to a richer knowledge) and logically
incomplete (since they cannot decide all relevant properties of the objects under inves-
tigation). Apparently, quantum undecidabilities turn out to be much stronger than
the syntactical undecidabilities discovered by Gödel's incompleteness theorems. In the
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quantum world, undecidability is not only due to the limited proof-theoretic capaci-
ties of �nite minds: against �Leibniz' dream� even an in�nite omniscient mind should
be bound to quantum uncertainties.

2 Classical particle mechanics and classical logic

There is a deep coherence between classical physics and classical logic. In both cases
the concepts of maximal information and of logically complete information are equiv-
alent. Consider a set T of sentences, asserting a given piece of information in the
framework of a formal language L, and suppose that T is non-contradictory according
to classical logic (there is no sentence α of L such that both α and its negation ¬α
are logical consequences of T ). The set T is called

� maximal i� for any sentence α (of L) that is not a logical consequence of T , the set
T ∪ {α} is contradictory. In other words, T cannot be consistently extended to a
richer information in the language L.

� T is logically complete i� for any sentence α of L either α or ¬α is a logical con-
sequence of T . In other words, T logically decides all problems expressed in the
language L.

One can prove that, for any non-contradictory set T of sentences,

T is maximal i� T is logically complete.

Of course, contradictory sets of sentences, which logically imply any sentence of the
language (because ex absurdo sequitur quodlibet!), turn out to be, trivially, maximal
and logically complete.

According to an important theorem of classical logic (�rst proved by the Polish
logician Adolf Lindenbaum),

any non-contradictory set T of sentences of a language L can be extended to a
non-contradictory set T ′ of sentences (of L) that is maximal (and, consequently,

logically complete).

Notice that Lindenbaum's theorem does not con�ict with the syntactical unde-
cidabilities discovered by Gödel. In fact, logically complete extensions of non-
contradictory sets of sentences are, generally, undecidable. Thus, in agreement with
Leibniz, we are entitled to claim that in mente Dei all problems are decided, in spite
of any ignorance of human minds.

As is well known, in classical particle mechanics the �mathematical scenario� where
the main concepts of the theory are supposed to live is based on the notion of phase
space: a convenient power Rn of the set R of real numbers (where n depends on the
number of particles that are considered). If PhS is the phase space of a classical
particle system S, any point s of S is a possible pure state of S, representing a maximal
piece of information about S. At the same time, the physical properties of S (say,
�the velocity-value in the x-direction belongs to the Borel set ∆�), corresponding to
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possible physical events that may occur to S, can be mathematically represented as
subsets X of the phase space Phs. On this basis, in perfect harmony with classical
semantics, the power set of Phs can be identi�ed with the set of all possible physical
events that may hold for pure states s of S. It is natural to assume that:

the system S in the pure state s veri�es the event X i� s ∈ X.

What about the algebraic structure of physical events? As is well known, the
power set of any set gives rise to a Boolean algebra. And also the set M(PhS) of all
measurable subsets of Phs (which is more tractable from the measure-theoretic point
of view) turns out to have a Boolean structure. Accordingly, one can assume that
the �natural� algebraic structure of the physical events that may occur to a classical
system S is the following Boolean algebra:

MS = (M(PhS), ∩, ∪, ′, ∅, PhS)

(where ∩, ∪, ′ are the set-theoretic intersection, union and complement).
As a consequence, one immediately obtains that any pure state s of a system S

logically decides any physical event X that belongs to M(PhS). We have:

either s ∈ X or s ∈ X ′.

In this sense, classical particle mechanics is strongly deterministic, while pure states of
physical systems represent pieces of information that are, at the same time, maximal
and logically complete.

3 From the classical to the quantum world

The discovery of Heisenberg's uncertainty relations has brought about a deep change
in the mathematical formalism of quantum theory, where phase spaces have been
replaced by the more complex Hilbert spaces. As is well known, according to the stan-
dard axiomatization of the theory, any quantum system S (say, an electron, a photon
beam, an atom) is associated to a Hilbert space HS that represents the �mathematical
stage� for S. The possible pure states of the system S are mathematically represented
as unit vectors of HS, usually indicated by the symbols |ψ⟩, |φ⟩, |χ⟩, ...... (according to
a successful notation introduced by Paul Dirac). Accordingly, any pure state |ψ⟩ can
be represented, in in�nitely many ways, as a superposition of other pure states |ψi⟩:

|ψ⟩ =
∑
i

ci|ψi⟩,

where each ci is a complex number (called amplitude). Since |ψ⟩ is a unit vector, we
have:

∑
i |ci|2 = 1.1

How can the concept of quantum event be adequately represented in this math-
ematical scenario? A classical �way of thinking� would suggest identifying the set of

1Notice that for any θ ∈ [0, 2π] the two vectors |ψ⟩ and eiθ|ψ⟩ are physically indistinguishable. Hence
one can say that they represent the same physical state.
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the events that may occur to a quantum system S with the set of all possible sets X
of pure states of S. In this way, as happens in classical semantics and in the mathe-
matical formalism of classical particle mechanics (based on the notion of phase space),
a pure state |ψ⟩ should verify an event X i� |ψ⟩ belongs to X. At the same time, |ψ⟩
should falsify the event X i� |ψ⟩ belongs to the set-theoretic complement X ′ of X.
As a consequence, the excluded-middle principle would hold for quantum events:

any quantum event should be either veri�ed or falsi�ed
by any quantum pure state.

Of course, such a semantic situation turns out to be strongly in contrast with
the quantum uncertainties determined by Heisenberg's principle. Thus, in the quan-
tum framework the very concept of logical negation shall be conveniently transformed
and weakened (see also [4]). To this aim, a good candidate is the orthocomplement-
operation that is de�ned in terms of an important relation of Hilbert-space theory:
the orthogonality relation.

De�nition 1 Orthogonality
Two vectors |ψ⟩ and |φ⟩ of a Hilbert space H are called orthogonal (|ψ⟩ ⊥ |φ⟩) i� their inner
product < ψ | φ > is the number 0.

De�nition 2 Orthocomplement
For any set X of vectors of a Hilbert space H, the orthocomplement X⊥ of Xis the set of all
vectors of H that are orthogonal to all elements of X.

If X is a set of vectors of H, the orthocomplement X⊥ of X is generally a proper
subset of the set-theoretic complement X ′. Consequently, the excluded-middle princi-
ple turns out to be violated. For some vectors |ψ⟩ and for some sets X of vectors we
may have:

|ψ⟩ ̸∈ X and |ψ⟩ ̸∈ X⊥.

One can show that for any set X of vectors of H,

X = X⊥⊥ i� X is a closed subspace of H

(i.e. a subset of H closed under linear combinations and limits of Cauchy-sequences
of vectors).

The nice properties of the sets X⊥⊥ have suggested that the closed subspaces of
a Hilbert space (which are richer than simple sets) can represent good mathematical
representatives for the intuitive notion of quantum event.

We recall that, according to the projection-theorem, for any choice of a closed
subspace X, any vector |ψ⟩ can be uniquely represented as a superposition

|ψ⟩ = |ψ1⟩+ |ψ2⟩,
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where |ψ1⟩ ∈ X and |ψ2⟩ ∈ X⊥. The two vectors |ψ1⟩ and |ψ2⟩ can be regarded as the
two components of |ψ⟩ that belong to the closed subspaces X and X⊥, respectively.

The set C(H) of all closed subspaces of a Hilbert space H gives rise to an algebraic
structure that (unlike the case of classical physical events) is not a Boolean algebra
[2, 4]. Consider the following structure:

CH = (C(H), ⊓, ⊔, ⊥, {0} , VH),

where:

1. ⊓ (the in�mum) coincides with the set-theoretic intersection ∩;
2. ⊔ (the supremum) is de�ned (in terms of ⊥ and ⊓) via de Morgan-law:

X ⊔ Y := (X⊥ ⊓ Y ⊥)⊥; 2

3. ⊥ is the orthocomplement;
4. {0} is the singleton of the null vector 0 and VH is the total closed subspace.

The subspaces {0} and VH are, respectively, the minimum and the maximum with
respect to the partial order-relation that is de�ned as follows:

X ⊑ Y i� X ⊓ Y = X.

One can prove that CH is an orthomodular lattice, which is also algebraically
complete (i.e. closed under in�nitary in�mum-operations and in�nitary supremum-
operations).

Orthomodular lattices CH, based on a Hilbert space H are also called Hilbert
lattices. An important Boolean property that is generally violated by Hilbert lattices
is distributivity. We may have:

X ⊓ (Y ⊔ Z) ̸⊑ (X ⊓ Y ) ⊔X ⊓ Z).
Orthomodularity (the characteristic property of orthomodular lattices) represents

a special weakening of distributivity that can be formulated as follows:

X ⊑ Y ⇒ Y = X ⊔ (Y ⊓X⊥).

We know that the orthomodular lattice based on the set C(H) of all closed sub-
spaces of a Hilbert-space H is isomorphic to a di�erent structure whose support is the
set P(H) of all projection operators (brie�y projections) P of H. Given a closed sub-
space X, the projection corresponding to X is the operator PX that assigns to any
vector |ψ⟩ its component |ψ1⟩ in the space X (according to the projection-theorem).
At the same time, given a projection P , the closed subspace corresponding to P is
the smallest closed subspace XP that includes the range (the set of all possible val-
ues) of P . In the projection-lattice the minimum-element is the null projection O
(which transforms any vector into the null vector 0), while the maximum-element is
the identity projection I (which transforms any vector into itself).

2Notice that generally X ⊔ Y properly includes X ∪ Y . We have: X ⊔ Y = (X ∪ Y )⊥⊥.
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As expected, the excluded-middle principle fails for quantum events. Given a pure
state |ψ⟩ and a quantum event represented by the closed subspace X (or by the
corresponding projection PX), three cases are possible:

1. |ψ⟩ ∈ X and PX |ψ⟩ = |ψ⟩. In such a case one can say that the state |ψ⟩ certainly
veri�es the event represented by X and by PX .

2. |ψ⟩ ∈ X⊥ and PX⊥ |ψ⟩ = |ψ⟩. In such a case one can say that the state |ψ⟩ certainly
falsi�es the event represented by X and by PX .

3. |ψ⟩ ̸∈ X, |ψ⟩ ̸∈ X⊥ and PX |ψ⟩ ̸= |ψ⟩, PX⊥ |ψ⟩ ̸= |ψ⟩. In such a case one can say
that the event represented by X and by PX is indeterminate for the state |ψ⟩.

Thus, quantum pure states are pieces of information that are at the same time
maximal and logically incomplete.

As is well known, the relationship between quantum pure states and quantum
events is highly informative, since it essentially involves quantum probabilities. Given
a quantum event represented by a closed subspace X and by the corresponding pro-
jection PX , any pure state |ψ⟩ assigns to X and to PX a probability-value (indicated
by p|ψ⟩(X) and by p|ψ⟩(PX) ) which is determined by the Born-rule:

p|ψ⟩(X) = p|ψ⟩(PX) := ∥ PX |ψ⟩ ∥2 .

Thus, the probability that a quantum system in state |ψ⟩ veri�es the event represented
by X and by PX is the number ∥ PX |ψ⟩ ∥2 (the squared length of the X-component
of |ψ⟩).

We have:

� p|ψ⟩(X) = p|ψ⟩(PX) ∈ [0, 1].
� p|ψ⟩(X) = p|ψ⟩(PX) = tr(P|ψ⟩PX), where tr is the trace-functional and P|ψ⟩ is the
projection determined by the one-dimensional closed space that contains the vector
|ψ⟩.

� For any closed subspaces of X and Y of H:
X ⊑ Y i� for any pure state |ψ⟩, p|ψ⟩(X) ≤ p|ψ⟩(Y ).
Hence, the event-partial order turns out to have an important physical meaning.

As a particular case consider a system S in a pure state

|ψ⟩ = c1|ψ1⟩+ . . .+ cn|ψn⟩,

where all amplitudes ci are di�erent from 0. According to the Born-rule this system
might satisfy with probability |ci|2 the properties that are certain for any system
whose state is |ψi⟩.

Quantum pure states seem to describe a kind of �cloud of potential properties�
that are, in a sense, all co-existent. Interestingly enough, such a co-existence (which
may appear prima facie strange and mysterious) can be used as a powerful resource
for di�erent aims. For instance, in quantum computation the parallel computational
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paths of quantum computers are essentially based on superpositions, where alternative
states of a quantum objects act at the same time.3

So far we have been concerned with pure states, which represent maximal pieces
of information about the physical systems under investigation. Like classical physics,
quantum theory as well cannot avoid the use of mixed states (or mixtures) that
correspond to a non-maximal knowledge of the observer.

Quantum mixtures can be expressed in a form that is similar to classical mixtures.
Let HS be the Hilbert space associated to a quantum system S. Consider an operator
of HS having the following form:

ρ = w1P|ψ1⟩ + . . .+ wnP|ψn⟩,

where |ψ1⟩, . . . , |ψn⟩ are possible pure states of S, while w1, . . . , wn are positive real
numbers such that w1+ . . .+wn = 1. Such an operator, which is expressed as a convex
combination of pure states, represents a possible mixed state of S: a mixture of the
pure states |ψ1⟩, . . . , |ψn⟩ with weights w1, . . . , wn. When an observer has associated
to S the mixed state ρ, the physical interpretation is the following: S, whose state
is ρ, might be in the pure state |ψi⟩ with probability wi. Of course, pure states |ψ⟩
correspond to special cases of mixed states, having the form P|ψ⟩.

We know that any mixture expressed as a convex combination ρ = w1P|ψ1⟩+ . . .+
wnP|ψn⟩ (in a Hilbert space H) belongs to a special class of operators called density
operators of H. While any convex combination of pure states uniquely determines a
density operator, the inverse relation does not hold: generally, a density operator ρ
can be represented in many di�erent ways as a convex combination of pure states.

As is well known, the Born-rule can be naturally generalized to all possible states
of a quantum system (which may be either pure or mixed). For any event represented
by the closed subspace X (and by the projection PX) and for any state ρ living in
the space HS (associated to a system S), the probability that the state ρ veri�es the
event X (and PX) is determined by the following de�nition:

pρ(X) = pρ(PX) := tr(ρPX).

4 Compatible and incompatible quantum observables

In the framework of an abstract logical approach the notion of observable (or physical
quantity) that can be measured on a quantum system S can be de�ned as a projection-
valued measure, which refers to the set of all possible events that may occur to S.

Consider the set P(HS) of all projections of the space HS and let B(R) be the set
of all Borel sets of real numbers.4

De�nition 3 Observable
An observable for the quantum system S is a map

O : B(R) → P(HS),

3See, for instance, [16].
4We recall that the algebraic structure of B(R) is a σ-complete Boolean algebra (closed under in�nitary

intersections and unions over countable sets of elements).
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that satis�es the following conditions:

1. O(R) is the identity operator I.
2. For any countable set {∆i}i∈I of pairwise disjoint Borel sets,

O(
⋃

{∆i}i∈I) =
⊔

{O(∆i)}i∈I

(where
⊔

is the in�nitary supremum operation).

The intuitive meaning of the concept of observable is quite clear. Any observable
O associates to any Borel set ∆ a particular event that will be naturally interpreted
as the following state of a�airs: �the value of the observable O lies in the Borel set
∆�. As expected, it is required that the map O preserves some structural properties
of the σ-Boolean algebra of all Borel sets.

The de�nition of observable can be generalized by assuming that the domain of O
is any B(Rn) (with n ≥ 1).

On this basis one can de�ne the notions of expected value and of variance (or
dispersion) of a given observable O.

De�nition 4 Expected value
The expected value of O with respect to a state ρ, is de�ned as follows:

Expρ(O) :=

∫ +∞

−∞
xtr(ρO(dx)),

provided the integral exists.

De�nition 5 Variance
The variance of O with respect to a state ρ, is de�ned as follows:

V arρ(O) :=

∫ +∞

−∞
[x− Expρ(O)]2tr(ρO(dx)),

provided the integral exists.

A crucial quantum question (which does not arise in classical physics) concerns
the notion of compatibility between di�erent observables.

De�nition 6 Compatible observables
Let O1 and O2 be two observables for a quantum system S (with associated Hilbert space
HS). O1 and O2 are called compatible i� for any Borel sets ∆ and Γ,

O1(∆)O2(Γ) = O2(Γ)O1(∆)

(in other words, the two projections O1(∆) and O2(Γ) commute in the space HS).

One can prove the following Lemma.
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Lemma 4.1. Two observables O1 and O2 are compatible i� for any Borel sets ∆ and
Γ, O1(∆)O2(Γ) is a projection.

Compatible observables turn out to be jointly measurable.

De�nition 7 Joint measurability
Two observables O1 : B(R) → P(HS) and O2 : B(R) → P(HS) are called jointly measurable
i� there exists an observable O : B(R× R) → P(HS), such that for any ∆1, ∆2 ∈ B(R):

O1(∆1) = O(∆1 × R) and O2(∆2) = O(R×∆2).

The observable O is called the joint observable of O1 and O2, while O1 and O2 are called the
marginals of O.

One can prove that the existence of a joint observable characterizes the
compatibility-relation.

Theorem 1 Two observables O1 and O2 are compatible i� O1 and O2 are jointly measurable.

Interestingly enough, the notion of compatibility between observables for a quan-
tum system S can be also characterized in terms of an algebraic property of the Hilbert
lattice of all possible events that may occur to S.

Theorem 2 Let O1 and O2 be two observables for a quantum system S and consider the
Hilbert lattice P(HS) based on the set of all projections of the space HS.
O1 and O2 are compatible i� for any Borel sets ∆ and Γ, the following equality holds in the
lattice P(HS):

O1(∆) = [O1(∆) ⊓O2(Γ)] ⊔ [O1(∆) ⊓O2(Γ)
⊥].

Thus, the compatibility-relation between two observables can be characterized by
means of a special case of distributivity that concerns particular triplets of quantum
events.

As is well known, the existence of pairs of incompatible observables can be
mathematically proved. Canonical examples are represented by the pairs:

� position in a given direction and momentum in the same direction.
� spin in a given direction and spin in a di�erent direction.

Some important pairs of incompatible observables (like position and momentum)
satisfy a general form of an uncertainty principle, that can be expressed as follows:

∃ϵ > 0 such that for any pure state |ψ⟩, V arP|ψ⟩(O1)V arP|ψ⟩(O2) > ϵ.

As a consequence, the dispersion of either observable shall increase with the decreasing
of the dispersion of the other observable.
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It may happen that, although O1 and O2 do not commute, there exists a pure
state P|ψ⟩ such that

V arP|ψ⟩(O1)V arP|ψ⟩(O2) = 0.

As an example, consider the two observables Oσz and Oσx corresponding to the two
self-adjoint operators σz and σx that represent the spin in the z-direction and the spin
in the x-direction (respectively) for a given quantum system. Let {|+⟩, |−⟩} be an
orthonormal basis of eigenvectors of σz such that: σz|+⟩ = 1

2 |+⟩ and σz|−⟩ = −1
2 |−⟩.

We have:

σz =
1

2
|+⟩⟨+| − 1

2
|−⟩⟨−| and σx =

1

2
|+⟩⟨−|+ 1

2
|−⟩⟨+|.

Consider now the pure state P|+⟩. We obtain:

V arP|+⟩(O
σz ) = 0 and V arP|+⟩(O

σx) =
1

2
.

Consequently: V arP|+⟩(O
σz )V arP|+⟩(O

σx) = 0.
At �rst sight, this seems to contradict Heisenberg's uncertainty principle. However,

this is not the case, because an uncertainty equal to 1
2 represents amaximal uncertainty

for the spin-observable in the x-direction. In fact, the expected value of Oσx for the
state P|+⟩ is 0, while σx can only assume the values 1

2 and − 1
2 . In other words, we

know that the spin of the system in the z-direction is 1
2 ; at the same time, we do not

have any information about the spin in the x-direction. The two observables Oσz and
Oσx are also called complementary.5

5 Birkho� and von Neumann's quantum logic

The mathematical structures that arise in the quantum theoretic formalism have
inspired the development of di�erent forms of non-classical logic, termed quantum
logics. The prototypical example of quantum logic is Birkho� and von Neumann's
quantum logic (�rst proposed in their celebrated article �The logic of quantummechan-
ics� [11]). This logic (that will be indicated by QLBN) represents a natural logical
abstraction from the class of all Hilbert lattices:

CH = (C(H), ⊓, ⊔, ⊥, {0} , VH)

(where H may be the Hilbert space HS associated to a quantum system S).
Consider a sentential language L with atomic sentences (which may assert that

�the value of given observable lies in a given Borel set�) and with the following logical
connectives: the negation ¬, the conjunction ∧ and the disjunction ∨.

In the Birkho� and von Neumann's semantics a model of L can be de�ned as a pair

M = (CH, v),

5For a deep analysis of the relationships between complementarity and uncertainty see [12, 13].
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where CH is a Hilbert lattice and v is a valuation that assigns to every sentence of L
a meaning represented by a quantum event X in CH. The map v shall preserve the
logical form of all sentences, satisfying the following conditions (for any sentences α,
β of L):

1. v(¬α) = v(α)⊥;
2. v(α ∧ β) = v(α) ⊓ v(β);
3. v(α ∨ β) = v(α) ⊔ v(β).

On this basis one can de�ne the concepts of truth, logical truth and logical
consequence:

De�nition 8 Truth
Let M = (CH, v) be a model of L.

1. A sentence α is called true for a state ρ of H (abbreviated as ⊨ρ α) i� pρ(v(α)) = 1.
2. A sentence α is called true in the model M (⊨M α) i� v(α) is the whole space VH

(hence, for all states ρ of H: pρ(v(α)) = 1).

De�nition 9 Logical truth and logical consequence in the logic QLBN

1. A sentence α is called a logical truth (⊨QLBN α) i� α is true in any model M.
2. β is called a logical consequence of α (α ⊨QLBN β) i� for any model M = (CH, v),
v(α) ⊑ v(β) (hence, for all states ρ of H: pρ(v(α)) ≤ pρ(v(β))).

3. α is called a logical consequence of a set T of sentences (T ⊨QLBN α) i� for some
sentences β1, . . . , βn ∈ T , β1 ∧ . . . ∧ βn ⊨QLBN α.

It is interesting to recall some important logical truths and logical arguments that
hold in the logic QLBN:

1. α ⊨QLBN ¬¬α, ¬¬α ⊨QLBN α (the double-negation principle).
2. ⊨QLBN ¬(α ∧ ¬α) (the logical non-contradiction principle).
3. ⊨QLBN α ∨ ¬α (the logical excluded-middle principle).
4. (α ∧ β) ∨ (α ∧ γ) ⊨QLBN α ∧ (β ∨ γ) (weak distributivity).

As expected, a characteristic classical argument that is generally violated in
Birkho� ad von Neumann's quantum logic is the strong distributivity principle. We
have:

α ∧ (β ∨ γ) ̸⊨QLBN (α ∧ β) ∨ (α ∧ γ).
Interestingly enough, the validity of the logical excluded-middle principle does not

imply the semantic tertium non datur (for any sentence α, either α or its negation ¬α
is true in any model). While any sentence whose form is α∨¬α is true in any model,
there are sentences γ that are indeterminate in some models, where (unlike classsical
models) we may have for some pure states ρ of M:

̸⊨ρ γ and ̸⊨ρ ¬γ.
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The divergence between the logical excluded-middle principle (⊨ρ α∨¬α, for any state
ρ) and the semantic excluded-middle principle (either ⊨ρ α or ⊨ρ ¬α, for any state ρ)
is a peculiar feature of quantum logic.

Another important characteristic property of quantum logic concerns a strong
failure of Lindenbaum's theorem. Unlike classical logic, generally in quantum logic
a non-contradictory set of sentences cannot be consistently extended to a non-
contradictory set of sentences that is logically complete. Only a weaker version of
Lindenbaum's theorem can be proved.6

Theorem 3 Weak Lindenbaum's theorem
Any non-contradictory set T of sentences can be consistently extended to a maximal non-
contradictory set T ′ that satis�es the following condition for any sentence α:
T ′ ̸⊨QLBN α ⇒ T ′ ∪ {α} is contradictory (i.e. for some sentence β, both β and ¬β are

logical consequences of T ′ ∪ {α}).

As happens in the case of quantum pure states, the concepts of maximality and of
logical completeness diverge for pieces of information that are represented by quantum-
logical sets of sentences. Interestingly enough, the failure of Lindenbaum's theorem
has played an important role in the discussions about the logical possibility of non-
contextual hidden variable theories in quantum theory.7

6 From sharp to unsharp quantum theory

Closed subspaces X and projections P of a Hilbert space HS (associated to a quantum
system S) represent sharp events that satisfy the non-contradiction principle:

(X ⊓X⊥)⊥ = C(HS) and (P ⊓ P⊥)⊥ = P(HS)

(where C(HS) and P(HS) represent the certain event for S).
Thus, contradictions are impossible and the negation of any contradiction is certain.
Accordingly (as we have seen in the previous Section), the non-contradiction principle
(¬(α ∧ ¬α)) is a logical truth of Birkho� and von Neumann's quantum logic.

Furthermore, any event that is not impossible is certainly veri�ed by at least one
pure state. We have:

� X ̸= ∅ =⇒ for some pure state |ψ⟩, |ψ⟩ ∈ X and p|ψ⟩(X) = 1.
� P ̸= O =⇒ for some pure state |ψ⟩, P |ψ⟩ = |ψ⟩ and p|ψ⟩(P ) = 1.

A natural question arises: to what extent do C(HS) and P(HS) represent an opti-
mal choice for the mathematical representatives of quantum events? Does P(HS)
represent the largest set of Hilbert-space operators to which a probability-value can
be assigned (according to the Born-rule)? The answer to this question is negative.
One can easily recognize the existence of bounded linear operators E that are not
projections and that satisfy the following condition:

6See, for instance, [15].
7See, for instance, [19].
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for any state ρ, tr(ρE) ∈ [0, 1].
From an intuitive point of view, this means that such operators E �behave as possible
events�, because any state assigns to them a probability-value.

An interesting example of this kind is represented by the operator 1
2 I. One

immediately realizes that 1
2 I is a linear bounded operator that is not a projection,

because
1

2
I
1

2
I =

1

4
I ̸= 1

2
I.

(hence 1
2 I fails to be idempotent.). At the same time, for any state ρ we have:

tr(ρ
1

2
I) =

1

2
.

Thus, 1
2 I seems to be a totally indeterminate event, to which each state assigns prob-

ability 1
2 . Apparently,

1
2 I plays the role that, in fuzzy set theory, is played by the

semitransparent fuzzy set 1
21 such that for any object x of the universe:

1

2
1(x) =

1

2
.

This situation suggests that we liberalize the notion of quantum event and extend
the set P(HS). Following Ludwig8, the elements of this new set have been called
e�ects.

De�nition 10 E�ect
An e�ect of H is a bounded linear operator E that satis�es the following condition, for any
state ρ:

tr(ρE) ∈ [0, 1].

We denote by E(H) the set of all e�ects of H. Clearly, E(H) properly includes
P(H). Because:

� any projection satis�es the de�nition of e�ect;
� there are examples of e�ects that are not projections (for instance, the e�ect 1

2 I,
that is usually called the semitransparent e�ect).

By de�nition e�ects represent a kind of maximal representative for the notion of
quantum event in agreement with the basic statistical rule of quantum theory (the
Born-rule).

Unlike projections, e�ects represent quite general mathematical objects that
describe at the same time events and states. Let E be any e�ect in E(H). The following
conditions hold:

� E represents a sharp event (in P(H)) i� E is idempotent (EE = E).
� E is a density operator representing a state i� tr(E) = 1

8See [25].
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� E represents a pure state i� E is at the same time a projection and a density
operator.

From an intuitive point of view, we could say that moving to an unsharp approach
represents an important step towards a kind of �second degree of fuzziness�. In the
framework of a sharp approach, any physical event P can be regarded as a kind of
�clear� property. Whenever a state ρ assigns to P a probability-value di�erent from 1
and 0, one can think that the semantic uncertainty involved in such a situation totally
depends on the ambiguity of the state (�rst degree of fuzziness). And we know that in
quantum theory even a pure state does not represent a logically complete information
that is able to decide any possible physical event. In the unsharp approaches, instead,
one can take into account also �genuinely ambiguous properties�. We will see that
this second degree of fuzziness can be regarded as depending on the accuracy of the
measurement which tests the property in question, and also on the accuracy involved
in the operational de�nition for the physical quantities which the property refers to.

One immediately realizes that E(H) can be naturally structured as an involutive
regular poset:

E(H) = (E(H)), ⊑, ′, O, I),
where

1. ⊑ is the natural order determined by the set of all states. In other words:
E ⊑ F i� for any state ρ, tr(ρE) ≤ tr(ρF ).
(i.e. any state assigns to E a probability-value that is less or equal than the
probability-value assigned to F ).

2. E′ = I− E (where − is the standard operator di�erence).

One can easily check that:

� ⊑ is a partial order;
�

′ is an involution, satisfying the double negation law (E′′ = E) and the
contraposition law (E ⊑ F ⇒ F ′ ⊑ E′);

� O and I are respectively the minimum and the maximum with respect to ⊑;
� the regularity condition holds:

E ⊑ E′ and F ⊑ F ′ ⇒ E ⊑ F ′.

One can prove that,unlike the event algebra C(H), the e�ect poset E(H) is not a
lattice: there are pairs of e�ects E, F for which the in�mum E ⊓ F does not exist.9

7 Unsharp observables

In the previous section we have asked whether P(HS) represents an optimal choice for
the mathematical representation of quantum events. Our answer has been negative:
P(HS) is not the largest set of Hilbert space operators to which a probability-value can
be assigned, because the set E(HS) properly includes P(HS). We will see how further
evidence for the thesis according to which E(HS) represents an optimal choice comes

9See, for instance, [16] and [18].
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from the study of operational de�nitions of quantum physical quantities. This will also
provide a deeper insight about the question: how does the concept of compatibility
changes when P(HS) has been replaced by E(HS)?

The natural unsharp generalization of the notion of observable is the concept of
e�ect-valued measure, also called positive-operator valued measure.

De�nition 11 E�ect-valued measure
An e�ect-valued measure for the quantum system S is a map

O : B(R) → E(HS),

that satis�es the following conditions:

1. O(R) = I.
2. For any countable set {∆i}i∈I of pairwise disjoint Borel sets,

O(
⋃

{∆i}i∈I) =
∑
i∈I

O(∆i).

where the series {O(∆i)}i∈I) converges in the weak operator topology.

In the following e�ect-valued measures will be also called unsharp observables. Like in
the sharp case, the de�nition of e�ect-valued measure can be generalized by assuming
that the domain of O is any B(Rn).

De�nition 12 Self-commuting e�ect-valued measure
An e�ect-valued measure O is called self-commuting i� for any ∆1,∆2 ∈ B(R),

O(∆1)O(∆2) = O(∆2)O(∆1). (1)

While sharp observables are always self-commuting, unsharp self-commuting observ-
ables turn out to be a proper subset of the set of all observables.

Interestingly enough, e�ects and e�ect-valued measures emerge in a natural way
in the analysis of measurement-processes. Unsharp observables have a deep physi-
cal motivation that is encoded in laboratory-procedures. In order to understand this
connection, let us brie�y examine measurement-processes from an operational point
of view. A quantum system S to be measured is �rst prepared in a state that is
mathematically represented by a density operator ρ of the Hilbert space HS. Then,
a physical interaction between S and a measurement-apparatus A is performed. Just
this interaction represents a measurement M on the system S. Finally the measure-
ment's outcomes are registered. This last step is connected to an idea that is usually
called �quantum objecti�cation�, according to which every registration-process leads
to a de�nite result [12] (as is illustrated in Figure 1, item a)).
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Fig. 1: a) A qualitative illustration of the measurement process, b) the measurement
process as an a�ne map

Generally, repetitions of one and the same measurement M on a system S in a
given state ρ give rise to di�erent unpredictable results. Quantum systems do not
have a deterministic behavior. In spite of this, the construction of a physical theory is
possible, because a deterministic regularity can be replaced by a statistical regularity,
represented by a probability-measure de�ned on the measurable space Ω ⊆ B(R) of
all possible measurement-outcomes. In order to obtain such statistical regularity, one
shall repeat the measurement in question several times. From a mathematical point of
view, this procedure can be represented as a map from states to probability-measures:

ρ 7→ µMρ .

Such map shall satisfy the a�nity-property. This means that for any mixed state ρ
having the form:

ρ = λρ1 + (1− λ)ρ2,

the associated probability-measure µMρ shall be a convex combination of probability-
measures, having the form:

µMρ = λµMρ1 + (1− λ)µMρ2 .

(See Figure 1, item b).)
Two measurementsM1 andM2 are said to be equivalent (M1 ≡M2) i� µ

M1
ρ = µM2

ρ

for any state ρ. Operational observables can be then de�ned as equivalence- classes
[M ]≡, where [M ]≡ = {M ′ |M ′ ≡M}.

The following theorem asserts an important strong correlation between a�ne maps
µMρ and unsharp observables O.
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Theorem 4 ([23]) There is a one-to-one correspondence between the set of all a�ne maps
ρ 7→ µMρ and the set of all unsharp observables O. For any ∆ ∈ B(R), we have:

µMρ (∆) = tr[ρO(∆)].

Theorem 4 con�rms that e�ect-valued measures represent an appropriate mathemati-
cal tool for representing quantum observables, since they are strongly connected with
the description of measurement-processes. The number tr(ρO(∆)) (based on the Born-
rule) represents the probability that the outcome of a measurement M gives a result
in ∆, when the system S is prepared in the state ρ.

In this framework, e�ects can be represented as special cases of unsharp observ-
ables, called dichotomic observables.

De�nition 13 Dichotomic observable
Let f be a function from {{0} , {1}} to E(HS) such that

f({0}) = I− f({1}).
One can prove that f can be uniquely extended to an e�ect-valued measure Of : B(R) →
E(HS), such that for any ∆ ∈ B(R):

Of (∆) =


f({1}), if 1 ∈ ∆ and 0 /∈ ∆;

f({0}), if 0 ∈ ∆ and 1 /∈ ∆;

I, if 0 ∈ ∆ and 1 ∈ ∆;

O, if 0 /∈ ∆ and 1 /∈ ∆.

The map Of is called a dichotomic unsharp observable.

From an intuitive point of view, a dichotomic observable Of can be regarded as
a question that admits two possible answers: YES and NO (corresponding to the
numbers 1 and 0, respectively).

Apparently, moving from �sharpness� to �unsharpness� is an important step that
allows us to include in the language of quantum theory operational concepts, whose
statistics could not be described in terms of sharp events and of sharp observables.10

We will now analyze the relations of commutativity and of compatibility in the
more general framework of e�ects and e�ect-valued measures.

De�nition 14 Commutativity
Two e�ect-valued measures O1 : B(R) → E(HS) and O2 : B(R) → E(HS) are called
commuting observables i� for any ∆,Γ ∈ B(R):

O1(∆)O2(Γ) = O2(Γ)O1(∆).

De�nition 15 Compatibility
Two e�ect-valued measures O1 : B(R) → E(HS) and O2 : B(R) → E(HS) are called compat-
ible (or jointly measurable) i� there exists an e�ect-valued measure O : B(R× R) → E(HS),
such that for any ∆1, ∆2 ∈ B(R):

O1(∆1) = O(∆1 × R) and O2(∆2) = O(R×∆2).

10For more details see [12].

18



The observable O is called the joint observable of O1 and O2, while O1 and O2 are called
the marginals of O.

Interestingly enough, unlike the case of sharp observables, compatible unsharp
observables are not necessarily commuting observables. While commutativity implies
compatibility, the inverse implication does not generally hold.

As an example, let us consider two dichotomic observables corresponding to the
two following e�ects:

F1 =

(
1
4

1
4 (1− i)

1
4 (1 + i) 1

2

)
, F2 =

(
1
2

1
4 (1− i)

1
4 (1 + i) 1

2

)
.

One can easily show that F1 and F2 do not commute.
The following Lemma can be proved:

Lemma 7.1. Consider two dichotomic observables O1 and O2 corresponding to the
e�ects E1 and E2, respectively. O1 and O2 are compatible, if there is an e�ect E such
that

E ⊑ E1 (2)

E ⊑ E2

E1 + E2 − E ⊑ I

The e�ects F1 and F2 (de�ned above) turn out to satisfy condition (2) of Lemma

7.1 with E =

(
3
4

1
4 (1− i)

1
4 (1 + i) 1

2

)
. Consequently, they represent two compatible non-

commuting observables.
A relevant example of non-commuting observables that are compatible is repre-

sented by the unsharp position and the unsharp momentum, which can be obtained
by means of a �fuzzi�cation� of the corresponding sharp position and momentum. We
will illustrate this procedure in the next Section.

8 From sharp observables to unsharp observables and
back

A fuzzi�cation of a sharp observable can be realized by using the concept of Markov-
kernel.

De�nition 16 Markov-kernel
A Markov-kernel is a map µ : B(R)× R → [0, 1] that satis�es the following conditions:

1. for any ∆ ∈ B(R), the function µ∆ : R → [0, 1] such that

∀λ ∈ R : µ∆(λ) := µ(∆, λ)

is a measurable function.
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2. For any λ ∈ R, the function µλ : B(R) → [0, 1] such that

∀∆ ∈ B(R) : µλ(∆) := µ(∆, λ)

is a probability-measure with domain B(R).

From an intuitive point of view, we can refer to two possible interpretations of a
Markov-kernel µ. When the outcome of a measurement of a given sharp observable
is the number λ, then µ∆(λ) can be interpreted as the probability that the actually
registered outcome belongs to ∆. Such uncertainty is supposed to depend on the
measurement-inaccuracies (which might be unavoidable). Alternatively, the function
µ∆ : R → [0, 1] can be interpreted as a fuzzy event (or as a fuzzy Borel set).

On this basis, we can now de�ne the concept of fuzzi�cation of a given sharp
observable.

De�nition 17 Fuzzi�cation
Let O : B(R) → P(H) be a sharp observable and let µ : B(R)×R → [0, 1] be a Markov-kernel.
The observable de�ned by the integral

O(∆) =

∫
R
µ∆(λ) dO(λ) (3)

(where ∆ ∈ B(R)) is called the fuzzi�cation of O by means of the Markov-kernel µ.

The following Lemma can be proved:

Lemma 8.1. The observable O de�ned in De�nition 17 is a self-commuting e�ect-
valued measure.

Fuzzi�cation of sharp observables (via Markov-kernels) provides a technique that
allows us to transform any sharp observable into a self-commuting unsharp observable.
Interestingly enough, one can prove that every self-commuting unsharp observable is
the fuzzi�cation of a sharp one.

Theorem 5 ([5, 24]) Let O be a self-commuting e�ect-valued measure. Then, there exist a
projection-valued measure O and a Markov-kernel µ such that O(∆) =

∫
R µ∆(λ) dO(λ), for

any ∆ ∈ B(R).

The projection-valued measure O corresponding to the e�ect-valued measure O is
called the sharp version of O.

Equation (3) suggests two possible interpretations of O, which depend on the two
possible interpretations of a Markov-kernel (mentioned above).

� If µ is interpreted as a description of the inaccuracies of a measurement of O, then
O can be interpreted as a random version of O.
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� If µ∆ : R → [0, 1] is interpreted as a fuzzy event, then, for every pure state |ψ⟩
of HS, the real number ⟨ψ|O(∆)ψ⟩ can be interpreted as the probability of the
fuzzy event µ∆ for a system in the pure state |ψ⟩. In other words, the fuzzy event
represented by the fuzzy set µ∆ is the fuzzi�cation of the sharp event represented
by the crisp set χ∆. The self-commuting unsharp observable O gives the probability
of the fuzzy events µ∆; while its sharp version O gives the probability of the crisp
events χ∆ (for any ∆ ∈ B(R)).

Another theorem that plays an important role for the connections between sharp
and unsharp observables is Naimark's dilation-theorem.

Theorem 6 [3, 7, 26, 31, 32] Let O be an e�ect-valued measure on a Hilbert space H. Then,
there exists an extended Hilbert space H+ (of H) and a projection-valued measure O+ on H+

such that for any ∆ ∈ B(R) and for any pure state |ψ⟩ of H,

O(∆)|ψ⟩ = PO+(∆)|ψ⟩,
where P is the projection operator of H+ whose range is the subspace H.

In other words, Naimark's theorem asserts that unsharp observables can be repre-
sented as projections of sharp observables.

The following Corollary, provides an interpretation of families of unsharp events
as families of projections of sharp events.

Corollary 8.1. Let {En}n∈N be a family of e�ects in the Hilbert space H such that∑
nEn = I. There exists an extended Hilbert space H+ (of H) and a family of

projection operators {P+
n }n∈N in H+ such that

1. P+
i P

+
j = O (for i ̸= j);

2.
∑
n P

+
n = I;

3. En = PP+
n P (for every En).

Corollary 8.1 asserts that every family of e�ects that is a resolution of identity (con-
sisting of pairwise orthogonal e�ects) corresponds to a family of pairwise orthogonal
sharp events (projections).

In order to properly understand the meaning of Corollary 8.1 it is expedient
to recall that the concept of orthogonality behaves di�erently in the case of sharp
events (represented by projections) and in the case of unsharp events (represented
by e�ects)[16]. We know that two projections P1 and P2 are orthogonal i� P1 ⊑ P⊥

2 ,
where ⊥ is the orthocomplement-operation that satis�es the non-contradiction prin-
ciple ([P ⊓ P⊥]⊥ = I). At the same time, two e�ects E1 and E2 are orthogonal i�
E1 ⊑ E′

2 = I− E2, where the operation
′ is an involutive complement, that gives rise

to possible violations of the non-contradiction principle. For instance, we have:(
1

2
I ⊓ (

1

2
I)′

)′

=

(
1

2
I ⊓ 1

2
I
)′

=

(
1

2
I
)′

=
1

2
I ̸= I.
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We have seen that, unlike the case of sharp observables, there are examples of
non-commuting unsharp observables that are compatible. A natural question arises:
is there any characterization of compatibility for pairs of unsharp observables? A
positive answer to this question is given by the following theorem, which is based on
Naimark's dilation theorem.

Theorem 7 ([6]) Two e�ect-valued measures O1 : B(R) → E(H) and O2 : B(R) → E(H)
are compatible i� there exist an extended Hilbert space H+ (of H) and two Naimark dilations
O+

1 : B(R) → P(H+) and O+
2 : B(R) → P(H+) such that

O+
1 (∆)O+

2 (∆) = O+
2 (∆)O+

1 (∆),

for any ∆ ∈ B(R).

The theorem is illustrated in the following diagram.

O+
1
oo c // O+

2

O1

��
P

OO

oo c // O2

��
P

OO

where the double arrow oo c // denotes compatibility, while oo P // denotes
the relationship between an unsharp observable and its dilation (as expressed by
Naimark's theorem). The compatibility between the unsharp observables O1 and
O2 corresponds to the commutativity of the sharp observables O+

1 and O+
2 , whose

projections coincide with O1 and O2, respectively.

Example 1 Let H = R2 and H+ = R3 . Consider the projection operator P =

 1
2

1
2 0

1
2

1
2 0

0 0 1


that projects the vectors of R3 into the plane generated by the vectors (1, 1, 0) and (0, 0, 1).
Consider now the two following operators:

E1 = 1
4

1 1 0
1 1 0
0 0 0

 , E2 = 1
8

1 1 2
1 1 2
2 2 4

 .

One can show that E1 and E2 are e�ects in the space R2. For, they can be represented by
the two following matrices in the orthonormal basis
B = {e1 = (0, 0, 1), e2 = 1√

2
(1, 1, 0), e3 = 1√

2
(1,−1, 0)}. We have:

EB
1 =

0 0 0

0 1
2 0

0 0 0

 , EB
2 =


1
4

1
4
√
2

0
1

2
√
2

1
4 0

0 0 0


corresponding to the 2× 2 matrices EB

1 ≡
(
0 0

0 1
2

)
, EB

2 ≡

(
1
4

1
4
√
2√

2 1
4

)
.

The e�ects E1 and E2 do not commute. At the same time they are compatible. Because:
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� they are the projections of the two following sharp events:

P1 =

1 0 0
0 0 0
0 0 0

 and P2 =

0 0 0
0 1

2
1
2

0 1
2

1
2

 (respectively).

We have: E1 = PP1P and E2 = PP2P .
� The two sharp events P1 and P2 commute.

9 Heisenberg's principle

Consider the sharp observables OQ and OP corresponding to the physical quantities
position and momentum, respectively. According to Heisenberg's principle there are
events OQ(∆q) and O

P(∆p) that cannot be simultaneously veri�ed with certainty by
any quantum system S. In particular, as a consequence of Paley-Wiener theorem, for
any pair of Borel sets ∆q and ∆p of �nite Lebesgue measure, we have ([12]):

OQ(∆q) ⊓OP(∆p) = O.

Thus, there is no state ρ of S (in the space HS) such that

tr(ρOQ(∆q)) = tr(ρOP(∆p)) = 1.

Consequently, one immediately obtains that a joint observable OQP of OQ and OP

cannot exist. In fact, should a joint observable OQP exist, we would have:

OQP : B(R× R) → P(HS).

Hence, OQP(∆q×∆p) would be a sharp event. And we know that for any sharp event
represented by a projection P (di�erent from the null projection) there exists a pure
state ρ such that:

tr(ρP ) = 1.

Thus, we would obtain that for some state ρ:

tr(ρOQP(∆q ×∆p)) = 1 = tr(ρOQ(∆q)) = tr(ρOP(∆p)),

against Heisenberg's principle!
As is well known, the idea that a quantum particle cannot simultaneously have

a de�nite position and a de�nite momentum is a basic principle of the Copenhagen-
interpretation of quantum theory11. But Heisenberg went beyond the formalism,
proposing his celebrated microscope-thought experiment [21]. He suggested that
approximate versions of position and momentum could be sequentially measured,
giving an approximate information, according to the uncertainty-relation:

V arρ(Q)V arρ(P) ≥ 1

4

11There are exceptions to this property in the case of unbounded sets. See [13]
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(where ℏ is normalized to 1).
Interestingly enough, the unsharp quantum formalism turns out to be particularly

e�cient for representing such approximate measurements of Q and P. As we have
seen, there is a strong relationship between self-commuting unsharp observables and
sharp observables: the former can be represented as fuzzy versions of the latter, via
Markov-kernels.

A relevant result in the unsharp formulation of quantum mechanics is the existence
of fuzzy versions of Q and P that are compatible [12, 17, 23, 29]. As is well known, the
sharp observables position (Q) and momentum (P) are de�ned in the Hilbert space
L2(R) of square integrable functions. We have:

[Qψ](x) = xψ(x) and [Pψ](x) = −i∂ψ
∂x

, for almost all x.

Let g : R → R be a function such that
∫∞
−∞ g(x) dx = 1 and let ĝ denote its Fourier

transform. Consider the two following e�ect-valued measures [17]:

OQ(∆q) =

∫
µQ
∆q

(x) dOQ(x), where µQ
∆q

(x) =

∫ ∞

−∞
χ∆q (x− y) g(y) dy;

OP(∆p) =

∫
µP
∆p(x) dO

P(x), where µP
∆p(x) =

∫ ∞

−∞
χ∆p(x− y) ĝ(y) dy

The observables OQ and OP turn out to be self-commuting unsharp versions of Q
and P (respectively), where the fuzzi�cation is realized by the Markov-kernels µQ and
µP. Notice that that OQ and OP are compatible (since they admit a joint observable
[5, 12, 17]), although they do not commute. Moreover, for every pure state ρ of HS,
we have:

V arρ(O
Q) = V arρ(Q) + V ar(g); (4)

V arρ(O
P) = V arρ(P) + V ar(ĝ). (5)

As a consequence, for any state ρ of HS, we obtain[12]:

V arρ(O
Q)V arρ(O

P) ≥ 1. (6)

(where ℏ is normalized to 1).
It is worth-while remarking that (6) is stronger than the usual version of the

uncertainty relation for sharp position and momentum [12], according to which:

V arρ(Q)V arρ(P) ≥ 1

4
.

Apparently, the uncertainty principle, that currently appears in most physical
textbook, refers to preparation-uncertainties an not to measurement-uncertainties (as
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happens in the case of Heisenberg's thought experiment).12 Moreover, equations (4)
and (5) show ([12]) that the function g encodes our information about the question:
how do the unsharp observables OQ and OP approximate Q and P (respectively)?

How to interpret the joint measurability of OQ and OP in the framework of
unsharp quantum theory? We know that (unlike the case of sharp events) there are
unsharp events E (di�erent from the null event O ) such that tr(ρE) < 1 for every
state ρ. This is exactly what happens in the case of some unsharp eventsOQP(∆q×∆p)
(where OQP is the joint observable of OQ and OP), whose probability is less than
1 for every state ρ.13 One is dealing with special examples of unsharp events that
cannot be veri�ed with certainty by any quantum state. In this framework, the num-
ber tr[ρOQP(∆q ×∆p)] represents the probability that a simultaneous measurement
of the fuzzy position and of the fuzzy momentum gives a result in ∆q × ∆p. Notice
that such information would be forbidden in the sharp formulation of quantum the-
ory, where Heisenberg's thought experiment only plays a heuristic role, that cannot
be �expressed" in the language of the theory. One is dealing with meta-linguistic
assertions, that become linguistic only in the framework of unsharp quantum the-
ory (where Heisenberg's thought experiment can be formulated in a quantitative way,
while an optimal approximate joint measurement of position and momentum can be
determined [14]).14

The study of the relationships between sharp and unsharp quantum concepts
have naturally inspired some deep discussions about foundational and philosophical
problems of quantum theory. At �rst sight, Naimark's theorem and its consequences
seem to suggest a kind of �supremacy� of the sharp approach. One might conjecture
that, from a theoretic point of view, all fundamental uncertainties that charac-
terize the quantum world can be entirely represented in the framework of sharp
quantum theory. At the same time, quantum unsharpness might be described as a
non-fundamental aspect, which is essentially due to the unavoidable limits and approx-
imations of measurement-procedures. However, such a conclusion seems to be an
over-simpli�cation. As we have seen, Naimark's theorem guarantees that any unsharp
observable of a Hilbert space HS (associated to a quantum system S) can be rep-

resented as a sharp observable living in a larger space HS+

. One can naturally ask
the following question: given a set of unsharp observables of a Hilbert space HS, is
there any unique Hilbert space HS+

, where the elements of this set can be simulta-
neously represented as sharp observables ? This question admits di�erent answers,
which depend on the choice of the quantum observables we are taking into consider-
ation. Suppose we are only considering the unsharp versions of the observables that
play an essential role in the �concrete � quantum mechanics that is currently used by
working physicists; one is dealing with the set of all observables that can be de�ned
as functions of the two basic observables position and momentum. In such a case one
can prove that all unsharp observables belonging to this set admit sharp representa-
tives, all living in a unique Hilbert space.[8] However, these sharp observables turn
out to be pairwise compatible! Thus, the result is a formulation of classical mechanics

12For more details, see [4, 12, 14, 23, 28].
13See Theorem 3.4 in Ref. [10].
14These questions can be discussed in a more precise way, by introducing the concept of instrument. See

[12, 14, 27].
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in a Hilbert-space language [8, 9]. Of course, such a formulation cannot be regarded
as a satisfactory sharp representation of a ��ctitious� unsharp quantum world. As we
have seen, one of the main features of unsharpness is that, in some cases, unsharp
versions of incompatible sharp observables turn out to be compatible, allowing approx-
imate simultaneous measurements of incompatible sharp observables. This is precisely
the content of Heisenberg's thought experiment, which can be only formalized in the
framework of unsharp quantum theory. We recall that, according to an operational
approach, every physical theory can be described as consisting of two parts: the the-
oretic formalism and the correspondence-rules that connect the formalism with the
experiments. In this perspective, the unsharp formalism seems to represent (as far as
we know) the best tool that allows us to connect the quantum-theoretic formalism with
the experimental world. Other deep motivations in favour of unsharp observables have
been suggested by fuzzy quantum logics, which still represent an open research-�eld
[15, 30].

Suppose, instead, we are referring to the set of all possible unsharp observables
of a quantum system S (with associated Hilbert space HS). In such a case our ques-

tion (is there any unique Hilbert space HS+

, where all unsharp observables of S can
be simultaneously represented as sharp observables ? ) has a negative answer: joint
measurability in the unsharp world cannot be fully represented in the sharp world. A
counterexample is given by the case of three unsharp observables O1, O2, O3 (which
are pairwise compatible in a Hilbert space HS), that do not admit any sharp pairwise
compatible Naimark-dilations O+

1 , O
+
2 , O

+
3 , living in a unique extended Hilbert space

HS+

[20, 22].
Apparently, foundational and philosophical discussions about the relationships

between quantum sharpness and quantum unsharpness and about the theoretic
role of unsharp concepts turn out to be strongly connected with these important
mathematical results.
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