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MSC: Anti-Gauss Laguerre quadrature formulas are based on the zeros of polynomials, we call them
41A05 Anti-Gauss polynomials, defined in terms of Laguerre orthogonal polynomials. This paper estab-
41A10

lishes new properties of the Anti-Gauss Laguerre polynomials, and analyzes some “truncated”
interpolation processes essentially based on their zeros. Estimates of the corresponding Lebesgue
Keywords: constants are proved, and error bounds in spaces of locally continuous functions, equipped
Lagrange mterp"lat“fn with uniform weighted norms are given. Finally, some numerical tests are presented about the
Orthogonal polynomials behavior of the Lebesgue functions and Lebesgue constants, and numerical experiments dealing
Gauss-Laguerre quadrature rules . . . . . . .

. with the approximation of functions having different smoothness are proposed. Comparisons
Anti-Gauss Laguerre formulae ) A A A

with the results achieved by truncated Lagrange interpolation processes based on Laguerre zeros

are shown.

42C05

1. Introduction

In 1996 Laurie [1] introduced a new (m+ 1)-point interpolatory quadrature rule, called “anti-Gauss” formula, with a high degree
of exactness, based on distinct real nodes and having always positive coefficients. Such rules have been extensively studied by many
authors, especially with the aim of constructing efficient quadrature rules, in turn, the main tool in approximating the solutions of
integral equations by Nystrom methods [2-5]. As proved by Laurie, the (m+ 1) anti-Gauss nodes are the zeros of a certain polynomial
Pms1> defined as a linear combination of orthogonal polynomials w.r.t. a weight function w. Several useful properties of {j,,,;}, and
their zeros have been proved in [1,6]. In particular, we mention the internality of such zeros for a large class of weight functions,
and the interlacing properties with the zeros of the orthogonal polynomial p,,(w, -) to which are related.

In this paper, we consider the polynomial sequence {j,,,;}, associated to the Laguerre weight w(x) = x®¢™, a > —1, hereafter
referred to as the Anti-Gauss Laguerre polynomials. We will provide some new estimates of the Anti-Gauss polynomial j,,,, ;, such as the
distance between the zeros and relationships with the zeros of p,,(w, -), estimates of the polynomial j,,, and its derivatives. All this
information is useful to investigate whether or not the matrix of zeros of the sequence {j,,,,},, can be a candidate for the construction
of “optimal” interpolation processes in some weighted spaces of continuous functions, i.e. such that the corresponding Lebesgue
constants diverge logarithmically. Lagrange interpolating polynomials share many interesting properties and fair qualities, as well
as the ease of computation, elementary manipulation, and, for careful choices of the interpolation set of nodes, the improvement of
the accuracy as the smoothness of the function increases. Based on these, Lagrange interpolation processes have been successfully
employed in the simultaneous approximation of functions, for the construction of efficient quadrature formulae, and in numerical
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methods for solving functional equations. However, as just mentioned, one of the main difficulties is the choice of the set of
interpolation nodes, since the so-called Lebesgue constants, which depend on them, appear both in the theoretical convergence
estimate of the error and as amplification factor of the round-off errors.

Here, we focus on the approximation of functions in weighted spaces C,, which include functions with possible algebraic
singularities at the origin, and growing exponentially for x — . In C, the Lagrange interpolation polynomial based on the zeros of
generalized Laguerre polynomials is a “bad” process since the corresponding Lebesgue constants behave as m” (see e.g. [7-9]). To
overcome this problem, several modifications have been proposed [7,8,10-12], all essentially based on the zeros of the generalized
Laguerre polynomials.

In this paper we study the behavior of the Lagrange polynomial based on the zeros of the Anti-Gauss Laguerre polynomial. As
usual, the study of the Lebesgue constants involves, among others, the estimate of the weighted fundamental Lagrange polynomial
related to the node “closest” to the evaluation point (see, for example, the estimate (56)). Unfortunately, we prove that in the case
we select the Anti-Gauss zeros, the divergence of this term behaves like m?, with r > 1. The worst behavior is that of the first node,
since it is very close to the origin. To improve the process, we introduced a modified interpolating polynomial, which is basically
obtained by replacing the first zero of the Anti-Gauss polynomial p,,,,(-) with the first zero of the Laguerre polynomial p,,(w, ).
Although the process is still not optimal, we have convergence in suitable subspaces of C,.

The paper is structured as follows. In Section 2 we fix some notations, define the function spaces, and collect some basic known
facts about orthogonal polynomials and the Anti-Gauss Laguerre polynomial. Section 3 contains useful estimates for the Anti-Gauss
polynomial, its derivatives, and new properties on the zeros. All these results are essential for the investigation of the interpolation
processes presented in Section 4. Section 5 contains some numerical tests and Section 6 collects the proofs of our theoretical results.
Finally, Section 7 deals with some conclusions and outlines possible research perspectives.

2. Notations and preliminary results

Throughout the paper C will denote a positive constant, which may have different values at different occurrences, and the
notation C # C(m, f,...) will be used to underline that the constant C is independent of m, f, .... Moreover, if A, B > 0 are quantities
depending on some parameters, the writing A ~ B, has to be understood as there exists a constant 0 < C # C(A4, B) such that
Z<A<CB

Furthermore, P,, will denote the space of the algebraic polynomials of degree at most m.

2.1. Function spaces

Let u be the following weight function
u(x):x}'e_%, x>0, y=>0, (€8}
and let C, be the space defined as

{f € C%(0,0)) : lim (fu)(x) = 0} . if y>0,

x=0t

C, =

u
{rec@o.cn: lim (rw =0}, if y=o,
equipped with the norm
Iflle, = lfulle = sup |(fw)].
For smoother functions, the Sobolev-type space of order r € N is defined as
w,w={fec, : fY e AC(O,+w) and | fP¢ull < +oo},

where ¢(x) = \/§ and AC((0,+o0)) is the set of the absolutely continuous functions on every closed subset of (0,+c0). The space
W,(u) is endowed by the norm

1w, = 1 ulleo + 11/ ull o

In order to deal with more refined subspaces of C,, for any 1 € R*, let Z,(u) be the Zygmund-type space of parameter 0 < A < r,
reN,

Q(f 0y
Z,(w=4 fEC, : supT<+m s

>0

where

QU(f. Dy = sup |14} full, ., >0,
@ U xhgy | he?
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is the main part of the rth ¢—modulus of smoothness, I,;, = [4r2h2, %], being C a fixed positive constant, and

ho () = Z( 1)"( >f(x+h<p(x)(r—k))

The space Z,(u) is equipped with the norm

QL(f.
1Az = I1F e, +§up—

Finally, we recall the defmltlon of the error of best approximation by polynomials of f € C,
E,(f) = pienﬂfm I(f = Pulle
It can be estimated in Zygmund and Sobolev subspaces as [13,14]

||f||W(u), V€ W.(u), )

E,(f s —=
\/_

and

||f||zj(u)s Vf € Z(, 3)

E,(f < —=
\/_

where in both the cases C # C(m, f).
2.2. Laguerre orthogonal polynomials

Let w(x) = x*e™™, with « > —1 and let { Py}, be the corresponding sequence of orthogonal Laguerre monic polynomials, that
is
o i 0, i#j
(0} P = / Py (wdx =4 i +a+1) 4
0 —_—, =

i!
where I' is the Gamma function. The orthogonal sequence (see, for instance, [15]) satisfies the following three-term recurrence
relation

Y (x) =
Py =1, 5)
:+1(x) (x —a)p(x) = b; pi"il(x), i=0,1,2,...

where the coefficients are given by
a;=2i+a+1, i=0,1,2,..
=I(1l+a),
b=ii+a), i=12... 6)

Denoting by {x,,,};_, the zeros of p}’(-) in increasing order, that is x,,; < x4 for each k =1,...,m—1, we recall that they are
the eigenvalues of the following tridiagonal matrix [16]

“0\/17_1
Vo a by

I = \/b_z a, ,
: m—1

m—1 m—1

and
C
= <Xy < Xpyp <t < Xy < 4, C # C(m).
m
In what follows, the following asymptotic formulae for the Laguerre zeros (see [17, Th. 10]) will be useful
2 1
xm’m_k+1=v+25ckv5 +d, k=1,2,....m,

where v = 4m + 2a + 2,

23 2 —= (11 2 12 3 —1 ( 16 92 4) 2 .3
d = — — = - — —_— e —v 3
5y Tz 175%) v\ 1575k T 7375 ) 3Y

(15152 5 1088 s 1
(3031875C"+121275 )2 Vieo (),
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and {c;},_;,. . denote the negative zeros in decreasing order of the Airy function Ai(x). In particular, recalling that ¢; ~ —2.33811
and ¢, ~ —4.08795, we deduce that for m > 6 it is 0 < d < 1, and hence for m sufficiently large, and -1 < a < 1
2 1
Xppm < 4m+2a+3—(2.3)23v3. 7)

Moreover, uniformly in k and m [18] (see also [7])

2
xm,k~%, k=1,2,....m, (€))
and then
Xmk+1 ~ Xk (C))]

For any fixed 0 < 0 < 1, let X (G =j(m,0)) be the node defined as

Xy =min{x,; : X, >4m0, k=12,..,m}. (10)

About the distance between two consecutive zeros of p!(-) in the interval [0, x,, ;1 the following estimate holds [19]

xm,k

Ak = X1 = Xmge ~ e k=1,2,...,J, an
and, by (8), one has
A g ~ Ay gy (12)

In what follows, {p,,(w,)},, will denote the sequence of orthonormal Laguerre polynomials with positive leading coefficients,
that is, setting

r 1
G 1= O PO =/ % 13)

the sequence is defined as

W(x
P, x) = 2 '2( ! 14
Pm(w, x) = 7,,(w)x™ + terms of lower degree , V(W) > 0.

Denoting by d the index of a zero of p,,(w, -) closest to x € [0, 4m], i.e. |x — x,, 4| = min; ¢4, |x — x,, |, for some positive constant
C # C(m, x,d), the following inequalities hold true [7]

2 1

X=X ats 1

é (—M> < p,zn(w, x)e™™* (x+l> : V|4m — x|+ m3
m

Xa = Xmd+1
2
X=X
d
co( ST 15)
Xmd ~ Xmdxl

Therefore, by (15), and introducing the interval

A, :=Am(c)=(£,v—v%), V=dm+2a+2, 0<c#cm), (16)
m
one deduces
C
Pn(w, )| V() £ —=, x€A,, C#C(m). 17)
x(4m — x)

Finally, we recall that the Christoffel numbers defined as

m—1 -1
Aie 1= Api (W) = [Z P (w, xm,k)] , (18)
k=0

can be computed through the matrix J,,, i.e. [16]

2

'1m4,k = bOUk,l’

where v, ; is the first component of the eigenvector corresponding to the eigenvalue x,, ;.

2.3. Anti-Gauss Laguerre polynomials

Let {p,(-)}, be the sequence of the monic Anti-Gauss Laguerre polynomials, which can be defined in terms of the Laguerre
polynomials pi’(-) by [1]

Pre1 () = P (0 = byepy (%), (19)
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where the coefficients b, are defined in (6). Such polynomials play a crucial role in the anti-Gauss quadrature formula, introduced
for the first time by Laurie [1].
The mth anti-Gauss Laguerre rule has the form

m+1

/0 FEWEx = Y Ay f G ) + RAC(S) 1= GAY () + RA(f)
k=1

m+1

G2 =Y i f G ) RAC() = /O FEwx)dx = GA%,(f),
k=1

where {j,, +1,k}Z:1] are the zeros of the polynomial p,,,,(-) given in (19) and {4, }

interpolatory rule having degree of exactness 2m — 1, and

m+1

nt! are positive coefficients. Gifl (f) is an

RAC(f)=0, Vf €P,,_;.
and the zeros and weights are chosen such that
RAC(p) = —=RC(p), pEPyyy,

where RY(f) is the error of the Gauss-Laguerre quadrature formula G,,(f)

/0 FEW)Ax = Gp(f) + RG() 1= D Ay f o) + RECS),
k=1

with x,,, the zeros of p,(w,-) and 4, , the Christoffel numbers in (18). Recently, such formulae have attracted some attention
for their utility (see, for instance, [2,5,20-22]) also in the multivariate case [3,4,23]. Indeed, they allow one to build new rules,
namely, averaged or stratified quadrature formulae, which are characterized by a higher accuracy and smaller computational cost.
In addition, they also provide numerical estimates for the error of the Gauss rule for a fixed number of points.

Coming back to the Anti-Gauss Laguerre polynomials in (19), it is known that the zeros {x,,};_, of p,(w,) interlace the zeros
{ym+1,k }Z:]l of ﬁm+l(')’ ie.

j}m+l,] < Xim,1 < ym+1,2 < Xm2 << Xm,m < j}m+1,m+1’ (20)

and {?mfl,k};(”;’l' € (0,) for each @ > —1. Similarly to the zeros and weights of the Gauss-Laguerre rule, the computation of

(P10 Amt1 & }ZLI is not a difficult task, since they are related to the eigenpairs of the matrix
~ J 2b,.e
i1 = = N 21
2b,.e,, a,
w~ith e, =(0,0,....,DT € R", and a,,, b,, defined in (6). Indeed, the zeros {J,,, }Z’:]] are the eigenvalues of J,, +1, and the coefficients
{1k };{":11 are given by
/:[m+1,k = b()’ji,y

where o, ; is the first component of the eigenvector corresponding to J,,,; -
Let us note that, by applying to the last term in (19) the three term recurrence relation (5), we have

P () = 2D (X) + (@, = X)p,, (x),  a, ~2m.

Then, by (13) and (14), we can also write

1 () = G [2pm+.<w, 04/ % + (@ — X)pu(0, x>]

~ & [2Pmy1 (0, %) + (a,, — X)p,,(w, X)] , (22)

where the constants in ~ do not depend on m. Moreover, since p¥(0) = 1, we easily get
Pt @) =2(m+ D) +a+1. (23)

Finally, we recall that in [6] it was proved

wey pl(.
Z— =2M, k=1,2,....,m+1,
. Py O .
Pm(yk)Pm+1(yk)
or equivalently

N S

Ampip =2————— k=12,....m+1 (24)
(W, 5P, (Fi)
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now on we set

—(<
D, = (m s 3m> .
The following Proposition holds true.
For any x € A,,, with A,, defined in (16), the following estimate holds

Proposition 3.1.
. 3

— 4
@m—x) x < 3m,

Pr@ 0w <CE 1 Vx
— x2>3m.
Vx(@m = x)

Moreover, for x € D,,, with D,, defined in (25), we have
3
4

N m (4m — x):
17, V) < ccm\/; e

3
(4m—x)3%

17, IV we) < €¢, = e

and

case, we define the special node j - With x ; given in (10) for any fixed 6 < %, here we define

V; =m];dx{fk DIk <X}
About some distances between the zeros, the following proposition holds.

Proposition 3.2. Let j; as defined in (29) and set Ay = y;; — Ji. Then

(a) For k=1,2,...,m— 1, one has
0<C#C(m)

AP, < CAxy,
(b) For k=1,2,...,j, one has
- Axy
xk—ykZCT, 0 < C # C(m).
(c) For k=1,2,...,j, one deduces
- Axy
AykZCT, 0<C+#C(m)

(d) The first and last zeros of p,,,(-) satisfy the following bounds

0 < C # C(m).

1
3
1

and
2
Fa1 < 45m+9.5—(23)25v

A < CAF w (G,
and
o 1
a1
45, ¥
—~ ~1 — < C ﬂk—l
Ipm+1(yk)|u(yk) Cn (4m—,)7

where C # C(m).

where in all the estimates 0 < C # C(m) and ¢,, is defined in (13).
From now on, to simplify the notation, we set J; = J,1 4 Xx = Xpss Ag '= Amyis> and A 1= A, . Similarly to the Laguerre

where vi =4(m+ 1)+ 2a+2 with -1 <a < 1.
Proposition 3.3. Let w(x) = x%e™, a > —1 and u be the weight defined in (1). Then, the following estimates hold true

3. Some estimates for Anti-Gauss Laguerre polynomials
In this section we collect some new properties concerning the Anti-Gauss Laguerre polynomials {5,,,,(:)},,, and their zeros. From
(25)

(26)

(27)

(28)

(29

(30)

B

(32)

(33)

(34

(35)

(36)
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4. A new interpolation process

In this section, we want to discuss the construction of some interpolation processes, essentially based on the Anti-Gauss Laguerre

= m+1

zeros {Fpi1 4ty -
Let us first consider the truncated Lagrange polynomial £, (f,-), interpolating a given function f € C, at the first j zeros of

Pms1(-), and vanishing at { yk},’j:jlﬂ, where the index j is defined in (29). Then, the polynomial is defined as

J ~
s > ~ > pm+l(x)
L x)= ), , Cm =
ma1 (s X) ; +1,k(X)f(yk) +1,k(x) (x— Yk)l’:,,ﬂ(yk)

Of course, the main question is the convergence Em +1(f) = f when m — oo, strictly related to the behavior of the Lebesgue
constant associated to the truncated Anti-Gauss Laguerre process and defined as

J |f~ m+1,k(x)|
=1 u(Fy)
Unfortunately, as the next lemma infers, they seem to have a “bad” behavior, especially “around” the first zero y,.

1£s1llc, e, = supu(x)
x20

Lemma 4.1. Denoting by d the index of the zero of p,,,, which is closest to x € D,,, then

Vwx) ~ m, d>2,
[€mi1.a() < C a3
Vw(xy) m272, d=1,

where C # C(m).

Thus, in order to obtain a little bit improvement, let us introduce a modified interpolation process, based on the zeros of the
polynomial g,,,(-) obtained by replacing the first zero y, of ,,,; with the first zero x, of p,(w,-). To be more precise, let g,,,; € P,
defined as

Prg1(x)
Qa1 () = 2 (x - z)), 2 = Xp,1 =X, (37
x—yl
whose zeros {zk};”;’ll are
Xy, k=1
z, =14 ! (38)
T k=2...m+1.

Hence, the Lagrange polynomial interpolating a function f at the first j zeros z, and vanishing at {zk};":j' +1» Where the index j
is defined in (29), is given by

qm+l(x)

X =204,

J
L (f.x)= Z L1 GO f (2, D1 (%) = .
k=1 (z4)

Note that L,,,,(f,x) €, but L, : C, — P, is not a projector. However, letting
Pi={peP, :p(z)=0, z;>z;}CP,,

with z; defined in (29), L,,,, projects C, on 7. Moreover, J,, P; is dense in C,. In fact, setting
En(f)y 1= jnf I/ = Qulls.
from a result in [24] we can deduce the following.

Lemma 4.2. For any function f € C,,
E(f)y SC{Ey(f)y+e I fulle} (39)

where for 0 < 6 < %,

M = {m%J and A and C are positive constants such that A # A(m, f) and C # C(m, f).

In view of (39), E,,(f), can be estimated by the best approximation error E,;(f),, where M is a proper fraction of m depending
on 6.
The following Proposition is essential to estimate the Lebesgue constants associated to the Lagrange interpolating process.

Proposition 4.3. For any x € A,,, with A, defined in (16), and ¢,, defined in (13), one has

(4m—x)% X <3m
lgni1 OIWVw@) < €g,y VX 7 7T C £ Cm). (40)

3m,

T >
4\/ x(4m—x) Xz
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Moreover,

1 Axy
—————— < C—V(@m—-2z)z;, C#C(m), (41)
g}, DIV w(z) A "

and for k =2,3,...,j
4
¢ L cucm. (42)

1
——x .
g, GOIVwE) — Sm /F@m =)

The next theorem proves that, under a suitable assumption on the parameters y and «, the Lebesgue constants associated to the
modified process, i.e.

J |l~m+1,k(x)|

L)

>

||]:m+1 ||cu—>cu = sup u(x)
x>0
diverge with order mlog m.

Theorem 4.4. Let w(x) = x%¢* and u as in (1). Assuming that
a 1 5
0.2+ )<r<S+3,
max( 2 + I Y Z

then, for any f € C,, we have

+ 43)

L

2
WLy (Dlle, < Cm logmlifllc,

with C # C(m, ).

Remark 4.1. Recalling that P. Vértesi proved, in a more general context [9], that for any matrix of interpolation knots in [0, 4m],

the Lebesgue constants in C, have an order greater than or equal to logm, the Lagrange polynomial introduced above is not an

optimal process. On the other hand, this is the first result in the study of Lagrange interpolation processes on Anti-Gauss Laguerre
zZeros.

About the convergence, the following theorem holds.
Theorem 4.5. Let w(x) = x%™~ and u(x) = x’e”3 where v, a satisfy (43). Then, for any f € C,
I = Ly (DNl < Cnlogm ( Eyg (1 +¢ 47111, )
where M = lm#J with 0 fixed with 0 < 6 < %, and C, A are positive constants independent of m, f.

We remark, that by Theorem 4.5 and using (2) and (3) we immediately get the following estimates.

Corollary 4.6. Under the assumption of Theorem 4.5, for any f € Z,(u), A > 2, we have

logm

I/ = Lyt (Nulleg < €—— 1171 2,0
mz2-

and for any f € W,(u), r > 3, we have

logm
= 1/ llw, s

m

IS = Ly (Dullg < C

where C # C(m, f) in both estimates.

Remark 4.2. Based on Remark 4.1, our result is not sharp, since the norm of the operator L,,,, : C, — C, behaves as mlog m instead
of log m. However, as with other interpolation processes based on suitable matrices of nodes, the error in weighted uniform norm
decreases according to the smoothness of the function f. Moreover, by comparing estimates of Corollary 4.6 with the analogous
results for the truncated Lagrange polynomial £, (w, f) in (44), under the same hypotheses, it can be seen that only one order of
m is lost, since

1
I = Lo (0. Nulle < CE2 N f 7,00 f € Zy(w),

m2

logm

ILf = Lpy1 @, Hlull, < C L lw, > f € We).

r
m2
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Fig. 1. The Lebesgue constants for « =0 and y = 0.25 to the left, and for « =0 and y = 1.25 to the right.

5. Numerical experiments

In this section, we give some tests to assess the performance of the truncated Anti-Gauss interpolation process above introduced.
In details, we propose tests about

1. the behavior of the Lebesgue constants and Lebesgue functions, for different choices of the parameters a and y satisfying (43)
(see Example 5.1)
2. the approximation of functions having different regularity (see Example 5.2).

In all the cases, we compare the results with those achieved by the optimal truncated interpolation process introduced in [10] (see
also [25]) based on the first j zeros of the Laguerre polynomial p, (w, -), where j is the index of the node defined in (10)

j
Lot W, £,X) = ) Cppr 1w, %) £ (), (44)
k=1
with
(W, x) dm — x
7 x) = . k=1,2,...,m,
i1 (05 X) P, x)(x = x) 4m — x; "
Pm(W, X)

¢ (w,x) = ————.
m+1,m+1 pm(w,4m)

We remark that, as proved in [25], under the same assumptions (43), the associated Lebesgue constants diverge as logm in C,.

All the computations are performed on an Intel Xeon E-2244G system with 16 Gb RAM, running Matlab R2024b. The Matlab
software is available from GitHub at https://github.com/CaNAgroup/AGLagrange and at the web page https://bugs.unica.it/cana/
software.html.

Example 5.1. In Fig. 1 the red dashed line represents the weighted Lebesgue constants values associated to L, as m increases
in the case w(x) = e™¥, and fixing in (29) 6 = 0.15. In this case, we consider two weights functions u, both satisfying the conditions
(43). Specifically, we consider the smallest and the largest values that y can take for this choice of « = 0. For increasing values of
m, in both cases we compare their values with the Lebesgue constants associated to £,,,;(w) in (44), represented by the continuous
blue line. First, we note that for lower values of y there are no major differences between the two interpolation methods. On the
other hand, as y approaches the right limit, we observe that the Lebesgue constants of L, are larger than the optimal ones of
L, (w), although not excessively so.

In Fig. 2, we have plotted the Lebesgue functions associated to the weight w(x) = x%%¢=* and u(x) = x*%¢=*/2 for two fixed
values n = 32 and n = 128. Compared to those associated with (44), we do not observe large variations between the two functions.

Example 5.2. Let us consider the functions

9/2 ex/4

) f3(x) = Tia (45)

x— L
2

S1(x) = sin(x), fr() =

and let us approximate them with the interpolation polynomials involving the weight functions w(x) = e™* for f;; w(x) = x%%e™
for f,, and w(x) = x~'/2¢™* for f;.
For increasing values of m, in Tables 1 and 2, we plot the following errors

eA0(f) = max |[£(x) = Ly (fp 0L, i=1,2,3,
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Fig. 2. Lebesgue functions for a = 0.6, y = 0.55 and n = 32 to the left and n = 128 to the right.

Table 1

Numerical results for the functions f, and f, in Example 5.2.
m J €25 (1) €S () m Jj €25(f>) €S (fy)
4 3 7.98e—-02 1.30e-01 16 13 5.08e-01 3.95e-01
8 7 2.36e—-02 2.80e—-02 32 26 4.09e-04 3.29¢e-04
16 13 1.37e-03 7.97e-04 64 52 6.26e—05 3.01e-05
32 26 4.16e—06 2.76e-06 128 105 1.45e-05 1.51e-05
64 52 3.92e-11 3.65e-11 256 209 2.53e-06 2.75e-06
128 105 1.44e-15 1.22e-15 512 419 4.88e-07 3.12e-07

Table 2

Numerical results for the function f; in
Example 5.2.

m j €25(f3) €S (f3)

4 3 5.29e-02 4.38e—02
8 7 3.06e-02 2.36e—02
16 13 2.76e-03 1.67e-03
32 26 4.34e-04 3.79e-04
64 52 1.32e-05 1.26e-05
128 105 1.89e-07 1.28e-07
256 210 2.79e-10 1.90e-10
512 419 2.50e-14 1.69e-14

and
en(f0) = max |[£,() = L (fp 0Nl 1=1,2.3,

where X is a sufficiently large uniform mesh of points in the finite interval (0, 10), and

e”‘/z, i=1,

u(x) = xe—x/Z’ i=2,

\/;e"‘/z, i=3.

As we can see, in all cases the new interpolation gives comparable errors to the optimal one (44). In the case of the function f|,
the convergence is fast due to the smoothness of f,. For f,, since it belongs to Z, /2(W), according to Corollary 4.6, the theoretical
error of our process is O(m~>/* log m), but the numerical results are better than the theoretical estimate. Finally, f is also analytic,
and by fixing m = 512, we get almost machine precision.

6. Proofs

First, let us recall that for any P, € P,, one has [8, Theorem 2.1] (see also [25, (4.1)])

1Bpulles < max [P, Cux)l. € # Clm).
x€eA,,

Moreover, we also mention the following lemma which is crucial for some of our results.

10
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Lemma 6.1 ([13, Lemma 8]). For 6 € (0, 1), and for any x,y € (%,4m9) st lx—yl < C\/é, it is

w(x) ~w(y), C#C@m).

Proof of Proposition 3.1. In view of estimate (17), we can deduce
C
Pyt (w0, )V W0(x) S e, x € A,,
x(4m — x)

and

3
(4m —x)3 Cc
m

[(@y = 0P (w, 1) Vw(x) < € %
V/x(dm - x) B

Hence, (26) follows by combining the last two estimates with (22).
Let us now prove (27). To this end, let us recall [26, page 128]
da

dx

and thus, by (4), we have

PO = —p% (), W(x) = xw(x),

P, X) = =/ mp,,_; (@, x).
So, by (22), it follows
Py (00 = =G [2VMH 1, (0,0 + (@ = X0V M1 (0,30 + py(a0,9)]
so that, by using estimate (17), for any x € D,,, we have
1By DIV < €, [2Vim + 11, (0, 9V
Ha, = X1Vl (0, 01V + 110, 0]V G|
SCC,,,( v +\/E|am_x|+ v >

</x(4m —-Xx) Vx(4m —-X) Vx(4m —-X)

scg,,,ﬂ<<4m_x>z ;>
{/; \4/4m—x

3

(4m —x)3

SCgVm———.
I

and then (27) follows. To prove (28), differentiate twice (22)

5 m+a+1
=4, [2p;;+l(w, x4/ —x T (@, = )P (w, x) = 2p), (w, X)] .

By using twice (48), we deduce

ﬁ:r’,“(x) =¢, [me_l(u:), x)V(m+a+ Dm+ (a,, — x)yVm@m — 1)p,, (0, x)
+2/mp,,_ (. x)]

where ¥(x) = x> w(x), and by (17) we have for x € D,

3
dm — x)1
1, Vw0 < Clpm %
by which (28) follows. []
Proof of Proposition 3.2.

(a) Setting 4x,,( = x,,;, by (20) one has

Vit = T S Xnjert = Xppemt S A + Axp gy, k=1,2,...,m— 1.

Then, using (11) and (12), (30) follows.

11
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(b) Now we prove (31). Setting
Qon41(X) = Py 1 )Py (W, X),
in view of the interlacing property, we have Q (x) >0, 0
0< Q,2m+|(xk) - Q’2m+|(yk) =(x — yk)ngH(gk)’
where &, € (J;, x;). Therefore

A,

(Jx) <0, and hence

/ /
2m+1 2m+1

=) — Q,2m+1(xk)
B ﬁi,’,H CEpn(w, &) + 213;,,“ (&P, (W, &) + P EQPL (W, &) (50)
B P (60 P, (10, x,0) '
Let us estimate the denominator. We recall that (see e.g. [24, estimate (29)])
1 4 .
——————— ~ Ax \/4mx, k=1,2,...,j
|p],(w, x|/ w(x,)
and by (15) and (22) we get
~ é‘m
[B1 eIV W) ~ Copl Pog1 (0, X )|V w0 (xy) > C4—-
X (4m — x;)
Then, we deduce
X v/ Am(4m — x;) \/xm
,+ < CAx, vV ¥ < CAx,, i (51)
Q2m+1(xk)w(xk) Cm Cm
Let us now estimate the numerator ’2’m+l(§k). By (28), (27) and (47) we have
” Vam — &
1951 CwE) <CmE,, ————. (52)
&k Vék

Hence, combining (51) and (52) in (50), and by virtue of Lemma 6.1, we conclude for k = 1,2,...,j

/!

L 28 G0RE) wiy
e =0 0 (pwx) wi&)

\/Am —
CmAxk\/kam—gk
& Ve

’
2m+

IN

c
Axy

IA

namely (31).

(c) Estimate (32) easily follows by j,, — y > x;, — ¥, combined with (31).

(d) The upper bound in (33) is a consequence of the interlacing property and (8), by which j, < x; ~ L To prove the reverse
inequality (33), consider "

|I3m+1(0)| = |P~m+1(J~’1) —ﬁm+1(0)| = |ﬁ:,,+1(f)| Vi, €€, 5.

Now, by (49) and estimate (15), it follows for & € (0, y,)

_ 1\3+3 5
P @1 (£+--)" " < gumi
Then, taking into account (23), we have at least

- |Pw O > m > C

1= 0 = ay = 3
15, O = ¢ mit T e

<

5

where in the last bound we used ¢, > vm + 1.
In order to prove (34) let us rewrite the matrix J,,,, defined in (21) as

‘7 _[ I \/Eem] + 0 (\/E_l)mem
Vel ay (V2= 1)\/b,el 0

= Jm+l + m+1>

where 0 is the null matrix of order m. Note that J,,,, 1./, are Hermitian matrices such that the eigenvalues of J,,,
are the zeros x,,.1; < X412 < ** < Xy me1 Of Py (W, ), those of J,., are the zeros j; < , < -+ < J,4y of p,y, and the

12
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eigenvalues &, < &, < - < 6,,,1, of J,,,; are such that &,,,, = “2- 1)b,, with b,, = \/m(m + a). Therefore, by [27, p.315, Th.
5.10] according to which

yi < Xm+1,i + Omtl1s

we can immediately deduce

j}m+l < Xm+1,m+1 +(\/5_ l)bm‘

(53)
Hence, in view of (7) with m + 1 in place of m

2 1
Xppp el <AHm+ 1) +20+3=(23)23v], vy =dm+ 1) +2a +2,
and thus, by (53) we can conclude

2 1
3

T S45m+9.5-(2325v). O

Proof of Proposition 3.3. By [23, Corollary 1] we can write

- ~ J7k+2
A e’k < x%dx,

Fr-a
and hence
Vi+2
- / x%dx
A = o
ko D oy
w(F) Vi Vi

where & € (Jy_s, Fry0)-

Let us now observe that using (9) and (20) we can deduce that y,_, ~ 7, since y,_, > x;_; ~ x; > ¥, and ., ~ ¥, since
Vi < Xppo ~ Xp_1 < ¥. Therefore,

and the (35) follows.
Now we prove (36). By (24), we can write

1 A1 e P (W0, )
ﬁ:n+l(ik) 28, ’
and in view of (35)
1 A3 Vw(G) ) _
— < C ——— w0, 5OV,
|P:n+1(yk)|u(yk) Cn  u(@p) Ip Yk |\/_Yk

Thus, by (17), it follows for k = 1,2, ..., ,

a 1
a_, 1
4y ¢!
% <c ﬂk—, O
17y FiOl0(F) En (dm = 57
Proof of Lemma 4.1. By definition,
V w(x) V w(x) D1 (%)

1€ 1.0 (O] =

Vw(x,) Viwxy) | =3B, Fa)

so that using (27), for x € D,,, we deduce

>

N

x X) = 3

: p 4dm —

%‘ w( ) |pm+1(§)| W(X) < C \/—( m X)4 \/m
d ¢ P

3
x4 w(éj
Moreover, taking into account that |& — 3| < |F4.1 — J4_1| < C4/ %", by Lemma 6.1, we have
D1 (X) 4 H
X —Xx)4
Pt 2 i) < € i 2,
-y JE

and using (36) we get

3 1
Vwx) ~ Ay, 4m — x)* Ay, (4m—3,)2
VD 1] < Cﬁ%M < Cyfm2e = Ya)?
Vw(iy) iji (4m—5,)3 )

Yy ¥

~

. (54)

Qo=

13
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, 4y, < CAx, and j, > =, it follows

L. Fermo and D. Occorsio
1

(4m=3,)2
t 1 = A

Now, for d > 2, taking into accoun
52
Ya

g
s

|fm+1,d(x)| <Cm.

, it follows

]

w(xy
For d = 1, by (54), since 4y, < g

LOIES

a, 3
m272

w

|fm+1d(x)|<c m2t2,

Vw(x)
Vw(@y)
and the lemma is completely proved. []
Proof of Proposition 4.3. Assume first x € A, N {|x -z;| < } By definition (37)
pm+l(x)
141 (01 V)| = Ix = 21| Vi) (55)
5 Vw(x)
= |p,,,+1(5>1 Ix — 2, [Vw@) Y==
Vw()
with |€ — z;| < |x — z;|. By Lemma 6.1 and (27), and using |x — z;| < = one deduces
17, ONDBE ¢ 4m-g)i dm— )3
et V0G| < comH =0 o B2 o Gmo 0T
m/ YCIRGYE {x
since \/LE < Cy/m, and & ~ x.
Assume now x € A, N {|x —z;| > = } Using |x — 7| = x — §; > x — x; and by applying in (55), estimate (26), the assertion (40)
follows.
To prove (41), start from ¢/ (z)) = p’;*‘(yz‘) 4‘,,,2”'";‘(“;’1]), and hence
1 1 N
1 _ zZ1 =5

4 EOVWE) | 28, |pp (W, 2]V w(zy)

L c

2= C
VL T m

Vz,(4m -z Vam -z
SC\/ 1 I)SCAxIV L
Su/m Cndf21

Ax
1 \4/(4m -z1)z.
i (¥, — x;) and hence
1

1
w(z;)

’
qm+1

and also

Py 1)

! 5 —
1) ==

< C
mmwwl

To prove (42), we observe that for k > 2 it is ¢
V=9

1 1
ld, . GOlVwG 17,

L FOlVwE) Y=
First we show that , —x; > -. Starting from

P (W.)(Fy —xp). £ € (x1. )

(W, 33) =

we get
1 [P0, Vw(@) w(i,)
<Cy/m .
12 (@, 91 \/w(F,) \/w(&)

Yy — Xy
and by Lemma 6.1 and estimate (15) we have at least
1

=4 4 =
Y5 A/4m —

= L_<c m—23 — 2 <cm,
g3 V4m—¢&

Y2 =X

and hence
C
14

Vp—xp 2
m
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As a consequence, since x; — j; < € we have
1 1S5

e — 1 :H_Xl—fl <X1—91 <c

Ve — X1 Yie = X1 Y2 =X
Then, in view of (36)

1 Axy
<C s
g, GOIVWG)  §uV/Trdm = 3;)

The following three lemmas are useful for the proof of Theorem 4.4.

k=2,...j. 0O

Lemma 6.2. For x € A, the following estimate holds true

max [, VeV <C,mi, € #Clm)

Proof. By the Bernstein inequality [13]

max | B (v w(x| < Cy/mmax | B, 0Vl
and by (46) we have

lq),,, OV w)x| < Cy/m max g1 OV ().
Since by Proposition 4.3

MaX [g1 (V] < €G

the lemma follows. [

Journal of Computational and Applied Mathematics 475 (2026) 117034

Lemma 6.3. Let d be the index of the zero of p,,,, that is closest to x € D,,. Then, the following estimate holds

E

w(x) .
Lyp1.a(Ol < Cm,  C # C(m).

]

w(x,

Proof. For d =1, by (55)

Y | e ® | VG
m+1,1 ,—w(ZI) q:n+1(21) w(ZI),

Using (36) and Lemma 6.1, we have

3
wx) 4m — x)4
11 GOl < Cy/mAzy A/(dm — 2z, % <Cm

w(z; xi

since /mdz, < \/% dm—x < Cm, x> % and {/(4m—z,)z, < C.
Now assume 2 < d < j. By

;

3

4, Dl Ix =&l <Ix =z,

qm+1(x) _
X—2z4 -
by Lemma 6.2, (42) and Lemma 6.1, we have

Vw(x) . 3 Az

(0] < Cm? ———

Vw(z,) V@m—z,)z,
and by \/EAzk < \/LE’ 4m—x <Cm, x> %, and {/(4m - z,)z; < C we get

\/:Vﬁ(x))ﬂmﬂ,d(xn <cem O
w(zy

Lemma 6.4. Let 0 < p <1, with j defined in (29). Denoting by d the index of a zero of q,,,, closest to x € D,,, it is

J ’ Az

2<1> k < Clogm,
i\ zy [x — z]

k#d

C # C(m, x).

15
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Proof. First note that by definition (30) and (38), one has

Z) [x =z X1 [x = x| X1 lx—x;| ~ X1 [x = x|

Moreover, by the interlacing property (20), estimate (9), and (30), for k > 2, we have

() 75 G) momee () e () 7
Zk [x =zl Vi [x = Fl — Xi—1 |x = x| ~ Xk |x—xk|'

Therefore
J P A J 14
X Z X X
(&) ey ()
=1\ Zk |'X - Zkl = \ Xk |X - xkl
ktd ktd

the assertion follows by extending the last sum up to m and applying [26, Lemma 4.1.3 page 245]. []
Proof of Theorem 4.4. By (46)

Ly (Nullg < C;ggt)fn | L1 (f s ()|

J
a1l a0
Ifuley max 3 .

w B, @G - 29l u(zy)

IN

Denote by d the index of the zero of g,,,, closest to x, and recalling Lemma 6.3, we can write

J

; ; © )

Mt (Pl < 10l max 3 (O + T a5 (56)
k#d

- u(x)
=! |Ifulle gﬁ’fn {Z(X) + |lm+l,d(x)|@ } .
To estimate X(x) assume first x € A,, N {x <3m}. For k =1, k # d, by Proposition 4.3 and estimate (41) we have

1
Ax,

youl
|7m+l,l(x)|ﬁ <C—— <i> P (4m—x)% /4m — x,

ulx;)) = |x—x;| \ x;

—a_ 1
Ax, x\ 273
lx = x; 1 \ x; |

and for k > 1, k # d, by Proposition 4.3 and estimate (42)
a 1 1
- u(x) Axy x\727F [ am—x \?

] — < = == -2

! "'H’k(x)lu(zk) - mlx—zkl Z; dm — z,

A -1

X x 27%

<Cm k — s
[x =z | \ 2

4m—x

)4 < C. Hence we have at least
4m—z)

. a 1
LoAx, [x\ 2%

Z(x)Sszlx_zl<z—> )
k=1 k k

k#d
Assume now x € A,, N {x > 3m}. For k = 1, k # d, by Proposition 4.3 and (41), we have

a_ 1
_ u(x) Ax, x \727% Y4m—x,
Ts1.1 (0] ——= < Cm -—

Vém—x

<Cm

1

since (

X1

u(x;) — [x — x|

a_ 1
Ax, L \27a
m —_— s
lx = x1 \x

and for k > 1, k # d, by Proposition 4.3 and (42), we obtain

y—g_l
|1~m+1k(x)|E o <i> -
’ Zk \/z_k V(dm — x)(4m — z,;)

sCtm
u(zy) [x — z|
_a_ 1
Axk (x )}' 2 4
m - 5
[x =z | \ 2
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since ¥/(4m — x)z, > C and {/(4m — z;)z;, > C. Hence, we have at least

. a_ 1
Jj r-5-7
Ax, x 2713
k=1 k k
k#d

The thesis follows by Lemmas 6.3 and 6.4, under the assumption 0 <y — % + % <1l 0O

Proof of Theorem 4.5. Let P* € P;. Then, we can write

I/ = Ly Dl S UL = P*Tulle + 1Ly (F = PHullg

from which by applying Theorem 4.4 to the second term we have

I(f = Ly (Ml < CILS = P ullgo(1 + mlog m)

and in view of (39) it follows at least

I(f = L1 (Ml < Cmlogm Ep(f)y, € # Clm, f). O

7. Conclusions

Anti-Gaussian integration formulas have proven to be very valuable for the construction of other quadrature schemes charac-
terized by high accuracy and low computational cost. To our knowledge, the present work is the first introducing an interpolation
process based on the anti-Gaussian nodes in the Laguerre case. It is not “optimal” in the space C,, since the associated Lebesgue
constants diverge as m logm, and the convergence is ensured in subspaces of C,, smaller than those in which the truncated
interpolation process defined in (44) converges. However, we recall that the research of “good” matrices of interpolation knots
is still an open problem, especially on unbounded intervals, since interpolating polynomials are an useful tool in many applications
of numerical analysis. Hence, it is our intention to investigate about the employment of this new interpolating sequence, both alone
and in combination with the truncated Lagrange polynomial £, (w), for the simultaneous approximation of functions in Sobolev
subspaces of C,, the approximation of singular/hypersingular integral transforms, and also in the numerical treatment of integral
equations of different types.
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