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Abstract— Phasor measurement units (PMUs) are the back-
bone of transmission grid monitoring and, in a likely future
scenario, their use will be extended to distribution systems.
This context stimulated the design of PMU algorithms that are
more accurate and responsive, capable of tracking fast dynamics
while rejecting the interference due to harmonics and inter-
harmonics. An attractive approach relies on the identification
of a Taylor–Fourier multifrequency (TFM) signal model that
shall include all the significant narrowband components. In this
respect, a proper detection of these components, representing the
spectral support of the signal, has vital impact on accuracy. The
present article improves the spectral support recovery technique
adopted by the recently proposed compressive sensing weighted
TFM (CS-WTFM) algorithm for synchrophasor, frequency, and
rate of change of frequency (ROCOF) estimation. The underlying
idea is considering the three-phase signal as a whole and leverag-
ing its quasi three-phase symmetry. The developed measurement
algorithm, called CS3-WTFM, searches for a shared spectral
support among the three phases. It is analytically proven that,
thanks to the aforementioned symmetry, it ensures a more robust
and effective retrieval of the signal components with respect
to a per-phase approach. Simulation results highlight that CS3-
WTFM enables a remarkably higher accuracy in the presence of
interharmonic interference. A dedicated selection of the window
weights used in CS3-WTFM, leveraging the benefits of the
three-phase support recovery, further improves performance.
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I. INTRODUCTION

TRADITIONALLY, transmission grids were monitored
by means of supervisory control and data acquisition

(SCADA) systems. The poor time resolution together with
the unsynchronised nature of the measurements prevented
an accurate reconstruction of the state, as well as captur-
ing the time evolution during transients. In this regard, the
availability of low-cost microprocessors and GPS technology
enabled introducing phasor measurement units (PMUs) [1],
thus overcoming the aforementioned limitations. For the first
time, they made available accurate and frequent snapshots of
phasors, frequency, and rate of change of frequency (ROCOF)
in geographically remote nodes, timestamped according to a
shared time coordinate.

Nowadays, PMUs are the backbone of wide area monitoring
system (WAMS) for transmission grids; their measurements,
thanks to the accurate timestamps referred to a shared
timescale, are used for state estimation and for the detection
of anomalous operating conditions, such as faults, oscillations,
or incipient instability [2], and they are intended to be the
input of the new wide area monitoring, protection, and control
systems (WAMPACs) that are under design and implemen-
tation around the world to automate network management.
The effectiveness of these applications strongly depends on
different aspects, such as timeliness, latency [3], and above
all on the accuracy of the provided measurements, affected by
the metrological performance of the instrument transformers,
but also by the adopted estimation algorithm [4], [5], [6],
in particular as far as frequency and ROCOF are concerned.
In this respect, standard IEC 60255-118-1:2018 [7] (IEC Std in
what follows) defines two performance classes (P intended for
low latency and fast response, M for high accuracy in slowly
varying conditions) and the requirements that the PMU shall
fulfill under different scenarios.

A large number of PMU algorithms can be found in the
scientific literature, based on multifold approaches, including
frequency tracking and tuned boxcar filters [8], least-square
(LS) fitting of signal models [9], phase-locked loops [10], and
Kalman filtering [11], [12]. Recently, efforts have been focused
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on enhancing the dynamic response, or on guaranteeing low
latency and high accuracy in the presence of interharmonics
or complex disturbances, considering more challenging con-
ditions with respect to those prescribed by compliance tests.
This research is also stimulated by the future installation of
PMU-like devices in distribution networks [13], [14]. With
respect to conventional PMUs, they are expected to face
faster dynamics in the presence of stronger harmonics and
interharmonics [15], [16].

Among all the algorithms, those based on Taylor–Fourier
filters (TFFs) [17] are particularly interesting, thanks to their
flexibility. They are suitable for tracking fast dynamics, as well
as providing cancellation of disturbances coming from har-
monics and interharmonics that could be included in the signal
model, leading to the Taylor–Fourier multifrequency (TFM)
approach [18]. Considering TFM-based methods, one may
assume that interference is due to a sparse set of meaningful
narrowband components, which can be identified by solving
a compressive sensing (CS) problem, in turn enabling adap-
tive suppression of interferers. Performance highly depends
on a proper retrieval of such components, representing the
spectral support of the signal: neglected or poorly identified
components may undermine the resulting filtering capability,
thus degrading measurement accuracy. In this respect, the
CS theory proves to be a valid solution, capable of improv-
ing spectral resolution without an unmanageable increase in
computational complexity. However, the lack of a priori infor-
mation regarding the number and location of the components
makes the identification problem extremely prone to errors and
misinterpretation.

It is worth noting that power systems are inherently
three-phase and quasi balanced, thus meaning that the phase
waveforms are very close to be periodic and identical, except
for a time shift of one third of a period. For this very
reason, a three-phase signal is not a mere juxtaposition of
three per-phase components, but it should be considered as
a whole. In fact, a three-phase signal is characterized by a
single frequency (and ROCOF) value, as recommended by [7].
This peculiar feature leads to the formulation of inherently
three-phase synchrophasor measurement methods [19], [20],
[21], or to the evolution of algorithms originally intended to
be individually applied to each phase signal [22], [23].

In [24], the CS-weighted TFM (CS-WTFM) approach [25]
has been revisited to effectively cope with the three phases.
A new CS-based three-phase spectral support recovery tech-
nique has been proposed, resulting in the CS3-WTFM method.
When compared with the conventional, per-phase approach,
it allows a more accurate detection of the narrowband compo-
nents present in the analyzed signal, leading to a better TFM
model capable of heavily mitigating their interference with
fundamental-related estimates.

This article, which is the technical extension of [24], starts
from a detailed analysis of the per-phase spectral support
recovery adopted by CS-WTFM. Then, it presents a theoretical
study showing how the three-phase support recovery technique
exploits the quasi symmetry of power systems signals, result-
ing in inherently better performance. The analysis, carried out
using symmetrical components, shows that the three-phase

support recovery is less affected by spectral interference,
thanks to the cancellation of some significant disturbing con-
tributions that may undermine the per-phase approach.

The outcome of the study suggests that the advantages of the
three-phase support recovery can be further enhanced through
an ad hoc selection of the weighting window. In particular, its
higher immunity to spectral interference enables exploiting,
for a given two-cycle algorithm latency, the better frequency
selectivity of a window having a narrower mainlobe, but
higher sidelobes (i.e., leading to stronger spectral interference).
Therefore, the weights for the CS3-WTFM method are gener-
ated from a properly tuned Kaiser window, leading to better
overall accuracy with respect to that obtained with the usual
Chebyshev window, typically adopted in conjunction with
CS-WTFM.

The CS-WTFM (using the Chebyshev window) and
CS3-WTFM (adopting both the Chebyshev and Kaiser win-
dows) methods have been implemented and their performances
have been compared in multifold scenarios, with test sig-
nals that simultaneously include multiple harmonics and an
interharmonic, together with other off-nominal conditions.
Achieved results clearly show the remarkable performance
improvement enabled by CS3-WTFM, in particular when the
tailored Kaiser window is adopted to generate the weights.
Higher accuracy in synchrophasor, frequency, and ROCOF
estimation is thus the outcome of the more robust three-phase
spectral support recovery procedure.

II. CS-WTFM APPROACH

The CS-WTFM approach to synchrophasor, frequency, and
ROCOF estimation relies on a TFM model for the analyzed
segment of signal. As recalled in Section I, best performance
occurs when the adopted TFM representation includes all
the most significant spectral components actually present in
the signal, so that it is possible to extract the fundamental
component without infiltration of the others. In turn, such
components are retrieved through an iterative procedure, based
on the CS theory. The required steps of the technique are
detailed in what follows.

A. TFM Models and PMU Estimates

Let us consider a three-phase power system having rated
frequency f0, thus corresponding to the angular frequency
ω0 = 2π f0. In this context, the class of TFM models
provides an accurate parametric representation for voltage
and current waveforms under typical operating conditions.
Therefore, a vector xp(tr ) (where p ∈ {a, b, c}), containing
N = 2L + 1 samples1 of the phase p signal x p(t) centered
on the time instant t = tr , can be expressed in the form

xp(tr ) =



x p(tr + LTs)
...

x p(tr )
...

x p(tr − LTs)

 = B̄pp̄p(tr ) + rp(tr ) (1)

1An odd number of samples is here adopted for the sake of presentation
simplicity, without loss of generality.
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where Ts is the sampling interval and overbars indicate
complex-valued quantities. Vector rp(tr ) represents the resid-
ual associated with tr , containing the deviations between
samples and their reconstructions from the model for a given
parameters’ vector p̄p(tr ), which in turn is

p̄p(tr )

=

[
X̄ (0)

p,1 · · · X̄
(K p,1)

p,1 X (0)
p,1 · · · X

(K p,1)

p,1 · · · X
(K p,Q p )

p,Q p

]⊺
. (2)

Vector p̄p(tr ) thus includes the dynamic phasors X̄ (0)
p,q (with

q ∈ {1, . . . , Q p}, each referred to the angular frequency ωp,q
and here expressed in root mean square, rms, magnitude) of
all the considered components in the phase p signal, along
with their successive derivatives X̄ (k)

p,q (k ∈ {1, . . . , K p,q},
being K p,q the adopted Taylor expansion degree) in t = tr ,
which thus represents the measurement instant. In addition,
the conjugates of these parameters (indicated through the
underbar) must be included, since the waveform is inherently
real-valued. Matrix B̄p is the model matrix (or measurement
matrix) that can be written as

B̄p =
[
F̄(ωp,1, K p,1) · · · F̄(ωp,Q p , K p,Q p )

]
(3)

where F̄(ω, K ) is given by

F̄(ω, K ) =

[
8̄(ω) 8̄

H
(ω)

]
A(K ) (4)

with H denoting the Hermitian operator. Two types of matrices
have to be introduced to fully define the structure of the signal
model, i.e.,

8̄(ω) =



e+ jωLTs

. . .

1
. . .

e− jωLTs

 (5)

which is the phase-rotation matrix and

A(K ) =

√
2

2



1 +LTs
(+LTs)

2

2
· · ·

(+LTs)
K

K !
...

...
...

...

1 0 0 0
...

...
...

...

1 −LTs
(−LTs)

2

2
· · ·

(−LTs)
K

K !


(6)

which is the Taylor time-lags matrix. The latter is the same
for components sharing the Taylor expansion degree.

Considering power systems’ waveforms, the first component
having reference angular frequency ωp,1 always corresponds
to the fundamental term, while the others can represent either
harmonics or interharmonics. Let us assume that the set Sp =

{ωp,q}q∈{1,...,Q p}, which is the spectral support of the TFM
model, is somehow known in advance. Having selected proper
expansion orders (capable of matching the expected dynamics
of the components), the model matrix B̄p is fully defined,
and an estimate of the model parameters in the measurement

instant can be obtained as the solution of a weighted LS
problem, i.e.,̂̄pp(tr ) = arg min

p̄

∥∥W(B̄pp̄ − xp(tr ))
∥∥

2

= arg min
p̄

∥∥rw,p(p̄, tr )
∥∥

2 (7)

with ∥·∥2 indicating the Euclidean norm and ̂ denoting
estimates. Moreover

W = diag
([

w[+L] · · · w[−L]
])

(8)

is the diagonal matrix of the weights, and rw,p(p̄, tr ) =

Wrp(p̄, tr ) is the weighted residual for a given parameter
vector p̄. Therefore, according to (7), xw,p(tr ) = Wxp(tr ) is
approximated through a linear combination of the columns of
B̄w,p = WB̄p, namely, sampled rotating complex exponentials
(their angular frequencies belong to Sp) whose magnitudes
vary proportionally to a power of the time distance with respect
to the central entry, multiplied by the weights.

A proper choice of W enables increasing the sensitivity of
the cost function to deviations occurring near the measurement
instant. Hence, in the presence of misfit (that always occurs
in practical applications), it helps improving the accuracy of
the estimates. Assuming that B̄w,p has full column rank, the
solution of (7) can be expressed aŝ̄pp(tr ) = B̄†

w,pxw,p(tr ) = H̄w,pxp(tr ) (9)

where B̄†
w,p is the Moore–Penrose inverse of B̄w,p while

H̄w,p = B̄†
w,pW. Matrix H̄w,p defines a bank of FIR filters,

called TFFs. Its mth row contains the complex-valued unit
sample response of the TFF providing the estimate of X̄ (l)

p,q(tr ),
i.e., the lth derivative of synchrophasor X̄ (0)

p,q(tr ) with l =

m − 1 −
∑q−1

i=1 (K p,q + 1).
Having assumed K p,1 ≥ 2, fundamental synchrophasor,

frequency, and ROCOF estimates are obtained from the first

three entries of ̂̄pp(tr ), namely, ̂̄X (k)

p,1(tr ) with k ∈ {0, 1, 2},
as proven in [17]. Since a three-phase quantity is by definition
characterized by unique frequency and ROCOF values, they
are both obtained as average of the three per-phase estimates.
All the quantities in this article are referred to the measurement
instant but, for the sake of a lighter notation, the dependency
on tr will be omitted in the following.

B. CS-Based Support Recovery

As explained in Section II-A, defining the TFM model (1)
requires retrieving the set of Q p reference angular frequencies,
which results in a set of estimates ω̂p,q . To achieve accurate
measurements, the model should faithfully reflect the actual
components in the signal, thus finding ω̂p,q ≈ ωp,q for
each of them represents the preliminary stage. In this article,
we rely on the CS theory and we adopt an iterative and greedy
approach (as in [18]), i.e., we retrieve the spectral support as
the set

Ŝp = {νp,i , i ∈ {1, . . . , Q̂ p}, Q̂ p ≤ Qmax} (10)

consisting of the angular frequencies νp,i belonging to the set

G = {h · δω, h ∈ 0 = {1, . . . , G}} = δω · 0 (11)
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with G < ⌊π/(Tsδω)⌋. According to (11), G represents
a super-resolved frequency grid if δω < 2π/(N Ts). Each
element of G, indexed by h, corresponds to a column vector d̄h
containing N samples of a complex exponential with angular
frequency hδω and weighed by W. The dictionary is defined as
the set of all these column vectors (called atoms) that can be
arranged in a matrix D̄; h thus indexes a column of D̄. Qmax
is the assumed maximum number of components to seek, and
the angular frequency νp,i , retrieved during the i th iteration
step, is found as

h p,i = arg max
h∈0

[i−1]
p

∣∣∣d̄H
h r[i−1]

w,p

∣∣∣ (12)

νp,i = h p,i · δω (13)

where r[i−1]
w,p is the weighted residual obtained in the previous

iteration (with r[0]
w,p = xw,p) while 0

[i]
p = 0

[i−1]
p \{h p,i } (being

0
[0]
p = 0). Therefore, considering the generic i th iteration, the

procedure consists of the following steps.
1) The starting points are the set 0

[i−1]
p of possible values

for h p,i , the weighted residual r[i−1]
w,p , and the model

matrix ̂̄B[i−1]

w,p (̂̄B[0]

w,p is an empty matrix), which have
been either initialized or computed in the previous
iteration.

2) h p,i is obtained according to (12) as the index of the
atom resulting in the maximum absolute inner product
with r[i−1]

w,p .
3) If the maximum magnitude of the inner product is

below a threshold ρ1, it means that the method has
not detected a significant narrowband component, thus
the support recovery process terminates. Otherwise, the
angular frequency νp,i = h p,iδω is added to Ŝp, then
F̄(νp,i , Jp,i ) (with Jp,i the chosen Taylor expansion
degree for the component at hand) defined as in (4)

is computed, multiplied by W and appended to ̂̄B[i−1]

w,p ,

thus obtaining ̂̄B[i]
w,p. Finally 0

[i]
p is prepared for the next

iteration.
4) Vector ̂̄pp is computed according to (9), but using ̂̄B[i]

w,p
instead of B̄w,p. The corresponding weighted residual
r[i]
w,p is obtained, where the retrieved component should

be heavily attenuated.
5) The procedure is iterated starting again from step 1,

until the number of executions reaches Qmax, or the
Euclidean norm of the weighted residual falls under a
predetermined threshold value η1.

In the description above, 0 does not include h = 0 for the
sake of simplicity, but also direct current can be dealt with
by recalling that it does not involve an image component.
Finally, it is worth highlighting that both the spectral support
of the signal Sp and its estimate Ŝp are associated with the
measurement instant and can thus change with time.

C. Investigating the Robustness of CS-Based Support
Recovery

The final set Ŝp found with the CS procedure described
in Section II-B includes the computed values νp,i . Let us
assume that the spectral support of phase p samples contains

a component having reference angular frequency ωp,q . Ŝp
should include an angular frequency νp,i(q) (where i(q) is an
appropriate index mapping) that represents the aforementioned
ω̂p,q , i.e., the estimate of ωp,q . Ideally, the greedy procedure
shall recover the optimal value ω̃p,q = h̃ p,qδω such that
|ω̃p,q − ωp,q | ≤ δω/2 due to grid resolution. However, this
is not guaranteed: it occurs only if during an iteration (i.e.,
iteration i(q)), d̄h̃ p,q

is the atom having the largest projection
on the weighted residual rw,p (the iteration index has been
dropped for the sake of a lighter notation). Let us assume
that rw,p is a combination of sampled complex exponentials
multiplied by W. Therefore, its generic entry can be written
in the form

rw,p[n] ≈

√
2

2
w[n]

∑
m

(
X̄ p,me jωp,m nTs + X p,me− jωp,m nTs

)
(14)

with n ∈ {−L , . . . , L}. Under the assumption that the largely
prevailing contribution comes from the exponential term hav-
ing angular frequency ωp,q , the magnitude of the inner product
between the residual and d̄h̃ p,q

can be approximated as

u p,q ≈

√
2

2
αp,q |X̄ p,q |

(
1 + εp,q

)
(15)

having introduced the relative projection error as

εp,q ≜ ℜ

{
γ̄p,q,qe− j2ϕp,q

+
1

X̄ p,q

∑
m ̸=q

(
β̄p,q,m X̄ p,m + γ̄p,q,m X p,m

)
(16)

with ϕp,q = ̸ X̄ p,q and

αp,q ≜ |W̄2( j (ω̃p,q − ωp,q))|

β̄p,q,m ≜
W̄2( j (ω̃p,q − ωp,m))

W̄2( j (ω̃p,q − ωp,q))

γ̄p,q,m ≜
W̄2( j (ω̃p,q + ωp,m))

W̄2( j (ω̃p,q − ωp,q))
(17)

being W̄2( jω) the discrete-time Fourier transform (DTFT) of
w2

[n]. Details are reported in Appendix A.
When looking at (15) and (16), εp,q ̸= 0 occurs because

the residual does not contain only the complex exponential
having angular frequency ωp,q but it includes other complex
exponential terms, each one potentially having an impact
on the magnitude of the inner product. In turn, according
to (16), the relative projection error embeds two types of
contributions. Those containing β̄p,q,m come from the other
complex exponential terms having positive angular speed. The
contributions involving γ̄p,q,m are produced by the negative
frequency images, with γ̄p,q,q associated with the image of
the component to be retrieved. It is worth highlighting that
according to the definitions in (17), the numerator of β̄p,q,m
and γ̄p,q,m is the DTFT of the squared weights evaluated
in the frequency separation between the optimal component
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within the dictionary and each interfering complex exponential
present in the residual.

It is important to highlight that since εp,q ̸= 0, it is possible
that u p,q is not the largest projection, thus causing mistakes
in spectral support recovery, with detrimental impact on the
accuracy of synchrophasor, frequency, and ROCOF estimates.
For a given dictionary coherence [26], quantifying the maxi-
mum similarity between atoms, the smallest the magnitude of
εp,q , the highest the chance to retrieve the optimal frequency
component ω̃p,q ∈ G. Coherence decreases by refining the
resolution δω, but its value is also affected by the adopted
weights [25]. Moreover, recalling (16) and (17), a proper
selection of the weights that takes into account the expected
spectral content of the signal may help reducing the projection
error, thus improving the accuracy of the retrieved support.

III. THREE-PHASE EXTENSION OF THE
CS-WTFM METHOD

A. Three-Phase Approach to CS-Based Support Recovery

The CS approach described in Section II-B processes a
vector xp containing the N samples of phase p waveform,
retrieving a spectral support Ŝp. During the generic i th itera-
tion, it identifies which vector d̄h p,i , among those belonging to
the dictionary, captures the largest energy when it is projected
on the weighted residual vector.

On the other hand, real-world power systems signals are
close to be periodic and three-phase symmetric, hence the per-
phase waveforms are very similar except for a time shift of
one-third of the period. Moreover, a narrowband component
at a given frequency is likely to appear on all the phases.
This suggests that xa , xb, and xc share the spectral support
S = {ωq}q∈{1,...,Q}, thus they can be represented through TFM
models whose structure is defined by the same matrix B̄ =

B̄a = B̄b = B̄c.
To obtain an estimate Ŝ of the aforementioned spectral

support, the CS procedure can be adapted to effectively
leverage the three-phase nature of power systems’ waveforms,
thus looking at phases a, b, and c all together, resulting in the
CS3-WTFM estimation method. For this reason, it is worth
introducing the matrix of the three-phase samples

X =
[
xa xb xc

]
(18)

together with its weighted counterpart Xw = WX. During the
i th iteration of the three-phase CS-based spectral recovery pro-
cedure, the previously obtained weighted three-phase residual,
namely,

R[i−1]
w =

[
r[i−1]
w,a r[i−1]

w,b r[i−1]
w,c

]
(19)

is available. The intuitive underlying idea of the three-phase
approach is seeking for the column of D̄, indexed by hi , which
is able to capture the highest overall energy from R[i−1]

w , thus

hi = arg max
h∈0[i−1]

∥∥∥d̄H
h R[i−1]

w

∥∥∥
2
. (20)

Similar to the per-phase approach, 0[0]
= 0, 0[i]

=

0[i−1]
\{hi }, and R[0]

w = Xw. If the Euclidean norm of
the largest three-phase projection is below the threshold ρ3,

Algorithm 1 3ph CS-Based Support Recovery
Inputs: {xp}p∈{a,b,c}
Parameters: Qmax, {Ji }i∈{1,...,Qmax}, D̄, 0, δω, η3, ρ3
Outputs: ̂̄pa , ̂̄pb, ̂̄pc, Ŝ
initialize bproj = 1, i = 1, 0[0]

= 0, Ŝ = ∅, ˆ̄B[0]
w = ∅

initialize X =
[
xa xb xc

]
initialize Xw = WX =

[
xw,a xw,b xw,c

]
initialize residual R[0]

w = Xw

compute overall energy of the residual Eres =

∥∥∥R[0]
w

∥∥∥
F

while Eres ≥ η3 & i ≤ Qmax & bproj == 1 do -
support search

find the index hi = arg maxh∈0[i−1]

∥∥∥d̄H
h R[i−1]

w

∥∥∥
2

and the corresponding projection energy Eproj
if Eproj ≥ ρ3 then

update Ŝ = Ŝ ∪ {hiδω}

update ̂̄B[i]
w =

[̂̄B[i−1]

w WF̄(hiδω, Ji )

]
compute ̂̄p[i]

p = arg minp̄

∥∥∥∥xw,p −
̂̄B[i]

w p̄
∥∥∥∥

2
for

p ∈ {a, b, c}
update R[i]

w = Xw −
̂̄Bw

[̂
p̄[i]

a
̂̄p[i]

b
̂̄p[i]

c

]
update Eres =

∥∥∥R[i]
w

∥∥∥
F

update i = i + 1
else

update bproj = 0
end

end
assign

[̂
p̄a ̂̄pb ̂̄pc

]
=

[̂
p̄[i−1]

a
̂̄p[i−1]

b
̂̄p[i−1]

c

]
return

the process stops, meaning that no significant narrowband
components are detected. Otherwise, νi = hiδω is included in
the retrieved support and the TFM model matrix (initialized
as empty matrix) is updated aŝ̄B[i]

=

[̂̄B[i−1]

F̄(νi , Ji )

]
(21)

where, similar to Section II-B, Ji is the Taylor expansion
degree associated with the retrieved component. Introducinĝ̄B[i]

w = Ŵ̄B[i]
, model parameters can then be obtained as

̂̄P[i]
abc =

[̂
p̄[i]

a
̂̄p[i]

b
̂̄p[i]

c

]
=

(̂̄B[i]
w

)†

Xw. (22)

The process ends when the maximum number Qmax of
iterations is reached, or when the Frobenius norm of the
three-phase residual

∥∥∥R[i]
w

∥∥∥
F

(namely, its total energy) drops
below the threshold value η3. The proposed three-phase sup-
port recovery technique is summarized in Algorithm 1. Having
run such procedure, synchrophasors, frequency, and ROCOF
estimates are obtained from ̂̄pa , ̂̄pb, and ̂̄pc, as explained at
the end of Section II-A.

B. Comparing the Robustness of Per-Phase and Three-Phase
CS-Based Support Recovery

After having introduced the three-phase CS-based support
recovery, it is worth investigating its robustness following the
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same steps described in Section II-C for the single-phase case.
We introduce the assumption that the sample vectors xa , xb,
and xc share the same underlying spectral support S, as it
happens in real-world situations. Therefore, in the generic
i th iteration, let us assume that the three components of the
weighted residual Rw are expressed by (14) with p ∈ {a, b, c},
while considering ωa,m = ωb,m = ωc,m = ωm . Supposing that
the algorithm seeks for the angular frequency ωq , ideally it
should return the index h̃q corresponding to ω̃q , which differs
from ωq by at most half of the grid resolution. This occurs if
d̄h̃q

is the atom d̄hi , resulting in the projection on the weighted
three-phase residual whose Euclidean norm

uq =

√
u2

a,q + u2
b,q + u2

c,q (23)

is the highest.
Supposing that each phase contribution ua,q , ub,q , and uc,q

is mostly due to the component having angular frequency ωq ,
their approximated expressions are given by (15), where αp,q ,
β̄p,q,m , and γ̄p,q,m are replaced by αq , β̄q,m , and γ̄q,m , defined
analogously to (17) but involving the angular frequencies ω̃q ,
ωq and ωm shared by the three phases. After some passages,
we obtain

uq ≈

√
2

2
αq X3ph,q(1 + εq) (24)

where

X3ph,q =
∥∥[X̄a,q X̄b,q X̄c,q

]∥∥
2 (25)

is the three-phase rms value of the component having reference
angular frequency ωq and

εq =
1

X2
3ph,q

ℜ

{
γ̄q,q

(
X2

a,q + X2
b,q + X2

c,q

)
+

∑
m ̸=q

[
β̄q,m

(
X̄a,m Xa,q + X̄b,m Xb,q + X̄c,m X c,q

)]

+

∑
m ̸=q

[
γ̄q,m

(
Xa,m Xa,q +Xb,m Xb,q +X c,m X c,q

)]
(26)

represents the relative error of the three-phase projection.
The three terms appearing in (26) are, respectively, due to
the negative frequency image of the component associated
with the angular frequency ωq , to all the other complex
exponentials contributions having positive angular speeds and
to their respective negative frequency images. Similar to what
happens in the per-phase approach, these contributions can
make that the atom indexed by h̃q does not correspond to the
largest norm of the three-phase projection, thus producing a
suboptimal estimated support.

For a given dictionary, the robustness of support recovery
is reflected by εq , which should be as small as possible.
In this respect, it is worth performing a theoretical comparison
between the three-phase and the per-phase support recovery.
It is possible to demonstrate that using the same weights

|εq | ≤ max
p∈{a,b,c}

|εp,q | (27)

namely, that under the previous assumptions, the three-phase
support recovery is at least as robust as the per-phase method
(see Appendix B). Considering typical scenarios, three-phase
systems are close to be symmetric. Therefore, it is interesting
to evaluate the behavior of the three-phase relative projection
error under this condition. For the purpose, phasors appearing
in (26) are decomposed into their symmetrical components
using the Fortescue transformation (computations are reported
in Appendix C) thus obtaining

εq =
1

X2
3ph,q

[
ℜ

{
γ̄q,q

(
2X1,q X2,q + X2

0,q

)}
+

∑
m ̸=q

ℜ
{
β̄q,m

(
X̄1,m X1,q + X̄2,m X2,q + X̄0,m X0,q

)}

+

∑
m ̸=q

ℜ
{
γ̄q,m

(
X1,m X2,q +X2,m X1,q +X0,m X0,q

)}
(28)

where, for each qth spectral component, X̄1,q , X̄2,q , and X̄0,q
are the phasors of the positive, negative, and zero sequence
components, respectively. Three terms can be recognized
in (28), having the same meaning as those appearing in (26),
hence the below.

1) The first term is introduced by the negative frequency
image of the spectral component to be retrieved in the
three phases. It is due to the interaction between the
positive and negative sequences, plus a term depending
on the square of the zero sequence component. It is
worth noting that this contribution to the projection
error is maximized when either the spectral component
to be retrieved is purely zero sequence or when its
energy is equally split between positive and negative
sequences. In those peculiar cases, considering (16), the
contribution to the projection error due to the image
equals that of the per-phase approach; otherwise, it is
lower.

2) The second term is produced by the interaction of the
spectral component to be retrieved in each phase with
the other components present in the residual having
positive angular frequencies. In this respect, interaction
takes place exclusively between homologous symmetri-
cal components.

3) The last term takes into account the interaction of the
spectral component we are seeking in the three phases
with the negative frequency images of all the other
components, expressed as the sum of three addends.
The positive sequence components interact exclusively
with the images of the negative sequence components.
Conversely, the negative sequence contribution of the
component to be retrieved interacts only with the images
of the other positive sequence components. Finally, the
zero sequence contribution of the searched component
just interferes with the images of the rest of the zero
sequence components.

As highlighted in Section III-A, three-phase systems are
very close to be symmetric during regular operation, with
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phase waveforms that are periodic and identical, except for
a time shift corresponding to one-third of the period. This
implies that the generic hth-order harmonic purely belongs
to the sequence s = h mod 3 (mod is the modulo operation)
with s ∈ {0, 1, 2} corresponding to the zero, positive, and
negative sequences, respectively.

Thanks to this property, the contribution to the three-phase
projection error produced by the other interfering harmonics
is induced by spectral components separated by at least three
harmonic orders, thus corresponding to a frequency difference
1ω = 3ω1 ≈ 3ω0. Such a significant frequency separation
makes that the effect of the interferers can be heavily miti-
gated, thanks to the coefficients β̄q,m and γ̄q,m , proportional
to W̄2( j1ω), thus leveraging its low-pass behavior. A similar
reasoning applies to the residual at each iteration of frequency
support recovery.

It is important to highlight that the feature described in the
previous paragraph represents a major advantage with respect
to the per-phase support recovery, where all the harmonics
contribute to the projection error (16). Moreover, because of
the smaller frequency separation with the nearest interferers
(1ω = ω1 ≈ ω0), β̄p,q,m and γ̄p,q,m are much less effective
in mitigating their impact, resulting in a higher chance of
support recovery errors. Thus, the components’ retrieval is
improved with respect to the per-phase case, where, for
each system phase, all the interferers, regardless of their
symmetry, have an impact that depends on their magnitude and
frequency distance. Errors in support recovery cannot even be
compensated afterward through positive sequence synchropha-
sor extraction or by frequency and ROCOF averaging over
the three per-phase estimates because the entire process is
nonlinear and the three recovered spectral supports could be
different. In addition, a significant reduction of computational
cost is achieved by the shared support recovery, which leads
to a unique TFM model definition, as it will be discussed in
detail in Section III-C.

C. Analysis of Computational Load

From a computational viewpoint, CS3-WTFM and
CS-WTFM share the same logical steps during every iteration
of the algorithm. The first is identifying the best candidate
component, followed by the second one, WTFM model
estimation, which is influenced by the retrieved components.

Support recovery is performed iteratively (Qmax iterations at
most), and thus the overall number of floating point operations
(flops) depends on the spectral content of the analyzed three
phase signal. Considering the three waveforms, the CS search
algorithm involves, at the i th iteration, 3 · |0[i−1]

| · N mul-
tiplications for the inner products’ computation to solve (12)
for the three phases (CS-WTFM) or (20) (CS3-WTFM), other
than 3N multiplications for residuals’ weighting. Thus, the
search is O(N ), but it depends significantly on dictionary
cardinality and atom size. In CS3-WTFM, Euclidean norm
computation in (20) further takes three multiplications, which
are indeed negligible. Then CS-WTFM requires obtaining the
LS solution corresponding to (9) with the found measurement

model matrix ̂̄B[i]
w,p and p ∈ {a, b, c} while CS3-WTFM

relies on (22) and ̂̄B[i]
w . The main difference in terms of

efficiency thus arises in these computations. CS-WTFM esti-
mation requires obtaining three LS solutions associated with
three different matrices (models are independently formulated
for the three phases). The computational cost of the LS
solution depends on the adopted algorithm. If the Householder

QR decomposition is chosen, the size of ̂̄B[i]
w,p (N × Pp,i , with

Pp,i =
∑i

q=1(2K p,q+2) and K p,q the expansion degree of the
qth component in phase p waveform) is relevant. If Pp,i ≪ N
(which is always the case in the considered configurations),
the main contribution in terms of flops is proportional to
P2

p,i N , i.e., O(N ). The solution is then obtained through an
orthogonal matrix multiplication and backward substitution,
which have a lower computational impact. CS3-WTFM instead
requires performing a unique QR decomposition, thus this
stage has almost one-third of the computational cost. Each
iteration of both the methods is terminated by the residuals’
energy computation.

It is also important to recall that the number of iterations
of CS-WTFM can be different both among phases and with
respect to CS3-WTFM, since it is based on three independent
single-phase TFM models.

Finally, after iterations end, frequency and ROCOF com-
putations rely on the estimated synchrophasor derivatives and
take negligible time. Several optimizations could be adopted,
but a full analysis of the computational burden in an ad hoc
implementation is beyond the scope of this article.

IV. METHODS’ CONFIGURATIONS

The CS-WTFM and CS3-WTFM methods have been imple-
mented to compare the obtained performance, considering
f0 = 50 Hz nominal frequency. They share most of the
configuration parameters, including the sampling rate fs =

5 kHz, the measurement reporting rate RR = 50 Hz, the data
record length N = 399 (thus less than four nominal cycles,
leading to an algorithm latency below 20 ms), the dictionary,
and the Taylor expansion degrees. According to Section III-C,
computational burden is heavily affected by the cardinality
of the adopted frequency grid, hence by its resolution δω.
Therefore, it must be chosen consistently with the available
computational power. In this respect, δω = 2π rad/s has been
selected, corresponding to 1 Hz frequency resolution. The
fundamental component has been included in the TFM model
through a second-order expansion (thus K1 = 2), which is
the least required by TF-based ROCOF estimation. Nonfunda-
mental components have been considered through first-order
expansions (namely, Kq = 1 for q ̸= 1) that mitigate the
impact of deviations between the actual reference frequencies
of these components and the corresponding retrieved values.

The selection of the weights w[n] affects overall perfor-
mance in different ways. First, as discussed in Section II-A,
it may improve the estimates in the presence of undermodeling
(i.e., xp does not belong to the subspace spanned by the
columns of B̄p); from a frequency domain point of view,
it affects the pass bandwidths of the TFFs. However, the
choice of the weights severely impacts the CS-based spectral
support recovery of the TFM model. As shown in [25], w[n]
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modifies the interatom coherence of the dictionary, since it
reflects the magnitude of W̄2( jω), with ω corresponding to the
frequency separation between the considered atoms. Moreover,
according to the findings presented in Sections II-C and III-B,
the low-pass nature of W̄2( jω) enables mitigating projection
errors, thus improving the accuracy of the retrieved support.

In [24], the CS-WTFM and CS3-WTFM methods were
compared adopting the same weights, obtained from the
square root of a Chebyshev window having 45-dB sidelobe
attenuation. This choice was originally proposed in [25] as a
good tradeoff between frequency selectivity (or low dictionary
coherence, associated with a narrow mainlobe) and low level
of the first sidelobes, enabling better support recovery with
respect to rectangular weighting.

Section III-B demonstrated that the three-phase projection
error is sometimes equal, but typically lower than the per-
phase case. Moreover, under symmetric conditions, it benefits
from a three times wider frequency separation with the closest
interferer. Therefore, when considering the selection of the
weights, it is worth investigating the impact of moving the
balance toward a sharper mainlobe (namely, lower dictionary
coherence) sacrificing the attenuation of the first sidelobes.
Adjusting the adopted Chebyshev window does not fit the
purpose. In fact, during support recovery, the inner product
between atom and residual could also be significantly affected
by widely separated frequency components, as a consequence
of the higher sidelobes combined with the equiripple behavior
of the Chebyshev window [27].

The Kaiser window [28] approximates the digital prolate
spheroidal sequence, which in turn maximizes the energy con-
centration in the mainlobe. The balance between the mainlobe
width and sidelobe level is adjusted through the shape factor
βKaiser; asymptotic sidelobe roll-off is the same as that of the
rectangular window, namely, 20 dB/decade. These features
make (the square root of) the Kaiser window particularly
suitable for generating the weights to be adopted in the
CS3-WTFM approach. In principle, the shape factor must be
properly selected for the purpose, to optimize performance
under a predetermined set of operating conditions, e.g., those
described in Section V. However, it is extremely difficult to
find out a systematic criterion, given the complexity of the
problem. For this reason, the shape factor was varied with
0.1 step, and βKaiser = 2 resulted in a very favorable tradeoff
between coherence and interference rejection.

Fig. 1 shows the DTFT magnitudes |W̄2( jω)| for the
considered Kaiser, Chebyshev, and rectangular windows. The
DTFT of the selected Kaiser window features zeros close
to frequencies multiples of fs/N , thus also near 150 Hz,
that is, when adopting the three-phase support recovery, the
rated frequency separation between interfering components
in the residual projection under ideal three-phase symmetry.
When compared with the rectangular window, it features a
slightly wider mainlobe, but significantly lower sidelobes.
It is worth stressing that this Kaiser window does not enable
improving overall performance when adopted in conjunction
with per-phase support recovery, since it cannot rely on
cancellations between projection error contributions from the
different phases. As a consequence, the larger amplitude

Fig. 1. DTFT magnitude of the rectangular, Chebyshev (−45 dB sidelobes),
and Kaiser (βKaiser = 2) windows, N = 399.

of the first sidelobes would result in significant projection
errors, potentially causing mistakes in the retrieved spectral
support, thus jeopardizing the benefits enabled by the narrower
mainlobe.

To fully complete the configuration, the threshold values
η1 and ρ1 of the CS-WTFM method have been, respectively,
set to 10−3 and 2 · 10−3 times the Euclidean norm of the
weighted samples. As for the CS3-WTFM approach, η3 and
ρ3 have been set to 10−3 and 2 · 10−3 times the Frobenius
norm of matrix Xw, made of the weighted three-phase sam-
ples. Finally, Qmax = 6 has been chosen as the maximum
cardinality of the recovered spectral support.

V. SIMULATION RESULTS

A. Base Test Signal

The comparison between CS-WTFM (with Chebyshev win-
dow) and CS3-WTFM (with Chebyshev or Kaiser windows)
configured as described in Section IV has been carried out
under static and dynamic scenarios going beyond IEC Std
prescriptions, to stress the algorithms and explore their behav-
iors. All the test signals have been obtained by modifying
or sweeping some parameters of a base waveform, whose
characteristics are listed below.

1) The fundamental, positive sequence component has fre-
quency f1 = 50.05 Hz, so that it does not belong
to the frequency grid G having 1-Hz resolution. This
choice prevents the TFM model from fully embedding
the fundamental, thus spectral support recovery becomes
more demanding.

2) Three harmonics are always present, having orders 2,
3, and 5. Their amplitudes are 3%, 5%, and 4% of
the fundamental, respectively. Three-phase symmetry is
assumed (as in the harmonic distortion test prescribed
by the IEC Std), hence the second- and fifth-order
harmonics are negative sequence, while the third-order
harmonic is a zero sequence contribution.

3) An interhamonic component having 10% magnitude and
12.2-Hz frequency is included, again not belonging to
the super-resolved frequency grid, but located in the
out-of-band region considering the adopted RR. The
interharmonic is a positive sequence contribution, as in
the out-of-band interference test of the IEC Std.
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TABLE I
MAXIMUM ERRORS ACHIEVED BY THE CONSIDERED

METHODS: DEFAULT CASE

Test duration has been set to 10 s, and while the considered
methods have been configured for 50 Hz RR, estimates were
provided with 100-Hz rate for the sake of a better statistical
significance of the analysis. Performance is quantified in terms
of total vector error (TVE), absolute frequency error (|FE|) and
absolute ROCOF error (|RFE|).

B. Base Signal and Unbalance Test

First, the considered algorithms have been fed with the base
test signal, featuring ideal three-phase symmetry except for the
interharmonic component, which inherently breaks such sym-
metry. Achieved results are summarized in Table I in terms of
maximum TVE for both per-phase (TVEp, considering all the
three phases) and positive sequence (TVE1) synchrophasors,
maximum |FE|, and maximum |RFE|.

In general, all the three implementations perform very
well in this case. Three-phase support recovery enables lower
errors (by roughly an order of magnitude) but anyway also
those obtained with the per-phase approach can be considered
negligible, except for the frequency estimate (maximum |FE|

reaches 0.69 mHz). This is the result of repeated mistakes
in locating the interharmonic component, which thus is not
properly canceled and interferes with fundamental-related esti-
mates. On the contrary, the three-phase approach (with both
Chebyshev and Kaiser windows) always reaches the optimal
support, leading to higher accuracy. TVEs are particularly low,
as it occurs in most tests, hence their values will be often not
reported. Positive sequence synchrophasor estimates benefit
from the mutual cancellation of several error contributions
(due to spectral interference) affecting per-phase estimates.
It is worth mentioning that using the CS-WTFM method
in conjunction with the Kaiser window results in a positive
sequence TVE reaching 0.06%, |FE| is slightly lower than
4 mHz, while |RFE| exceeds 0.3 Hz/s. As somewhat expected
from the considerations reported in Section IV, these values
are substantially higher than those obtained with the same
method but weights generated according to the Chebyshev
window.

Real-world operating conditions may include (weak) imbal-
ance. To explore accuracy in this scenario, the base test
signal has been modified by including 2% unbalance at the
fundamental (equally subdivided between negative and zero
sequences) and 10% unbalance at each included harmonic (as
before, evenly shared between the two symmetrical compo-
nents breaking three-phase symmetry). Errors are shown in
Table II, including the TVE values for the negative (TVE2) and
zero sequence synchrophasors (TVE0). Per-phase and positive
sequence TVEs are omitted, being negligible and virtually
identical to those already reported in Table I.

TABLE II
MAXIMUM ERRORS ACHIEVED BY THE CONSIDERED CS-BASED

METHODS: DEFAULT CASE + UNBALANCE

Fig. 2. Maximum |RFE| achieved by the considered CS-based methods:
default case + off-nominal frequency.

Errors in frequency and ROCOF estimations are almost the
same as those obtained under symmetric conditions. This con-
firms the better performance enabled by three-phase support
recovery (similar results with both the considered weightings),
in particular as far as frequency estimation is concerned, while
exhibiting robustness with respect to fundamental and har-
monic unbalance. Moreover, the per-phase support recovery
and the resulting worse cancellation of the interference due to
the interharmonic produce notable errors in negative and zero
sequence synchrophasor estimates (maximum TVEs are 0.26%
and 0.15%, respectively). On the contrary, the three-phase
methods return excellent measurements.

C. Off-Nominal Frequency Test

The estimation errors of the implemented methods have
been evaluated by considering the base signal, but varying the
fundamental frequency from 48.05 to 52.05 Hz with 0.25-Hz
step. Fig. 2 reports the obtained maximum |RFE| values.

Using the Chebyshev or Kaiser window, CS3-WTFM
largely outperforms CS-WTFM since, over the whole funda-
mental frequency range, the former always retrieves the best
spectral support, given the adopted 1-Hz grid step. A better
modeling of harmonics and interharmonic results in a stronger
cancellation of their impact on fundamental-related estimates
(indeed, zeros in the FIR filter are finely tuned to suppress
the detected interferences). Maximum |RFE| is thus reduced
from above 0.1 Hz/s, using the per-phase support recovery,
to about one order of magnitude lower. Similar considerations
can be drawn from |FE| values, while synchrophasor estimates
are excellent also when adopting the CS-WTFM method,
since they are notably less sensitive to spectral interference.
Dictionary granularity is responsible for the jagged error trends
of the two CS3-WTFM implementations. This behavior is not
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Fig. 3. Maximum |FE| achieved by the considered CS-based methods: default
case + additive noise.

visible from the errors of CS-WTFM, since it is masked by a
much stronger infiltration of the interharmonic.

D. Noise Sensitivity Test

In this article results are obtained without any wideband
noise, to make more evident the differences between the
considered implementations. However, it is worth investigating
their robustness when white uniform noise at different signal-
to-noise ratios (SNRs) is added to the default case. Fig. 3
depicts the maximum |FE| values, with SNR ranging from
60 to 80 dB.

CS-WTFM reaches 1.2 mHz |FE| at the lowest SNR level,
while settling around 0.7 mHz as SNR is better than 70 dB.
Here, the impact of noise becomes weak with respect to error
contributions due to the other disturbances (in particular the
interharmonic) that set a bound for accuracy.

In contrast, the two CS3-WTFM implementations exhibit a
virtually linear decrease of the errors with the SNR level (in
a log–log scale) thus highlighting the proportionality between
noise standard deviation and |FE|. This reveals that results
are still dominated by noise even at 80 dB SNR. As far as
maximum |RFE| is concerned, which is notably even more
sensitive with respect to wideband noise (since it depends on
a second-order derivative), the same behavior is observed.

E. Interharmonic Frequency Sweep Tests

As discussed in Section III-B, the three-phase spectral
support recovery is more robust, thanks to the cancellation of
several interfering contributions in the inner products between
atoms and residual. In particular, under the introduced assump-
tions, (28) shows that the projection error in retrieving a
positive (negative) sequence component is solely due to the
other positive frequency, positive (negative) sequence com-
ponents, or negative frequency images of negative (positive)
sequence component. Moreover, the projection error in seeking
a zero sequence component is exclusively affected by all the
other zero sequence contributions present in the three-phase
residual. Benefits are already evident from the previous results,
but it is worth better analyzing the behavior of the algorithms
by sweeping the interharmonic frequency of the default case
from 10 to 25 Hz, and from 75 to 100 Hz, considering the
values suggested by [7].

Fig. 4. Maximum |FE| achieved by the considered CS-based methods: default
case + frequency sweep of the positive sequence interharmonic.

Fig. 4 reports the results in terms of |FE|, showing
the remarkable performance improvement enabled by the
three-phase support recovery. As from Section III-B, for
given conditions the three-phase approach always enables
better or, in very specific cases, equal robustness. The per-
phase approach heavily suffers from mistakes in retrieving
the 10 Hz interharmonic (maximum |FE| ≈ 4.8 mHz) due to
the projection errors induced by its negative frequency image.
As explained in the previous paragraph, this does not occur as
far as a three-phase approach is adopted, resulting in negligible
|FE|.

When considering interharmonic frequency values
approaching 25 or 75 Hz, both the three-phase and per-phase
support recovery may suffer from interference between
fundamental and interharmonic (both positive sequence).
This is evident from Fig. 4, with CS-WTFM exceeding
7 mHz |FE|, but also CS3-WTFM with Chebyshev weighting
reaching 4 mHz. Instead, CS3-WTFM adopting weights
obtained from the Kaiser window results in virtually zero
frequency error, thanks to the narrower mainlobe. This
implementation reaches the best performance in this test, with
an overall maximum |FE| of 2.4 mHz, less than half of that
achieved when the Chebyshev window is adopted (4.9 mHz).
Similar conclusions can be drawn when looking at the |RFE|

values, not reported in detail for the sake of brevity. In this
case, CS-WTFM achieves a rather high overall maximum
|RFE| exceeding 1.1 Hz/s; CS3-WTFM enables reducing it
to 0.7 Hz/s with the Chebyshev window and to 0.34 Hz/s,
thanks to the Kaiser window.

The same interharmonic frequency sweep analysis has
been carried out again, now considering a negative sequence
interharmonic; Fig. 5 reports the maximum |RFE| values.
In general, this condition is less demanding with respect to
the previous case, as notable from the lower error values.
Considering the conventional CS-WTFM method, maximum
|RFE| is high for 10-Hz interharmonic frequency, as well
as when the interferer approaches 25 Hz (reaching about
0.6 Hz/s) similar to what happened in case of a positive
sequence interharmonic. The key difference occurs for the
CS3-WTFM method, providing low errors even when the
Chebyshev window is adopted and the interharmonic fre-
quency is close to 25 or 75 Hz. This happens since the



FRIGO et al.: PMU ALGORITHMS BASED ON ADAPTIVE TAYLOR–FOURIER MODELS: A THREE-PHASE CS METHOD 9003014

Fig. 5. Maximum |RFE| achieved by the considered CS-based meth-
ods: default case modified with negative sequence interharmonic (frequency
sweep).

interharmonic belongs to a different sequence with respect to
the fundamental, thus the latter weakly affects the projection
errors when searching the former, thanks to the three-phase
support recovery. Anyway, the CS3-WTFM method with the
Kaiser window results in slightly better overall accuracy.

The analysis has been repeated now considering a zero
sequence interharmonic. It is worth noting that for low
interharmonic frequencies, the CS3-WTFM method does not
always recover the optimal support. The reason is the spectral
interference between the zero sequence interharmonic and
its negative frequency image during the support recovery
stage, which cannot be mitigated by the three-phase approach
(see (28)). As a consequence, in this frequency region the
per-phase TVEs obtained with CS-WTFM and CS3-WTFM
techniques adopting the same Chebyshev window are very
close. The CS3-WTFM performs better when combined with
the Kaiser window, thanks to its narrower mainlobe. The
advantages of the three-phase support recovery become evi-
dent when looking at frequency and ROCOF estimates. The
consistent spectral support among the three phases results in
identical TFFs. This makes that the disturbances in per-phase
frequency and ROCOF estimates due to the infiltration of zero
sequence components can be heavily mitigated, thanks to the
averaging process [29].

The maximum |FE| values are summarized in Fig. 6. It is
evident how CS3-WTFM results in negligible errors, except
when the interharmonic frequency is very close to that of
the second-order harmonic. In that case, frequency separation
is below half width of the mainlobe for all the adopted
windows; the unavoidable spectral interference makes that the
second-order harmonic is not properly located and canceled.
The same conclusion can be drawn when analyzing the results
in terms of maximum |RFE|.

According to (28), the projection error due to the negative
frequency image of the component to be retrieved is maximum
also when its energy is equally split into positive and negative
sequences. Hence, the interharmonic frequency sweep has
been carried out under this condition too. The maximum
|RFE| values achieved by the analyzed methods are shown
in Fig. 7. Considering a low-frequency interharmonic, errors
in its location during spectral support recovery are dominated
by interference with its negative frequency image, in this case

Fig. 6. Maximum |FE| achieved by the considered CS-based methods: default
case modified with zero sequence interharmonic (frequency sweep).

Fig. 7. Maximum |RFE| achieved by the considered CS-based methods:
default case modified with positive + negative sequence interharmonic
(frequency sweep).

identical for both the per-phase and three-phase approaches.
In fact, adopting the same Chebyshev window, CS-WTFM
and CS3-WTFM achieve almost the same performance in this
case. However, accuracy attained by the CS3-WTFM method
can be significantly improved, thanks to the Kaiser window,
exploiting its narrower mainlobe.

F. Amplitude and Phase Modulation Tests

One of the advantages of the Taylor–Fourier model-based
approaches is that they can include signal dynamics, leading
to good accuracy under these conditions. In this regard, the
performances of the three implementations have been evalu-
ated as the fundamental of the base signal undergoes sinusoidal
amplitude modulation (AM) or when both the fundamental and
harmonics are subject to sinusoidal phase modulation (PM)
(see [7] for waveform equations). Modulation depth is 10%
in AM, 0.1 rad in PM, while modulation frequency is varied
up to 2 Hz. Errors are summarized in Tables III and IV for
AM and PM, respectively; Fig. 8 reports instead the trend of
maximum |FE| obtained by varying the modulation frequency
in the AM case.

When considering AM, the three methods achieve rather
small errors, but once again the three-phase support recovery
enables the best accuracy. As notable from Fig. 8, the per-
formance of CS-WTFM is barely affected by the modulation
frequency, since the mistakes in the retrieved support mask
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TABLE III
MAXIMUM ERRORS ACHIEVED BY THE CONSIDERED METHODS:

DEFAULT CASE + AMPLITUDE MODULATION

TABLE IV
MAXIMUM ERRORS ACHIEVED BY THE CONSIDERED METHODS:

DEFAULT CASE + PHASE MODULATION

Fig. 8. Maximum |FE| achieved by the considered CS-based methods: AM
frequency sweep.

error contributions due to the dynamics. Conversely, the accu-
racy of CS3-WTFM implementations (that always retrieve the
optimal support) is sensitive to the modulation frequency. The
Chebyshev window leads to slightly better performance, since
it results in a slightly larger bandwidth of the TFFs, which thus
enables a better tracking of the time-varying fundamental.

PM represents a more demanding scenario for the algo-
rithms, leading to significant error contributions due to the
dynamics. This attenuates the impact of interharmonics inter-
ference that occurs when it is not optimally embedded in the
spectral support of the TFM model. As a result, considering
the highest 2 Hz modulation frequency, CS3-WTFM performs
slightly better than CS-WTFM.

To check the feasibility of a real-time implementation of
the proposed method, average execution times have been
recorded considering the MATLAB scripts used for the tests,
running in a PC equipped with Intel-Core2 i9-11900 CPU
at 2.50 GHz. As a first comment, it is essential to stress
that no specific parallelization or optimization of the code
was adopted, since the aim was to get a preliminary idea
about feasibility. Even if a real-time implementation is beyond
the scope of the present article and computational burden
depends on the signal composition, the constraint was easily
met for both the methods even with RR = 100 Hz, since

2Trademarked.

execution time was below 5 ms in all the tests. Moreover,
thanks to the speed up provided by CS3-WTFM and discussed
in Section III-C, it runs at least 20% faster than CS-WTFM.

VI. CONCLUSION

This article proposes the CS3-WTFM method for syn-
chrophasor, frequency, and ROCOF estimation as an improved
version of the CS-WTFM algorithm. The main difference con-
sists in the spectral support recovery of the TFM model, which
leverages the inherent three-phase nature of power systems
signals. In this respect, CS3-WTFM seeks a unique spectral
support shared by the three phases, through an iterative greedy
algorithm that jointly processes the three-phase samples. It has
been theoretically proven why, thanks to the quasi symmetry of
power system waveforms, the three-phase support recovery is
much more efficient and accurate than the per-phase approach
that the CS-WTFM method is based on.

The selection of the weights has a dramatic impact on
overall performance. Theoretical considerations suggest that
the CS3-WTFM method could benefit by a different weighting,
based on the Kaiser window, with respect to that commonly
adopted in CS-WTFM implementations (based on the Cheby-
shev window) trading the mitigation of spectral interference
for a finer frequency selectivity. This aspect will be further
investigated in the future steps of this research, looking for
an adaptive tradeoff between rejection of spurious components
and low dictionary coherence during spectral support recovery.

The CS-WTFM and CS3-WTFM methods have been com-
pared under a wide range of conditions. The results clearly
show the remarkable performance improvement (particularly
as far as frequency and ROCOF estimates are concerned)
enabled by the three-phase support recovery approach, with the
best results achieved when weights are obtained from a tailored
Kaiser window. The main benefit comes from the more accu-
rate location of interharmonics, so that the interference with
fundamental-related estimates can be effectively suppressed
by the resulting TFFs. This feature is extremely important in
modern power systems, which are more and more frequently
affected by sub- and interharmonic disturbances, and it can
foster the application of the algorithm in PMUs for both
transmission and distribution systems. Furthermore, it opens
the door to further developments in the context of real-time
harmonic and interharmonic synchronized measurements.

APPENDIX A
OBTAINING THE MAGNITUDE OF THE INNER PRODUCT

BETWEEN OPTIMAL ATOM AND RESIDUAL

Starting from (14), reminding the definition of d̄h̃ p,q
while

performing some manipulations it is possible to obtain

u p,q = |d̄H
h̃ p,q

rw,p|

=

√
2

2

∣∣∣∣∣∑
m

(
X̄ p,m

L∑
n=−L

w2
[n]e− j (ω̃p,q−ωp,m )nTs

+ X p,m

L∑
n=−L

w2
[n]e− j (ω̃p,q+ωp,m )nTs

)∣∣∣∣∣
(29)
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that, recognizing the DTFT of w2
[n] and using the defini-

tions (17), can be rewritten as

u p,q =

√
2

2
αp,q |X̄ p,q |

√(
1 + ℜ

{
µ̄p,q

})2
+
(
ℑ
{
µ̄p,q

})2
(30)

having introduced

µ̄p,q = γ̄p,q,qe− j2ϕp,q

+
1

X̄ p,q

∑
m ̸=q

(
β̄p,q,m X̄ p,m + γ̄p,q,m X p,m

)
. (31)

Assuming that the largely prevailing contribution to u p,q is
produced by the component to be recovered, |µ̄p,q | ≪ 1,
hence (30) can be well-approximated as

u p,q ≈

√
2

2
αp,q |X̄ p,q |

√
1 + 2ℜ

{
µ̄p,q

}
≈

√
2

2
αp,q |X̄ p,q |

(
1 + ℜ

{
µ̄p,q

})
. (32)

Finally, (15) is obtained by defining εp,q = ℜ{µ̄p,q}.

APPENDIX B
COMPARING PER-PHASE AND THREE-PHASE RELATIVE

PROJECTION ERRORS

Rearranging (26) and reminding (16), the magnitude of the
three-phase relative projection error can be written as

|εq | =
1

X2
3ph,q

∣∣∣|X̄a,q |
2εa,q + |X̄b,q |

2εb,q + |X̄c,q |
2εc,q

∣∣∣ .
(33)

Thanks to the generalized triangle inequality

|εq | ≤
1

X2
3ph,q

(
|X̄a,q |

2
|εa,q | + |X̄b,q |

2
|εb,q | + |X̄c,q |

2
|εc,q |

)
.

(34)

Finally, reminding the definition of the three-phase rms value,
(27) is obtained.

APPENDIX C
EXPRESSING THE THREE-PHASE RELATIVE PROJECTION

ERROR IN TERMS OF SYMMETRICAL COMPONENTS

Considering the generic qth spectral component, let us
define the column vector of the three-phase phasors as

p̄abc,q =
[
X̄a,q X̄b,q X̄c,q

]⊺ (35)

so that, substituting in (26), εq can be written as

εq =
1

X2
3ph,q

ℜ

γ̄q,q p̄H
abc,qpabc,q +

∑
m ̸=q

(
β̄q,m p̄H

abc,q p̄abc,m

+ γ̄q,m p̄H
abc,qpabc,m

) . (36)

Introducing T̄ as the Fortescue transformation matrix (the
unitary formulation is adopted), we have

p̄012,q = T̄p̄abc,q , T̄−1
= T̄H (37)

with

p̄012,q =
[
X̄0,q X̄1,q X̄2,q

]⊺
. (38)

Using (37) into (36) leads to

εq =
1

X2
3ph,q

ℜ

γ̄q,qp⊺
012,q T̄T̄⊺p012,q +

∑
m ̸=q

(
β̄q,mpT

012,q p̄012,m

+ γ̄q,mp⊺
012,q T̄T̄⊺p012,m

) (39)

that, after few simple manipulations, results in (28).
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