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CONSTITUTIVE MODELS FOR STRONGLY CURVED BEAMS IN THE FRAME OF

ISOGEOMETRIC ANALYSIS

ANTONIO CAZZANI, MARCELLO MALAGÙ, FLAVIO STOCHINO, AND EMILIO TURCO

Abstract. The current development of isogeometric approach in various fields of Mechanics is
explained by the high accuracy results which can be achieved at a reduced computational cost by
codes based on Non Uniform Rational B-Splines (NURBS). In case of strongly curved beams the
simple diagonal de Saint-Venant’s constitutive model can lead to significant errors as it has been
reported in the classic literature. Other models like Winkler’s one have been proposed and seem
more suitable for these kind of structures. Unfortunately several numerical codes are based on a
diagonal constitutive model which neglects the coupling effect of elongation and curvature even if
a high refined geometry description can be developed by means of NURBS. The results obtained
by means of numerical codes based on isogeometrical analysis for curved beams are here reported
and basic choices, computational costs and numerical accuracy of the above mentioned constitutive
models are discussed, from a qualitative and quantitative point of view. This comparison, in the
authors’ opinion, is necessary to avoid an excessive gap between the computational efficiency of
NURBS, which are capable of very accurate geometry description, and a simplistic representation
of the constitutive relations that is efficient for straight beams but not so much for curved beams
whose curvature is large. The results of some selected tests are presented and discussed to highlight
differences between the two approaches, showing that the small increase of computational cost of
Winkler’s model is well compensated by the accuracy gain.

1. Introduction

The last ten years were characterized by the rapid development of isogeometric approach in
various fields of Mechanics. Beginning with the seminal work [1], many extensions are contained
in [2] and [3] and concern a wide range of problems such as vibrations and wave propagations,
nearly incompressible solids, fluids, fluid-structure interaction. Isogeometric approach generalizes
some already used ideas both in finite elements, see [4, 5, 6, 7], and boundary elements [8, 9]. In
these papers B-spline interpolation describes the displacements in case of finite elements and
displacement and tractions in case of boundary elements.

The main advantages of the isogeometric approach, in comparison with the classical finite el-
ements, lie basically in the application of the same tools developed for Computer Aided Design
(CAD), Computer Aided Engineering (CAE) and Computer Aided Manufacturing (CAM) in the
geometrical description of the mechanical problem. Hence in its capability to represent, in an
exact way, conic sections such as circles and ellipses. To better understand this issue, most soft-
ware packages currently used for architectural design are actually based on such CAD techniques:
therefore, the ability to perform structural analyses on the same model used for design is extremely
appealing. Up to now, however, researchers have concentrated their efforts more on 2D and 3D
continuum models or on shell-like structures [10] than on curved beams and arches.

Only recently some papers on 1D problem have been published, even though they are particu-
larly concerned on locking control, see [11, 12, 13, 14, 15, 16]. All these papers present the same
energy form used for straight beam which is essentially derived from de Saint-Venant’s theory,
denoted in the following by the acronym dSV. Actually, there exist mechanical models which are
especially well suited for beams with large curvature, see for example the classic paper by Winkler
[17] (that will be shortened by the symbol W), which is based on simple kinematic assumptions or,
more recently, those based on variational asymptotic methods to eliminate least significant terms
in the elastic formulation of a 3D beam, see for instance [18, 19, 20, 21].

On the other hand, in [22, 23, 24, 25, 26] the displacements field is separated into a motion
of a reference section of the beam and a 3D warping field, with both in-plane and out-of-plane
components. This procedure leads, therefore, to a solution composed by a particular integral of
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the differential equation (i.e. a polynomial solution representing the generalization of de Saint-
Venant’s theory which is used to compute the characteristic properties of the section) and by a
general integral of the same differential equation resulting in a set of self-balanced exponential
solutions which take into account boundary effects.

Already in Timoshenko’s book [27] a comparison was proposed, which highlights the differ-
ence in terms of stresses resulting from assuming a strain energy corresponding to either de Saint-
Venant’s or Winkler’s models.
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M

A B

Figure 1. Cantilever circular arch with rectangular cross-section under pure
bending load.

In order to better understand the differences between de Saint-Venant’s and Winkler’s models
from a quantitative point of view, the 2D elastic solution of a pure bending problem is reported
here: a quarter-of-circle cantilever arch with rectangular cross-section subjected to a couple acting
at the free end is depicted in Figure 1. For this problem the analytical solution, assuming the
hypothesis of plane stress, is known, see again [27]. In Table 1 a comparison between de Saint-
Venant’s, Winkler’s and 2D models for the normal stress σ at both the intrados (point B) and at the
extrados (point A) of the cross-section is reported. With reference to the symbols shown in Figure
1 and reinterpreting the solution provided by Timoshenko [27, pp. 71–75] the normal stress at
point A can be expressed as:

σA = σ
⋆
A

M

t

(

R − h

2

)2
, (1)

where σ⋆
A

is a suitable dimensionless coefficient. A similar expression can be used also for the
stress at point B. Table 1 provides for all models above described the values of coefficients σ⋆

A
,

σ⋆
B

for some selected value of the slenderness ratio h/R between section depth, h, and radius of
curvature, R. The authors point out both the accuracy of Winkler’s model in evaluating the stress
and, on the contrary, the inaccuracy of results obtained by assuming a constitutive law based on
de Saint-Venant’s model. If 2D elasticity is used as a reference solution, the results provided by
Saint-Venant’s model produce errors ranging between 8.74% and 34.58%, while those coming
out from Winkler’s model lie between 0.13% and 3.1%, in a slenderness range 0.261 ≤ h/R ≤ 1.
Error in the displacements evaluation are instead smaller: for instance vertical deflection at the
beam tip given by de Saint-Venant’s model ranges between 0.55% and 7.43% when h/R varies
between 0.261 and 1, see [27, pp. 75–80] for analytical results.

The goal of this work is improving the results which can be obtained by adopting numerical
codes based on Non Uniform Rational B-Splines (NURBS) for curved beams. Basic choices,
computational costs and numerical accuracy are discussed from a qualitative and quantitative
point of view. This, in the opinion of the authors, is necessary in order to avoid an excessive
gap between the computational efficiency of NURBS and a poor representation of the constitutive
relations.

To achieve these goals, Section 2 introduces the problem starting from the governing differ-
ential equations for plane curved beams and, moreover, discusses different kinds of constitutive
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Table 1. Dimensionless stress coefficient σ⋆ on the cross-section extrados A

and intrados B with different constitutive laws: de Saint-Venant’s, Winkler’s
and 2D elasticity.

h/R de Saint-Venant Winkler 2D
σ⋆

A
σ⋆

B
σ⋆

A
σ⋆

B
σ⋆

A
σ⋆

B

0.261 −66.67 66.67 −61.27 72.98 −61.35 73.05
0.667 −6.0 6.0 −4.863 7.725 −4.917 7.775

1 −1.5 1.5 −1.095 2.285 −1.130 2.293

models, highlights the main differences and similarities and looks, in particular, at the qualitative
aspects. Next, in Section 3 a brief introduction of NURBS interpolation follows and the con-
struction of a mechanical model of curved beams is shown. Then Section 4 is devoted to the
presentation of the numerical results. Finally, some concluding remarks are drawn in Section 5
along with a discussion of problems, which are left opened, and future developments.

2. Problem statement

Consider a plane curved beam (see Figure 2) whose centroid line is plane, curved and parametrized
by the arc-length s ∈ [0, ℓ]. It is also assumed that one of the principal inertia axis and the shear
center of the cross-section lie in the same plane. Let the global reference system be denoted by (O;
x1, x2) and the local one by (o; t, r), t and r being respectively the tangent and the normal unit vec-
tors to the curve. Moreover, R represents the curvature radius and (·)′ the derivatives with respect
to the arc-length s. With this notation, the differential form of equilibrium and kinematic com-
patibility equations describing the plane curved Timoshenko beam problem in the local reference
system are:

N′ − T

R
+ qt = 0, T ′ +

N

R
+ qr = 0, M′ − T + m = 0, (2)

ε = u′ − w

R
, γ = w′ +

u

R
+ ϕ, χ = ϕ′. (3)

O

o

x1

x2

t, u

r,w

ϕ

N

N
T

T

M

M

Figure 2. Plane curved beam: centroidal line, reference systems and positive
stress components.

In Equation (2), N, T and M denote the generalized stresses (axial and shear force and bending
moment, see Figure 2 for the definition of positive quantities) and qt, qr and m the generalized
external forces per unit length (tangent and radial forces and distributed couples). In the local
reference system u and w are the displacements of the axis line and ϕ the section rotation while ε,
γ and χ denote the generalized strains (elongation, shear strain and curvature bending).

The selection of the constitutive law deserves some comments. Usually, also for curved beams,
the same strain energy density is used, which has been derived from de Saint-Venant’s model
referred to a straight beam:

2Φ = EAε2 + EIχ2 +GATγ
2 , (4)
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where E and G are Young’s and shear modulus, respectively, while A, I and AT are, respectively,
the cross-section area, moment of inertia and shear area.

As it has been already discussed in the Section 1, de Saint-Venant’s assumptions give unsatis-
factory results when strongly curved beams are considered. Winkler’s model [17, 29] (see again
Section 1) is essentially based on the hypothesis, which is also confirmed by experimental tests
(see [27] and [28]), that the cross-section of curved beams remains plane while the stress distri-
bution on the cross section is no more linear but follows a hyperbolic law. Thus it is considered
a good compromise between simplicity and accuracy in case of stress analysis of strongly curved
beams. Indeed, when the ratio h/R is small enough (say, h/R < 0.1) Winkler’s strain energy is
practically indistinguishable from de Saint-Venant’s one.

Therefore, in this paper an enriched strain energy density has been implemented, whose form
is:

2Φ = Ec11ε
2 + 2Ec12εχ + Ec22χ

2 +Gc33γ
2 , (5)

which encompasses both Winkler’s model and that proposed by Berdichevskii and Starosel’skii in
[18]. As it is simple to notice, the matrix of elastic compliance is not diagonal: there is indeed a
coupling term, c12, between elongation ε and bending χ.

Elastic coefficients, following Winkler’s assumptions, are defined as:

c11 =

∫

A

R

R − y
dA , c12 =

∫

A

Ry

R − y
dA ,

c22 =

∫

A

Ry2

R − y
dA , c33 =

∫

A

R2

b2(R − y)2

(

c12

c22
− Ω

RA

)2

dA .

(6)

where y is a coordinate measured along the normal r to the longitudinal axis of the beam (such
direction coinciding with one of the principal inertia axis of the cross section), while Ω is the
portion of the cross section area lying below the value of y. Coefficient c33 follows Jourawski’s
approximation, as it is assumed in several classic books, see for example [30]. It is important to
underline (see Equation (6)) that elastic compliance coefficient c12 in Winkler’s model depends
both on cross-section geometry and on curvature radius R.

Equation (4) is often assumed as a constitutive law instead of Equation (5). In order to evaluate
when this approximation is acceptable, one may consider some quantitative differences for a t × h

rectangular cross-section. Figure 3 shows the differences between de Saint-Venant’s and Winkler’s
models, as long as axial and bending behaviors are concerned, as functions of the slenderness ratio
h/R. It depicts the differences d1 and d2, which are defined as follows:

d1 =
c11 − A

A
, d2 =

c22 − I

I
, (7)

both of them are expressed as percentage values. Differences d1 and d2 highlight not negligible
errors which are generally inadmissible in numerical codes. For example these errors are equal to
2% and 4% for elongation coefficient c11 and bending coefficient c22 respectively, when h/R = 0.5.

Equation (6) shows the elongation-bending coupling coefficient c12 according to Winkler’s
model (see Equation (6) and [17]). A different constitutive theory for strongly curved beams
has been proposed by Berdichevskii’s and Starosel’skii’s ([18]). According to their model, strain
energy density can be written in this form, too:

2Φ = Ec⋆11ε
2 + 2Ec⋆12εχ + Ec⋆22χ

2 +Gc⋆33γ
2 , (8)

where coefficients c⋆11 = A, c⋆22 = I and c⋆33 = AT coincide with those provided by de Saint-
Venant’s model. Instead, the Berdichevskii’s and Starosel’skii’s coupling coefficient c⋆12 (see Equa-
tion (8)) depends also on Poisson’s ratio ν, and is expressed in the following way:

c⋆12 =
(2 + ν)I + gA

R
, (9)
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Figure 3. Differences, in percentage, of coefficients c11, dotted line, and c22,
solid line, for de Saint-Venant’s and Winkler’s models as functions of h/R ratio.

coefficient g, appearing in Equation (9), is given by:

g =
ν

15
t2
2 +

3ν2

4(1 + ν)
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coth

(2k − 1)πh2

2t2















,

(10)

where h2 = h/2 and t2 = t/2 denote respectively the half-depth and the half-width of the rectan-
gular cross section. Interestingly, the coupling coefficient is quite similar for these two models,
also for higher values of h/R, especially for values of Poisson’s ratio ν far from its extrema. The
difference, expressed as a percentage of Winkler’s c12 and Berdichevskii’s and Starosel’skii’s c⋆12
coupling coefficients, is given by:

d12 =
c12 − c⋆12

c12
, (11)

and it is plotted in Figure 4. The maximum value is about 30% and it is reached for very small
values of h/R when ν = 0.49; in all other cases it is below 15%. In particular, for ν = 0.25 (an
average value) it turns out that the difference is steadily decreasing as the slenderness ratio h/R

increases; for instance at h/R = 1 it is less than 2%. Consequently the influence of Poisson’s ratio
on the coupling effect appears to have a limited influence and this consideration allows adopting
for the elongation-bending coupling coefficient the simpler form of Winkler’s model instead of
the more complicated Berdichevskii’s and Starosel’skii’s one.

Finally, in Figure 5 each term of the strain energy density, namely Ec11ε
2 (elongation), Ec22χ

2

(bending), 2Ec12εχ (coupled bending-elongation), Gc33γ
2 (shear), for the Winkler’s constitutive

model, see Equation (5), is plotted versus the h/R ratio. This Figure clearly shows that the effect of
the coupling coefficient c12 cannot be neglected, in particular for higher values of h/R, which cor-
respond to large curvatures. The foregoing analysis strongly suggests the use of an enriched strain
energy, including the elongation-bending coupling term, to improve the curved beam models.
Classical Winkler’s model, in the authors’ opinion, is a smart choice since it combines simplicity
and effectiveness besides providing results in agreement with independently generated variational
asymptotic methods deduced from 3D elasticity like the Berdichevskii’s and Starosel’skii’s model.

3. Isogeometric discretization

In this paper the geometry of a curved beam is described by means of a NURBS interpolation;
for a complete and more accurate description of this kind of interpolation please see [31]. It can
be stated that a curve x = x(ξ) has a p-degree NURBS representation when there exist n ∈ N,
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Figure 4. Percentage difference between Winkler’s and Berdichevskii’s and
Starosel’skii’s coupling coefficients for different values of Poisson’s ratio.
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Figure 5. Strain energy density contributions for Winkler’s model referred to a
circular arch (with h × t rectangular cross-section) as a function of slenderness
ratio h/R. Unit values are assumed for generalized strain components ε, γ and
χ. Geometric and mechanical properties: R = 1 m; t = 10 mm; 10 ≤ h ≤
1000 mm; E = 10 MPa; G = 5 MPa.

control points Pi ∈ R2, with the associated weights gi ∈ R, i = 1 . . .n, and a knot vector, i.e. a set
Ξ =

{

0 = ξ1 ≤ ξ2 ≤ . . . ≤ ξn+p+1 = 1
}

such that, for any ξ ∈ [0, 1]:

x(ξ) =
n

∑

i=1

Ri,p(ξ)Pi, (12)

where the NURBS basis {Ri,p(ξ)} is expressed by:

Ri,p(ξ) =
Bi,p(ξ)gi

∑n
i=1 Bi,p(ξ)gi

. (13)
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The Cox-De Boor recursive formula defines the B-splines basis {Bi,p(ξ)} of order p as a function
of the basis corresponding to order p − 1:

Bi,0(ξ) =

{

1
0

if ξi ≤ ξ < ξi+1

otherwise
, (14)

Bi,p(ξ) =
ξ − ξi

ξi+p − ξi

Bi,p−1(ξ) +
ξi+p+1 − ξ
ξi+p+1 − ξi+1

Bi+1,p−1(ξ). (15)

The so-called knot vector Ξ is a non-decreasing set of coordinates which defines a partition of
the parameter space [0, 1]. The knots divide the parameter space into elements similarly to what
happens into the classical finite element discretization, see Figure 6. NURBS allow to develop
a very refined geometric description; non-uniform knot vectors and repeated knots are the key
ingredients of their flexibility and efficiency.

A non uniform knot-vector corresponds to a set of unequally spaced knots, which allow repre-
senting a larger number of shapes. The multiplicities of knot values have important effects on the
properties of the basis. Actually a basis function of order p has p − mi continuous derivatives at
knot ξi where mi is the multiplicity of value ξi in the knot vector. A natural consequence of the
latter statement is the high-degree of continuity of NURBS, which is one of their most interesting
properties. In particular, each p-th order function is of class Cp−1, i.e. it is continuous with its
derivatives up to (p − 1)-th order, and it is smooth across the boundaries. The continuity degree
can be reduced, if needed, by using repeated knots, see Figure 7. Furthermore, the introduction
of weights gi related to i-th control point improve the capabilities of the B-splines interpolation
allowing also for an exact representation of circles, ellipses and other curves obtained by conic
sections.

control point

curve

control polygon

larger weight

smaller weight

Figure 6. NURBS basic ingredients: control points (•), control polygon, curve
and influence of the control point weights.

The main goal of the isogeometric approach is to exactly describe the geometry of the problem
by means of NURBS interpolation and to adopt the same interpolating basis for representing the
generalized displacements:

u(ξ) ≈
n

∑

i=1

Ri,p(ξ)ui, w(ξ) ≈
n

∑

i=1

Ri,p(ξ)wi, ϕ(ξ) ≈
n

∑

i=1

Ri,p(ξ)ϕi, (16)

by means of control points ui, wi, and ϕi.
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If a dot is used to represent the derivatives of any function with respect to ξ and J denotes the
Jacobian of the transformation, from basic differential geometry (see [32]) it follows:

J = ṡ =

√

ẋ2
1 + ẋ2

2, R =
J3

|ẋ1 ẍ2 − ẍ1 ẋ2|
. (17)

Hence, the generalized strains assume this form:

ε =
u̇

J
− w

R
, γ =

ẇ

J
+

u

R
+ ϕ, χ =

ϕ̇

J
. (18)

Referring to the elastic strain energy density Φ defined by Equation (4) or by Equation (5), see
Section 2, the discretized form of total potential energy can be written as:

arg min
u,w,ϕ















ne
∑

e=1

(

1
2

∫ ξe+1

ξe

ΦJdξ −
∫ ξe+1

ξe

(qtu + qrw + mϕ)Jdξ

)















, (19)

where ne is the number of subdivision of the parameter space. Enforcing Equation (19) produces
a linear system of equations where the unknowns are values of the control points ui, wi and ϕi.
The integrals which are necessary to obtain the stiffness matrix and the load vector are evaluated
numerically by using Gauss’s quadrature rule, even if integrand functions are not generally poly-
nomials. Reference [3] provides some guidelines about the choice of the number of Gauss points
for an efficient quadrature rule. In this paper the number of points is always assumed equal to the
degree p of the spline basis functions due to its efficiency as proved in [33]. Furthermore, this also
helps in preventing locking problems such as those described in [13].

N1,2

N2,2N2,2N2,2N2,2N2,2N2,2

N3,2 N4,2

N5,2N5,2N5,2N5,2

N6,2

N7,2N7,2

N8,2

0

1

1 2 3 4, 4 5

Figure 7. Effect of repeated knots on NURBS construction: in 2nd-order
NURBS the repeated 5th knot reduces the continuity degree of the curve at
that point (knot indexes are shown on the horizontal axis and the knot vector is
Ξ = {0, 0, 0, 1, 2, 3, 4, 4, 4, 5, 5, 5}).

4. Numerical results

In this section the differences between Winkler’s and de Saint-Venant’s constitutive models
are explored and discussed by means of analytical computations and by a numerical code based
on IGA (i.e. IsoGeometric Analysis). For plane curved beams exhibiting strong curvature under
different load conditions several test cases are presented.

4.1. Cantilever circular arch. The results concerning a cantilever circular arch are presented in
this subsection. In Table 2 the theoretical results for both classical de Saint-Venant’s and Winkler’s
models are shown; the arch is clamped at one end, different loading conditions are applied at
free end. These are denoted simply by LC1 (bending couple, W), LC2 (vertical force, P), LC3
(horizontal force, H) see Table 2. The used load values are respectively: W = 10 kNm, P = 10
kN, H = 10 kN. The results are computed for an arch whose radius of curvature is R = 1 m,
having a rectangular cross section with constant width t = 0.2 m and variable depth h such that
1/100 ≤ h/R ≤ 4/5 in order to explore the influence of the slenderness ratio. Elastic mechanical
parameters are: Young’s modulus E=1 GPa, Poisson’s ratio ν=0.2, which provide G = 0.4167
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GPa. The closed-form analytical solutions, which are used for comparison, are taken from [33]
and from the Appendix of this paper.

It is clear from Table 2 that the difference between de Saint-Venant’s and Winkler’s models
is increasing when also the h/R ratio increases; on the contrary it becomes very small when h/R

tends to zero.

Table 2. Dimensionless values of tip deflection, f , and maximum σ+ and min-
imum σ− normal stress at clamped end for a cantilever circular arch. Closed-
form solutions for Winkler’s model (W) are scaled by the corresponding de
Saint-Venant’s analytic solutions (dSV).

Load case h/R fW/ fdS V σ−
W
/σ−

dS V
σ+

W
/σ+

dS V

W

R

1/100 0.99998 1.00333 0.99667
1/10 0.99850 1.03440 0.96763
1/5 0.99399 1.07110 0.93696
2/3 0.93240 1.28754 0.81043
4/5 0.90204 1.37013 0.77769

P

R

1/100 0.99998 0.98852 0.99666
1/10 0.99767 1.03384 0.96708
1/5 0.99426 1.06881 0.93479
2/3 1.04700 1.25879 0.78673
4/5 1.05623 1.32659 0.74348

H

R

1/100 1.00010 1.00333 0.99667
1/10 1.01102 1.00333 0.99667
1/5 1.00085 1.07110 0.93696
2/3 1.11948 1.28754 0.81043
4/5 1.22231 1.37013 0.77769

The difference between de Saint-Venant’s and Winkler’s approaches is clearly shown in Figure
8, where the stress distribution along the section depth is shown for h/R = 2/3 and for a generic
bending or shear load case.

The numerical code has been tested considering closed-form solution presented in the Appen-
dix of this paper. Assuming h/R = 2/3, Figure 9 presents percentage error e of the deflection
f :

e =

∥

∥

∥

∥

∥

1 −
fnum

f

∥

∥

∥

∥

∥

, (20)

for various NURBS order p and element number ne. A Winkler’s model of the above mentioned
cantilever circular arch is considered under the three already defined loading conditions. It is clear
that convergence is achieved even with a low-order NURBS interpolation and with a small number
of elements.

Similar comparisons between the theoretical values and the numerical ones are obtained con-
sidering the stress at the clamped end of the circular arch: the ratios between the numerical and
the analytical values of the maximum and minimum stresses are presented in Table 3. In all cases
the code appears to be very efficient producing excellent results also with low order NURBS and
small element numbers.

In addition no significant computational time increase has been detected for Winkler’s model.
This is shown in Table 4 where the computational time for de Saint-Venant’s (left) and Winkler’s
(right) implementation is shown for the same circular arch and the same load conditions. The
numerical code, developed in MATLAB environment (R.2013.a) has been tested on a 64-bit ma-
chine characterized by 8 GB of RAM memory, 2.6 GHz Intel Core i5 CPU. In order to minimize
the effect of the intrinsic CPU clock time error, ten runs have been performed for each case and
then their average has been computed and reported in Table 4. For the sake of synthesis only a
cantilever circular arch characterized with h/R = 2/3 (i.e. a rather large value, where the differ-
ence between the two models is expected to be large) has been considered. Looking at Table 4,
Winkler’s model is slower at most by an amount of 10−3 s in comparison with de Saint-Venant’s
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models for strongly curved beams in the frame of isogeometric analysis” Mathematics and
Mechanics of Solids, 1081286515577043, first published on March 31, 2015, DOI:
10.1177/1081286515577043



Acc
ep

ted
M

an
us

cri
pt

A. CAZZANI, M. MALAGÙ, F. STOCHINO and E. TURCO 10

-1.0 -0.5 0 0.5 1.0

-h/2

0

h/2

σ

Se
ct

io
n 

po
si

tio
n,

 y

 

 

σ
W

σ
dSV

(a) Normal stress distribution

0 0.5 1.0

-h/2

0

h/2

τ

Se
ct

io
n 

po
si

tio
n,

 y

 

 

τ
W

τ
dSV

(b) Shear stress distribution

Figure 8. Comparison for slenderness ratio h/R = 2/3 between de Saint-
Venant’s (dSV) and Winkler’s (W) models in terms of normal (a) and shear
(b) stress distributions. Cross section is rectangular with depth h, under shear
and bending load. Plotted distribution are scaled by the maximum values of de
Saint-Venant’s solution.

model. This can be somehow justified by the shape of the stiffness matrix which produces more
coupling in equations in the former case than in the latter.

4.2. Circular chain ring. Table 5 presents the maximum and minimum normal stress at two
significant section, A and B, of a circular chain ring under two equal and opposite compressive
forces whose value is P = 1 kN. The arch cross section is rectangular as it is shown in Figure 10.
The same Figure represents the location of sections A and B, the structure geometry along with the
simplified structural model, account taken of symmetry. The width of the cross section t = 0.2 m,
its depth is h/R = 2/3 while the curvature radius R is equal to 1 m; the elastic Young’s modulus is
E=1 GPa, and the Poisson’s ratio is ν = 0.2.

A reference solution is reported by Belluzzi in [34] and despite his considering both de Saint-
Venant’s and Winkler’s models it was obtained neglecting the shear strain. This approximation
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(c) horizontal force H = 10 kN

Figure 9. Cantilever circular arch with h/R = 2/3 by Winkler’s model; tip
deflection error for different load conditions.
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Table 3. Cantilever circular arch with h/R = 2/3 by Winkler’s model; mini-
mum σ− and maximum σ+ normal stress are computed at clamped end. Re-
ported numerical values are scaled by the theoretical ones.

Load case ne

p 1 2 4 8 16 32

W

R

σ+

2 1.4852 1.1113 1.0251 1.0061 1.0015 1.0004
3 1.0238 1.0093 1.0008 1.0001 1.0000 1.0000
4 1.0077 1.0008 1.0001 1.0000 1.0000 1.0000
5 1.0000 1.0002 1.0000 1.0000 1.0000 1.0000

σ−

2 0.2598 0.8339 0.9613 0.9905 0.9976 0.9994
3 0.9860 0.9881 0.9986 0.9998 1.0000 1.0000
4 0.9863 0.9986 0.9999 1.0000 1.0000 1.0000
5 0.9988 0.9996 1.0000 1.0000 1.0000 1.0000

P

R

σ+

2 1.4002 1.1945 1.0443 1.0105 1.0026 1.0006
3 1.0934 0.9987 0.9982 0.9998 1.0000 1.0000
4 0.9855 0.9943 1.0002 1.0000 1.0000 1.0000
5 0.9950 1.0004 1.0000 1.0000 1.0000 1.0000

σ−

2 0.4259 0.8190 0.9592 0.9899 0.9975 0.9994
3 0.9730 1.0108 1.0016 1.0002 1.0000 1.0000
4 1.0282 1.0053 0.9998 1.0000 1.0000 1.0000
5 1.0000 0.9994 1.0000 1.0000 1.0000 1.0000

H

R

σ+

2 0.8487 1.0194 1.0200 1.0055 1.0014 1.0004
3 1.0683 1.0264 1.0010 1.0001 1.0000 1.0000
4 1.0168 1.0022 1.0000 1.0000 1.0000 1.0000
5 1.0026 1.0002 1.0001 1.0000 1.0000 1.0000

σ−

2 0.5949 0.8519 0.9637 0.9908 0.9977 0.9994
3 0.9302 0.9899 1.0000 1.0000 1.0000 1.0000
4 1.0087 0.9967 0.9998 1.0000 1.0000 1.0000
5 0.9954 0.9987 0.9999 1.0000 1.0000 1.0000

can explain the very small differences with respect to the numerical solution: by taking a NURBS
order p = 5 and an eight-element mesh the maximum error is lower than 0.5% while the mini-
mum is 0.07%. Furthermore a closed-form solution has been obtained integrating the governing
equations: see Appendix. Both de Saint-Venant’s and Winkler’s models have been considered, the
results present negligible differences in comparison with the numerical solution.

4.3. Elliptical chain ring. The radial displacements at sections A, B (see Figure 11) of an ellipti-
cal chain ring, characterized by semi-major axis a = 2D, semi-minor axis b = 3D/2 are reported
in Table 6. The cross-section is circular with a diameter D = 0.1 m; two equal and symmetrically
placed tensile forces P = 10 kN are applied at both ends of the major axis. As usual the elas-
tic parameters are: E=1 GPa, ν = 0.2. Again, because of symmetry only a quarter of ellipse is
considered for computation (see Figure 11).

The analytical solution has been obtained integrating the governing equations. Both de Saint-
Venant’s and Winkler’s constitutive models have been considered (see Appendix for the analytical
expressions). However in the latter case, it was necessary to introduce an approximation assuming
that stiffness coefficients do not change with curvature radius.

Indeed, if the complete form of Equation (6) is taken, the resulting governing equations cannot
be integrating exactly and no closed-form solution can be reached. The proposed solution for the
Winkler’s model is therefore an approximated one; on the other hand a two-fold consideration
applies. First, since the variation of curvature radius within the structure is not so large (0.1125 ≤
R ≤ 0.2667 m) and moreover the slenderness ratio varies in a limited range (3/8 ≤ D/R ≤ 8/9), it
is expected that the variation of stiffness coefficients is suitably limited, and the error introduced
by assuming them to be constant is also suitably limited. Thus, by looking at the minima and
maxima of the stiffness coefficients it is always possible to define a suitable range bracketing
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Table 4. Cantilever circular arch: CPU time [s] spent by the codes implement-
ing both de Saint-Venant’s and Winkler’s models as functions of NURBS order,
p, and number of elements, ne.

de Saint-Venant Winkler
p p

ne 2 3 4 5 2 3 4 5

W

R

1 0.169 0.171 0.170 0.170 0.171 0.171 0.171 0.171
2 0.175 0.175 0.177 0.177 0.176 0.177 0.179 0.178
4 0.179 0.179 0.181 0.178 0.180 0.180 0.182 0.181
8 0.180 0.182 0.183 0.182 0.180 0.181 0.181 0.185
16 0.184 0.184 0.187 0.187 0.183 0.185 0.187 0.190
32 0.188 0.192 0.196 0.200 0.188 0.194 0.196 0.202

P

R

1 0.169 0.171 0.170 0.171 0.171 0.171 0.171 0.173
2 0.176 0.176 0.177 0.178 0.178 0.179 0.179 0.180
4 0.176 0.178 0.177 0.180 0.179 0.180 0.180 0.180
8 0.178 0.179 0.181 0.182 0.183 0.184 0.184 0.184
16 0.182 0.183 0.185 0.192 0.183 0.185 0.188 0.191
32 0.186 0.189 0.194 0.202 0.189 0.192 0.197 0.201

H

R

1 0.170 0.171 0.171 0.171 0.174 0.174 0.174 0.174
2 0.176 0.176 0.177 0.177 0.179 0.179 0.179 0.179
4 0.177 0.178 0.180 0.180 0.179 0.180 0.181 0.180
8 0.179 0.179 0.181 0.184 0.180 0.182 0.184 0.182
16 0.181 0.183 0.186 0.190 0.183 0.186 0.188 0.193
32 0.187 0.191 0.196 0.200 0.188 0.192 0.197 0.203

on both sides, above and below, the actual solution. Finally a possible strategy for approaching,
with an arbitrary precision, the real solution can be devised in this way: one can assume that
stiffness coefficients are constant only on each subdomains which the arch can be divided into.
The solution for each subdomain is easily computed and the complete solution can be obtained by
properly matching these partial solutions by enforcing stress and displacement continuity at each
subdomain boundary. In Table 6 the reference solutions for de Saint-Venant’s model, where the
stiffness coefficients are really constant, are exact and match perfectly the numerical ones. Instead
for the Winkler’s model, the approach outlined above has been implemented, and the maxima
and minima of the stiffness coefficients were evaluated and the corresponding solutions defined a
range encompassing the real solution. Looking at Table 6 it is apparent that the numerical solution
perfectly fits this range and this proves the accuracy of the code.

4.4. Cantilever Elliptical Arch. Tables 7-12 show the numerical results for both the classical de
Saint-Venant’s and Winkler’s approaches for the case of a cantilever elliptical arch. It is clamped
at one end and two different loading conditions are applied at the free end. These are denoted as
already presented in the case of cantilever circular arch by LC1 (bending couple, W=10 kNm) and
by LC3 (horizontal force, H=10 kN). Arch geometry data are the following: b=1 m (semi-minor
axis) a=1.5 m (semi-major axis), rectangular cross section with constant width t=0.2 m and depth
h varying in the range b/10 ≤ h ≤ 2b/3, in order to explore the influence of the slenderness
h/b. Elastic parameters are: E=1 GPa, ν=0.2. As it has been previously proved (see Table 2),
the difference between de Saint-Venant’s and Winkler’s models increase with the h/b ratio, while
when it is very small there is, practically no difference between the two models.

Radial (vertical) tip deflections (ŵ) are calculated and reported in Tables 7, 9, 11; the cor-
responding tangential (horizontal) tip displacements (û) are instead shown in Tables 8, 10, 12.
Reported values are written in dimensionless form; the corresponding actual values w and u can
be deduced by the following equations:

ŵ = 1000
w

t

(

h

b

)3

, û = 1000
u

t

(

h

b

)3

. (21)
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Table 5. Circular chain ring with rectangular cross section, h/R = 2/3: normal
stress [kPa] at sections A and B, see Figure 10. Load value is P = 1 kN. Both
de Saint-Venant’s and Winkler’s models are considered as functions of number
of elements, ne, and NURBS order, p.

de Saint-Venant Winkler
ne ne

p 2 4 8 2 4 8

σA

2 19.985 21.750 21.576 25 637 27.099 26.747
3 22.364 21.521 21.490 27 840 26.653 26.612
4 21.607 21.487 21.486 26 582 26.596 26.607
5 21.506 2.1489 21.486 26 561 26.611 26.607

Analytic 21.486 26.607
[34] 21.450 26.625

σA′

2 -17.212 -20.542 -21.257 -13.741 -16.150 -16.596
3 -20.973 -21.472 -21.484 -16.526 -16.742 -16.747
4 -21.455 -21.479 -21.486 -16.844 -16.747 -16.748
5 -21.453 -21.484 -21.486 -16.758 -16.747 -16.748

Analytic -21.486 -16.748
[34] -21.450 -16.725

σB

2 -19.672 -16.869 -16.210 -26.266 -21.719 -20.846
3 -16.226 -15.973 -16.011 -20.958 -20.539 -20.593
4 -15.840 -16.020 -16.014 -20.351 -20.606 -20.598
5 -16.019 -16.015 -16.014 -20.600 -20.599 -20.597

Analytic -16.014 -20.597
[34] -15.975 -20.625

σB′

2 6.814 8.196 8.437 6.402 6.743 6.820
3 8.559 8.527 8.515 6.971 6.858 6.855
4 8.636 8.510 8.514 6.919 6.853 6.854
5 8.502 8.514 8.514 6.844 6.855 6.855

Analytic 8.514 6.855
[34] 8.475 6.825

Table 6. Elliptical chain ring with circular cross section (diameter D = 0.1 m),
see Figure 11, a = 2D, b = 3D/2): radial tip deflection [mm] wA and wB under
the effect of two equal and opposite forces P = 10 kN. Comparison between de
Saint-Venant’s and Winkler’s solutions as functions of number of elements, ne,
and NURBS order, p.

de Saint-Venant Winkler
ne ne

p 4 8 16 32 4 8 16 32

wA

2 -0.5762 -0.5782 -0.5783 -0.5783 -0.8345 -0.8363 -0.8364 -0.8364
3 -0.5783 -0.5783 -0.5783 -0.5783 -0.8362 -0.8364 -0.8364 -0.8364
4 -0.5783 -0.5783 -0.5783 -0.5783 -0.8364 -0.8364 -0.8364 -0.8364
5 -0.5783 -0.5783 -0.5783 -0.5783 -0.8364 -0.8364 -0.8364 -0.8364

Analytic -0.5783 −0.8701 . . .− 0.8041

wB

2 0.4516 0.4531 0.4532 0.4532 0.7654 0.7664 0.7664 0.7664
3 0.4531 0.4532 0.4532 0.4532 0.7664 0.7664 0.7664 0.7664
4 0.4532 0.4532 0.4532 0.4532 0.7664 0.7664 0.7664 0.7664
5 0.4532 0.4532 0.4532 0.4532 0.7664 0.7664 0.7664 0.7664

Analytic 0.4532 0.7298 . . .0.8044
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Figure 10. Circular chain ring with rectangular cross section: geometry and
adopted structural scheme. Points A′ and B′ lie on the outer boundary (extrados),
while the corresponding points A and B are located on the inner one (intrados).

For de Saint-Venant’s model, the analytical solution has been computed by integrating the gov-
erning equations as it has been proposed in [35] and [36]; the correct solution is reported in the
Appendix. The numerical solution perfectly matches the closed-form one in this case, too.

For Winkler’s model, the authors have provided again an approximate analytical solution. As
it was said before in Section 4.3, this solution is based on the assumption that stiffness coefficients
are constant. Then, in the post processing phase their maxima and minima were evaluated and the
corresponding range, bracketing the real solution, have been identified. The numerical solution
perfectly fits, also in this case, the above mentioned range ensuring the accuracy which can be
achieved by the code.

Actually in Table 7 and 8 (corresponding to h/b=1/10) the differences between de Saint-
Venant’s and Winkler’s numerical results are practically negligible. These differences increase
to 0.5% in Table 9 and 10 (corresponding to h/b=1/5) and become quite significant in Table 11
and 12 (corresponding to h/b=2/3).

The numerical code proved to be consistent and efficient: the convergence is reached with
4 . . .8 elements for NURBS order p = 3 . . .4 or even with less elements for higher values of p.
In particular the error of the numerical solution is negligible, in both the loading cases considered
here, for ne > 2 and p > 2.

The computational time of the code implementing de Saint-Venant’s approach (left) and Win-
kler’s one (right) are reported in Table 13. The numerical code, developed in MATLAB environ-
ment (R.2013.a) has been tested on a 64-bit machine characterized by 8 GB of RAM memory, 2.6
GHz Intel Core i5 CPU. As it was done before, in order to reduce the influence of the intrinsic
CPU clock time error ten runs for each case have been performed and their average values are
reported. For the sake of synthesis, only an arch characterized by high curvature h = b/5 (on of
the more interesting in terms of differences of computational cost) has been considered. Looking
at Table 13 one can note that Winkler’s model is slower by an amount of few milliseconds in com-
parison with de Saint-Venant model; indeed in the former case the shape of the stiffness matrix
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Figure 11. Elliptical chain ring with circular cross section: geometry and
adopted structural scheme. Points A and B lie on the centroidal line.

produces equations which are more coupled than in the latter case, thus requiring a longer CPU
time.

5. Concluding remarks

This work presented the results obtained by means of NURBS-based numerical codes for
curved beams and discussed, from a qualitative and quantitative point of view, basic choices,
computational costs and numerical accuracy of two well known constitutive models. The former
is due to de Saint-Venant and assumes a diagonal constitutive matrix where elongation is related
to axial force only and, similarly, curvature is linked to bending moment only. The latter is Win-
kler’s model, which is well suited for beams with large curvature, and is based on simple kinematic
assumptions which lead to a coupling of axial and bending behaviors.

This comparison, in the authors’ opinion, shows that the computational efficiency of NURBS,
which provide a very accurate geometric description, should not be jeopardized by the use of a
simplistic representation of the constitutive relations. These are correct for straight beams and still
acceptable for slightly curved ones but not for strongly curved members, where the occurrence of
a non linear initial shape must be explicitly accounted for. Indeed, the numerical results presented
in Section 4 highlight that the differences between de Saint-Venant’s and Winkler’s models are
important only when the curvature become significant (namely, h/R > 1/5, as it has been already
shown).

The adoption of Winkler’s constitutive model instead of de Saint-Venant’s one requires a slight
increase (approximately 5 . . .7%) of the computational cost but produces a much higher increase
of accuracy (up to 30% when stress evaluation is concerned as it has been shown in Table 1) in the
case of strongly curved beams. As a consequence for an accurate isogeometric analysis of plane
curved beams with h/R > 1/5 Winkler’s constitutive model must be adopted.

Possible future developments of this research can be outlined as follows:
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Table 7. Dimensionless radial tip deflection ŵ of a cantilever elliptical arch with
h × t rectangular cross section and slenderness ratio h/b = 1/10 under bending
couple W = 1 kNm or horizontal force H = 1 kN. Comparison between de
Saint-Venant’s (dSV) and Winkler’s (W) solutions as functions of number of
elements, ne, and NURBS order, p. Actual radial tip deflection w is related to
the given one by Equation (21).

ne

p 2 4 8 16 32 64

W

b

a

dSV

2 0.2856 0.4966 0.5289 0.5310 0.5312 0.5312
3 0.5149 0.5307 0.5312 0.5312 0.5312 0.5312
4 0.5302 0.5311 0.5312 0.5312 0.5312 0.5312
5 0.5311 0.5312 0.5312 0.5312 0.5312 0.5312

Analytic 0.5312

W

2 0.4849 0.5284 0.5305 0.5306 0.5306 0.5306
3 0.5166 0.5302 0.5306 0.5306 0.5306 0.5306
4 0.5294 0.5305 0.5306 0.5306 0.5306 0.5306
5 0.5305 0.5306 0.5306 0.5306 0.5306 0.5306

Analytic 0.5296 . . .0.5312

H
b

a

dSV

2 0.1517 0.2325 0.2456 0.2464 0.2465 0.2465
3 0.2364 0.2462 0.2465 0.2465 0.2465 0.2465
4 0.2453 0.2464 0.2465 0.2465 0.2465 0.2465
5 0.2464 0.2465 0.2465 0.2465 0.2465 0.2465

Analytic 0.2465

W

2 0.2415 0.2452 0.2463 0.2463 0.2463 0.2463
3 0.2386 0.2461 0.2463 0.2463 0.2463 0.2463
4 0.2450 0.2462 0.2463 0.2463 0.2463 0.2463
5 0.2463 0.2463 0.2463 0.2463 0.2463 0.2463

Analytic 0.2460 . . .0.2468

• static analysis of more complicated shapes (lancet arch etc), like those presented in [37]
for historic masonry arches, where only de Saint-Venant’s model has been considered
until now;
• buckling problems following the way traced into [38, 39, 40, 41] and the papers cited

therein;
• dynamic analysis of curved beams in the framework of isogeometric analysis, as an ex-

tension of the works [42] and [11];
• extension to mixed-hybrid methods [43, 44, 45] which provide more accurate stress de-

scription also in the case of layered structures [46];
• mathematical model improvement, for example using a suitable damage parameter [47,

48, 49] taking into account that in some cases it leads to non-unique and non-stable solu-
tions, see [50, 51, 52]. Alternatively, there is the way proposed in [53, 54], where a two-
dimensional model for an interfacial zone is introduced and this could be used to describe
concentrated damages. Furthermore, the variational techniques presented in [55], being
adapted to dissipative phenomena, may be of used in this context. Finally, it seems attrac-
tive the application of higher continuum models as those described in [56, 57, 58, 59];
• damage detection referring to the procedure proposed by [60, 61] which considers travel-

ing loads as signal or in identification problem such as those described in [62, 63, 64, 65];
• the extension to plasticity for evaluating collapse load, see for example [66, 67, 68, 69,

70, 71].

Appendix A. some closed-form solutions

A.1. Cantilever circular arch: de Saint-Venant’s model. The closed-form solution for load
cases LC1 (bending couple, W) and LC2 (vertical force, P) are given in [33]. For the last case
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models for strongly curved beams in the frame of isogeometric analysis” Mathematics and
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Table 8. Dimensionless tangential tip displacement û of a cantilever elliptical
arch with h × t rectangular cross section and slenderness ratio h/b = 1/10 un-
der bending couple W = 1 kNm or horizontal force H = 1 kN. Comparison
between de Saint-Venant’s (dSV) and Winkler’s (W) solutions as functions of
number of elements, ne and NURBS order, p. Actual (dimensional) tangential
tip deflection u is related to the given one by Equation (21)2.

ne

p 2 4 8 16 32 64

W

b

a

dSV

2 0.1167 0.1813 0.1904 0.1910 0.1911 0.1911
3 0.1826 0.1909 0.1911 0.1911 0.1911 0.1911
4 0.1904 0.1910 0.1911 0.1911 0.1911 0.1911
5 0.1910 0.1911 0.1911 0.1911 0.1911 0.1911

Analytic 0.1911

W

2 0.1857 0.1905 0.1911 0.1911 0.1911 0.1911
3 0.1838 0.1910 0.1911 0.1911 0.1911 0.1911
4 0.1904 0.1911 0.1911 0.1911 0.1911 0.1911
5 0.1911 0.1911 0.1911 0.1911 0.1911 0.1911

Analytic 0.1909 . . .0.1915

H
b

a

dSV

2 0.0730 0.1079 0.1144 0.1147 0.1148 0.1148
3 0.1077 0.1146 0.1148 0.1148 0.1148 0.1148
4 0.1140 0.1147 0.1148 0.1148 0.1148 0.1148
5 0.1148 0.1148 0.1148 0.1148 0.1148 0.1148

Analytic 0.1148

W

2 0.1145 0.1138 0.1148 0.1148 0.1148 0.1148
3 0.1098 0.1147 0.1148 0.1148 0.1148 0.1148
4 0.1139 0.1148 0.1148 0.1148 0.1148 0.1148
5 0.1148 0.1148 0.1148 0.1148 0.1148 0.1148

Analytic 0.1147 . . .0.1150

shown in Table 2, LC3 (horizontal force, H) the solution is provided below; the same notation
already used in [33] is adopted here, too. The reference solution for LC3 is:

u = H (Rc3 (cosψ + ψ − 1) + (ψc1 − Rc3) sinψ) ,

w = H ((ψc1 − Rc3) cosψ + (c2 − c1 − Rc3) sinψ + Rc3) ,

ϕ = Hc3 (1 − ψ − cosψ) .

(22)

In Equation (22) u, w and ϕ are the tangential displacement, the radial displacement and the
cross-section rotation, respectively, expressed in terms of the angle ψ = s/R, where s is the arc-
length and R the curvature radius (see Section 2); for the sake of conciseness these compliance
coefficients have been used:

c1 =
1
2

(

R

EA
+

R

GAT

+
R3

EI

)

, c2 =
R

GAT

+
R3

EI
, c3 =

R2

EI
, (23)

where A, AT , I are respectively the cross section area, the shear area and the moment of inertia; E

and G are the Young’s modulus and the elastic shear modulus. Generalized stresses N, T and M

assume the following values:

N = H sinψ, T = H cosψ, M = HR (sinψ − 1) . (24)

A.2. Cantilever circular arch: Winkler’s model. The analytical solution for the circular arch
for the Winkler’s approach, requires the definition of some sectional characteristics. The reduced
moment of inertia is defined by:

Ir =

∫

A

y2R

R − y
dA , (25)
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Table 9. Dimensionless radial tip deflection ŵ of a cantilever elliptical arch with
h × t rectangular cross section and slenderness ratio h/b = 1/5 under bending
couple W = 1 kNm or horizontal force H = 1 kN. Comparison between de
Saint-Venant’s (dSV) and Winkler’s (W) solutions as functions of number of
elements, ne and NURBS order, p. Actual radial tip deflection w is related to
the given one by Equation (21).

ne

p 2 4 8 16 32 64

W

b

a

dSV

2 0.4280 0.5216 0.5306 0.5311 0.5312 0.5312
3 0.5248 0.5310 0.5312 0.5312 0.5312 0.5312
4 0.5309 0.5312 0.5312 0.5312 0.5312 0.5312
5 0.5311 0.5312 0.5312 0.5312 0.5312 0.5312

Analytic 0.5312

W

2 0.5162 0.5279 0.5287 0.5287 0.5287 0.5287
3 0.5233 0.5286 0.5287 0.5287 0.5287 0.5287
4 0.5284 0.5287 0.5287 0.5287 0.5287 0.5287
5 0.5287 0.5287 0.5287 0.5287 0.5287 0.5287

Analytic 0.5248 . . .0.5314

H
b

a

dSV

2 0.2115 0.2436 0.2471 0.2473 0.2473 0.2473
3 0.2443 0.2472 0.2473 0.2473 0.2473 0.2473
4 0.2469 0.2473 0.2473 0.2473 0.2473 0.2473
5 0.2473 0.2473 0.2473 0.2473 0.2473 0.2473

Analytic 0.2473

W

2 0.2448 0.2464 0.2467 0.2467 0.2467 0.2467
3 0.2445 0.2466 0.2467 0.2467 0.2467 0.2467
4 0.2462 0.2466 0.2467 0.2467 0.2467 0.2467
5 0.2467 0.2467 0.2467 0.2467 0.2467 0.2467

Analytic 0.2455 . . .0.2486

where y is a coordinate measured along one of the principal inertia axis of the cross section. The
reduced effective shear area is:

AT r =















∫

A

R2

t2(R − y)2

(

S r

Ir

− Ω
RA

)2

dA















−1

, (26)

where t is the cross section width, Ω is the portion of the cross section area lying below the value
of y and S r represents the reduced first moment of inertia referred to Ω:

S r =

∫

Ω

yR

R − y
dΩ , (27)

A.2.1. Load case 1, LC1. In this case the analytical solution when a bending couple W (LC1) is
acting at the free end is:

u = W
(

c⋆3 (ψ − sinψ) + c⋆1ψ
)

,

w = Wc⋆3 (1 − cosψ) ,

ϕ = −W
c⋆3 + c⋆1

R
ψ .

(28)

The same symbols already used for Equation (22) are adopted here, too. Compliance coefficients
c⋆1 , c⋆2 and c⋆3 are instead given by:

c⋆1 =
1

EA
, c⋆2 =

1
2GAT r

, c⋆3 =
R2

EIr

. (29)

Generalized stresses N, T and M assume the following values:

N = 0 , T = 0 , M = W . (30)
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Table 10. Dimensionless tangential tip displacement û of a cantilever elliptical
arch with h × t rectangular cross section and slenderness ratio h/b = 1/5 un-
der bending couple W = 1 kNm or horizontal force H = 1 kN. Comparison
between de Saint-Venant’s (dSV) and Winkler’s (W) solutions as functions of
number of elements, ne and NURBS order, p. Actual (dimensional) tangential
tip deflection u is related to the given one by Equation (21)2.

ne

p 2 4 8 16 32 64

W

b

a

dSV

2 0.1638 0.1885 0.1909 0.1911 0.1911 0.1911
3 0.1885 0.1910 0.1911 0.1911 0.1911 0.1911
4 0.1909 0.1911 0.1911 0.1911 0.1911 0.1911
5 0.1911 0.1911 0.1911 0.1911 0.1911 0.1911

Analytic 0.1911

W

2 0.1905 0.1912 0.1914 0.1914 0.1914 0.1914
3 0.1893 0.1913 0.1914 0.1914 0.1914 0.1914
4 0.1912 0.1914 0.1914 0.1914 0.1914 0.1914
5 0.1914 0.1914 0.1914 0.1914 0.1914 0.1914

Analytic 0.1903 . . .0.1927

H
b

a

dSV

2 0.1026 0.1154 0.1171 0.1172 0.1172 0.1172
3 0.1152 0.1172 0.1172 0.1172 0.1172 0.1172
4 0.1170 0.1172 0.1172 0.1172 0.1172 0.1172
5 0.1172 0.1172 0.1172 0.1172 0.1172 0.1172

Analytic 0.1172

W

2 0.1174 0.1171 0.1174 0.1174 0.1174 0.1174
3 0.1160 0.1173 0.1174 0.1174 0.1174 0.1174
4 0.1171 0.1174 0.1174 0.1174 0.1174 0.1174
5 0.1174 0.1174 0.1174 0.1174 0.1174 0.1174

Analytic 0.1169 . . .0.1184

A.2.2. Load case 2, LC2. The analytical solution for the circular arch under a vertical force P

(LC2) acting at the free end is:

u =
1
2

PR
(

c⋆3 + 2c⋆2

)

(sinψ − ψ cosψ) ,

w =
1
2

PR
(

c⋆3 + 2c⋆2

)

ψ sinψ ,

ϕ = −Pc⋆3 sinψ .

(31)

The same definition of compliance coefficients given by Equation (29) applies here, too. General-
ized stresses N, T and M assume in this case the following values:

N = −P cosψ, T = P sinψ, M = −PR cosψ . (32)

A.2.3. Load case 3, LC3. For the same circular arch, the analytical solution when a horizontal
force H (LC3) acts at the free end is the following:

u = HR

(

(

c⋆1 + c⋆3

)

ψ − c⋆3 + c⋆3 cosψ −
(

c⋆3 −
(

c⋆2 +
c⋆3

2

)

ψ

)

sinψ

)

,

w = HR

(

c⋆3 +

((

c⋆2 +
c⋆3

2

)

ψ − c⋆3

)

cosψ +

(

c⋆2 −
c⋆3

2

)

sinψ

)

,

ϕ = H
(

c⋆3 −
(

c⋆1 + c⋆3

)

ψ − c⋆3 cosψ
)

.

(33)

Compliance coefficients c⋆1 , c⋆2 , c⋆3 are again defined by Equation (29) while generalized stresses
N, T and M assume now the following values:

N = H sinψ , T = H cosψ , M = HR (sinψ − 1) . (34)
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Table 11. Dimensionless radial tip deflection ŵ of a cantilever elliptical arch
with h× t rectangular cross section and slenderness ratio h/b = 2/3 under bend-
ing couple W = 1 kNm or horizontal force H = 1 kN. Comparison between
de Saint-Venant’s (dSV) and Winkler’s (W) solutions as functions of number of
elements, ne and NURBS order, p. Actual radial tip deflection w is related to
the given one by Equation (21)1.

ne

p 2 4 8 16 32 64

W

b

a

dSV

2 0.5185 0.5302 0.5311 0.5312 0.5312 0.5312
3 0.5301 0.5312 0.5312 0.5312 0.5312 0.5312
4 0.5312 0.5312 0.5312 0.5312 0.5312 0.5312
5 0.5312 0.5312 0.5312 0.5312 0.5312 0.5312

Analytic 0.5312

W

2 0.5024 0.5030 0.5030 0.5030 0.5030 0.5030
3 0.5021 0.5030 0.5030 0.5030 0.5030 0.5030
4 0.5030 0.5030 0.5030 0.5030 0.5030 0.5030
5 0.5030 0.5030 0.5030 0.5030 0.5030 0.5030

Analytic 0.4581 . . .0.5334

H
b

a

dSV

2 0.2545 0.2584 0.2587 0.2587 0.2587 0.2587
3 0.2583 0.2587 0.2587 0.2587 0.2587 0.2587
4 0.2586 0.2587 0.2587 0.2587 0.2587 0.2587
5 0.2587 0.2587 0.2587 0.2587 0.2587 0.2587

Analytic 0.2587

W

2 0.2525 0.2524 0.2523 0.2523 0.2523 0.2523
3 0.2522 0.2523 0.2523 0.2523 0.2523 0.2523
4 0.2523 0.2523 0.2523 0.2523 0.2523 0.2523
5 0.2523 0.2523 0.2523 0.2523 0.2523 0.2523

Analytic 0.2376 . . .0.2772

A.3. Circular chain ring. The analytical solution of the circular chain ring (see Figure 10) un-
der two opposite compressive forces, presented in Section 4.2 has been obtained integrating the
governing differential equations: see Equation (2) and Equation (3) for both de Saint-Venant’s and
Winkler’s models.

A.3.1. de Saint-Venant’s model. For this case bending moment and axial force are given by:

M = PR

(

2
π
− cosψ

)

, N = −P cosψ . (35)

where R, P and ψ are shown in Figure 10.
Finally the normal stress expression is obtained by Navier’s formula:

σ =
N

A
+

M

I
y , (36)

where A is the cross section, I the moment of inertia and y is the position where the stress is
evaluated.

A.3.2. Winkler’s model. In this case the expressions of bending moment M and axial force N are:

M = PR

(

2AR2

π
(

AR2 + Ir

) − cosψ

)

, N = −P cosψ . (37)

where Ir is the reduced moment of inertia, defined above in Equation (25). While axial force is
equal for both models, bending moment has a more complicated expression in this case. Also
normal stress, which now takes into account the effect of the curvature has a more involved form:

σ =
N

A
− M

(

1
RA
− Ry

Ir (R − y)

)

. (38)
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Table 12. Dimensionless tangential tip displacement û of a cantilever elliptical
arch with h × t rectangular cross section and slenderness ratio h/b = 2/3 un-
der bending couple W = 1 kNm or horizontal force H = 1 kN. Comparison
between de Saint-Venant’s (dSV) and Winkler’s (W) solutions as functions of
number of elements, ne and NURBS order, p. Actual (dimensional) tangential
tip deflection u is related to the given one by Equation (21)2.

ne

p 2 4 8 16 32 64

W

b

a

dSV

2 0.1883 0.1908 0.1910 0.1911 0.1911 0.1911
3 0.1908 0.1911 0.1911 0.1911 0.1911 0.1911
4 0.1910 0.1911 0.1911 0.1911 0.1911 0.1911
5 0.1911 0.1911 0.1911 0.1911 0.1911 0.1911

Analytic 0.1911

W

2 0.1950 0.1942 0.1941 0.1941 0.1941 0.1941
3 0.1941 0.1941 0.1941 0.1941 0.1941 0.1941
4 0.1941 0.1941 0.1941 0.1941 0.1941 0.1941
5 0.1941 0.1941 0.1941 0.1941 0.1941 0.1941

Analytic 0.1821 . . .0.2092

H
b

a

dSV

2 0.1490 0.1504 0.1506 0.1506 0.1506 0.1506
3 0.1504 0.1506 0.1506 0.1506 0.1506 0.1506
4 0.1505 0.1506 0.1506 0.1506 0.1506 0.1506
5 0.1506 0.1506 0.1506 0.1506 0.1506 0.1506

Analytic 0.1506

W

2 0.1548 0.1547 0.1547 0.1547 0.1547 0.1547
3 0.1546 0.1547 0.1547 0.1547 0.1547 0.1547
4 0.1547 0.1547 0.1547 0.1547 0.1547 0.1547
5 0.1547 0.1547 0.1547 0.1547 0.1547 0.1547

Analytic 0.1470 . . .0.1686

Table 13. Cantilever elliptical arch: CPU time [s] spent by the codes imple-
menting both de Saint-Venant’s and Winkler’s models as functions of NURBS
order, p and number of elements, ne.

de Saint-Venant Winkler
p p

ne 2 3 4 5 2 3 4 5

W

b

a

2 0.178 0.178 0.179 0.179 0.188 0.191 0.194 0.194
4 0.178 0.178 0.179 0.181 0.190 0.193 0.194 0.194
8 0.179 0.181 0.182 0.181 0.192 0.193 0.196 0.196

16 0.181 0.183 0.186 0.190 0.194 0.197 0.197 0.202
32 0.187 0.188 0.195 0.199 0.196 0.204 0.208 0.213
64 0.195 0.201 0.212 0.221 0.207 0.220 0.229 0.237

H
b

a

2 0.177 0.178 0.178 0.179 0.185 0.185 0.185 0.189
4 0.177 0.177 0.180 0.182 0.185 0.185 0.186 0.189
8 0.180 0.180 0.180 0.185 0.186 0.186 0.188 0.192

16 0.181 0.182 0.187 0.188 0.189 0.189 0.194 0.198
32 0.189 0.191 0.195 0.201 0.194 0.196 0.203 0.206
64 0.199 0.206 0.212 0.222 0.205 0.212 0.224 0.238

A.4. Elliptical chain ring. The analytical solution of the elliptical chain ring under two opposite
tensile forces, see Figure 11, which was presented in Section 4.3, has been obtained by integrating
the relevant governing equations. Ellipse geometry is described by semi-major axis, a and semi-
minor axis, b; once these are given, eccentricity, e, complementary eccentricity, e′ and the ratio of
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semi-axes, d, are defined as:

e =

√

1 −
b2

a2
, e′ =

√

a2

b2
− 1 , d =

b

a
=
√

1 − e2 . (39)

It can be easily checked, by using (39), that e′ = e/d. Moreover the solution involves the complete
elliptic integrals, of the first kind (see [72] and [73]):

K = K(k) = F

(

k,
π

2

)

=

∫ π/2

0

dθ
√

1 − k2 sin2 θ
, (40)

and of the second kind (see [72] and [73]):

Ē = Ē(k) = E

(

k,
π

2

)

=

∫ π/2

0

√

1 − k2 sin2 θ dθ , (41)

where F (k, φ) and E (k, φ) are the incomplete elliptic integrals of the first and of the second kind,
respectively, see [72].

In the sequel, taking into account that k = e, equations (40), (41) provide:

Ē = Ē(e) K = K(e) . (42)

A.4.1. de Saint-Venant’s model. Referring to Figure 11, the radial displacement at point A is:

wA =
Pa

2e2

(

(C1 − C2)Kd2 +
(

C2d2 −C1

)

Ē +
C3d2

3

(

Kd2 − Ē
(

e2 + 1
)

+

+
3

4Ē

(

(

tan−1e′
)2
+ 2de tan−1e′ + d2e2

)

))

.

(43)

The radial displacement at point B (see Figure 11) yields:

wB =
Pa

2e2

(

(C2 −C1)
(

d − d2
)

+
C3d

4Ē

(

(

de + tan−1e′
) (

e + d2 tanh−1e
)

−
4Ē

3

(

1 − d3
)

))

(44)

The compliance coefficients appearing in Equations (43) and (44) are defined in the following
way:

C1 =
1

EA
, C2 =

1
GAT

, C3 =
a2

EI
. (45)

A.4.2. Winkler’s model. The expression of the radial displacement at point A is:

wA =
Pa

12e2

(

2C⋆
1

(

d2
(

e2 + 8
)

K − d2eη
(

d2 − 1
)

−
(

d2
(

2e2 + 5
)

+ 3
)

Ē
)

+

+6C⋆
2 d2

(

Ē − K
)

+C⋆
3 d2

(

2d2K −
3dη

2

(

de + tan−1e′
)

− 2
(

e2 + 1
)

Ē

))

,

(46)

where dimensionless coefficients λ, η, which are defined as:

λ =
a2A

Ir

=
C⋆

3

C⋆
1

; η =
4e3 − 3d2eλ − 3dλ tan−1 e′
(

d2(3λ + 2) + 2
)

Ē − d2K
, (47)

express the coupling between bending and axial force. For point B, the radial displacement is
instead:

wB =
Pa

24e2

(

4C⋆
1

1 + d2

(

d4
(

2e2 + eη + 7
)

− 2d5 − 8d3 + d2
(

2e4 + e2 + 9
)

− 6d − e
(

η − 2e3
))

+

+12C⋆
2 d(1 − d) + C⋆

3 d
(

4d3 − 3dη
(

d2 tanh−1e + e
)

− 4
))

.

(48)

In Equations (46) and (48) there appear compliance coefficients C⋆
1 , C⋆

2 and C⋆
3 , which are given

by:

C⋆
1 =

1
EA

, C⋆
2 =

1
GATr

, C⋆
3 =

a2

EIr

. (49)

Coefficients C⋆
1 and C⋆

3 take into account axial and bending compliance (which are coupled in
Winkler’s model) while C⋆

2 is related to shear compliance; they are all functions of the curvature
radius R.
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Obviously in an ellipse, the curvature radius is variable; in this case the provided solution is
an approximated one, since constant values of C⋆

1 , C⋆
2 , C⋆

3 have been considered when integrat-
ing the governing equations. In order to find upper and lower bound to the actual solution, the
maximum and the minimum value of each coefficient have been computed and the corresponding
minimum and maximum displacement have been obtained. This issue has been discussed detail
in Section 4.3.

A.5. Cantilever elliptical arch. Also in this case the closed-form solution have been computed
for both models and for the two considered loading conditions (LC1, bending couple W, and LC3,
horizontal force H).

A.5.1. de Saint-Venant’s model. For LC1, at free end, see Table 7, the radial (w) and tangential
displacements (u) are:

w =
W

2e
C3

(

e + d2 tanh−1e
)

,

u =
W

2e
C3 d

(

2Ē e − de − sin−1 e
)

.

(50)

The same procedure leads to the radial w and tangential u tip displacements under an horizontal
force H (LC3) acting at the free end:

w =
Had

e2

(

(C2 −C1)(1 − d) +
C3d2

6

(

3e tanh−1e − 2 (1 − d) + e′2
)

)

,

u =
Ha

e2

(

C1

(

Ē − d2K
)

+C2d2
(

K − Ē
)

− C3d2

3

(

d2K + 3e
(

de + tan−1e′
)

−
(

4e2 + 1
)

Ē
)

)

.

(51)

Geometry descriptors e, e′, d are the same appearing in Equation (39) (where a and b respectively
are the semi-major and semi-minor axis of the ellipse), while compliance coefficients C1, C2, C3

have been already defined in Equation (45).

A.5.2. Winkler’s model. The solution of this problem by Winkler’s models leads to a more com-
plicated formulation with stiffness coefficients that vary with the curvature radius. The same
procedure already outlined in Section A.4.2 has been adopted also in this case. Now the radial w

and tangential tip displacements u for LC1 are:

w = W













2C⋆
1 e2

3d2
+

C⋆
3

2e

(

e + d2 tanh−1e
)













,

u = W

(

C⋆
1

3d

(

2
(

d2 + 1
)

Ē + d
(

2e2 − dK
))

−
C⋆

3 d

2e

(

de − 2eĒ + sin−1e
)

)
(52)

The same procedure leads to the the radial w and tangential u tip displacements due to a horizontal
force H (LC3), acting at the free end, according to Winkler’s constitutive model:

w =
Ha

6de2

(

4C⋆
1

(

4d − 3de2 + 5e2 − 4
)

+ 6C⋆
2 d

(

d − d2
)

+

−C⋆
3 d2

(

e2(2d − 3) − 3d2e tanh−1e − 2d + 2
))

u =
Ha

3e2

(

C⋆
1

(

4de4 −
(

4e4 − e2 − 8
)

Ē + 2
(

e4 + 3e2 − 4
)

K
)

− 3C⋆
2 d2

(

Ē − K
)

+

−C⋆
3 d2

(

d2K + 3e
(

de + sin−1e
)

−
(

4e2 + 1
)

Ē
))

.

(53)
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