RILEM

RILEM Technical Letters (2023) 8: 79-93
https://doi.org/10.21809/rilemtechlett.2023.178

technical letters

MiEm

Thermal conductivity of porous building materials: An exploration of
new challenges in fractal modeling solutions

Marta Cappail, Giorgio Pial*

! Dipartimento di Ingegneria Meccanica, Chimica e dei Materiali, Universita degli Studi di Cagliari, Cagliari, Italy

Received: 23 May 2023 / Accepted: 25 September 2023 / Published online: 23 November 2023
© The Author(s) 2023. This article is published with open access and licensed under a Creative Commons Attribution 4.0 International License.

Abstract

The improvement in the insulation material performance is one of the recent crucial problems. The energy consumption in the construction and buildings
field has a significant impact on the society and the environment. For these reasons, researchers have focused on studying their thermal behaviour in order
to improve fabrication methods and material design structures. In this sense, a great contribution has been offered by the modeling procedures. A
remarkable attention has been dedicated to the application of fractal geometry which seems to be a promising method to replicate the porous structures
as well as to predict the effective thermal conductivity. In this paper, a review of different modeling procedures is presented, comparing both traditional
and fractal theory-based approaches. Fractal models demonstrate high reliability in reproducing experimental data under various conditions, including dry
and moist systems. This is further enhanced by the application of recursive formulas, which streamline calculations even for complex porous
microstructures. The choice between one model and another depends on the specific characteristics of the materials under study. In all cases, the versatility

of the analytical procedures enables one to achieve a remarkable agreement with experimental data.
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1 Introduction

Energy consumption in the construction materials is a crucial
point for this field [1-4]. Their constant growth is ascribable
to different factors such as the increase in the world
population and the improvement of the life-style standard in
the residential or workplace buildings [5-7]. In EU, 40% of the
energy is consumed by buildings which are also responsible
for the 36% greenhouse gas emissions [8—12]. In addition to
construction, renovation and demolition, a large quantity of
this energy is dedicated to everyday use, especially for
heating and cooling rooms and spaces. Indeed, the thermal
management strongly influences the environment pollution,
economic strategies and living standards [13—15]. This
situation is made more complex by global geopolitical crisis
which increases the cost of energy and the environmental
safeguard target which promises to decrease the emissions of
greenhouse gases [16]. As an example, comparing the first
half of 2021 and 2022, average electricity and gas prices
increased brusquely from 22.0 € to 25.3 € per 100 kWh and
from 6.4 € to 8.6 € per 100 kWh respectively. The largest
increase in the electricity price has been recorded in: Czechia
+62%; Latvia +59%; and Denmark +57%, while the greatest
increase in gas price is registered in: Estonia +154%; Lithuania
+110%; and Bulgaria +108% [16]. Although the price of energy
is currently decreased, it mainly depends on the decision of
EU Member States to reduce the tax burden. This clearly helps
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us understand how fragile the structure is. Additionally, this
system is subject to significant fluctuations that have an
immediate impact on society [16].

At the same time, the lifestyle and environmental comfort
require an increasingly higher energy consumption that
hinders the fight against greenhouse gas emissions and
climate change. In spite of the constant efforts, a step forward
has still to be taken to achieve zero-emissions of greenhouse
gases by 2050 as recommended by European Green Deal
which has the ambition to transform Europe into a modern,
energy and resource-efficient and economically competitive
continent [8-12].

After these premises, the importance of the construction
materials sector becomes evident from an energy
perspective, both in terms of their production and
implementation, as well as the actual savings resulting from
their improved insulation performance. In this regard, it is
clear that research interest is focusing on the development of
innovative materials with modified structures, through the
study of raw material mix design and manufacturing
processes, to achieve superior thermal characteristics. An
example of this is represented by binderless cotton stalk
fiberboard aerogels, vacuum insulation panels, sustainable
porous-insulation concrete, thermal insulation plasters,
polystyrene-date palm, high-performance wood, phase
change materials [17-22].
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However, the complex production process leads to high costs,
thus limiting their widespread utilization. Additionally, due to
their limited mechanical strength, these systems can only be
used in conjunction with structural materials, which often
diminishes their performance [23].

It is imperative to highlight that significant results could be
achieved via the improvement of construction materials'
performance since they heavily influence the consumption of
a considerable amount of energy [24-27]. For this reason,
scientific research has laid emphasis on improving the energy
efficiency and integration, technological development,
industrial symbiosis, sustainability and durability besides
paying a special attention to porous materials [23,27-31].

They are used in different fields such as industrial and
engineering sectors with different applications in which
porosity plays an important role; to influence heat transfer
[32]. This complex aspect is regulated differently in the steady
state and transient situations respectively by materials’
thermal conductivity and a combination of thermal
conductivity and specific heat capacity [32].

In general, the air trapped in the pores has a lower thermal
conductivity as compared to the solid phase [33-35]. For this,
porosity makes heat transfer difficult and consequently it
influences the effective thermal conductivity of porous
materials, resulting in lower than equivalent in bulk version.
Moreover, the pore fraction (g) is only an aspect of porosity
capable of altering material’s thermal conductivity. Other
features are represented by pore size range, pore size
distribution, pore capillary tortuosity, microstructure
morphology and topology [36-39].

On one hand, traditional building materials are largely porous
(rocks, ceramics, mortars and concretes). On the other hand,
the fraction of voids, the morphology of the structures, the
tortuosity of the capillaries etc. are intrinsic aspects of the
materials and result from the production processes as they
are. For this reason, greater control of porosity through the

- Parallel and series models [47]

design of microscopic structures can lead to improved
thermal insulation performance [36—-39].

In this sense, the research in materials science and technology
fields is constantly investigating the relationship between
structure and thermal properties. A step forward is
represented by different modeling approaches which can
facilitate the comprehension of physical phenomena and
improve material performances by new design strategies for
fabricating porous material topologies [40—-43].

In particular, over the last decades, fractal geometry has been
used to construct models aimed at predicting thermal
behaviour of different porous materials [44-46]. Based on
self-similar geometry and recursive algorithms, they
represent an intriguing challenge to represent the
morphology of porous materials as well as to set up new
simplified analytical procedures for calculating effective
thermal conductivity.

Traditional models and new fractal modeling have been
considered for studying heat transfer in porous systems.
Calculations have been compared with experimental data in
order to highlight their reliability and peculiarity.

2 Traditional models

Relevant studies have been carried out in order to predict
thermal behaviour of porous materials, resulting in a great
number of analytical models capable of calculating the
effective thermal conductivity. Many of these are formalised
for specific systems and their reliability is related to given
materials. Often their generalisation is applicable by using
empirical parameters.

However, other models are reference points for studying heat
transfer in porous media and they present analytical formulas
in function of solid and fluid thermal conductivity (k, kf)
values and density (¢) or pore fraction (g).

The most used are represented by:

kparallel = @k + - (p)kf (1)
kseries = ﬁ (2)
kg +k_s

- Hashin and Shtrikman bounds [48]

kyg: =

kMEZ -

- The EMT equation (proposed by Carson et al. [49])
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(5)

4

- The Ashby model [50], developed especially for solids with high porosity such as foams and lattices
1
Kasnvy = 3 [(1—¢) +2(1 — &)¥3]ks + ¢k, (6)

- The Krupiczka model [51], designed for the study of packed beds of spherical particles

ks
k= (1

)0.280.757 log £~0.057 log(ks/kf)

(7)
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- The Revil model [52] elaborated for unconsolidated sediments
k _m_
ke=—ff5+0.5(1—ﬁ) 1- f =emm (8)
" kr kg

Where m is the cementation exponent equal to m=1/(1-L)
and L is the depolarization factor [53].

In order to compare the calculations with experimental data
presented in literature, dimensionless thermal conductivity,
obtained by models, is calculated as

Khoa = 2t )

kg

In Fig. 1 and 2, a comparison between experimental data
obtained by literature (Ma et al. [54], Goual et al. [55], Jin et
al. [56] and Shen et al. [57]) and traditional model calculations
has been made. In particular, it is possible to see that
experimental data only partially agree with predictions.
Moreover, it is evident that the selection of the most
appropriate model to be used is not pre-determinable. This
fact becomes even more important while considering the
significant variations in the range of predictions calculated by
different models. For this reason, researchers have focused
on developing generalisable models characterised by greater
versatility in relation to the materials’ structures.

An intriguing challenge is represented by the application of
fractal geometry to obtain analytical procedures for
calculating thermal conductivity.
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Figure 1. Comparison between experimental data reported in Ma et
al. [54] and models trends: series, ME1, EMT, ME2, parallel, Ashby,
Krupiczka and Revil.

3  Whatis a fractal geometry?

For porous materials, including building materials, there are
different analytical and numerical procedures [18-24] for
obtaining theoretical calculation of thermal conductivity. At
present, a novelty is represented by the focus of this review,
the application of fractal geometry to materials’
microstructure [58]. For this, an introduction to fractal
geometry is necessary.

Euclidian geometry is based on regular figures which are not
capable of describing the shapes of nature. It is easy to
recognise that “Clouds are not spheres, mountains are not
cones, coastlines are not circles and bark is not smooth, nor
does lightning travel in a straight line...” [59]. Indeed, all these
and many other systems in nature are irregular and
fragmented and exhibit a high degree of complexity that
repeats itself at various observation scales.

Consequently, for studying and understanding, the intricate
natural sets and phenomena need to be represented by a
more realistic geometry. According to Maldelbrot, a relevant
response arrives from Fractal geometry, formalised in 1975,
which has been applied in a remarkable number of different
fields. It is based on geometrical figure called fractals (from
the Latin fractus: broken, jagged etc.; synonyms of
irregularity) which have specific characteristics [59]. The most
important is certainly the different concept of dimension.
Contrary to Euclidian geometry in which dimensions are
integer, fractals can have a fractional dimension. Moreover,
fractals are obtained by iterative process, have an intricate
and self-similar structure over a wide dimensional range and
are not easily describable with traditional geometrical or
analytical methods. The Sierpinski carpet is a well-known
example of fractal figure (Fig.3a).
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Figure 2. Comparison between experimental data reported in Goual et al. [55] (A), Jin et al. [56] (0), Shen et al. [57] (0) and models prediction:
(a) series, (b) parallel, (c) ME1, (d) ME2, (e) EMT, (f) Ashby, (g) Krupiczka, (h) Revil. The dot line represents the perfect correlation between
experimental and model data.
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All these features are typical of deterministic fractals which
are constructed by using a specific procedure (Fig.3a).
However, it is also possible to obtain non-deterministic fractal
(random fractal) aimed at representing more realistic
phenomena (Fig. 3b).

i=0

Figure 3. Deterministic (a) and randomised (b) Sierpinski carpet.

4  General application of fractal geometry during
last two decades

Fractal geometry is applied in several areas such as
mathematics, urban grow description, medical diagnoses,
image compression and resolution, high performance multi-
band device design, art, economy and materials science
[59,60].

In the materials science, fractal modeling is used to represent
microstructure as well as to formalise analytical expression
aimed at understanding or predicting physical phenomena
[59,60]. This is highlighted by a relevant and growing number
of papers published based on fractal issues in materials
science and engineering during the last 20 years (Fig.4).
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Figure 4. Papers published during last 20 years in which fractal

modeling are presented for understanding physical phenomena. Data
are acquired using Scopus.

The porous materials, their structure (pore fraction, pore size
range, pore size distribution, capillary tortuosity and specific
surface) and relative properties deserve a significative
application. Some studies are reported as an example.

Xu et al. carried out a study to highlight how the morphology
of soils influences water percolation into the pore structure
arrangement. The calculations done by fractal function result
in good agreement with experimental ones [61]. Wei et al.
proposed the Cayley fractal tree model to describe the
formation of chainlike silver nanostructure synthesised via a
simple solvothermal process [62]. Pyun et al. investigated
fractal features of mesoporous electrodes obtained by
imprinting mesophase pitch which are used as a
carbonaceous precursor and present diverse colloidal silica
particles. It has been shown that fractal dimension can give
data about porous structure. Specifically, fractal dimension
(acquired by TEM micrographics image analysis) decreases
when carbon specimen pores agglomerate [63]. Arandigoyen
et al. focused their attention on the study of cement-lime
mortars pore structure and mechanical properties by
considering pore volume fraction, pore size distribution and
fractal dimension [64,65]. Atzeni et al. calculated fractal
dimensions of vesicular basalts and used these values such as
specific parameter in a fuzzy model for obtaining mechanical
properties classification [66]. Patra et al. observed porous
microstructure evolution during sintering process of porous
titania, highlighting a primary fractal structure which
gradually lost with increase of temperature [67]. Sanyal et al.
described the dendritic network in alloy solidification by using
fractal geometry. The proposed fractal model has been
capable of calculating effective permeability values of a lead-
tin alloy fitting very well the experimental data [68]. Yu et al.
carried out a deep study on the relationships between porous
features and mass transfer by formalising new fractal models.
Comparison between experimental and calculated data is in
good agreement [69-74]. Tang et al. fabricated specimens
based on stainless steel powder with recursive features. They
observed a gradual increase in fractal dimension when
porosity increases and proposed an analytical expression
capable of correlating fractal dimension, porosity and
magnification [75]. Buiting et Al. formalised a fractal tubular
bundle model, in which pore sizes (diameters) are related to
their lengths for calculating permeability of limestones [76].
In addition to phenomenological description of porous
structures, fluid flow and mechanical properties, a great
attention has been paid to understand heat transfer by using
fractal concepts. Pia and Sanna proposed an intermingled
fractal units model for studying the effect of materials
topology on thermal conductivity [77-79]. Miao et al.
proposed a model for calculating axially effective thermal
conductivity in saturated dual porosity systems. It has been
found that heat transfer is function of morphological
characteristics such as pore volume fraction, pore tortuosity,
fractal dimension of matrix, fractal orientation and thermal
materials properties. Generally, the increase in effective
thermal conductivity is related to the increase in ratio
between thermal conductivity of solid and fluid phase (ks/kf)
[80]. Deng et al. presented a fractal model for studying
melting behaviours in metal foams. The approach allows to
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find that porous media characterised by lower fractal
dimensions facilitate melting heat transfer [81]. Wang et al.
proposed a fractal procedure to describe thermal behaviour
of moist porous building materials in which the coexistence of
solid-liquid-gas thermal conductivity and capillary structure is
taken into account. They found that thermal conductivity
increases when saturation of media increases and fractal
dimension of tortuosity and fractal dimension decrease [82].
Qin et al. proposed a new fractal model for saturated and
unsaturated engineering materials. The calculation of the
analytical expressions shows a great capacity to reproduce
effective thermal conductivity experimental data in different
conditions [83,84]. Yu et al. proposed a work in which full-
scale Rosseland diffusion equation and fractal thermal
modeling are combined. By considering a large quantity of
aspects such as cell size, pore shape, specific surface area,
pore volume fraction, temperature, refractive index etc., they
formalised an analytical procedure aimed at representing
experimental results. In particular, the obtained data made
evident that thermal conductivity decreases when extinction
index, structure volume and specific surface increases, while
it decreases when temperature increases [85].

One aspect still debated is inherent in calculating the fractal
dimension of porous systems. In this regard, Wood [86]
published a paper in which he compares different methods
for obtaining the fractal dimension. The common data
sources are the isotherms obtained from gas adsorption
experiments. The methods presented are Frenkel-Halsey-Hill
(FHH), Neimark (NM), and Wang and Li (WL), along with their
respective equations [86].

The FHH model [86,87] is based on the proportionality
between the layer of gas adsorbed on the pore surfaces and
the fractal dimension of these surfaces. This correlation is
tested at different relative pressures as a part of the isotherm.
InN=a+ (D -3)In(—1InX) (10)
Where N is the volume of adsorbate adsorbed by the sample,
ais a constant, D is the fractal dimension, and Xis equal to the
ratio P/P,, a dimensionless relative pressure. This ratio
represents the equilibrium pressure (P) of the porous sample
for each pressure increment measured as part of the
isotherm divided by the saturation pressure of nitrogen at 77
K (Po).
The scatter plot developed, considering InN vs In(-InX), allows

the fractal dimension D to be identified by adding the slope of
the line to the value 3.

The NM [86,88] model allows to calculate the fractal
dimension from Eq. 11

InS=k—-(D—-2)Inr (11)
Where k is a constant, S is the relates the surface area and is

obtained by using the Kiselev relationship, and the pore radius
ris determined through Kelvin's relationship [86].

Both relationships (Kiselev and Kelvin) can be solved by
considering the slope and exponent of the best-fit curve
obtained from the N vs. InX graph, obtaining S and r,
respectively [86].

By examining the InS vs. Inr plot, D is determined by
subtracting the negative slope of the best linear fit for that line
from 2.

The WL [86,89] model enables the calculation of the fractal
dimension using Eq. 12
InA(X) =1+ DInB (X) (12)

D is the slope of the equation of a line expressed in Eq. 12, [ is
constant, and A and B are equal to:

- (Nmax |, xan(x)
AX) = N(X)rT (13)
1
B(X) = T)() (14)

Egs. 13 and 14 can be solved, as in the NM technique, by the
Kiselev and Kelvin relations.

5 Fractal models for thermal

conductivity

predicting

In this review, different fractal models are reported in order
to show the relationships between structures and thermal
behaviour in porous materials. The choice to present the
following models allows us to highlight the versatility of
formal analytical procedures through the use of fractal
geometry. Models proposed below, starting from similar
geometrical construction, can be generalised for different
microstructures of materials and various conditions in which
they may be found.

5.1 A self-similarity model for effective
thermal conductivity of porous media by
Ma et al.

A relevant study on the effective thermal conductivity of
granular and composite materials or composed by sphere
dispersed cells was conducted by Ma et al. [54]. Their
analytical procedure was based on the fact that porous
materials have fractal features and recursive structures.
Statistical methods and iteration process were developed for
describing thermal behaviour of porous media. Sierpinski
carpet and its variations such as geometrical base unit and as
schematic pattern for thermal-electrical analogy technique
were used (Fig. 5).
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Figure 5. Self-similar model and thermal-electrical analogy pattern for
predicting thermal conductivity. (a) O-stage, (b) 1-stage.

In particular, this model considered the material structure
composed by two different parts: one characterised by a
random system of dispersed non-touching particles and
another characterised by touching particles which are
symmetrically distributed and have a thermal resistance.

The analytical formula, in which all terms have physical
meaning, is expressed as a function of pore fraction, the ratio
between non-touching particles area and total area of a
representative cross section, the ratio between thermal
conductivity of solid phase and thermal conductivity of matrix
and the thermal resistance (Appendix 1).

+m) 3k+(n—1)
koo = o (15)
esc T o/[t+pM+(1-tH)]|+1/(2/3+8M™/3)

_ An — Vi-e Ant 1, +(n)
k:’r - Tt [(1 —Vvi- g) + 1+(1/B—1)x/§] + (1 - Tt) k‘"SC
(16)

Parametric elaborations are reported in Fig. 6a. Parametric
calculations show that the contact resistance between
particles is negligible when the ratio between thermal
conductivity of solid phase and thermal conductivity of matrix
or fluid (in this case ks/k; = B )is f < 100 [54].

A comparison between experimental data, reported in Ma et
al. [54], and model predictions have been performed (Fig. 6b).
The system is composed by materials with € = 0.44. Unlike
what is shown in Fig. 1, where traditional models only partially
fit the experimental data (the best fit is obtained by

comparing ME1 model), in the case of Ma et al.'s model, the
correlation is in excellent agreement with the measured
values across the entire range of k,/ky.

1000 ¢
F (2)

100

. i
ST

0.1
100 (b)

0.1
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k/k,

Figure 6. (a) Longitudinal contact resistance influence on the thermal

conductivity. Calculations are performed for € =0.39; -t=0(—), t =

0.001 (--) -t=0.003 (- -). (b) Comparison between experimental

data (o) reported in Ma et al. [54] and calculation performed by using

their model (ee¢), £ = 0.44.

Further data are presented in the original paper [54]. It is
evident that best fit is recorded especially for the cases in
which B is greaterthan 1. When f is smaller than 1, model
data are in better agreement with experimental ones [90,91].

5.2 Experimental determination and fractal
modeling of the effective thermal
conductivity of autoclaved aerated
concrete: Effects of moisture content by Jin
etal.

Jin et al. proposed a fractal model capable of predicting
thermal conductivity in autoclaved aerated concrete [56].
These materials represent a promising choice in insulation
and recently they attracted a remarkable attention for
improving building thermal properties. The highest porosity
of the considered samples is between 76% and 84%,
consequently heat transfer into the structure is reduced.
From mercury intrusion porosimetry tests and image analysis
(reported in the paper), it is possible to note that pore range
is between 400um and 0.004 um with two peaks around
100pm and 0.03 pum.

In this work, thermal conductivity experimental data are
compared with model calculations based on fractal structures
and electrical equivalence. The model is constructed on
Sierpinski carpet and the geometry is similar to those
proposed by Ma et al. [54] for dry state (Fig. 7a) and for the
case in which moisture is present (Fig. 7b).
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Figure 7. Self-similar model and thermal-electrical analogy pattern for
predicting thermal conductivity. (a) structure at dry state, (b)
structure with moisture content.

For the dry state, the analytical expressions for calculating the
dimensionless thermal conductivity (K™ ) and thermal
conductivity (k™) are reported in Eq. 17 and Eq. 18. Eq. 17 is a
different way to express the Eq. 15 by Ma et al. (Appendix 2).

-1
K<">=K("—1>[ L < ] (17)

kM D+1  c(xk=D-1)+L
k* = KMk, (18)
Parametric calculations allow to show the variation of thermal
conductivity in function of porosity for different t (t = t/L)
values. For the same value of porosity, when T increases,
k™ increases following the trends reported in Fig. 8a by using
Eqg. 18.

1-a—p™ a-w™

(a)

Jolm (W/mK)

0
1}
&
0.2
(b)
(d
% BD06
g 015 |
= [
= BDO!
@&
04
0.1 . L . .
0.75 0.77 0.79 0.81 0.83 0.85
&

Figure 8. (a) parametric calculations of effective thermal conductivity
vs pore fraction for C=3; - t=0.00001 (—), - t=0.001 (eee),-1=0.01
(--),-t=0.1(-*-).; (b) Comparison between experimental data (e)
and calculated data. Best fit curves (contained in the highlighted
surface) are obtained for C=3, 0.0076< t <0.01.

The reliability of the presented model has been verified for
dry systems (in Jin et al. such as B04, BO5 and B06) which are
characterised respectively by a pore fraction equal to 0.84,
0.80 and 0.76 and a thermal conductivity equal to 0.117,
0.143 and 0.177 W/mK respectively.

Fig. 8b reports calculations for the best fit boundary
conditions elaborated by using C=3, L =13 and T between
0.0076 and 0.01. The highlighted area represents the infinite
curves which can be obtained by varying 7 in the selected
range. It is evident that the model is in excellent agreement
with experimental ones.

An effort has been made to describe thermal behaviour
variations as a function of moisture presence. In this case,
model construction is more complex and it is elaborated with
three phases: matrix, water and air (Fig. 7b).

Analytical procedure is based on the development of Eq. 19
(Appendix 2) as a function of the Sierpinski carpet dimensions
and lengths (which can be found in the structure), water
content (from 0-100%) and thermal conductivity of the
different phases (0.598 W/mK for water and 0.026 W/mK for
air).

P w® -t

fe=ka [(1—w(")—r)+x(n)r+tc(n) ()

(1-a- ﬁ(n))+x(n)a+x(n)ﬁ(")

(1-a—BM™) k™74 (14500 -7) + kMWa+c(1-a) (19)
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As expected, thermal conductivity increases when moisture
content increases and pore fraction decreases. The great
versatility of the proposed model allows to find the proper
configuration which offers the possibility to predict the
experimental data carefully. Fig. 9 reports the experimental
data and predictions published in [56]. The best fitting is
obtained for moisture content between 15% and100%.

0.8

0.6

0.4

& (WimK)

0.2

0

0 10 20 30 40 50 60 70 80 90 100
c (%)
Figure 9. Thermal conductivity vs moisture content for B04 (4 ), BO5

(m) and BO6(e). Experimental data and best fitting with C=2 and t =
0.003.

5.3 Analysis of axial thermal conductivity of
dual-porosity fractal porous media with
random fractures by Miao et al.

Miao et al. proposed a model to obtain the axial thermal
conductivity for porous media characterised by a fractal
porosity. In particular, this analytical procedure has been

performed for dual-porosity systems which consist of a
porous matrix and fractures randomly distributed. It deals
with different fields of engineering applications in which
natural materials (rocks, granular and vegetables) or artificial
materials (metals and ceramics) are used. Geometrical
composition considers a representative volume in which
bundle of fractal tortuous capillaries and fractures are present
(Fig. 10).

A =nAd
I

Am .. Am

Figure 10. (a) Dual porosity model scheme and (b) relative thermal-
electrical pattern.

The analytical procedure obtained is a function of
microstructure characteristics such as the matrix and fracture
porosities (£,,,, &), fractal dimensions (Ds, D;), tortuosity
fractal dimension of pore capillaries (D7), the orientation of
fractures (dip 8, azimuth @) and thermal conductivity of solid
and fluid phase (Appendix 3).

14D7-Dy
P (2-Dp)|1-(Em) *7F ]
ke =(1— &)k + ke & 1—caszlasin29 k€ x L%n% T a—en(1+Dr-0)) (20
1+D7-Df
(Z_Df) 1-(Em) >=br ]
k=t (1_g)slpg e —1 _t& e (21)
ks kg 1-cos2asin26 m LgT 1 (1-&m)(1+D7-Dy)

The paper reports a parametric study for explaining the effect
of different features on thermal conductivity. As reported in
Fig. 113, itis evident that when ks/kfincreases, the effective
thermal conductivity of dual porosity system increases.
Comparing systems with different porosity, for ks/kf >1,
thermal conductivity increases when porosity decreases,
while for kg/k; <1, the thermal conductivity increases
when porosity increases [80].

A comparison between experimental values for fractured
samples, developed by Surma et al. [92], and calculations
performed by using /mex = 2cM, Apex =103 m, =0, 9= 1/6 as
input data shows a good agreement (Fig. 11b).
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Figure 11. (a) The dimensionless effective thermal conductivity vs

ks/ks at e,/er=10; & =02 (=), 0.5 (see), 0.8 (- -). (b)

Comparison between experimental by Surma et al. [92] and

calculated data.

5.4 A generalized thermal conductivity model
for unsaturated porous media with fractal
geometry by Shen et al.

Shen et al. proposed a fractal generalised thermal
conductivity model for unsaturated (partially saturated)
porous materials in which three phases are present: gas,
liquid and solid [57].

In this work, a new general fractal method which takes into
account partially saturated porous structure features is
suggested.

Indeed, the authors in their study highlighted that most
medium- high porous materials have fractal porous structures
mathematically represented by scaling laws in different
scales. The geometrical set used is constructed by a fractal
pore phase (as circles in cross sectional view) and non-fractal
solid phase (homogeneous surface), Fig. 12.

_ (DT+1)/Z (Dr+1)/2 1"’D'I‘_Df
P oL/ ) (8) ! *{1—[(1—£)Sw+e] “br }"‘kw

- (or-1)/2 1e
Dy

(1+Dr-Dy)

Parametric sensibility highlights the higher versatility of the
model capable of covering the entire range of porosities and
saturation, different pore size range in pore size distribution
and different fractal pore and tortuosity dimensions.

Wetting phase

Non-wetting phase

Figure 12. Model scheme for describing porous microstructure. REV:
representative elementary volume.

Their model correlates thermal conductivity of gas, water and

solid phases, i.e. kg, k, and k., the porosity (E), pore and
tortuosity fractal dimensions (Df and Dr) and fluid phase
saturation. The analytical procedure, which involves only
physical quantities, results in (Appendix 4):

(Dr+1)/2

kw _ (2-Dy)
kg D}DT_l)/2(1+DT—Df)

*

( £ )(DT+1)/2

1-¢

14+Dp-Df
{[(1 —£)S,, +¢&] *Pr } + :_s (1-2¢) (22)
g

In Fig. 13, it is possible to see the influence of porosity on the

thermal conductivity for systems which have different

saturation. In particular, Eq. 22 has been used taking into
account Dy = 1.6, Dr = 1.1, k,/k, = 170, k,/k, = 110
and S, equal to 0.2, 0.4, 0.6, 0.8 respectively. When porosity
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increases, dimensionless effective thermal conductivity
significantly decreases in relation to the decrease of solid
phase. At the same time, dimensionless effective thermal
conductivity increases when liquid saturation increases

because k, > k.

180

140

60

20 L . L )

&

Figure 13. Porosity influence on effective thermal conductivity for
different liquid saturation degrees. Sw is equal to 0.2 (- —), 0.4 (eee),
0.6 (=), 0.8 (- * -). Input data Dy= 1.6, Dy = 1.1, ks/k, =170,
ky/kg = 110.

Another parametric elaboration has been performed by
considering pore fraction equal to 0.60, ks/kg =170 and
k,,/k, = 110. In Fig. 14a, with Dr = 1.1, while changing the
value of Dy, different curves are generated (D =1.50, 1.60,
1.70, 1.80, 1.90). As expected, effective thermal conductivity
increases when liquid saturation degree increases. Moreover,
it is possible to note that Dy influences the effective thermal
conductivity. Indeed, when Dsincreases, k* decreases.

140

()

Figure 14. k+ vs Sw for different values of Df and DT. (a) Dy =1.1;

Dy =1.50, 1.60, 1.70, 1.80, 1.90; k/k, = 170, k,,/k, = 110.

(b) Ds=1.60; Dr=1.05, 1.10, 1.15, 1.20, 1.25, 1.30; ky/k, = 170,
ky/ky = 110.

In Fig. 14b, with Dy = 1.6, while changing the value of Dy,
different curves are generated (Dr = 1.05, 1.10, 1.15, 1.20,
1.25, 1.30). Effective thermal conductivity behaviour vs liquid
saturation has the same trend of the previous case.
Moreover, D; also influences the effective thermal
conductivity and when Drincreases, k* decreases. Thus, more
complex structures have lower effective thermal
conductivity.

The reliability of the model has been verified by comparing
experimental data with calculations (Fig. 15). A good
agreement has been found and the model seems to be
adapted for general applications. As considered by the
authors, additional improvements could be performed in
future by considering bound and trapped liquid and series
connection of wetting and non-wetting phases which were
neglected at the moment. However, these considerations
could greatly complicate the model which is, in this form,
easily to use.

30

25

20

15

kt

10

Figure 15. Comparison between experimental and calculation data
[57]. Model curves have been obtained for systems with:
£=0.87(--),0.82 (*¢),0.80 (—); Dr=1.1;

Df=1.980 (—-), 1.971 (ee*), 1.967 (=), ks/ky = 50.4;

ky/kg =23.1.

6 Perspective, trends and conclusions

The use of fractal geometry for the formalisation of predictive
models of thermal conductivity in porous materials has
proven to be quite promising. The ability to simulate real
microstructures through iterative procedures that exploit
self-similarity properties is used as a powerful tool. The
resulting analytical procedures based on recursive formulas
allow for a significant simplification of calculations by
resolving the schemes used at different scales without further
levels of complexity.

The results obtained show an encouraging agreement with
experimental data acquired through tests conducted in the
laboratory. However, there is still considerable room for
improvement. Currently, most published fractal models use
simple geometries to reproduce real microstructures, which
in some cases are very complex and articulate. The number of
solid and fluid phases present in some cases is not
reproducible with classical deterministic fractals. Therefore,
further effort will be required in research and development of
suitable geometries without losing the essential aspects
already obtained.
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Another important fact that needs to be considered is the
scale effect on thermal properties. Fractal modeling is capable
of replicating material structures across the entire range of
porosity, but further research is needed to link dimensional
variations to those of heat transfer.

In summary, the future prospects for the use of fractal
geometry for the formalisation of predictive models of
thermal conductivity in porous materials are definitely
promising and require further research and development to
overcome current challenges.
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Appendix 1. Nomenclature Ma et al.
kt Dimensionless effective thermal conductivity
A Total area of representative cross section (m?)
Ape Equivalent area of a cross section having the same
porosity as the non-touching particles (m?)
£ pore fraction
B ratio of thermal conductivity of solid and thermal

conductivity of matrix

k:g) Dimensionless effective thermal conductivity for an n-
’ stage carpet

Appendix 2. Nomenclature by Jin et al.

K dimensionless thermal conductivity

k thermal conductivity (W/mK)

ka thermal conductivity of dry air (W/mK)
L side length of the Sierpinski carpet

side length of the central matrix

dimensionless side length of the central matrix,
defined by C/L

T dimensionless width of virtual thermal resistances,
defined by t/L

K ratio of matrix to dry air thermal conductivity

Kw ratio of matrix to water thermal conductivity

B dimensionless thickness of surrounding water layer,
defined by r/L

W dimensionless width of connected water bridges,
defined by w/L

n stage of Sierpinski carpet

Appendix 3. Nomenclature by Miao et al.

D¢ fractal dimension for pore area

Dr fractal dimension for tortuosity

ke effective thermal conductivity of a dual-porosity
medium (W/mK)

ke thermal conductivity of fluid in the capillary (W/mK)

ks thermal conductivity of solid matrix (W/mK)

k* dimensionless effective thermal conductivity

Lo straight length of a tortuous capillary

a the mean azimuth of fractures

Amax the maximum pore diameter

) the mean dip angle of fractures

[ pore fraction of a fracture network

€m pore fraction of porous matrix

Et total pore fraction of a dual-porosity medium

Appendix 4.Nomenclature by Shen et al.

k* | dimensionless thermal conductivity (W/mK)

Dr | fractal dimension

Dr | tortuosity dimension

Sw | wetting phase (liquid) saturation

kw | thermal conductivity of solid phase (W/mK)

ks | thermal conductivity of wetting phase (liquid) (W/mK)

ke | thermal conductivity of non-wetting phase (gas) (W/mK)

€ pore fraction
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