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Large-scale health surveys suitable for addiction studies furnish self-
reported data that consequently suffer from a form of measurement error
called heaping which statisticians have been grappling with for decades. Also
known as digit preference, the aberration is often characterized by spikes at
multiples of 10 or 5 upon rounding. To date, methods and software for heaped
(and seeped) data have been largely wanting. Identifying three generic prob-
lems for simple addiction studies, we solve them by a newly developed tech-
nique called Generally Altered, Inflated, Truncated and Deflated (GAITD)
regression for counts applied to a recent National Health and Nutrition Ex-
amination Survey data set. In conjunction, we propose the class of Doubly
constrained Reduced-Rank VGLMs whereby the reduced-rank regression is
afforded structure by way of linear constraints—this allows further simplifi-
cation of the dimension reduction. We determine the distribution of smoking
initiation age (SIA) and its association with tobacco consumption and smok-
ing duration, e.g., is a lower SIA associated with higher tobacco consumption
later in life? Is higher SIA associated with shorter smoking duration among
quitters? Together, GAITD regression and DRR-VGLMs hold promise for
heaped and seeped data.

1. Introduction. Addiction studies have flourished over the past century (Babor, 2000),
as evidenced by outlets such as Addiction (since 1903), Journal of Studies on Alcohol and
Drugs (1940), Alcohol and Alcoholism (1967), Nicotine & Tobacco Research (1999), as well
as Addiction Science & Clinical Practice (2006). Addiction has been informally defined as
“a process whereby a behavior, that can function both to produce pleasure and to provide
relief from internal discomfort, is employed in a pattern characterized by (1) recurrent fail-
ure to control the behavior and (2) continuation of the behavior despite significant negative
consequences” (Goodman, 1990). There are two broad addiction types: substance/drug and
non-substance/behavioral (Zou et al., 2017). Although there are clear-cut diagnostic criteria
for drug addiction set in the International Classification of Diseases and Related Health Prob-
lems (ICD-11, 2019, see also DSM-5-TR (2022)), a universally accepted formal definition
for addiction is unlikely (Sussman and Sussman, 2011). During this century, the subject has
broadened to include the internet, cellphone, vaping and fentanyl as specific examples.

While addiction science has undergone modernization in recent years through genetic
screening (Buckland, 2008), Bayesian methods (West, 2016), machine learning (Mak, Lee
and Park, 2019) etc., one remaining fundamental characteristic of all large-scale health stud-
ies collecting addiction data is self-reporting. Prior to devices to automatically monitor the
behaviour of interest (which are essentially restricted to small-scale studies) such as wearable
sensors (Mahmud et al., 2019), addiction data were mainly of the survey-type and therefore
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TABLE 1
Generic problems (P1)—(P3) ordered by time pertaining to a basic addiction study and phrased for smoking
studies. (P4) is subsidiary to (P3). The primary response variables are Ygip, YT, YSD where
Ygp = YgcA — Ygia- With heaped and seeped counts, the problems are solved by GAITD regression.
DRR-VGLMs are also developed and used.

Problem Response  Set of problems and questions

(P1) Ysia Smoking Initiation Age. What distribution does this have? Does it comprise of a
small number of subgroups? If so, is there a high-risk subgroup? What covari-
ates are associated with the distribution of Ygyp ?

P2) Yro Tobacco Consumption. What distribution does this have? What covariates are
associated with its distribution?—in particular, does it include SIA?
P3) Ysp Smoking Duration. What distribution does this have? What covariates are asso-

ciated with its distribution?—in particular, does it include SIA?

(P4) Ysca Smoking Cessation Age. What distribution does this have?

suffered from a form of measurement error called heaping, also known as ‘digit preference’
or ‘bunching’. Heaping commonly occurs in retrospective survey data. The aberration is fre-
quently seen in an excess of multiples of 5 and 10 relative to other values. A classical example
is the number of cigarettes smoked daily. Like food frequency questionnaires, it is uncom-
mon for people to know their exact values and so recorded values suffer from measurement
error (Carroll et al., 2006). For this question, often “1 pack” and “half a pack” are solicited
which equates to 20 and 10 because in some countries such as USA a pack always amounts
to 20 cigarettes (e.g., Figure 4a). Three examples of heaping can be seen in Figure 1 in a
New Zealand cross-sectional study from the mid-1990s which recorded tobacco consump-
tion (Y1), smoking duration (Ysp) and smoking cessation age (Ysca) in 5492 quitters. For
instance, plot (b) shows 30 is heaped while 29 and 31 are seeped (too few observations).
Current statistical methodology and software for analyzing heaping is inadequate and inac-
cessible (Yee and Frigau, 2025), however, a new technique called Generally Altered, Inflated,
Truncated and Deflated (GAITD) regression (Yee and Ma, 2024) holds promise for such and
is used as the central tool here.

In this paper our focus is on self-reported smoking studies that have count responses.
Table 1 summarizes three generic problems applicable to simple addiction studies, abbre-
viated by (P1)-(P3). Phrased specifically for a smoking study, it is ‘simple’ because quit-
ters are assumed not to relapse and are independent. We take the smoking initiation age
(Ys1a) to be how old an individual is in years when the habit becomes practiced regularly,
and the SCA to be when the person quits permanently. In between, TC is measured most
commonly by the number of cigarettes smoked daily. These define Ysra, Ysca and Yrc
respectively as three different response variables. A better alternative to Ygca is smoking du-
ration Ygp = Ysca — Ysra because its support is {0, 1, ...} as an ordinary count distribution
whereas E(Ysca|Ysia) creates difficulties due to the constraint that Ysca < Ysia under a
generalized linear model-like framework.

Since our approach is regression, the distributions of the Y; given covariates are of inter-
est, and consequently (P2)—(P3) may be modelled by regressing Yrc and Ysp against Yga
because of possible temporal effects, e.g., it has been conjectured that the earlier a habit is
formed the bigger the problem is later. For instance, Ali et al. (2020) showed that those who
started smoking regularly at ages 18-20 years were more likely to experience high levels of
nicotine dependence and less likely to attempt or intend to quit in adulthood compared with
those who started at age 21 or older.

1.1. On three generic problems in addiction studies. Table 1 can be readily rephrased for
other substance-based studies such as alcohol, a specific hard drug, or a behavioural addic-
tion such as gambling. In our case, (P1)—(P3) concern ever-smokers, current and ex-smokers
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respectively. Ever-smokers are those who have ever smoked. In the basic setting adopted,
the (P2) and (P3) subsamples form a partition of the (P1) subsample, and the entire sample
includes never-smokers.

Solving (P1)—(P3) has direct relevance for prevention, therapy and policy. For example,

(P1) Any high-risk subgroup that can be identified can be targeted for smoking prevention
education, e.g., Khuder, Dayal and Mutgi (1999) expressed the need for prevention programs
aimed at children below 16 years based on study participants who started smoking before
that age having an odds ratio of 2.1 (CI 1.4-3.0) for not quitting smoking compared to those
who started later than 16.

(P2) Econometricians have developed models such as the double-hurdle with the intention
of determining the effects of economic factors, such as prices and income, and changing
variables such as raising smoking tax, on personal tobacco consumption (e.g., Jones, 1989;
Harris and Zhao, 2007) for use in policy making. If early SIA is associated with high TC then
additional efforts should be made to postpone the beginning of smoking among youngsters,
e.g., as recommended by Taioli and Wynder (1991) who by comparing < 14 versus > 20
year olds showed an early age smoking habit led to a heavy cigarette consumption later
in life. In theory, GAITD regression allows a different set of explanatory variables to be
modelled by each special value type. Thus, for example, variable selection can be used to
identify covariates important for discriminating between heavy versus light smokers and this
is potentially helpful for subgroup-specific intervention.

(P3) and (P4) Covariates associated with quitting may be exploited by smoking cessation
and reduction therapies, e.g., we show in Section 5.2 that exposure to passive smoke is pos-
itively associated with a higher TC, hence potential quitters should shun such environments
or consider cessation programs for couples if married (Choi, 2022). Two examples of co-
variates found in smoking studies relating to successful smoking cessation include Qiu et al.
(2020) who showed success was associated with older age, self-perceived poor health and
fewer cigarettes smoked daily, and Eum et al. (2022) who showed that quitting was influ-
enced by the presence of hypertension or a cardiovascular disease. If SIA is a significant
covariate for SCA then there are various consequences, for example, (i) quitting at younger
ages give larger reductions in excess mortality associated with continued smoking (Thomson
et al., 2022); (ii) the making of public health policy, for instance the T21 policy enacted in
USA (tobacco21.org; Ribisl and Mills, 2019; Ali et al., 2020) to raise the sales age for all
nicotine and tobacco products to 21, and New Zealand’s 2023 ban on cigarette sales to those
under 18 years of age and tobacco denicotinisation (Wilson et al., 2022). Knowing the cessa-
tion age can also aid practical access to subgroups, e.g., 65-70 year olds in social clubs can
be canvassed.

To summarize, given count responses Ysra, YTc, Ysp that are contaminated by heaping
and seeping, the main purpose of this paper is to solve (P1)—(P4) for a large recent US smok-
ing data set described in Section 1.4 by GAITD regression and a new technique abbreviated
by “DRR-VGLMs” proposed in Section 4. Although GAITD regression is usually fitted as
a vector generalized linear model (VGLM), a reduced-rank VGLM (RR-VGLM) is a use-
ful variant, and doubly constrained RR-VGLM (DRR-VGLM) is an enhanced extension of
RR-VGLMs developed in this paper.

1.2. On heaped and seeped data. Heaped data often results from rounding responses
retrospectively when the precise values are unknown due to mis-remembering. Other causes
include retrieval failure (e.g., Krinsky and Nelson, 1985), satisficing (e.g., Artinger, Gigeren-
zer and Jacobs, 2022) and intentional mis-reporting, Heaping can be defined (especially for
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financial data) as the tendency to provide estimates ending in digits that are the largest di-
visors of the base number system (Jorgensen, Patrick and Soderstrom, 2020, p. 178). Con-
sequently, the distorted distribution is characterized by spikes, especially at multiples of 5
or 10. Seeped data, by comparison, has received far less attention and some authors such as
Wolff and Augustin (2003) refer to the phenomenon as downward heaping, with the usual
case called upward heaping. Seeped data are characterized by dips (or holes) due to a lack
of data compared to what is nominally expected. Often the immediate values adjacent to a
heaping point are seeped, because the increase and decrease in probabilities balance out to
some extent, e.g., years 29 and 31 in Figure 1(c) are seeped. As heaped data is very com-
mon it is of no surprise that it has been encountered in many different fields. Yee and Frigau
(2025) reviews heaped and seeped data from many application areas, as well as methods and
software that have been proposed for handling such.

1.3. Smoking studies and heaping. Since Doll and Hill (1950), smoking has justifiably
become implicated as a risk-factor for many diseases and medical conditions. Its position as
a cause for harm is now undeniable, and smoking studies have fueled much of their impetus
from this. It has now grown into a large field with active subfields such as cigarette consump-
tion, smoking cessation and community prevention measures (Brown et al., 1998; Wang and
Heitjan, 2008; Bar and Lillard, 2012; Jung, Choi and Park, 2018) which can lead to associ-
ated tax and political issues (Forster and Jones, 2001). Statisticians have actively contributed
to the field (e.g., Klesges, Debon and Ray, 1995; Lewis-Esquerre et al., 2005; Wang and
Heitjan, 2008; Wang et al., 2012; Allen et al., 2017) by grappling with the heaping problem.
Here, smokers often use 5 and its multiples to report daily cigarette consumption. The empir-
ical distribution is characterized by the peak being a multiple of 5 (Cummings et al., 2015;
Jung, Choi and Park, 2018) or of 10 (Klesges, Debon and Ray, 1995). The latter observed
that social-demographic characteristics influence self-reported daily cigarette consumption,
and upon interviewing 20, 322 smokers, they found that heavier smokers, Caucasians, and
those with less education were more likely to exhibit a digit preference than lighter smokers,
African-Americans and those with more education. Generally, smokers prefer to report con-
sumption equal to some multiple of 10 cigarettes with the most common response being 20
daily. Some of these observations can be seen spikeplotted (Cox, 2004) in Figures 1 and 4.

Clearly, heaping and seeping must be adjusted for in a statistical analysis because in theory
a spike could almost be arbitrarily large relative to the main distribution, and located at any
position, e.g., Christelis and Sanz-de Galdeano (2009) found that accounting for heaping in
smoking studies improved the fit of (regression) models considerably. Our analyses show
this to be true too, e.g., Fig. 4. This is confirmed in our analyses by comparisons with naive
negative binomial regressions. Despite Crawford, Weiss and Suchard (2015, p. 572) stating
that “inference for heaped data is an important statistical problem”, Yee and Frigau (2025)
shows that to date, statistical methods for such have been largely sparse and inadequate.
Fortunately, a newly developed method called GAITD regression has been proposed (Yee
and Ma, 2024) and implemented in software. Coupled with DRR-VGLMs, heaped and seeped
data can potentially be analyzed by an exceedingly flexible regression model that allows a
simplified reduced-rank regression.

1.4. The NHANES 2017-2020 data. Smoking and covariate data were extracted from
the combined 2017-2018/2019-2020 cycles of the National Health and Nutrition Examina-
tion Survey (NHANES; Zipf et al., 2013). The second cycle was never completed because
of Covid-19 so all data just prior to the pandemic were merged with the 2017-2018 cycle
to produce a larger “P_"-type data set. From this, the data frame smgP is available in the
VGAMdata R package (Yee and Gray, 2025). Most smoking studies adjust for age, marital
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FIG 1. Three spikeplotted examples of heaping from a cross-sectional study xs . nz in VGAMdata involving 5492
current or past smokers. (a) Tobacco consumption (Y1 ); (b) Smoking duration (Ygp ); (c) Age at which the past
smokers quit (Ygca )-

status, education and race, and following suit it was necessary to delete cases due to missing
values in these variables. Furthermore, age and SCA were right-censored. This necessitated
further deletions to simplify the overall interpretation. Because we restricted our analyses to
those no older than 79 and who had quit less than 50 years ago, our interpretation is con-
ditional on these range restrictions. After processing, there remained 3327 participants with
a smoking history, comprising 1750 ex-smokers and 1577 current smokers. Race was sim-
plified from 5 levels to binary (white non-Hispanics versus others), and total exposure to
secondary smoke was computed by summing its presence/absence over seven sources, such
as restaurants and bars, so that totals ranged from O to 7.

There is clear evidence of overdispersion relative to a Poisson distribution for all the re-
sponses, e.g., the variance-to-mean ratio for SCA is 4.79, therefore we adopted the negative
binomial distribution (NBD; (4)) as the main distribution throughout, called the parent f;
in (1) below. Another reason is that our responses are usually unimodal, hence strictly mono-
tonic distributions such as the zeta (Hu et al., 2006) and logarithmic were deemed unsuitable.

It is noted that SCA is computed as the difference between current age and quitting dura-
tion. Because it was not measured directly, it is only weakly heaped (Figure 8a). In contrast,
SCA is recorded directly in some smoking studies such as in MacMahon et al. (1995) whose
Figure 1(a)—(b) is strongly heaped. Clearly, the amount of heaping depends on how direct
questions are posed to study participants.

2. The GAITD ‘combo’ model.

2.1. Notation and the Operators. Let S ={A,, Anp,Zp,Lnp, T, Dp, Dnyp} be the set of
special values in the support of the parent (or base) distribution f;—these values are directly
affected by alteration, inflation, truncation or deflation. All the subsets are mutually exclu-
sive. Subscripts p and np are for ‘parametric’ and ‘nonparametric’. The GAITD ‘combo’ is a
super mixture model involving f which is possibly modified by f,, f, and f5 having generic
parameters 6, 6, and 0. These distributions describe the parametric parts defined on A,
Z,, D). The nonparametric parts are modelled by patternless probabilities described in Sec-
tion 3. Subscripts 7, o, ¢ and ¢ are thus used to distinguish between the (parametric) parent,
altered, inflated and deflated distributions respectively, e.g., the zero-inflated Poisson is a
Pois(ftr) + {0} mixture written in our notation as a GI-Pois(6, = ) with Z,,, = {0}, be-
cause “GI” means general inflation only. The elements of A, and A,,, are written a1, ag, . ..
with the weakness that they are not distinguishable being irrelevant here. Likewise i1, i, . . .,
and t1,t2,...,and dy,do, .. . for the other operators.



The probabilities used generally for alteration, inflation and deflation are w, ¢ and v re-
spectively. Special values are enumerated in two ways, e.g., if 20 is the only heaped value
handled by inflation then the spike probability is ¢ or ¢r907. We let | A| denote the cardinality
of a set A, and R the support of a distribution. Concerning matrices and vectors, A;; = a;;,
0, and 1, are n-vectors of Os and 1s, with e; being 0,, but with a 1 in the kth position.
Superscript T' denotes transpose.

A short summary of the four fundamental operators (in decreasing order of precedence) is
as follows. Some specimen questions are given concerning Y = Yr¢ (in cigarettes per day).

* Truncation. Pr(Y =y) =0 for some y € 7. Certain values of y are impossible. For
example, among current smokers, TC has 7 = {0}.

* Alteration. Pr(Y =y) is modelled separately from Pr(Y # y). Handles heaped and
seeped values. Answers ‘why are observations there?’ e.g., what is the probability a smoker
consumes one pack daily? Answer: wrq1. An example from Figure 4 are those who smoke
half or one pack daily—then w7 + wp2g] & %

o Inflation. Pr(Y =y) is a sum from two sources and handles heaping. Answers ‘why
are observations there in excess?’ e.g., in Figure 1(a), ¢10) is the spike probability rising
above the ordinary TC distribution and is obviously due to heaping. The same feature
concerning half a pack can be seen in Figure 4.

* Deflation.  The opposite of inflation, Pr(Y = y) handles seeping. Answers ‘why are
observations not there?’ e.g., in Figure 1(a), if 119) + ¥r11] = ¢10] then seeping at 9
and 11 could explain the heaping at 10.

2.2. Probability Mass Function. With a 1-parameter parent, the GAITD ‘combo’ prob-
ability mass function (PMF) is Pr(Y = y; 0, wp, On, @p, 0., Vp, 05, Wnp, Py, 1) =

(0, yeT,
wpfa(y)/ 2;4 fa(u)u yeAlh
ucAp
Ws, y=as€ Ayp, s=1,...,[Anpl,
Afﬂ(y)+¢pfb(y)/ Z fL(U’)’ yeIp»
1) ueZ,
A fr(y) + ¢s, Y=1sE€Lnp, s=1,...,|Lypl,
A fr(y) —vp f5(y) / 27; fs(u),  yeDy,
ueD,
Afﬂ(y)_w& y:dSEan, 3:17'--7|an‘7
Afﬂ(y)a yER\ {Ap7 -Anpa Ipa ana 7-7 Dpv an}7
where the normalizing constant A =
[Anp| |Z | Doyl -1
D[ 1-wp—dpttp— D wu— D Sut D tu | [1=D fala) = falt)
u=1 u=1 u=1 acA teT

A Shiny app (Chang et al., 2023) at www.stat.auckland.ac.nz/~yee enables the
PMF to be explored and a data set to be uploaded for model building and initial values.

The overall structure of (1) is simple: after truncating certain values and specifying certain
altered values and its probabilities, A fr(y) is the scaled parent from which spikes can be
added or dips subtracted to allow for inflation and deflation respectively. The spikes or heaped
values may be unstructured (¢5) or come from another distribution with PMF f, on the set of
values from Z,,. Likewise, the dips or seeped values may be unstructured (¢/s) or come from
another distribution f5 on D,,. Deflation is therefore the opposite of inflation because of the
subtraction versus the addition. Offering greater flexibility, one can ‘combine’ inflation and
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deflation by alteration so that spikes and dips can be accommodated by w, on A,,;, and wy, fo
on A,. The bottom equation of (1) is for non-special values that receive no special treatment
apart from the scaling needed to adjust for the special values.

Thus there are two types of each of alteration, inflation and deflation: parametric and non-
parametric. The latter specify probabilities that are unstructured, e.g., any values that are
inexplicable, are outliers or are nuisance, would more aptly be handled nonparametrically.
The values are taken into account but they usually contribute less insight to the overall model
because they do not convey any information about 8, 8, 8, or 8;. In contrast, the paramet-
ric variants utilize the offspring distributions f,, f, and fs, and for convenience they are the
same as f, with possibly different parameter values. If the mechanism generating the heap-
ing is the same as f;; but at a greater sampling intensity, then parametric inflation is suitable.
Totally parametric GAITD regression is appropriate if the heaping and seeping is affecting
the entire distribution equally, cf. non-differential measurement error.

Figure 2 illustrates (1) by displaying a hypothetical smoking cessation age distribution
based on Fig. 1 afflicted by heaping/seeping. The parent is the NBD. Plot (c) resembles the
ideal situation where spikes can be explained by adjacent dips, and plot (d) conveys how some
values may be inexplicably deviant from the main distribution. Figure 2(a) mimics heaping
where the heap values are sampled from another NBD but with greater intensity—this is
parametric inflation. Figure 2(b) is parametrically generally-altered: the special values are
also NB distributed but have less probability than usual, hence dips are created. Figure 2(c)
is the combination of (a) and (b). Figure 2(d) is nonparametrically generally-altered because
the probabilities at A, are not NB distributed—they are patternless and different from the
main distribution.

Because (1) is a mixture, identifiability constraints are necessary for estimability, e.g.,
where applicable, |6,| < |A,| and |Z,| # 1 by convention. Readers are directed to the list
of conditions given in Yee and Ma (2024, sec. 5.3) for details. Like other ill-posed models,
problems associated with identifiability can often be detected by monitoring convergence
during estimation. In our Section 5 analyses we have attempted to fit well-conditioned models
that avoid common problems which might beset novices.

3. VGLMs, VGAMs and the multinomial logit model. In a nutshell, GAITD regres-
sion fits (1) as a vector generalized linear model involving a multinomial logit model (MLM),
so it is expedient to summarize them now. Like GLMs, the covariate—response data is as-
sumed to be (x;, v;), i = 1,...,n, independently where dim(x;) = d with z;; =z =1
denoting the intercept for the ¢th individual and first explanatory variable respectively. The
log-likelihood, such as based on (1), is £ = >, w}¢; where allowance is made for posi-
tive, known and prespecified prior weights w;. VGLMs apply linear predictors n; (j indexes
the jth linear predictor) to model multiple parameters so that usually

d
&) gj(ej) =1n; = B?m = Z 5(j)k1‘ka j=1,..., M,
k=1

(where M = dim((n1,...,mx)7) = dim(n) by definition) for some suitable (parameter) link
function g; applied to ¢;, however, the MLM link involves multiple n);. For example, since
our parent is the NBD of R’s dnbinom (), then

4 m = log fir, N2 = logkn,

where 0, = (px, k)7 comprise the positive mean and index parameters (Lawless, 1987;
Hilbe, 2011; Yee, 2020) with Var(Y') = pr[1 + pr/Kxr].



As M > 1, linear constraints on the regression coefficients are accommodated by

m (i) d d
©) n(z:) = : =Y Bwarw = Yy HiBjyza = Bla,

for known constraint matrices H;, of full column-rank, and B?k) = (ﬁz‘l)k, ﬂa)k’ 0T s
a possibly reduced set of regression coefficients to be estimated. While trivial constraints
are denoted by Hy = I/, other common examples include parallelism (Hy = 1,;), and
intercept-only parameters 7); = Bz‘j)l where all 3, but the intercept are set to 0. For exam-
ple, the NBD (4) with d = 3 explanatory variables and intercept-only x, would have H; =15
and Hy = H3 = (1, 0)7 so that log j1, = 5?1)1 +B(*1)2 To +BZ‘1)3 xg and log k; = 52‘2)1. Later,
we utilize the parallelism assumption for certain z; a number of times in our analyses to sim-
plify their effect to a single regression coefficient. For DRR-VGLMs, the Hy, are equal and
estimated, and have constraint matrices to describe its form.

Like GLMs, VGLMs are estimated by the iteratively reweighted least squares (IRLS) algo-

i~ -1
rithm which produces the variance-covariance matrix Var (,6*) = ( VM w XVLM> evalu-

ated at the final iteration, where 3* = (,B*T, e ,Bz‘g)T are all the regression coefficients to
be estlmated Xy1ym s the ‘large’ model matrlx and W is the overall workmg weight matrix,
so that ﬁ is the MLE. The square roots of the diagonal elements of Var ([3*) are used for
the standard errors in Tables 2—4.

Suitable for exploratory data analysis, vector generalized additive models (VGAMs) gen-

eralize VGLMs so that each 7; is an additive predictor like an ordinary GAM (e.g., Hastie
and Tibshirani, 1990; Wood, 2017). They relax the linearity assumption of (5) to

©6) Z Hy, £y (@),

where the fz‘k) (i) = ( f(*1) PE f(*Rk) k(xzk)) are vectors of smooth component func-
tions estimated by vector splines (Fessler, 1991) and backfitting. More details may be found
in Yee and Wild (1996) and Yee (2015, ch. 4).

The multinomial logit model generalizes the logit link to more than a single probability.
Given a vector of probabilities p = (py,...,pp)T say, g = multilogit(py,...,pp) is

g(ps) = ns=log{ps/pp+1}, s=1,...,D,

where ppy1 =1 — 25) 1 Pu corresponds to the baseline group. The inverse link (also called

the softmax function) is ps = €=/ ZD *lem where npq1 = 0 for identifiability.

The entire model fitted as a VGLM (5) has n” = (n1,...,n)7 =

(gw(ﬁw), log%, ga(0a), 10gi§, 9.(0.), log%, 95(0s), log%, ..., log 'AA;”',
¢1 Azl ., Y1 YIDws|
@) lgN,,...,log N ,logN,...,log N

where g.(-) are the link functions. The quantity N =1 —w, — ¢p —9Vp — D wy — > ¢y —
> by, corresponds to the reference group. Thus in summary, GAITD regression ties to-
gether (1) and (7). In the analyses, Tables 2—4 have regression coefficients ordered by (7).
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FIG 2. Heaped and/or seeped data—some idealized forms based on a NBD parent. Plots (a)—(c) are para-
metric GAITD-NB PMF and (d) is a nonparametric GAITD-NB PMF. The special values are T = {0},
Ip ={5,10,15,20}, Dp = {4,6,9,11,14,16,19,21} with ¢p = 0.15, ¢p = 0.15, ur = 10, kx = 10 so that
fr = f. = f5 are the NB(10, 10) PMF (see (4)). (a) GIT-NB; (b) GTD-NB with the dip probabilities shown;
(c) GITD-NB combines them together; (d) GAT-NB-MLM(wnp = (0.09,0.03,0.09, 0.04)T). In the electronic
copy, the parent distribution comprises the solid pink lines, truncated values are hollow turquoise circles, the
altered probabilities are dashed avocado lines, and the inflation probabilities are dashed indigo spikes. Also the
deflation probabilities are solid brown (e.g., dirt or deer coloured) lines, and their differences are dashed red
lines. A Shiny app for exploring (1) is available at www . stat .auckland.ac.nz/~yee

Because terms in (7) involving N correspond to MLM probabilities, nonparametric alter-
ation/inflation/deflation swiftly creates a complex model involving potentially many regres-
sion coefficients, especially when there are covariates. This provides strong motivation for
proposing the DRR-VGLM class.

4. Doubly constrained RR-VGLMs. Reduced-rank regression has been found to be a
successful dimension reduction method in a range of settings (e.g., Anderson, 1951; Izenman,
1975; Bura et al., 2018; Powers, Hastie and Tibshirani, 2018; Reinsel, Velu and Chen, 2022).
When applied to the VGLM class, reduced-rank VGLMs (RR-VGLMs; Yee and Hastie,
2003) approximate a subset of B in (5) so that far fewer regression coefficients may need
to be estimated. In general, B is d x M, dense (not sparse) and of rank min(d, M ), however
for some data sets, both M and d are “too” large and result in overfitting, e.g., a multinomial
logit model with M + 1 > 2 levels. For GAITD regression with covariates, having a large
value for |Ayp| + |Znp| + |DPnp| produces many MLM coefficients because nonparametric
special values are modelled individually. Consequently, DRR-VGLMs potentially allow a
much simpler regularization, e.g., Sections 5.3.1 and 5.4.1.

A skeletal description of RR-VGLMs is as follows. Partition  into (a:[TH ;)T and B =

(2]
(Ba] B[TQ})T accordingly. RR-VGLMs approximate (5) by

) n = Ba] [ +ACT:B[2] = Ba} [ + Av where
(9) C = (C(l) C(R)) = (Cl,...,cd2)T is d2 X R,
(10) A = (aq) - ar) = (a,...,an)" is M xR,


www.stat.auckland.ac.nz/~yee
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with d; + d2 = d. One may interpret v as a vector of R latent variables v, = c{r)wm. When

the rank R < min(da, M) then effectively B[y is the outer product of two thin/tall but com-
pletely general matrices. For identifiability, since

(11) ACT =AM 'MmcT

for any nonsingular M, (full) corner constraints A = (IR,AT)T may be used. This feature
follows ‘corner point constraints’ in the ANOVA literature. The elements of Bj;), A and C
are unconstrained and estimable.
We now propose doubly constrained RR-VGLMs (DRR-VGLMs) which offer a signifi-
cant enhancement over RR- VGLMs by providing structure to A and C. For example, suppose
[TQ] (:ng] , % 5] ) where w[ 5] are physical variables and :1:[2} are psychological variables from
a health study. We might insist on two latent variables comprising linear combinations of each
separately, i.e.,

1

(12) vy = cTT:ET] and vy = ciT:E[Q].

[2
Thus there is greater control in the reduced-rank regression, leading to a finer interpretation,
e.g., they allow user-specified elements in A and C to be set to 0.

To allow such flexibility, each column of A and row of C is afforded its own constraint
matrix, e.g., (12) may be fitted by Hik = (1, 0)" and Hik = (0, 1)”. Firstly for C,

(13) Z el © [Hecl].

where ® is the Kronecker product. Each user—specrﬁed Hei is R X Rep for 1 < R, < R
so the rows of C are regularized. Secondly for A, (restricted) corner constraints (RCCs) are
chosen so that

R R
(14 A =) e ®[H,a,] = Apcc+ Y e ®[H, al] = Arcc +A",
r=1 r=1
where Agcc is a matrix of known constants and the HY, are a subset of the columns of H,,,
Combining (13) and (14), DRR-VGLMs are defined by

R da
(15) n = Bijay+ {ARCC +) el oM, a:]} { > el @ (He cz)} Ty

r=1 k=1
so that B(;j and the starred vectors are estimated. This may be done by an alternating sub-
algorithm that accommodates constraint matrices, which is nested within the IRLS algorithm
mentioned in Section 3. For this, (i) fix C and estimate A* using the H}, as constraints;
(ii) fix A and estimate C using AH;, as constraints. Justification for the sub-algorithm can
be obtained by a close examination of (5) where A takes on the role of H;, and B[Q] alternately.
DRR-VGLMs may be applied to the 100+ regression models in VGAM.

It is noted that DRR-VGLMs are limited to separable problems (13)-(14) because other-
wise existing structure in A and C may be destroyed by imposing full corner constraints (11).
Let 3 = (i1,...,ig)" be the RCC indices, e.g., 7 = (1,...,R) for ordinary RR-VGLMs.
Separability means that, for r =1, ..., R, the ¢,th row of H,,. has a single nonzero value and
the 4,.th row of H, is 07 for all s # r. Hence we refer to (15) as having RCCs. Using R-style
notation, the number of independent parameters in A is 3.7* ncol(HY,).

The overall covariance matrix is computed by constructing a block matrix comprising 6
unique blocks of which only Var(vec(a)), vec(cy)) poses difficulties and the profile likeli-
hood (Richards, 1961) is employed for this.
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To justify the above, we let M = diag(a;,;, , . . . , @i, ) in (11) so that rows 4 of AM ™! have
the form of I but are subject to the H,,.. The off-diagonal elements are already zero because
of the separability property. Thus the RCC transformation preserves constraints by carrying
over any necessary values. As an example, if a, b, ... are free parameters and ¢ = (3, 4)” for

ac 01 a* 0
bc 11 00
A= b0 | then Aggc = |1 0] and A*= |0 O
0c 01 00
0d 00 0 d*

is solved for the 4 — 2 = 2 unconstrained asterisked elements because the theoretical and
alternating-enabled constraint matrices are

10 10 1 0
01 10 0 0
H,= |01, Hy=[00][, a= (0], =10
00 10 0 0
00 01 0 1

The problem becomes nonseparable for i = (1, 5)7, for instance.

It is commented in passing that probably the most well-known RR-VGLM is the ‘stereo-
type model” of Anderson (1984). Better called the (rank-1) reduced-rank MLM, it was pro-
posed with the additional constraint of ordered elements of A. This is a difficult RR-VGLM
estimation problem (e.g., Ferndndez, Arnold and Pledger, 2016), however it is remarked that
plain VGLMs offer a step forward in this direction and a partial solution. For example, one
might stipulate that the elements of A are equally spaced. Another example is when the el-
ements of A are proportional to the (M + 1)-quantiles of a standard normal distribution
by aj1 < ®1(j /(M +1)) for j =1,..., M. These cases may be handled by setting Hj, = A
for all variables in x5 and fitting a VGLM with such constraint matrices.

5. Analyses. We analyze the data using VGAM (Yee, 2025) which is available from
CRAN. There are often several GAITD regressions, for instance arising from choosing be-
tween alteration and inflation, that will yield similar fits. While the analyses follow a list
of guidelines and modelling strategies in the Supplementary Materials, some application-
specific remarks highlighting certain steps are beneficial at this stage.

(i) We fitted an intercept-only (null) model first. For these, we justify our choices for S
after overlaying the fit onto the data for comparison (Figures 3—6 bar 5). Since we favour
choices that are easily and naturally interpreted, we sought a few subgroups that the mix-
ture model helped to identify that had direct bearing on the data and research question.
(i) To obtain our second model, we regressed a fixed list of covariates (gender, race,
marital status, education, and if appropriate, SIA or total passive smoking) and applied
AIC-based stepwise regression for variable selection. These produced Tables 2—4. To an-
swer (P1)-(P4) we interpreted the regression coefficients while paying particular attention
to their signs. For this, we held other variables fixed when interpreting the effect of one
variable. Interpretation for (P1)—-(P2) is conditional on subjects being a smoker, and like-
wise for (P3)—-(P4) it is conditional on being a quitter. All analyses are conditional on
being less than 80 years old and ex-smokers quitting less than 50 years ago.

(iii)) The data were split into a few 50:50 training and test sets and plotted to ascertain the
features needing addressing. Since overfitting is effortless, there is a temptation to inflate
every spike that protrudes slightly above the main distribution, and likewise deflate every
tiny dip. Because we have an aversion to overfitting, our models tend to slightly underfit
to avoid numerical problems that can afflict overfitted ones.
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(iv) Models having substantial nonparametric inflation were handled by DRR-VGLMs
for increased parsimony and interpretability. On occasion, we allowed smoothing by a
VGAM, to provide additional insights and exploit the VGLM/VGAM framework versa-
tility.

(v) Since there are four responses, each analysis was necessarily brief. More refined anal-
yses would ideally involve collaboration with a subject matter expert, especially for the
identification of subgroups and implications towards public health policy.

(vi) For brevity, parts of the analyses have been placed in the Supplementary Materials.
(vii) Our models were based on studying the spike plots somewhat, therefore all Wald
tables such as Table 2 carry a caveat concerning standard inference because of pre-
examination. This alludes to a deep and fundamental problem for which there is no easy
solution. The AIC was used for goodness of fit. To measure the distance between the
GAITD and naive models, we now propose the use of the Kullback-Leibler divergence
(KLD; Kullback and Leibler, 1951): Dk (f || f=) =

wp fula)| | X s
wp |log 62;4 IO —i-a;p Ay (a) log (@) + ; ws log 7o) + A (logA) Pr(y ¢ S) +
| | A, & o,
31810+ 6,400 g { A 45 |+ 3 180G ol log {8 £
3 (A5 vy (] {8 g+ 2 ) v {8 - o5

as 0-1og0 = 0 by a limit argument, where Pr(y ¢ S) =N — ", f=(t), and A, (y) =

fa(y)] > falw), A(y) = f.(y)/ >_ f.(u),etc. We used the KLD to measure the total
u€A, ueZ,

effect of alteration, inflation, truncation and deflation relative to the parent distribution.

5.1. Smoking initiation age (P1). 1t is useful to plot the SIA distributions for the ever-
smokers and ex-smokers side-by-side (Figure 3a) for a comparison because there are subtle
differences in interpretation between the groups. They are seemingly similar: both are uni-
modal and right-skewed so that a NBD parent is reasonable, and there is a little heaping at 25,
30, 35 so that A, and Z,, are possibilities. A careful examination about age 16 suggests that
the probability of quitting for those who started smoking younger than 16 years is less than for
those whose smoking onset age is greater than 16. Researchers have conjectured that smokers
who begin their habit relatively early end up with a higher tobacco consumption later in life
(e.g., Taioli and Wynder, 1991), as well as a higher quitting age if they do manage to quit.
This is addressed in Section 5.3. In the following, we show that SIA is well-modelled by a
GI mixture distribution comprising three components which can be attributed to a lower-risk
subgroup comprising very young and old, a mid-risk young subset, and a high-risk adolescent
subgroup.

We chose Z,, = {12,13,14,19,20,21} and Z,,, = {15,16,17,18} with f; = f,. The GI-
NB regression is overlaid on the original data in Figure 3(b). The choice of operators and
special values describes three subgroups and their justification for these sets is included:

* There is a ‘low-risk subgroup’ whose age is less than 12 or greater than 21. They can be
considered the leftovers from the other subgroups. Its proportion is Pr(Y ¢ S) ~ 0.21.

* f, describes a ‘mid-risk’ age subgroup Z,,. It is f; inflated to describe early and later
smokers about the high-risk age subgroup. The proportion Pr(Y € Z,) ~ 0.32.
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F1G 3. SIA in the NHANES 2017-2020 data. (a) Ever-smokers and ex-smokers compared side-by-side.
(b) Intercept-only GI-NB regression fitted to the ever-smokers. The fitted values have been shifted slightly to
the right of the data. It has AIC = 19342.7 and KLD = 0.375. Like all spikeplots, the colour scheme is as Fig. 2.

* The ‘high-risk’ subgroup has ages Z,,,. These have unstructured probabilities added to fr
and happen to exceed f, on either side. The open-ended nature of these probabilities some-
times may be ascribed meaning, and if so it is usually very localized. Here we are mod-
elling the values as they are, viz. at certain ages per se. Making up ~ 47% of our sample,
they correspond to a frenetic teenage smoking uptake: an age group where the largest num-
ber of regular smokers start and where there are haphazard effects that cannot be modelled
by a NBD. It is not unexpected that 18 has the highest spike because it is the minimum
legal age for tobacco purchase. For this reason, the value would be subject to the greatest
amount of heaping.

* An alternative is to partition Z,, because those younger than Z,,, could differ substantially
from those older. For this, we tried Z), = {12,13,14} and A, = {19, 20,21} and this gave
some minimal improvement (AIC = 19340.4) but the model is encumbered by using al-
teration and inflation to explain the spikeplot. We believe it is best to retain inflation as the
sole operator because it greatly simplifies the model and interpretation.

The model borrows strength from having a common set of NBD parameters, i.e., 6, = 6,.
This model is quite simple in that fi, = fi, &~ 20.7 years, i.e., this is the mean age at which
smokers start. This can be compared to the sample mean g5 ~ 18.4 years. Also, a naive
NB regression is grossly inferior as AIC = 20319.

A practical outcome for public health is to target the high-risk group for prevention edu-
cation. This might commence slightly earlier, e.g., at ages 13—14.

With covariates and conditional on being a smoker, the model and its coefficients in Table 2
ordered by (7) are

T
(16) n = (logpx, logrr, log(dp/N), log(¢pis)/N), ..., log(dps)/N))
with all but 7; being intercept-only, and
17 m = Bikl)l + 6?1)2race20thers + e+ ﬂa)geduc >=College graduate.

Table 2 indicates that, conditional on being a smoker, the most highly educated start smok-
ing later relative to those with less education, non-Hispanic whites start smoking ear-
lier, and males take up smoking earlier than females. The model suggests that those wid-
owed/divorced/separated took up smoking later relative to married/partnered persons. There
are several possible explanations for this, for example, factors leading to being widowed, di-
vorced or separated such as work stress and poor health could also lead to initiate smoking. If
the explanation is at least partially causal then trauma occurring later in life (i.e., these events
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are after marriage) predisposing an individual to take up smoking would produce relatively
high values of SIA.

The multitude of intercepts in Table 2 demonstrates how easy it is for GAITD regression
to produce many coefficients. Furthermore, determining their values on the probability scale
requires evaluating the nontrivial softmax function. Nevertheless some basw 1nformat10n can
be gleaned such as the order of intercepts 4—7 implying qﬁ[m < gb[m < gb el < gb rs]-

To summarize our answer to (P1), male non-Hispanic whites aged 15-18 are particu-
larly susceptible to early smoking initiation. Overall, three subgroups were identified and
attributed to low, medium and high risk. The latter subgroup might be subjected to the most
intensive tobacco control or deterrence policies.
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FI1G 4. Daily TC in 1577 current smokers. (a) Raw data; (b) Intercept-only GAIT-NB regression compared to the
raw data (RHS shifted and dashed and/or in colour) with AIC = 8435.4 (cf. 10521.6 for naive NB regression)
and KLD =1.11.

5.2. Tobacco consumption (P2). The TC distribution (Figure 4a) among current smokers
is intriguing and bears a resemblance to Figure 1a. The primary feature is strong heaping in
the form of a large and almost equal number of smokers who consume either half or one pack
daily against a backdrop of an underlying NB-like distribution accounting for low TC and

TABLE 2
GI-NB regression with covariates for SIA in the NHANES 2017-2020 data. The (stepwise) regression
coefficients are ordered by (16) and (17). The AIC = 19223.9. Caveat: SEs, Wald statistics and p-values are
approximate only.

Estimate ~ Std. Error zvalue Pr(>|z|)

log prr intercept 2.819 0.043 65.106 0.000

log K intercept 2.579 0.065 39.602 0.000
log(¢p/N) intercept ~ —0.702 0.086 —8.194 0.000
log((bhm /N) intercept ~ —1.784 0.095 —18.829 0.000
g(th /N) intercept ~ —1.381 0.080 —17.328 0.000
103((15(171 JN) intercept ~ —1.680 0.092 —18.348 0.000
log(qﬁ(l@ /N) intercept ~ —1.103 0.072 —15.365 0.000
race20thers 0.180 0.020 8.988 0.000

genderMale -0.057 0.020 -2.906 0.004
maritalNever married 0.019 0.025 0.744 0.457
maritalWidowed/Divorced/Separated 0.082 0.023 3.505 0.000
educ9-11th grade ~ —0.010 0.044 —0.226 0.821
educHigh school 0.087 0.041 2.116 0.034
educCollege degree 0.127 0.041 3.102 0.002

educ>= College graduate 0.199 0.045 4.376 0.000
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having right skew that is punctuated with spikes at other heaped values such as at 0.75, 1.5
and 2 packs. The intercept-only GAIT-NB regression captures the most important features
(Figure 4b). For this we chose 7 = {0} by definition, A,,, = {10,20} with a parallelism
assumption to make the spikes equal, and Z,,, = {15,30,40} to handle the lesser heaping
at %, 1% and 2 packs. Further justification for these selections are as follows. We argue that the
main distribution is unimodal and centered around 5. Although it appears to have a long tail,
we chose 7, as above rather than Z,, because parametric inflation had a substantial lack of fit.
The two big spikes at 10 and 20 appear equal and unrelated to the main distribution. It would
be possible to set Dy, = {9,11} with a parallelism assumption because they sandwich 10,
however the seeping is minor. The inflation is also minor at 5. The scaled parent f; makes up
approximately 52.8% and [i, = 5.75 years. In contrast, the overall combo mean is estimated
by E[Yrc] ~ 10.94 which is much higher—it is drawn upwards because of the two large
spikes. The sample mean self-reported daily number of cigarettes smoked is about 10.9. In
contrast, comparing Figure 4(a) with the global estimate of GBD 2019 Tobacco Collaborators
(2021, Fig. 2) shows similarities: a NB-like distribution having a mean of about 10. To gauge
the effect of ignoring all GAITD-like features, a naive NB fitted to TC yields iz = 10.89 and
AIC = 10521.6 with the latter indicating a very poor fit. The large KLD shows that GAITD-
like features are more necessary than with the other three responses.

Before fitting additive models, we performed stepwise regression (effectively backward
elimination) because variable selection with VGAM s is heuristic and difficult. The procedure
removed marital status and we allowed the covariates to model Pr(Yrc = 10) and Pr(Yrc =
20) identically. The model and its coefficients in Table 3 ordered by (7) are n’ =

(18) <10gu7r, log kr, log wj\l;ﬂv log wf/m’ log gb/[\lfm’ log aﬁf;) ! log ¢Jf<lf0 1)

with all but 71, 173 and 14 being intercept-only. Hence

6 6
(19) mo= > BiwTh  m == Y Bhywk
k=1 k=1

with : 1 in the computer output denoting coefficients for 7, etc. The following observations
conditional on being a current smoker are made from the table.

* For the covariates, all pairs of significant regression coefficients have the same sign, thus
provide nonconflicting evidence.

» The estimated regression coefficients of SIA are negative so that, keeping smoking dura-
tion fixed, the data supports the hypothesis that a later SIA is associated with less TC. This
affirms the view that prevention education should be aimed at those youngest among the
vulnerable, for if they do start smoking later then at least there is a mild trend for them to
smoke less initially.

» Keeping SIA fixed, an increased smoking duration is associated with an increased mean
TC. This is consistent with the conclusion of the previous point.

» The signs of the remaining estimated regression coefficients are not surprising: (i) non-
Hispanic whites appear to smoke more than the other group; (ii) males smoke more than
females; (iii) and those exposed to more secondary smoke tend to have a higher TC.

We fitted a VGAM (Figure 5) with
(20) m =log pr = 5{1)1 + f(*1)2(SIA) + f(*1)3(SD) + ﬂ{m,
2D nj = 9(00[5]) = 52})1 + f(*2)2(SIA) + f(*2)3(SD) + ,3?337
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for s = 10,20 and j = 3,4, where g is the multilogit link applied to model Pr(Ypc = 10)
and Pr(Yrc = 20), and 13 = n4. Even though the additive predictors (20)—(21) are quite
different quantities, ﬁ*l)Q and f(*2)2 are remarkably similar, as is jA’(*l)S to J?(*2)3 which is reas-
suring. Collectively, it indicates that the following conclusions are valid across the entire TC
distribution.

* In the first row of plots, the decreasing linear trends with respect to SIA suggests that TC
declines with SIA. There is so much uncertainty in the functional form that linear effects
were chosen by the automatic smoothing parameter selection algorithm based on O-splines
(Wand and Ormerod, 2008).

* The second row of plots show monotonically increasing trends that level off. The greatest
TC increase seems immediately after regular smoking begins and becomes almost constant
about 3040 years afterwards.

Together, the VGAM suggests that those taking up smoking later in life, compared to those
taking it up earlier in life, smoke less initially, and that daily tobacco consumption tends to in-
crease the longer the dependence persists but with a levelling off around 35 years later. These
results concur with Pierce (2022) who advocated reducing smoking intensity (cigarettes per
day) as one of the goals for tobacco control programs, especially for those younger than 35
years.
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FIG 5. Estimated component functions (6) of a GAIT-NB VGAM fitted to tobacco consumption in current smok-
ers. The dashed curves are £2 pointwise SE bands. The covariates are smoking initiation age and smoking

~

duration. The LHS and RHS plots are (20)—(21) respectively: from top-left going clockwise, they are f(*l)Q(SIA),
]?(*Q)Q(SIA), f(*Q)g(SD), f(*l)g(SD).

5.3. Smoking duration (P3). Being the difference between a heaped and an unheaped
variable, the smoking duration distribution among ex-smokers appears ragged (Figure 6a).
After a naive NB was fit, it was evident that any conventional parametric distribution would
struggle and that the shape was humped for the first few values. We remark that these excess
individuals belong to a group of quick quitters. Hence we fitted an intercept-only GI-NB
regression with a parallelism assumption applied to Z,,, = {0, 1,...,5} to simplify the spikes
in Figure 6(b) to have equal height. This resulted in the AIC decreasing by 44.9. Contrary to
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TABLE 3
GAIT-NB regression for current tobacco consumption after stepwise regression. The order of the intercepts is
given in (18) and (19). The AIC = 8216.8. Caveat: SEs, Wald statistics and p-values are approximate only.

Estimate  Std. Error zvalue Pr(>|z|)

log pr intercept 1.773 0.137 12.923 0.000

log K intercept 0.795 0.088 9.002 0.000
105(“[10,20] /N) intercept  —0.651 0.262  —2.482 0.013
log(qb[lm /N) intercept ~ —2.305 0.123 —18.778 0.000
log(¢ [30] JN) intercept ~ —3.281 0.182 —17.995 0.000
log(qﬁmm /N) intercept ~ —3.636 0.215 —16.944 0.000
SIA:1 —0.018 0.005 —3.645 0.000

SIA:2  —0.024 0.010 —2.369 0.018

sduration:1 0.012 0.002 6.225 0.000

sduration:2 0.013 0.004 3.497 0.000

race20thers: 1 —0.408 0.061 —6.638 0.000
race20thers:2 —0.751 0.111 —6.784 0.000
genderMale:1 0.203 0.059 3.404 0.001
genderMale:2 —0.011 0.110 —0.103 0.918
totpassive: 1 0.148 0.024 6.130 0.000

totpassive:2 0.085 0.046 1.852 0.064

this, allowing each spike to be unconstrained would result in a overfitted model whose values
fit perfectly. A KLD of 0.065 indicates the modification on the NBD is moderate.

Table 4 summarizes the covariate model after stepwise regression removed gender and
race. The model has

(22) n = (1og pix, logkr, log(oro)/N), ..., 10g(¢[51/N))T

with only 72 being intercept-only and 73 = 14 = - -- = 13 to model all quick quitters sym-
metrically. The following findings, conditional on being an ex-smoker and fixing the other
variables, are made.

* A shorter mean SD is associateﬁ with an increasing SIA because of the negative coefficient
in 7 and positive coefficient 62‘2)2. The latter means that the excess chances of quitting
within 5 years increases with SIA. These help answer (P3), viz. that those who initiate
smoking later in life have a higher probability of becoming quick quitters in the sense that
the number of years spent smoking is on average less than those who started smoking at a
younger age.
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FIG 6. Smoking duration of ex-smokers in the NHANES 2017-2020 data. The value at 0 are participants who
started smoking within 6 months of data collection. (a) Raw data; (b) Intercept-only GI-NB regression (AIC =
13827.9) and compared to (a). Quick quitters are the first six values having inflation (dashed lines of equal
height).
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* While individuals who are widowed/divorced/separated tend to smoke longer on average
than those married/partnered, the never married tend to quit the fastest. A possible explana-
tion for the latter is that individuals in dual-smoker couples typically report low motivation
to quit smoking (vanDellen et al., 2019).

* There is a tendency for SD to decrease with increasing education.

Although these findings are as anticipated, monotonicity of the B\Ekj) ;. 1s not observed for ed-
ucation in 71 and 73. We now fit a more interpretable DRR-VGLM where the monotonicity
in education is stronger than in the case of the VGLM fit.

5.3.1. DRR-VGLM analysis. Fitting (15) with ;) =1, v is defined by a linear com-
bination of (SIA, marital, educ)’, with marital status and education expanding out to
several indicator variables. Then the latent variable is used to model log ur and the ¢y

(s=0,1,...,5) simultaneously. Our reduced rank regression has structure as the values of s
are treated equally: the constraint matrices for the intercept and A (i.e., (5) and (14)) are
10
ILL 0 )
H]. = < 5 HAl — O 0

Ordinarily, RR-VGLMs would have an estimate for each element of A and therefore be prone
to overfitting.

From Table 5 we have a1 =1, d31 = @41 = -+ = ag1 ~ —2.294, logk, ~ 1.188, etc. In
contrast with Table 4, the single effect of education is almost strictly monotonic, suggesting
a more parsimonious model. Each estimated coefficient of C is very interpretable: v is de-
creasing with increasing SIA and increasing education, and has a positive loading for those
who are widowed/divorced/separated. Thus holistically, a quitter having a higher value of v
is more ‘unhealthy’ because smoking commences at a lower age, s/he has lower education
and is widowed/divorced/separated. That a1 and a3; have opposite signs implies that mean
smoking duration and the excess probability of being a quick quitter move in opposite di-
rections as the latent variable changes. This makes sense, e.g., with decreasing v there is a

TABLE 4
GI-NB regression with covariates after stepwise regression for smoking duration in the NHANES 2017-2020
data. The elements of ) are enumerated by (22). Caveat: SEs, Wald statistics and p-values are approximate only.

Estimate  Std. Error zvalue Pr(>|z|)

log pr intercept 3.674 0.083 44.458 0.000

log Kk intercept 1.199 0.056 21.541 0.000

log(¢)[0w751 JN) intercept ~ —5.550 0.547 —10.142 0.000

SIA:1 —0.029 0.004 —8.037 0.000

SIA:2 0.071 0.018 4.008 0.000

maritalNever married:1 —0.060 0.050 —1.190 0.234

maritalNever married:2 0.560 0.245 2.282 0.022
maritalWidowed/Divorced/Separated: 1 0.197 0.037 5.400 0.000
marital Widowed/Divorced/Separated:2 —1.070 0.346 —3.091 0.002
educ9-11th grade:1 0.010 0.071 0.138 0.890

educ9-11th grade:2 0.082 0.539 0.153 0.879

educHigh school:1 —0.026 0.063 —0.406 0.685

educHigh school:2 0.365 0.467 0.781 0.435

educCollege degree:1 —0.110 0.061 —1.807 0.071

educCollege degree:2 0.490 0.454 1.079 0.281

educ>= College graduate:1 —0.347 0.067 —5.215 0.000

educ>= College graduate:2 0.041 0.522 0.079 0.937
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protective effect due to mean smoking duration decreasing coupled with the quick quitting
probability increasing.

Compared to a RR-VGLM where A = (1,0, a31, .. .,ag1)’ and AIC = 13629.2, the DRR-
VGLM has an AIC that is 5.0 less. Thus there is real benefit gained from the DRR-VGLM in
terms of interpretative ease and goodness of fit.

TABLE 5
DRR-VGLM GI-NB regression in ex-smokers, for smoking duration, in the NHANES 2017-2020 data. The rows
have been partially partitioned into estimates for A, By and C respectively, so the first row is for ag1—ag1. The
AIC is 13624.1. Caveat: SEs, Wald statistics and p-values are approximate only.

Estimate Std. Error  zvalue Pr(>|z])

asi, ..., a8l —2.294 0.661 —3.467 0.000

log p1r intercept 3.680 0.084 43.726 0.000

log K intercept 1.188 0.056 21.206 0.000
log(gb[o,m’g,] /N) intercept ~ —5.483 0.383 —14.308 0.000
SIA  —-0.029 0.004  —7.938 0.000

maritalNever married  —0.103 0.042  —2.468 0.007
maritalWidowed/Divorced/Separated 0.225 0.034 6.688 0.000
educ9-11th grade 0.004 0.064 0.055 0.478
educHigh school ~ —0.046 0.057 —0.811 0.209
educCollege degree ~ —0.127 0.055 —2.306 0.011
educ>= College graduate =~ —0.291 0.064  —4.565 0.000

5.3.2. Fitting a VGAM. Because SIA is of central interest and statistically significant,
we fit a simplified additive model with this covariate only. The VGAM (cf. (22) and (6)) is

(23) m = ﬂikl)l_'_f(*l)Q(SIA)v 2 = B?Q)la n; = 633)17 j:37"'78a

and plotted in Figure 7. The fitted component function (6) on the LHS includes point-
wise =2SE bands to provide variability information. Changes in this function may be ‘mag-
nified’ by considering its first derivative shown on the right. For instance, determining the
SIA where SD changes the least is more easily seen from the right panel. We comment that:

* Plot (a) shows an almost linear decreasing trend suggesting that the earlier one starts smok-
ing, the longer the period spent smoking. However, because it seems most rapidly decreas-
ing for SIA < 20 years (plot (b)), this suggests that one should redouble efforts to stop
smoking starting before age 20.

* The SE-bands are wide at the boundaries and indicate that there is considerable uncertainty
at extreme SIA values, hence a need to refrain from over-interpreting there. For instance,
the decrease on the RHS of plot (b) is almost surely spurious and this is further supported
by the rugplot showing a lack of data in that region. Nevertheless, the public health im-
plication is obvious: those taking up smoking while very young are the most vulnerable,
therefore they should be targetted for smoking prevention education.

Together, the smooth suggests that those who start smoking at very young ages tend to smoke
much longer. To answer (P3), (23) and Figure 7 indicate that the lowest SIA is associated with
highest SD, hence there is a strong case for smoking prevention education aimed at the early-
or pre-teenage years.
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5.4. Smoking cessation age (P4). The SCA distribution among ex-smokers, which is
similar to smoking duration due to Ysca = Ysia + Ysp, is unimodal (Figure 8a) and viewed
as a NB distribution augmented with a hump on its top LHS. As mentioned in Section 1.4,
heaping and seeping in Figure 8(a) is rather subdued because SCA was calculated by sub-
tracting the self-reported quitting duration from the participant’s age, hence any heaping is
diluted, e.g., the small repeating pattern of seepage in the 30s, 40s and 60s age ranges.

The hump covers the range 18 < SCA < 32 approximately and these individuals are as-
signed the name ‘young quitters’. There is a seemingly large spike at 25, however, plots of
the training/test data revealed that this spike could frequently disappear so that treating it
differently from its neighbors would be overfitting. Like quick quitters, young quitters are of
interest because they might be an appropriate audience of a public health initiative.

We chose a GIT-NB model with 7 = {0,...,6} because the minimum SIA was 7 and
truncating beyond 80 years is negligible. Also, Z,, = {18,...,32} with a parallelism as-
sumption for g(¢s) to create a band of spikes having a constant height. A plausible explana-
tion is that because SIA is peaked around 15-20, there are many young ex-smokers having a
short smoking duration. We conclude from Figure 8(b) that to a large extent, SCA is negative
binomial distributed with an even band of probabilities added on at ages 18 to 32 to account
for the young quitters. That is, while smoking initiation is largely in the teenage—young adult
years, quitting is lagged and peaks at around 20-30 years of age. The band height corre-
sponds to a probability of 1.5%, and when summed this is a substantial 22.6%. An abrupt
drop-off after 32 years is noticeable and its reason is unknown. The scaled parent f; makes
up approximately 60.7% and its mean is i, = 43 years. In contrast, the overall combo mean
is estimated by E(Ygca ) ~ 38.7 years—Iless because of the hump. The effect of ignoring all
GAITD-like features is an inferior naive NB with 1z = 38.6 and AIC = 13968.4.

The public health implication is that there is good reason for intensifying cessation cam-
paigns for those less than age 40 or so because most quitting occurs before that age and the
potential benefits are greatest then (Pierce, 2022). Indeed, the median of the GAIT-NB model
is only slightly higher than 40 years. These results are also in line with Thomson et al. (2022)
who concluded that quitting smoking, particularly at younger ages, was associated with sub-
stantial reductions in the relative excess mortality associated with continued smoking.

With covariates, stepwise regression chose marital status and education for inclusion
(AIC = 13735.8). From this, young quitters tend to be single and definitely not wid-
owed/divorced/separated. However, most of the constituent p-values of educ were non-
significant. This problem was overcome by the DRR-VGLM.
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FIG 7. (a) Estimated component function J?Ekl)2(SIA) from a GI-NB VGAM (23) fitted to smoking duration in

ex-smokers. (b) Its first derivative. Vertical dashed lines at ages 15 and 20 years have been placed for reference.
From (23), the plots concern 1 = log .
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FIG 8. SCA of 1750 quitters from NHANES 2017-2020. (a) Raw data; (b) Intercept-only GIT-NB regression
overlaid on (a) and having AIC = 13856.6 and KLD = 0.14.

TABLE 6
DRR-VGLM GIT-NB regression in ex-smokers, for SCA, in the NHANES 2017-2020 data. The AIC = 13736.1.
Caveat: SEs, Wald statistics and p-values are approximate only

Estimate  Std. Error zvalue Pr(>|z|)

ag,...,a17,1  —5.548 1.960 —2.830 0.002

log 111 intercept 3.773 0.025 148.242 0.000

log . intercept 2.768 0.070 39.682 0.000

log(¢yo,....51/N) intercept ~ —4.151 0.179 —23.213 0.000
maritalNever married ~— —0.043 0.020  —2.200 0.014
maritalWidowed/Divorced/Separated 0.116 0.019 6.070 0.000
educ9-11th grade 0.001 0.030 0.041 0.484

educHigh school ~ —0.018 0.027 —0.660 0.255

educCollege degree ~ —0.058 0.026 —2.192 0.014

educ>= College graduate =~ —0.139 0.033 —4.157 0.000

5.4.1. DRR-VGLM analysis. Table 6 admits the following interpretation.

* With similarities with SD, @31 = --- =a;7,1 & —5.548 < 0 shows that the mean SCA and
inflation probability of being a young quitter move in opposite directions.

* As v decreases with increasing education, and has a positive loading for those who are
widowed/divorced/separated, higher values of the latent variable are more ‘unhealthy’.

» With increasing education, the trend is monotonic and the p-values decrease, so there is
greater ability to detect differences between less versus more education levels.

» With the married as baseline, both widowed/divorced/separated and singles differ signifi-
cantly and have opposite signs. This is more conclusive than the VGLM.

All these are of no surprise at all. The AIC of the DRR-VGLM only differs from the stepwise
VGLM by 0.3 and is much more interpretable.

As a final diagnostic, we simulated two data sets from the fitted model in Fig. 9. The plot
shows the DRR-VGLM adapts to the overall distribution well. The bottom plot shows how
ordinary sampling variation can produce a large spike at random (here at 31). Thus it confirms
that treating 25 the same as its neighbours is not unreasonable.

6. Discussion. Globally over the past three decades it has been estimated that more than
200 million deaths have been caused by smoking tobacco use (GBD 2019 Tobacco Collabo-
rators, 2021). In the US, smoking remains the leading preventable cause of death (Smoking
Cessation (OSG), 2020) as reflected by half a million deaths annually (Thomson et al., 2022).
Partly because of these, smoking data is perhaps the most commonly collected data type in
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addiction science. This paper has addressed issues surrounding heaped and seeped data in the
context of smoking studies and utilized a newly developed regression method for investigat-
ing three generic problems fundamental to any simple addiction study with count responses.
Heaped and seeped data will always remain a formidable and challenging problem because
it can arise in so many shapes and sizes, however we opine that GAITD regression is suffi-
ciently flexible to make inroads in this problem area in the hands of competent practitioners.

As seen for (P3)—(P4), when there are covariates a GAITD regression model can benefit
from reduced rank regression. DRR-VGLMs boost the benefits of this dimension reduction
with structure but do require careful attention when defining the required constraint matri-
ces. Often the latent variables are readily interpretable and this was seen in Sections 5.3.1
and 5.4.1.

There is room for many refinements not illustrated here. For example, some individuals
might be described as recreational smokers whose daily TC for weekdays and weekends
differ significantly e.g., smoking in openintro (Cetinkaya Rundel et al., 2022). Another ex-
ample stems from Section 5.4 where our analyses were conditional on successful quitting. In
practice the relationship between SIA and (final) SCA is more complex as it depends on the
probability of quitting and there is the possibility of multiple cycles of quitting and relapse,
e.g., about 30-50% of US smokers attempt to quit in any given year and success rates are only
about 7.5% (Creamer et al., 2019). A survival analysis approach could be complementary for
teasing out the SIA-SCA relationship. Having similarities with a multivariate GLM with
mixture model characteristics, we demonstrated the straightforwardness of GAITD regres-
sion by solving basic problems adequately in spite of spikes, dips, bimodality and truncation.
For GAITD regression itself, one refinement needed is to handle incorrect y values such as
false Os (Lewbel, 2000). They occur commonly in ecology and some comments are given in
Yee and Ma (2024).

More generally, one major and overarching purpose of GAITD regression is to allow in-
ference on the parent distribution by adjusting for or removing unwanted values by alteration,
shaving off the excesses or spikes by inflation, filling in deficiencies or dips by deflation, and
acknowledging impossible values by truncation. Sometimes the altered, inflated and deflated
mixture distributions may be of interest in their own right, though many users will want to
constrain them to equal the parent to borrow strength and to avoid numerical problems. Also,
the multinomial logit model probabilities may be of interest too.

This work is ongoing, with possible extensions including the development of GAITD
regression to continuous distributions. As SIA and SCA are time measurements, they are
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FIG 9. Smoking cessation age in ex-smokers: simulated data (shifted slightly to the RHS and dashed blue) from
the fitted DRR-VGLM, placed adjacent to the final test set (LHS solid black lines).
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strictly continuous so there is a need to develop concrete GAITD regression that shares both
continuous and discrete properties for handling heaping and seeping at discrete values from
an otherwise continuous distribution. Other future work includes applying the method to
other heaped NHANES addiction variables which are easily identified by spikeplotting, e.g.,
consumption of alcohol and marijuana, number of sexual partners (Pruim, 2015). Alcohol
studies would be our first choice, as this is perhaps the next most common data type in
large-scale addiction studies whose interventions have been integrated with smoking cessa-
tion (Villanti et al., 2020).

Acknowledgements. We thank the six reviewers for many invaluable comments, and
Liza Bolton and Rolf Turner for very helpful proof-reading.

SUPPLEMENTARY MATERIAL

Appendix
Contains ‘Modelling Strategies and Guidelines for GAITD Regression’, a more detailed anal-
ysis of the data, and a simulation study.
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