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Abstract

This paper provides a Nystrom method for the numerical solution
of Volterra integral equations whose kernels contain singularities of al-
gebraic type. It is proved that the method is stable and convergent
in suitable weighted spaces. An error estimate is also given as well as
several numerical tests are presented.
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1 Introduction

In this paper we introduce a new Nystrom method for solving weakly singular
Volterra integral equations of the second kind of the form

o+ [ Dk ) f@)(y — 2+ o)A = g(y), ye (-11), (1)
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where «, 8 > —1, f is the unknown solution and k£ and g are given functions.

In the case —1 < a < 0, § = 0, i.e. the simplest form of second kind
Abel-type integral equation, is a model for many applications, arising
in mathematical physics, electrochemistry, crystal growth, biophysics, vis-
coelasticity, heat transfer model, analysis of thin sections in transmission
electron microscopy and in the solution of BVP. For the large variety of
applications, a great attention has been posed in the literature and several
numerical methods for solving these equations have been proposed. For an
extensive bibliography the interested reader can consult the survey paper
[1, 2, 22] (see also [6]). In the case @ = = 0 we recall the iterated colloca-
tion methods [5], 26} 32 [36] and the spectral collocation methods |21, 33} [35].
For a complete bibliography, we refer to [0, Chapter 2| and the reference
therein.

As it is known, for negative values of «, the weak singularity along the
boundary y = x and along the side y = —1 is inherited by the solution f,
even if the right-hand side function g is smooth (see, for instance, [6l Chapter
6], [31], [10]).

In the present paper, besides to consider a > —1, we approach the cases
of functions k and g smooth inside the open sets D := (—1,1) x (—1,1) and
(—1,1), respectively, but possibly presenting algebraic singularities on the
border D and/or at the endpoints +1. Hence, these equations have usually
solutions whose derivatives are unbounded at the left endpoint of the inte-
gration interval. By virtue of this peculiarity, they could be better handled
in weighted spaces of functions to “absorb" the endpoints singularities of the
solution. Hence, denoted by u(x) = (1 — z)?(1 + z)° a Jacobi weight with
~v,8 > 0, in this paper we study the equation in the space C,, of functions f
that are locally continuous in (—1,1) and such that fu € C°([—1,1]). The
weighted Nystréom method we develop employs a product integration rule
that exactly integrates the singular factor (y — )%, and only the kernel & is
approximated in C,. The final linear system we obtain allows to construct
the weighted Nystrom interpolant. We study stability, convergence and well
conditioning of the system, providing error estimates in suitable subspaces
of Cy. The accuracy of the method is confirmed by some numerical tests
too. Comparisons with other recent methods [I8|, 22] are also presented. We
point out that a relevant advantage of a Nystrom scheme w.r.t. to a collo-
cation approach, is a faster convergence even if the right-hand side g in (1)
is not so smooth. Roughly speaking, the effective speed of convergence of
Nystrom methods is “more" dependent on the smoothness of the kernel k,
than on the one of g.

The approach we propose represents a not negligible contribution in the
framework of numerical methods devoted to solving this kind of equation.
Indeed, numerical methods usually developed in C°([—1,1]) require addi-
tional smoothing transformations to improve their performance. This is for
instance the approach proposed in [24], where a piecewise polynomial colloca~



tion method is introduced. The same happens in the more recent paper [1§],
where a projection method based on Lagrange interpolation in C%([—1,1])
is proposed. According to our knowledge, a such kind of study has never
been proposed before. Indeed, a Nystrom method has been developed in
[4, 20] but for other classes of Volterra integral equations. In [4] weakly sin-
gular equations with non-compact operators have been considered, and in
[20] Volterra equations with highly oscillatory kernels have been studied. In
both cases, the methods were analyzed in un-weighted spaces of functions.

We remark that the numerical treatment of several other kinds of inte-
gral equations in weighted spaces has been widely proposed in many recent
papers. Among them we recall: second kind Fredholm integral equations
[11l 19, [30], integro-differential equations |7} [13] [14], Cauchy singular equa-
tions [9) 8 23] 28, [12], Mellin-type integral equations [16, 17, 25].

The paper is structured as follows. In Section [2] we collect some pre-
liminaries, useful in the sequel. In Section [3| we gather new basic results
necessary to introduce the Nystrom method developed in Section [4] In Sec-
tion [b] we show our numerical examples and in Section [6] we give the proofs
of the main results.

2 Notations and preliminary results

Throughout the paper we use C in order to denote a positive constant,
which may have different values at different occurrences, and we write C #
C(n, f,...) to mean that C > 0 is independent of n, f, .. ..

For a given bivariate function k(z,y), we will write k, (or k) to regard
it as function of the only variable z (or y).

2.1 Function spaces
Let u be the Jacobi weight defined as
u(@) =0 (@) = (1—2)(1+2)°  ze(-1,1), 78>0

We denote by C,, the Banach space of the functions f € C°((—1,1)) s. t.
fue C%[~1,1]) and liml(fu)(x) =01if 7 > 0 as well as liml(fu)(a:) =0 if
x— T—>—

6 > 0, equipped with the norm
[fllc. = llfullo = max |(fu)(z)].

|lz|<1
The limit conditions are necessary to assure that (see for instance [27])

lim Ep(f)u =0, Vfe€C,

where, denoted by P, the space of all algebraic polynomials of degree at
most m,

En(fui= jnf [ = Ple,
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is the error of best polynomial approximation of f € C,,.

To deal with smoother functions, with A\ € R* we consider the Zygmund
type space

Q5 (f,)u
ZA(u):{feCu : sup¢(t{\)<oo, kzl,k>)\},

t>0

where, setting ¢(x) = v/1 — 22, the main part of the w-modulus of smooth-
ness Qﬁ(f, t)y is defined as [I5, p. 90|

QS ) = Sup. (AR P uln:  Ten = [=1+ (2kh)*, 1 — (2kh)?],
<ns

with
k

Af f(x) = ;(—1)1' <I;>f (:n + hg(x)(k - 22')) :

The space Zy(u) is endowed with the norm

Qk(fvt)u
1z = [ fulloo +sup —=5—.
t>0

Zygmund spaces are strictly connected with the Sobolev space of order
r € N,r > 1 defined as

W, (u) = {f e Cy: fD € AC(—1,1),
11w,y = I Fulloo + 176 ulloo < 00}

being AC(—1, 1) the set of the functions which are absolutely continuous on
every closed subinterval of (—1,1). Indeed,

Winj41 C 20 C Wy

being |\ the smallest integer greater than or equal toA>0.
Finally, to estimate E,,(f),, we recall the following weak-Jackson in-
equality

1 0k
EAﬂuscA”Q“f“%m vf e, @)

and the Favard inequality (see, e.g., [27, p. 172])

C

where, in both cases, C # C(m, f).



2.2 Lagrange interpolating polynomials

Let
w(z) = v (z) = (1-2)* 1 +2)’, o f>-1,
and denote by {pm(w)}5°_, the sequence of the corresponding orthonormal
polynomials with positive leading coefficients.
For a given f € C, let LY (f) € P,,—1 be the Lagrange polynomial
interpolating f at the zeros {x}7, of pm(w), i.e.

m —1

E%(f? l’) = ng,l(x)f(xl)7 Zm,z(x) = )\m,z(w) pj(W, x)pj(wal'i)7 (3>

i=1 j

3

Il
=)

where A, (w) are the Christoffel numbers w.r.t. w. Let us now recall
the conditions under which the sequence of Lebesgue constants {||L% ||, }m
associated to the previous interpolating process in C,, i.e.

m—+1 |£ k
Lo llw == |1 L]l cu—sc —maxu Z m

|z|<1

has a logarithmic growth.
Theorem 2.1. [Z7, p.272] Given two Jacobi weights u = v with v,§ > 0
and w = v®P with o, f > —1, then
L llu ~ logm,
if and only if
max{0,3+i} S’YS%+Z, max{0,§+jl} §6§§+Z,

are satisfied.

We conclude by recalling a theorem useful to prove convergence and
stability of the product quadrature rule that we will introduce in Section [3]
11

Theorem 2.2. [29], [27, p.348] Let u = v"°, w = v and ¢ = v22.

Assume )
ap [ B (o M)
ye[-1, 1]J-1 u(z) u(z)

Then, for any f € Cy, we have
1
swp [ 25 (Fa)d(ey)lds <€ fulles € #Clm. )
—1<y<1J-1

if and only if

dac<oo.

o b ldey)l / \/
P T <
(-1, 1] \/wxgox



3 Auxiliary results

Setting

y
VO = [ k) -2+ ) ds (4)
equation (23) can be rewritten in the form
I+V)f=g.

3.1 Solvability of equation (1)) in C,

The first problem we approach is to assure equation is uniquely solvable
in Cy,.

Theorem 3.1. Assume thaty <14+ a, § <1+ and

k(y) = v~ 11 (y) up k(z,y)| € Zx(u). (5)
xe|—1,

For any g € C, equation admits a unique solution in C,.
Remark 3.2. Note that even zf/% s singular at y =1, ku it is not.

Now we propose some examples of kernels k satisfying (5|) for suitable weights
u.

o k(xz,y) =c, c € R (see e.g.[24, Example 1]). Assuming 1 + o+ >0,
(5] is satisfied with 0 < A <2(1 4+ a+ 5 +9).

o k(z,y) = e¥(1+y)% and @ = B = —2. Setting v = 0, one has
k(y) = el+yvo’%(y), and (B]) is fulfilled with A\ = 3 + 24.

e k(z,y) = (x +y*+ 1)sin(z +y) and a = 0, § = 1/4. In this case

Fy) = v i(y) sup  ((x+y°+ 1) sin(z +y)) ~ v i (y),
ze[—1, 1]

and k € Zng%(u), for any u = v,

3.2 A product integration rule

Now we introduce a product rule on which the weighted Nystrom method is
based. The rule has been obtained by approximating the function &, f in (4))
by the Lagrange polynomial L (k, f), i.e.



where &, denotes the remainder term and

V)W) = 3 ex@)k(ai, ) @), (6)
k=1
with

0@ = [ tna@ -2+ 2 o

—_

m— Y
= Aal0) Y- pylwan) [ pon) - 0 (14 0) e, (1)
i=0 !
being £, defined in (3)).
Next theorem states conditions under which the integration rule in @ is
stable and convergent.

Theorem 3.3. Assume that the function k satisfies , ky, € Cy and the
weights u = v7° and w = v®P fulfill the following conditions

0§’y<min{a+1,a—|—5}

2 4
(8)
: g 5
max {0, —(1 + o+ )} <§ < min B+1’§+Z .
Then formula @ is stable, i.e.
sup Supu(y)i lexlw)l 00, (9)
yE[—l,l} m k=1 U(.’,Uk.)
and for each f € Cy
Tim[[(V — V)l = 0.

4 The Nystrom method

In order to approximate the solution of , we introduce here a weighted
Nystrom method. Considering the sequence {(Vinf)(y)}, , with (Vi f)(y)
defined in @, we introduce the following finite-dimensional equation

Z+Vm)fm =9, (10)

in the unknown f,,. Then, multiplying both sides of the previous equation
by the weight u and collocating at the zeros {z;}["; of py(w), we get the
following linear system

Z[5ij+cj(1:i)u($i)k(:cj,xi) a; = (qu)(z;), i=1,...m (11

ot u(z;)



where a; = (fmu)(z;) are the unknowns and

m—1 z;

cj(zi) = Am,j Z pk(w,wj)/ pr(w, x)(x; — )% (1 + :B)de
k=0 -1

m—1

1+ 1+a+8 1
:< 2 ) Amg Y pr(w, z;) / pi(w, 7z, ()0 () da
k=0 -1

1 + X 1+a+p m—1 m
= ( B ) >\m,j Zpk(wyxj)Z)\m,spk(w77xi($s))a
k=0 s=1

) 1+x rz—1
Wlth’yx(t):( 5 t+ 5

A matrix representation of system is given by
(Im + Dy KD, Y)a = b, (12)

where a = (a1,...,am)", b = (b1,...,by)T with b; = u(z;)g(z;), I is the
identity matrix of order m and

Dy, = diag(u(xl)) cees u(:cm)), (Km)u = Cj(xi)k(]"ﬁ xl)

System is equivalent to the finite-dimensional equation ([10). In
fact, the solution a* of , if it exists, allow one to costruct the weighted
Nystrom interpolant

() ®) = (g0)(@) —u®) S LY k(s y)a (13)

— u(x;)

Jj=1

which is the solution of . Vice-versa, the latter furnishes a solution to
. Merely evaluate at the nodes z;, 1 =1,...,m.

Next theorem states the convergence of the above described Nystrom
method.

Theorem 4.1. Assume that

max{(),(;—}—4} <fy<min{a+1,g+}, (14)
B 1 - B.5
max O,—(1—|—oz—|—ﬂ),2+4 <4 < min ﬁ—|—1,2—|— , (15)

and

k(y) = v~ 11T (y) ?u}o ; k(z,y)| € Zx(u).
xe|—1,

Then, for m sufficiently large, the operators (I + Vp,)~! exist and are uni-
formly bounded, and system s well conditioned.



Moreover, denoted by f* and f}, the unique solution of equation (1f) and
respectively, if g € Zx(u) the following convergence estimate holds true

I = e = 0 (a5 ) (16)
m

About the error estimate, we remark once again that the Nystrom inter-
polant converges to the exact solution with the same order of convergence
of the quadrature formula (see, for instance, Theorem that is estimated
by the error of best polynomial approximation of k, f (see, estimate )

Moreover, system is well-conditioned that is its condition number is
bounded by a constant which does not depend on the size of the system m
and the magnitude of such a constant depends on the condition nummber of
the operator Z + V,,.

Remark 4.2. Let us note that for o > —1, we can always choose a parameter
v according to , while there are cases for which the parameter 6 does not
satisfy the condition § > —(1 + o+ ). Certainly, this does not happen if

l+a+p8>0o0rp> —% — %a. Indeed, in these two cases max {O, g + i},

coincides with 0 and g + %, respectively.

5 Numerical Tests

In this section, we apply the proposed Nystrom method to solve numerically
equations of the type . For increasing m, we will report in the tables the
weighted maximum errors

em = max |(f = fin)(yi)u(yi)l

where f, is the Nystrom interpolant defined in , f is the exact solution
and (y;)i=1,..,1000 are equally spaced points of (—1,1). In the case f is
unknown, we consider exact the approximated solution fjs, for M sufficiently
large, declaring M in each test. In these cases, we will denote the errors by
€y -

Moreover, for each example we report the condition number of system
(12), ie. cond(ILm, + Dy Ky, D;,t), computed in infinity norm, and the esti-
mated order of convergence

log (€ /€2m,) .

EOC,, =
0c log 2

All the numerical experiments were performed using Matlab R2021a in
double precision on an Intel Core i7-2600 system (8 cores), under the Debian
GNU /Linux operating system.



Example 5.1. Let us consider the following equation

o)+ | e f(2)(y — 2)"dz = g(y)

g(y) = €’ +275¢% (F @) T <§,2(1 + y))) .

Here I'(2) is the Euler Gamma function and I'(a, z) is the incomplete Gamma
function. The unique solution is the smooth function f(y) = €Y. Since
a=—1/3, 8 =0, according to —, we can fix 7 = 0 = 1/2. Either g
and k are analytical functions and also k in is it. The results are reported
in Table[Il As we could expect, the convergence is very fast. Indeed, almost
the machine precision is attained by solving a square system of order 32.

with

Table 1: Numerical results for Example

m €m ‘ cond(I,, + Dy K D;b) ‘ EOC,,
4 | 5.79e-02 5.75e+00 11.57
8 | 1.90e-05 7.50e+00 29.59
16 | 2.35e-14 8.70e+00 2.41

32 | 4.44e-15 9.82e+-00

Example 5.2. The aim of this example is to give a comparison of perfor-
mance between the proposed Nystrom method and the projection method
developed by the same authors in [I8]. Moreover we want to asses the main
advantages obtained by treating the equation in weighted spaces of contin-
uous functions by our Nystrom method instead of the collocation method
proposed there. Consider the equation [I8, Example 3.1 and Example 4.1]

fly) + /yl e sin(V1+az)f(x)V1+adr = 1403

According to the assumptions of Theorem [L.I, we look for the solution in
Cy with u(x) = v%%(:c) The expected theoretical order of convergence is
O(mf%), since g € Zsq/15(u) and k satisfies (5) with A = 23/5 ~ 4.6. By
Table |2 easily we can see that Nystrom method turns out to be accurate.
The numerical errors as well as the EOC,, are slightly better than the theo-
retical estimate, suggesting that the constant in the error term is significantly
small. Moreover, the linear systems are always well conditioned.

Let us now compare the results presented here with those achieved by
the collocation method developed in [I8]. We just recall that the method

10



proposed there improves its performance after introducing the smoothing
transformation

hg(2) = 2791 + 2)7 — 1, geN (17)

and as ¢ increases more relevant benefits are produced if the involved func-
tions or their derivatives present singularities at the endpoint —1 of the
interval [—1, 1]. For the convenience of the reader, we report in Table [3| the

errors 6/ = max , |(f700 — fim)(ys)|, being fr, the approximate solution
i=1,2,...10

of the collocation method, computed for different choices of q.

By Table [3] we can assert that the proposed Nystrom method furnishes
very satisfactory results especially if compared with the projection method
in the case when no smoothing techniques are applied (¢ = 1) or if the
transformation is employed with ¢ = 2. If ¢ = 3, by solving a system of
order m = 512 the Nystréom method gives one more correct digit.

Table 2: Numerical results for Example

e’ | cond(I,, + D KnDY) | EOC,,

m m

4 ] 3.38e-03 2.95e+00

8 | 1.75e-04 3.70e+00 4.03
16 | 1.07e-05 4.06e+00 3.78
32 | 7.83e-07 4.21e+00 3.78
64 | 5.70e-08 4.29e+00 3.7
128 | 4.26e-09 4.31e+00 3.74
256 | 3.19e-10 4.32e+00 4.19
512 | 1.75e-11 4.33e+00

Table 3: Numerical results for Example [5.2f achieved in [I§]

m|q & |q &0 |q &

4 |1 1.14e02 |2 129002 |3 4.94e-02
8 8.29¢-03 1.30e-03 | 5.59¢-03
16 4.39¢-03 | 9.44e-04 |  3.14e-05
32 1.460-03 | 2.89e-04 |  7.96e-10
64 458¢-04 |  841e05|  8.52-10
128 1.680-04 | 2.41e-05 |  8.53¢-10
256 | 3.77e-05 |  7.75e-06 |  7.67e-10
512 | 2.58¢-05 |  3.00¢-06 |  9.47e-10

11



Example 5.3. Consider the following equation

10 -5 [ s@ - a = LR Ty,

1
The solution is f(y) = 1/%. By fixing u(x) = 'U%’l({L'), g € Ws(u). The

expected convergence order O (m*3) is confirmed by the weighted errors
and the FOC,, values displayed in Table [ . The conditioning of the linear
system grows a little bit, remaining acceptable. We point out that the same
equation has been considered in [22, Example 4.1|. In that paper the authors
apply two different approaches for Volterra equations in [0, 1], in the case
B = 0. In details, they propose an interpolation postprocessing technique
to the collocation solution under graded mesh, and an hybrid collocation
solution under “looser”graded mesh. So, the methods presented in [22] belong
to a different family of methods with respect to our global approximation
method. Therefore, the comparison can be performed only by observing the
values stated in the tables given there. It seems that our approach provides
satisfactory results.

Table 4: Numerical results for Example [5.3

€m cond(I,, + DK, DY) | EOC,,

m

4 1.96e-01 2.09e+02

8 2.17e-02 5.51e+02 3.07

16 | 2.58e-03 9.58e+02 3.02
32 | 3.18e-04 1.45e+-03 3.01
64 | 3.96e-05 2.02e+-03 3.00
128 | 4.94e-06 2.67e+03 3.00
256 | 6.18e-07 3.39e+-03 3.00
512 | 7.72e-08 4.20e+03 3.00
1024 | 9.65e-09 5.07e+03

Example 5.4. Consider

1)+ [ tog o+ y+ 2 @)y - )1+ ) e = (2 + D]sinyl’.
-1
According to —, the equation can be considered in C, with u =
v1*1. The function k satisfies with A = 11/2 and g € Z;/5(u). Con-
sequently, we expect a convergence of the order O(m‘” 2). However, the
numerical results given in Table [5] are better than the theoretical expecta-
tions. Finally, for m increasing all the systems are well conditioned.

12
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Figure 1: Numerical and theoretical errors of Example [5.4]

Table 5: Numerical results for Example

m €L024 cond(I,, + Dy, K., DY) | EOC,,
4 5.31e-03 2.42e-+00

8 | 5.37e-05 2.77e+400 4.51
16 | 2.35e-06 2.96e-+00 4.58
32 | 9.84e-08 3.01e+400 4.47
64 | 4.45e-09 3.02e-+00 4.46
128 | 2.02e-10 3.03e+-00 4.48
256 | 9.05e-12 3.03e-+00 4.55
512 | 3.86e-13 3.03e+-00

Example 5.5. Let us consider the equation

f(y) +/_y1 !.’B\%(:L‘y—i—5)f(x)(1 —i—x)%dx — A

. . 1 :
in the space C,, with u = vz'!. In Table |§| we report our numerical errors

which are better than those we expect from our theoretical estimate that is
in this case O(m~9/2).

13



Table 6: Numerical results for Example [5.5

m el24 1 cond(I,, + DK DY) | EOC,,
4 | 7.07e-03 6.99e+00
8 | 3.71e-04 1.34e+01 7.02
16 | 2.86e-06 1.94e+01 6.34
32 | 3.53e-08 2.35e+01 5.58
64 | 7.36e-10 2.65e+01 5.53
128 | 1.59%e-11 2.85e+01 5.50
256 | 3.51e-13 2.98e+01 5.60
512 | 7.22e-15 3.06e+01

6 Proofs

Lemma 6.1. Assume thaty<1+a, d <14+ and

Np= sup | o"FTF () sup  |k(z,y)| | < oo (18)
yel-1, 1] ze[-1, 1]

Then, V : C, — Cy is bounded.
Proof. For any y € [-1,1],if 6 < S+ 1 and 7 < o + 1, then

VO] < u) [ el (@] I+ 0 e

-1

y _ [
o I i =R

1
< Cllfulloc  sup Ik(w,y)IU(y)v”’Ha*B(y)/ v PO (t)dt

ze[-1, 1] -1

<C|fulo sup | 0"y sup [k(z,y)] |,
ye[_lv 1] |$|§1
that is the thesis. O

Lemma 6.2. Assume thaty < 14+«, § < 14+5. Then, under the assumption
@, V:Cy — Cy is compact.

Proof. Let us prove that for any f € C,,

QL Vf, D < C| ful| oo (19)

14



By we have
[u(y) Ah, (V) ()

< uleu) [ Ay ( [ b0 - )" %iffédﬁ‘

< CHquOOu(y) Ach(y) sup ’k(gj’y)h) 7’1+a+ﬂ / aﬂ 5
|| <1
Then, taking the supremum on y € I, = [-1 + (27’h)2, 1 — (2rh)2] and
setting i
k(y) = U_'Y,1+()!+/B(y) sup ‘k(m,y)]
|z]<1
we have for 0 < h < t,
Qr V t Qr k. t
sup M < CHquOO Sup M,
t>0 tA A

and thus estimate , by virtue of assumption .
In this way, by we can assert that En,(Vf)y < Cm™||fulls, from
which we deduce

lim< sup Em(Vf)u> -

T \Iflleu=1

Hance, by virtue of [34, p. 44| and in view of the boundedness of the
operator, we can claim that V : C,, — C, is compact.
O

Proof of Theorem[3.1. The theorem follows by Lemmas [6.1] and [6.2] taking
into account that condition (B implies (I8) since ||ku/|so = Np. O

Proof of Theorem[3.3, First, let us note that setting,

—x)° x)8 x
aawz{@ @+a) >

Oa y<zx

under the assumptions , we can apply Theorem deducing that

1
sup u(y) /_1 |Lon (ky f,x) 0(z,y)| de < C sup u(y)||kyfulleo C#C(m, f,ky).

ly|<1 lyl<1

This allow us to state that the formula is stable in C,.
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Now, denoting by P,,,—1(z,y) the best polynomial approximation of &, f €
C, of degree m — 1 in both variables, we have

1
V() = V) W)]u(y)] < uly) [/_1 [(kyf)(x) = Pr1,y()] 0(2, y)dz+

1
/ ALKy = Pacr ) Do) da

1 ~
< Cu(y) B (ky f)u /_ 1 ”Eig;)/) da

<C(L+y) " By (ky f)u- (20)
Now, since for any f1, fa € Cy, w = 0”7, p,o > 0 we have [27], p.384]
Eom(fif2)w < C([lfiwllooEm(f2)w + Em(f1)wll fowllso)

by the assumptions on k and we can state that

1VH)() = V) @)y
< C (1) yulloo Bt () + L flloo Bty )

< C | NeEpmay (Fu + | fulloo sup ((1+9)" 7 Bpy(y)u) |- (21)
[*5] <1 [*5]
Then, being f, ky, € Cy, we deduce the convergence of the formula. O

Next result is essential to prove the convergence of the introduced Nys-
trom method.

Theorem 6.3. Under the assumptions of Theorem [3.3, Theorem and
assuming that condition 1s fulfilled, we have

lim [[(V = Vi) Vinlle,—c, = 0.
m—00

Proof. By with V,, f in place of f we get

(V= Vi) Vi f @))uw)] < € [ NiE{s) (Vi )

HI VS ulloo sup ((1+9) P By )
lyl<1 2

(22)
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Let us now estimate E[L—l] (Vi f)u- By definitions @ and , we can write
2

u(y) A (Vi ) (9)]

<u(y) Y flan) |Ahg (e (W)k(zr, )]

k=1

<l sl ([ sty =270+ 0 )

i )
[l () u(2)) ‘ < /y B )
< || fullso | max e e A [ A kylloo — 2)% VB (1) dx
< |17l (lx@; LS ) |7, (Il [ (=200 ()
Therefore, by Theorem and by proceeding as in the proof of Theorem

under the assumption , we get

QL (Vi [ t)u
——— < Clogm| ful|,

sup
>0

and thus by we have

logm

Then, by and taking into account the stability of the formula @, we
obtain the thesis. O

In order to prove Theorem we recall a well-know result (see, for
instance [3, Theorem 4.1.1 p. 106]

Theorem 6.4. Let X be a Banach space, K : X — X be a given bounded
compact operator and K, : X — X, m € N be a given bounded operator with

lgn |Kf—Kpnf|| =0 forall f € X. Let us consider the operator equations
(I-K)f=gy, (23)
(I = Km)fm =9, (24)

where I is the identity operator and g € X. If lim ||[(K — Kp)Kn| =0,
m—r0o0
then (I — K,,,)~' exist and is uniformly bounded, with

L+ [[(1 = K)~H [ Kol
(I = K) 7K = Km) K|

I_]:{mi1 S
O O e e

Morever, denoted by f* € X and f}, € X the unique solution of and
, respectively, we have

1% = foull < CI(K = Kn) f7Il, - € # C(m, [, 9).

17



Proof of Theorem[{.1 By Theorem we can immediately deduce that
by virtue of Theorem and Theorem equations , admit a unique
solution. About the well conditioning, it can be proved by using the same
arguments as [3, p. 113] only by replacing the usual infinity norm with the
weighted uniform norm of the space C),.

Let us now prove . By applying again Theorem by we can

assert

1
117 = FaJulloo < € | Bacs) () + — 5 1 ulloc

Hence, since by the assumptions on g and k, we have that f* is at least in
Zx(u) we can deduce that

* * C *
115" = Flulloo < =5 1 230

7 Conclusions and future work

In this paper, we have proposed a Nystrom method for weakly singular
Volterra integral equations, with kernels presenting singularities along the
diagonal y = z and/or at the side y = —1 of the square [~1,1]?. These cases
are pathological since the solution inherits the singularities.

After the conditions assuring the equation is unisolvent in C,,, we have
proved the numerical method is stable and convergent, providing also error
estimates in Zygmund weighted spaces. The novelty of these results depends
on the analysis of the method, carried out in spaces of functions endowed
with weighted uniform norms. The choice of these spaces allows obtaining
better performance w.r.t. similar global procedures like projection methods.
Indeed, usually the latter require smoothing transformations to regularize
the solution, not required in our method. Hence, our procedure is lighter
and requires a lower computational cost.

The numerical experiments have confirmed the theoretical results, show-
ing the stability of the method, the well conditioning of the final linear
system we have to solve, and the theoretical order of convergence. In addi-
tion, a comparison between the proposed approach and the recent methods
developed in [I8] 22] supports the satisfactory performance of the Nystrom
method.

Finally, we would like to mention that the proposed approach can be also
extended to the nonlinear or multidimensional case [37, [38],[39]. This will be
the subject of a future research work.
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