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A B S T R A C T

It is not uncommon to observe historical masonry vaults which were built with portions where bricks are laid in 
different preferential alignments, or even where different textures are used. Reasons stand in building technology 
needs. A stability assessment is a complex task, since irregular orthotropy at the macro-scale is induced by 
stereotomy, especially in the non-linear range. In presence of double curvature vaults, assessments are carried 
out by combining limit analysis and finite elements, the latter being needed to correctly reproduce complex crack 
patterns, which are triggering collapse. This leads to a linear programming problem, which can be similarly used 
to study the crack propagation in the case of springing settlement. Regardless of the source of degradation, when 
the vault is built by assembling portions with different textures, this may generate relevant computational issues, 
such as: analyses need a large number of finite elements, the numerical burden is not affordable and there is a 
high risk of premature halting. To overcome such problems, the present paper combines, in series, two steps: (i) a 
homogenization performed in the rigid plastic case with (ii) adaptive NURBS limit analysis. First, a viable ho
mogenization approach, where blocks are assumed to exhibit an infinite compressive resistance and non-linearity 
is lumped on joints (reduced to interfaces) is proposed, to rapidly deduce homogenized masonry strength do
mains. Then the vaults are meshed with few NURBS and rigid-plastic spline interfaces, the latter obeying the 
homogenized failure resistance which was obtained in the first step. Mesh is intentionally rough and progres
sively adapted in shape to enforce at the converged iteration that some of the NURBS edges coincide with the 
active cracks, making sure, at the same time, to keep unchanged the edges of contiguous patches with different 
textures. The proposed methodology ̶— here applied to a historical sail vault located in Sardinia, Italy — is 
characterized by a huge improvement in the analysis speed, providing realistic predictions of the load carrying 
capacity and feasible crack patterns (also in case of settlement), at a fraction of the time needed by heterogeneous 
approaches.

1. Introduction

Masonry double-curvature structures, which include domes, groins, 
sails, and cloister vaults, are quite widespread in historical buildings [1, 
2]. Their preservation is nowadays considered of major importance, and 
it depends on the evaluation of their bearing capacity when subjected to 
both gravitational loads and seismic actions [3− 6]. In presence of set
tlements — which are not uncommon — it is also important to provide 
predictive information about the expected evolution of the active crack 

patterns and to estimate the residual resources in terms of applicable 
overloads [7]. Additionally, when conducting vulnerability assessments 
at a global scale of entire buildings [5], it is crucial to accurately model 
vault geometry and correctly determine the structural stiffness and 
strength [8,9]. These tasks can be quite complex, as the load-bearing 
capacity and overall stability of historic constructions are heavily 
influenced by stereotomy [10− 12], which refers to the specific 
arrangement of masonry units. The geometric configuration of the 
texture impacts the resulting strength of the material at the macro-scale 
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and hence significantly affects structural performance. Moreover, vaults 
are specifically designed to support gravity loads based on their geo
metric shape, adding another layer of complexity [13]. Other common 
sources of intricacy include the introduction of strengthening elements 
[14] and the presence of the backfill [15], which is certainly beneficial 
for gravity loads but may be controversial when horizontal forces ̶ like 
the seismic ones ̶ are applied.

The structural analysis of single and double-curvature masonry 
constructions underwent a transformative change following Heyman’s 
foundational work [16− 19], leading to the emergence of limit analysis 
[20,21] (or alternatively constrained min-max problems [22]) as the 
primary method for assessing their behavior at failure or under settle
ments. The major advantage of this approach lies in its capacity to 
accurately replicate mechanisms related to the formation of flexural 
hinges, where the associated flow rule holds, making it possible to refer 
to classic upper and lower bound theorems in limit analysis, with an easy 
association with Finite Elements (FEs) and Distinct Elements (DEs).

An alternative is to refer to the classical funicular approach for ma
sonry arches, assuming that the double curvature vaults are unable to 
withstand tensile stresses and no sliding is possible, thus generalizing 
the concept of thrust line in the so-called Thrust Network Analysis, TNA 
[23− 25]. The mechanical rationale of TNA, descending from its rela
tionship with graphical statics, is convincing and is made clear when 
network nodes are assumed to represent rigid masonry voussoirs, by 
which a vault can be ideally discretized. This latter approach is un
doubtedly fascinating, but presents, in some specific cases, relevant 
mathematical problems, hardly interfaceable with standard FEs. More
over, some important features are disregarded with such an approach, 
like, for instance, the limited frictional resistance, the orthotropy 
induced by stereotomy and the small tensile strength.

For this reason, it appears more convenient to tackle the problem 
within standard limit analysis, conveniently coupled with a FE dis
cretization [26].

From a mathematical point of view, any FE limit analysis problem 
may be always tackled using linear programming (LP), a quite inter
esting feature if one considers that nowadays there are at disposal many 
robust commercial software, which are able to deal with problems 
having thousands of variables, exhibiting outstanding robustness at a 
very reduced computational burden. Furthermore, LP can be also used to 
study problems that involve settlements [27], which are probably the 
main source of concern for historical masonry buildings [28,29].

Within the context of limit analysis, or in case of settlements, the 
kinematic approach has gained notable attention from the research 
community due to its user-friendly application [21,26]. This method 
facilitates both manual analyses through single-variable Lagrangian 
techniques and more advanced implementations via FEs. While limit 
analysis has proven effective for assessing collapse mechanisms under 
lateral loads, existing methodologies often face challenges with geo
metric irregularities and brick arrangements. A significant gap persists 
in the automated creation of stereotomy-accurate curved geometries 
[12] which are suitable for direct application in numerical limit analysis. 
Such capabilities would not only streamline computational processes 
but also ensure precise alignment of plastic interfaces with mortar joints, 
thereby greatly enhancing the accuracy of failure mechanism pre
dictions [11,30].

However, combining limit analysis with a heterogeneous approach 
that treats individual bricks [30− 32] — typically assuming them to be 
infinitely strong while simplifying the non-linearity of mortar joints to 
interfaces — can be quite demanding. Even for smaller vaults, the 
number of masonry units may reach the value of several thousands 
[33− 35]. Using larger blocks, maintaining an unaltered texture and the 
same height-to-length brick ratios may help in reducing the huge 
computational burden which is needed, but at the same time it may yield 
inaccurate results that do not lie on the safe side, as far as the evaluation 
of the collapse load is concerned. This is a crucial limitation which is 
exacerbated when blocks are assumed to be infinitely resistant.

An alternative is the use of homogenization [36− 38], which is based 
on the extraction of a representative element of volume (REV) which 
generates the whole structure by repetition. This method involves 
solving a boundary value problem on such REV and substituting the 
assemblage of bricks and mortar at a structural level with a fictitious 
orthotropic equivalent material, whose mechanical properties are 
evaluated at the cell level, also known as the meso-scale.

Under the assumption of infinitely resistant bricks and mortar joints 
reduced to interfaces with rigid-perfectly plastic behavior, limit analysis 
can be easily combined with homogenization [36− 38]. The whole 
procedure consists of two temporally-separated steps, one where the 
homogenized strength domain is evaluated at the meso-scale, by 
repeatedly solving limit analysis problems on the REV, and a second at 
the macro-scale, where limit analysis is carried out one time on the 
entire vault, which is assumed to be both homogeneous and orthotropic.

However, whilst attractive in principle, such workflow falls short in 
terms of computational efficiency, because structural limit analyses 
computations can be carried out in a manageable manner using a dis
cretization where the elements are infinitely resistant. For instance, 
when 3D elements are used to mesh a vault, it is possible to assume them 
dissipating in the bulk, but only for specific classes of materials, and 
abandoning LP in favor of either Conic Programming (SOCP) or Semi 
Definite Programming (SDP) [39− 41]. Alternatives are possible, e.g. 
using plate and shell elements, but still the resultant computational 
burden turns out to compete unfavorably with a direct heterogeneous 
discretization.

Once accepted the statement that the use, at the macro-scale, of 
meshes constituted by infinitely resistant elements and by interfaces 
where all plastic dissipation occurs is necessary, a mesh dependence 
issue arises. Such an issue can be partially alleviated through refined 
discretization, although this yields an increase of the computational 
burden.

Returning to the extra-issues induced by stereotomy, it is not un
common to observe historical masonry vaults built with portions where 
bricks are laid in different preferential alignments or, even, where 
different textures are used. The reasons lie in building technology re
quirements. A stability assessment becomes, in this case, more complex, 
since an irregular orthotropy at the macro-scale is introduced.

The present paper is aimed at dealing contemporarily with all such 
open issues ̶ which are typical of both heterogeneous and homogenized 
discretization —in a computationally efficient way.

The approach proposed is specifically targeted to solve LP problems 
within the framework of limit analysis and in presence of foundation 
settlements, for double curvature masonry vaults which were built by 
assembling portions of masonry obtained laying bricks according to 
different textures.

The procedure combines in-series two steps: (i) homogenization 
performed in the rigid plastic case with (ii) adaptive NURBS limit 
analysis. First, a viable homogenization approach where blocks are 
assumed to be infinitely resistant and non-linearity is lumped on joints 
(simply reduced to interfaces) is proposed, to rapidly deduce homoge
nized masonry strength domains.

Then, the vault is meshed with few NURBS elements [42], which are 
assumed to be infinitely resistant and interconnected by rigid-plastic 
interfaces, equipped with the homogenized strength domain deduced 
at the meso-scale. NURBS shapes are then progressively modified at the 
structural level, by means of a meta-heuristic kernel (Genetic Algorithm, 
GA), enforcing that the element active edges coincide with the actual 
triggered failure mechanism. The core of the computational approach 
relies therefore in two separate blocks: (i) derivation of the homogenized 
strength domain at the meso-scale; and (ii) recursive limit analysis 
computations at the macro-scale with coarse meshes, where the shape of 
the elements is progressively adapted by means of a GA. Among the 
different individuals (meshes), GA selects the ones exhibiting an 
improved fitness, i.e. a lower collapse multiplier. The procedure, which 
proved to be extremely fast because of the very unrefined meshes which 
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are used, is benchmarked on a real typology of sail vault — typical of the 
Sardinian architectural heritage — which exhibits the complication of 
being built patching the curved surface with bricks disposed in running 
bond, but with variable orientation from portion to portion, proceeding 
from the springing to the crown (see Fig. 1). The vault is studied both in 
the presence of point loads and of springing settlement. A huge 
improvement in the analysis speed is observed, whereas the obtained 
results underscore realistic predictions of the load carrying capacity and 
convincing crack patterns (in case of settlements), at a fraction of the 
time needed by heterogeneous approaches.

2. Structural level: Adaptive limit analysis with geometry-based 
orthotropic model

To place more emphasis on the technical applicability of the pro
posed procedure, first the structural level implementation is concisely 
discussed hereafter, assuming that the vault is already composed of an 
orthotropic material. The homogenization model used to derive the 
mechanical properties of such material will be hence discussed in the 
subsequent Subsection.

2.1. Characterization of NURBS shell elements

The geometrical description of the adopted shell elements is based on 
NURBS parametric surfaces, where a NURBS (Non-Uniform Rational B- 
Spline) derives from the mathematical form of the employed basis 
functions [43]. In particular, NURBS surfaces are used to represent the 
middle surface of such shell elements. A NURBS surface is a function S: 
[0,1]×[0,1]→ℝ3 defined from a mapping of the standard parametric 
domain (uv) to the three-dimensional Euclidean space (xyz). Given a 
spatial net of (n + 1)×(m+1) control points Pij, with associated weights 
wij, and two non-uniform knot vectors u and v, the required rational 
B-Spline basis functions R(u, v) of degree p and q respectively along the 
u- and the v-direction are so defined: 

Rij(u, v) =
Ni,p(u)Nj,q(v)wij

∑n
k=0
∑m

l=0Nk,p(u)Nl,q(v)wkl
, i = 0,…n; j = 0,…m (1) 

where N are the B-Spline basis functions obtained from the knot vectors 
through the recursive Cox-De Boor formula [44]. Then, the function 
representing the NURBS surface is expressed as follows: 

S(u, v) =
∑n

i=0

∑m

j=0
Rij(u, v)Pij (2) 

It is useful to introduce the two tangential unit vectors ss and ts and 
the orthogonal unit vector ns for the surface S. These can be computed 
starting from the two partial derivatives of S along the u- and the v-di
rection, here indicated as Su and Sv: 

sS(u, v) =
Su(u, v)

||Su(u, v) | |
,

tS(u, v) =
Sv(u, v)

||Sv(u, v) | |
,

nS(u, v) =
Su(u, v) × Sv(u, v)

||Su(u, v) × Sv(u, v) | |

(3) 

In particular, given a thickness value h, nS is used to apply an offset 
transformation and obtain the extrados S+ and intrados S- surfaces. This 
operation is needed to convert the middle surface S into a shell element, 
see Fig. 2.

Assemblies of NURBS-based shell elements can be easily used to 
represent double-curvature structures. Starting from the initial model, a 
simple mesh can be realized through subdivision of the middle surface of 
each shell: thanks to the mathematical formulation of NURBS para
metric surfaces, such a subdivision can be performed by simply defining 
a mesh in the parametric domain [0,1]×[0,1]. In this way, the initial 
NURBS surface is converted into an assembly of trimmed surfaces S*, 
each one defined within a portion D of the original parametric domain. 
Then, shells are generated from the trimmed surfaces, see Fig. 3.

Each shell element is treated as a rigid body. The kinematics of the i- 
th element is described by the six degrees of freedom of its centroid Gi, 

Fig. 1. Typical shallow (lowered) sail vaults in Cagliari: simple (a) and paired (b).

Fig. 2. Definition of a NURBS shell element: (a) NURBS parametric surface representing the middle surface, (b) derived extrados and intrados surfaces.
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u̇k,i =
[
u̇x, u̇y, u̇z, ϕ̇x, ϕ̇y, ϕ̇z

]T

i
, where (u̇x, u̇y, u̇z) and (ϕ̇x, ϕ̇y, ϕ̇z) denote, 

respectively, the three Cartesian components of its translational and 
rotational velocities defined in the external reference system. Under the 
hypothesis of small displacements, the kinematics of any other point P 
belonging to the element is expressed via linearized rigid body 
kinematics: 

u̇P = AP
Gu̇k,i, in which :

u̇P =

⎡

⎢
⎣

u̇Px

u̇Py

u̇Pz

⎤

⎥
⎦, AP

G =

⎡

⎢
⎣

1 0 0
0 1 0
0 0 1

0 zP − zG yG − yP

zG − zP 0 xP − xG

yP − yG xG − xP 0

⎤

⎥
⎦

(4) 

Within the kinematic limit analysis tool here applied, this allows to 
define the power dissipated by the external loads in a linearized way.

2.2. Geometry-based orthotropic model

The internal dissipation is supposed to occur only along the contact 
edges between adjacent elements. Thus, the amount of internal power is 
evaluated by assuming a rigid-plastic behavior at the interfaces defined 
on the shell edges. At the same time, the associated flow rule is imposed 
along the edges through the definition of suitable compatibility con
straints. Such constraints can be generally expressed as follows: 

Δ̃̇u = λ̇
∂f
∂σ (5) 

where: Δ̃̇u is the velocity jump at the interface expressed in the local 
reference system, f(σ) is the three-dimensional failure surface defined in 
the space of local stresses, and λ̇ are the unknown non-negative plastic 
multiplier rates. For reader’s convenience, let us first discuss the case 
where the failure surface is isotropic, an assumption that holds in both 
heterogeneous limit analyses or when the material is assumed unable (or 
scarcely able) to withstand tensile stresses. In this case, f(σ) usually 
consists of a linearized Mohr-Coulomb domain, eventually enriched 
with tension cut-off and linear cap in compression, see Fig. 4a. The shape 
of the domain is governed by four constants, which are the tensile ft and 

compressive strength fc, cohesion c, and friction angle φ, as depicted in 
Fig. 4b. The linearized domain f(σ) can be written as: 

f(σ) : Bσ ≤ d (6) 

where B and d collect respectively the coefficients and the known terms 
in the plane equations. Such terms are defined with reference to the 
resistance parameters (ft, fc, c, φ).

From a numerical standpoint, the flow rule along the interface is 
imposed at a predefined set of points, here indicated as collocation 
points, located on the interface itself. For a collocation point P on the 
interface between the i-th and the i + 1-th elements, the vector of ve
locity jumps expressed in the local reference system is derived as: 

Δ̃̇uP = RΔu̇P = R
(

AP
Gj+1u̇k,j+1 − AP

Gju̇k,j

)
(7) 

where R = [nI, sI, tI]T contains the normal and the two tangential unit 
vectors with respect to the interface. By using the properties of NURBS 
surfaces, it is easy to define the unit vectors in a general form starting 
from the parametric coordinates. Considering the point P = S(u,v) 
belonging to the interface and the unit vector r(u,v) = [r1(u,v), r2(u,v)]T 

which is tangent to the boundary of the parametric domain, the local 
reference system R for the point P is evaluated as follows: 

sI(u, v, r) =
Su(u, v)r1(u, v) + Sv(u, v)r2(u, v)

||Su(u, v)r1(u, v) + Sv(u, v)r2(u, v) | |
(8) 

tI(u, v) = nS(u, v) (9) 

nI(u, v, r) = tI(u, v, r) × sI(u, v, r) + tI(u, v)
(
tT
I (u, v)sI(u, v, r)

)
(10) 

Note that tI is the only unit vector that does not depend on r.
For an orthotropic failure surface, little modifications are needed. 

Indeed, since a perfectly plastic behavior is assumed at the interfaces, 
the distinction between isotropic and orthotropic behavior stands only 
in the definition of the ultimate resistance parameters. If the material is 
isotropic, the same values of resistance parameters are assigned, what
ever is the orientation of the normal vector nI: in other words, the failure 
surface does not depend on nI. An orthotropic behavior can be assigned 

Fig. 3. Example of assembly of NURBS shell elements obtained through a regular mesh defined in the parametric domain.

Fig. 4. (a) Three-dimensional linearized failure surface and (b) two-dimensional section.
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by considering a Mohr-Coulomb failure surface that is affected by nI. Let 
us define θ as the angle between the interface normal vector nI and the 
main texture direction sS, which is computed as θ = arccos(nI

TsS). This 
angle characterizes the orientation of the interface relative to the 
orthotropic material axes and is used to determine the direction- 
dependent strength parameters. It is now easy to identify the two an
gles θ = θ1 and θ = θ2 that correspond respectively to the cases nI ∕∕Su 
and nI ∕∕Sv. The values θ1 and θ2 depend on the parametrization of the 
surface, since sS and tS are not orthogonal in the general case, meaning 
that the local reference system identified by Eq. (3) is not orthogonal for 
all parametric surfaces. However, in the frequent case of partial de
rivatives orthogonal to each other, we have that θ1 = 0 and θ2 = π/2. 
These can be considered as the two main directions for the shell ele
ments, identified with reference to its middle NURBS surface. Two 
failure surfaces can be defined along the two main directions, namely 
f1(σ) = fθ=θ1(σ) and f2(σ) = f(σ)θ=θ2. Then, a function can be assigned to 
obtain fθ(σ) for any orientation. In the case of orthogonal local reference, 
Eq. (3), a function typically available in commercial finite element 
software is the following: 

fθ(σ) = f1(σ)cos2θ+ f2(σ)sin2θ (11) 

which becomes: 

fθ(σ) :
(
B1cos2θ + B2sin2θ

)
σ ≤ d1cos2θ + d2sin2θ (12) 

It consists of a simple linear interpolation based on quadratic trigo
nometric functions. However, such a relation generates an over
estimation of the resistance values along the intermediate directions, in 
particular for materials presenting a strongly orthotropic behavior like 
running bond masonry. Therefore, an elliptical interpolation is adopted 
here. Since such a relation is non-linear, it must be applied to each in
dividual plane inequality coefficient. We can write: 

fθ(σ) : Bθσ ≤ dθ (13) 

in which the components Bθ,ij and dθ,i within matrix Bθ and vector dθ (i 
and j denote rows and columns in Bθ and dθ) are obtained as: 

Bθ,ij =
B1,ijB2,ij

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
B2

2,ijcos2θ + B2
1,ijsin2θ

√ , dθ,i =
d1,id2,i

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

d2
2,icos2θ + d2

1,isin2θ
√ (14) 

For sake of completeness, we also report here the most general rule 
corresponding to the case of non-orthogonal local reference: 

Bθ,ij =
B1,ijB2,ij

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

B2
2,ijcos2

(
πθ
2θ2

)

+ B2
1,ijsin2

(
πθ
2θ2

)√ ,

dθ,i =
d1,id2,i

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

d2
2,icos2

(
πθ
2θ2

)

+ d2
1,isin2

(
πθ
2θ2

)√

(15) 

in which θ2 = arccos(sS
TtS). A representative schematization of the 

adopted symbols is reported in Fig. 5. It is easy to observe that, once the 
expressions for f1(σ) and f2(σ) are known, Eqs (14)-(15) are based on 
geometrical quantities only. Therefore, a detailed calibration of the 
resistance values along the two main directions is fundamental. This 
study is described in Section 3.

2.3. Principle of virtual powers and mesh adaptation strategy

Once a load configuration Q, which is composed of permanent Q0 
and variable loads ΓQ1 (these latter depending on a load multiplier Γ) 
has been defined, a simple kinematic limit analysis problem can be 
written. The powers associated with external loads are easily evaluated 
by multiplying the resultant of each load for the velocity of the loaded 
point: 

Pext = Pext,0 + Pext,Γ = Pext,0 + ΓPext,1 =

=
∑

j0
QT

0,j0u̇P,j0 + Γ
∑

j1
QT

1,j1u̇P,j1
(16) 

where the quantity Pext,1 associated to Q1 is imposed to have a unit 
value, in agreement with the standard upper bound limit analysis 
formulation. In parallel, the power associated with internal stress is 
defined as the integral of the stress times the velocity jumps along in
terfaces and, within the assumption of rigid plastic behavior, can be 
written in terms of linear combination of the plastic multiplier rates: 

Pin =
∑Nint

h=1

∫

Ah

σTΔ̃̇u dAh =
∑Nint

h=1

∫

Ah

σT λ̇
∂f
∂σ dAh =

∑Nint

h=1

(
∑Np

e=1
aeλ̇

T
e de

)

(17) 

where Nint is the total number of interfaces, Np is the number of collo
cation points for each interface, and for the e-th point ae is the associated 
area, λ̇e is the vector of unknown plastic multiplier rates and de is the 
vector of known terms in the plane equations used to linearize the failure 
surface at that point (note that the failure surface may assume different 
shapes for each collocation point in the adopted orthotropic model).

By applying the Principle of Virtual Powers, it is possible to write the 
kinematic load multiplier Γ as a linear combination of the unknowns: 

Pin = Pext⇒

⇒Γ =
Pin − Pext,0

Pext,1
=
∑Nint

h=1

(
∑Np

e=1
aeλ̇

T
e de

)

−
∑

j0
QT

0,j0u̇P,j0 = cT

[
u̇

λ̇

]
(18) 

where the global vector of unknowns [u̇, λ̇]T represents a possible 
mechanism. Without going too much in detail about the kinematic 
formulation (the interested reader can be referred to [42,45]), [u̇, λ̇]T 

and Γ can be obtained by applying the Principle of Virtual Powers once 
geometric and compatibility constraints, and normalization conditions 
have been enforced.

The following linear programming (LP) problem is written: 

min Γ = cT
[

u̇
λ̇

]

such that

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Ageomu̇ = 0

Acomp

[
u̇, λ̇

]T
= 0

∑

j1
QT

1,j1u̇P,j1 = 1

λ̇ ≥ 0

(19) 

in which Ageom and Acomp represent the geometric and compatibility 
constraints written in matrix form. Therefore, Eq. (19) allows to find the 
load-bearing capacity and the mechanism associated with the given load 
configuration and the adopted mesh.

With slight modifications of Eq. (19) — for further details the reader 
is referred to [27] — it is possible to write an analogous LP problem 
aimed at determining the mechanism deriving from an imposed 
displacement at the external boundary of the structure, the latter 

Fig. 5. Local reference system at the interface and orthotropic model.
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subjected now to permanent loads only. Such a problem requires that 
the imposed displacement is small with respect to the overall dimension 
of the model: this assumption is needed not only to maintain a linearized 
kinematics but also to conceptually express the same constraints by 
using displacements and plastic multipliers as unknowns, instead of 
velocities and plastic multiplier rates. In this case, the unit live load 

power constraint is substituted by imposing the known displacement at 
the boundary, and, without additional modification, the value of the 
objective function coincides with the work of the reaction force times 
the imposed displacement. Such a formulation is useful to determine the 
structural response to a differential base settlement. Even in this case, 
reference is made to [27] for a detailed discussion.

Fig. 6. Definition of the representative element of volume (REV).

Fig. 7. Stress configuration scheme for the REV from a given stress tensor Σ.

Fig. 8. Derived three-dimensional homogenized failure surface with corresponding failure modes observed on the REV, and comparison with the homogenized 
failure surface obtained by de Buhan and de Felice [36].
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In both problems, the results obtained are strictly related to the 
initial mesh. Indeed, by considering rigid elements with rigid plastic 
behavior only at interfaces, the solutions mainly consist of mutual roto- 

translation along element edges. According to the kinematic theorem of 
limit analysis, if the position of fracture lines is fixed the obtained load 
multiplier Γ is an upper bound of the collapse multiplier. It is therefore 

Fig. 9. Result of the photogrammetric survey with texture identification.

Fig. 10. Construction of the NURBS model of the single vault: (a) section lines, (b) assembly of NURBS surfaces in Rhinoceros and (c) obtained NURBS model 
in MATLAB.

Fig. 11. Sail vault: (a) initial model, (b) qualitative texture representation for each triangular portion.

Fig. 12. Definition of a possible mesh: (a) schematization of the mesh for the NURBS surfaces composing the vaults, (b) regular mesh obtained by setting ti = 0.5 for 
all the lines.
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required to find the mesh associated with the global minimum value of 
Γ. A mesh adaptation strategy based on a meta-heuristic algorithm, here 
a Genetic Algorithm (GA) [46] is used to this aim. Eq. (18) represents the 
objective function for the GA. The initially regular mesh (Fig. 3), defined 
within the parametric domain, is iteratively modified by changing the 
position and the inclination of the internal lines, allowing to obtain 
curved shell-elements of different shapes which represent the 
macro-blocks involved in the collapse. At the end of the procedure, the 
meta-heuristic mesh adaptation allows to find the position of fracture 
lines associated with the global minimum of Γ, i.e. with the collapse load 
multiplier.

3. Derivation of the homogenized failure surface

The first step of the procedure, as already pointed out, requires the 
evaluation of the homogenized strength domain, which, in turn, allows 
to deduce the ultimate properties of the interfaces. A simple investiga
tion is here conducted in order to have a consistent definition of the 
resistance parameters (ft, fc, c, φ)θ along a certain direction θ of the 
interface, which, again, depends on those evaluated along two reference 
directions. These two main directions, here identified through subscripts 

1 and 2, denote respectively the bed joint and the head joint directions, 
see Fig. 6. According to the hypotheses that will be soon exposed, the 
tensile strength is the resistance parameter that is affected by the di
rection along which the material is analyzed.

It must be specified that this study remains focused on the in-plane 
failure properties of the running bond masonry texture, whereas the 
out-of-plane properties are uncoupled by the in-plane ones. Therefore, 
the homogenized failure surface is here defined in the three-dimensional 
space of stress (σ11, σ22, σ12) with reference to the case where the normal 
stresses σ11 and σ22 are positive. In other words, since the behavior of the 
homogenized material remains the same for positive or negative 
tangential stress σ12, the homogenized failure surface will be defined for 
the first octant of the three-dimensional stress space (σ11, σ22, σ12 ≥ 0). A 
representative element of volume (REV) is studied under plane stress 
conditions, in particular by considering a stress configuration directed 
along different orientations. The REV has been defined by considering 
the textures observed in the sail vaults: such textures are piecewise 
variable across the vault but correspond to the running bond texture 
within each partition (see again Fig. 1). Therefore, the REV here 
considered is composed of four adjacent bricks in agreement with the 
standard reference volumes adopted for the running bond texture [36], 
see Fig. 6. Bricks are assumed to be rigid and infinitely resistant, whereas 
mortar joints are reduced to zero-thickness interfaces. The failure along 
the interfaces is still governed by a Mohr-Coulomb friction criterion with 
cap in compression and a tension cut-off: we can thus define the corre
sponding failure surface fm(σ) via Eq. (6) starting from the mortar 
resistance parameters (ft, fc, c, φ)m. This denotes a first difference with 
respect to [36], where the failure along interfaces was described as a 
purely frictional behavior governed by cohesion and friction angle only. 
In terms of tension stress, this means that a value ftm, which is lower than 
cm/tan(φm) is here adopted. With such assumptions, it is expected that 
the failure of the homogenized material in shear and tension consists of a 
more complex damage pattern, composed of both tensile failure and 
sliding phenomena developing along the joints, which will be associated 
to a homogenized failure surface exhibiting a higher number of con
stituent planes with respect to the outcome of [36]. With reference to 
failures in compression, a proper evaluation of the homogenized prop
erties should include the failure (crushing) of bricks in the computation, 
but at present this issue has been postponed, and the mortar crushing 
resistance is instead used.

The homogenized failure surface is here identified in a fully nu
merical way: limit analysis is applied to the REV once a suitable load 

Fig. 13. Orthotropic model for masonry: definition of the two main directions 
(a) on the NURBS surface and (b) with reference to the masonry texture.

Table 1 
Material properties adopted for masonry.

Property Symbol Value

Specific weight [kN/m3] γ 18
Ultimate tensile strength along direction 1[MPa] ft1 0.18
Ultimate tensile strength along direction 2 [MPa] ft2 0.05
Ultimate compression strength [MPa] fc1 = fc2 1
Cohesion along direction [MPa] c1 = c2 1.4 ft2
Friction angle [◦] φ1 = φ2 30

Fig. 14. Different uniform vertical load configurations: loaded area in red.
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Fig. 15. Sail vault under Load case 1, uniform vertical load (left), and Load case 2, pointed load at the top (right): (a-c) load-bearing capacity and collapse 
mechanisms in case of no mesh, initial and optimized mesh, (d) colormap representing the normal displacement jumps Δunn obtained by multiplying the velocity 
field by a unitary time factor (open crack lines in red, compression failures in blue, no damage in white).
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Fig. 16. Sail vaults under Load cases 3 (left) and 4 (right): (a-c) load-bearing capacity and collapse mechanisms in case of no mesh, initial and optimized mesh, (d) 
colormap representing the normal displacement jumps Δunn obtained by multiplying the velocity field by a unitary time factor (open crack lines in red, compression 
failures in blue, no damage in white).
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Fig. 17. Sail vaults under Load cases 5 (left) and 6 (right): (a-c) load-bearing capacity and collapse mechanisms in case of no mesh, initial and optimized mesh, (d) 
colormap representing the normal displacement jumps Δunn obtained by multiplying the velocity field by a unitary time factor (open crack lines in red, compression 
failures in blue, no damage in white).
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condition (expressed in terms of stresses along the boundaries) has been 
defined. The degrees of freedom of each brick are the two in-plane 
translations and the rotation about the same plane. Periodicity condi
tions should be imposed on the velocity field; however, in this model 
such conditions are implicitly taken into account once an equilibrated 
stress configuration is applied. Therefore, periodic constraint equations 
have not been manually included in this case, differently, for instance, 

from cases where a more complex REV is required [38].
The load conditions consist of distributions of stress directed along 

any direction θ. The related Cauchy stress tensor Σ is thus expressed as 
follows: 

Σ =

[
σ11 σ12
σ12 σ22

]

, where

⎧
⎨

⎩

σ11 = ftmcosθ
σ12 = αcm,α ∈ [0,1]

σ22 = ftmsinθ
(20) 

where each component is defined as a function of the mortar resistance 
parameters. Note that a parameter α has been introduced in the 
expression of σ12, since σ12 is not affected by the orientation θ. It is here 
specified that both α and θ are a-priori assigned as pre-defined constant 
values. The stress vector for each external boundary of the REV is 
computed according to Cauchy’s stress theorem: 

σ∂Ω = Ση∂Ω (21) 

in which η∂Ω is the normal unit vector for the external boundary of the 
REV, see Fig. 7.

It is now useful to distinguish the normal and the shear components 
of the stress tensor into two separated stress tensors, respectively Σ1 and 
Σ0: 

Σ = Σ1 + Σ0,whereΣ1 =

[
σ11 0
0 σ22

]

and Σ0 =

[
0 σ12

σ12 0

]

(22) 

As previously mentioned, only Σ1 depends on the angle θ. Under this 
load condition, an upper bound limit analysis problem can be written. 
Here the external power is associated with stress along the boundary and 
can be defined as follows: 

Pext,∂Ω =

∫

∂Ω
σT

∂Ωu̇∂Ωd∂Ω =

∫

∂Ω
σT

∂Ω,0u̇∂Ωd∂Ω +

∫

∂Ω
σT

∂Ω,1u̇∂Ωd∂Ω (23) 

where σ∂Ω,1 and σ∂Ω,0 are obtained by applying Eq. (21) to the two stress 
tensors Σ1 and Σ0 respectively. In particular, the external power asso
ciated with the normal stress components is considered as a live load 
power, thus affected by an implicit load multiplier (let us call it Γf) that 
will coincide with the value of the objective function in the limit analysis 
problem, whereas the external power associated with the shear stress is 
maintained constant. Compatibility constraints are written to impose 
the associated flow rule along the interfaces, analogously to what was 
described in the previous section. Under these assumptions, the 
following LP problem is obtained: 

minΓf =
∑Nint

h=1

(
∑Np

e=1
aeλ̇e•dm,e

)

−

∫

∂Ω
σ∂Ω,0

• u̇∂Ωd∂Ω such that

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

σ∂Ω = Ση∂Ω

Acomp

[
u̇, λ̇

]
= 0

∫

∂Ω
σ∂Ω,1 • u̇∂Ωd∂Ω = 1

λ̇ ≥ 0

(24) 

Some observations are needed. First, it is observed that Eq. (24) still 
follows an upper bound formulation, but lower bound models can also 
be used, see [37]. Secondly, since both α and θ are constants, Eq. (24) 
provides a load multiplier that, once multiplied by the normal stress 
tensor, allows to obtain the amount of normal stress directed along the 
pre-assigned direction θ that, in the presence of a pre-assigned shear 
stress equals to αcm, leads to the collapse of the REV. In other words, 
since a positive normal stress defined in agreement with Eq. (20) cor
responds to a tensile stress oriented along θ, Eq. (24) allows to define the 
equivalent tensile strength ftθ of the homogenized material along θ, 
under an assumed value of shear stress.

Alternatively, it can be stated that the outcome of Eq. (24) is a point 
with coordinates (σ11 = Γf ftmcosθ, σ22 = Γf ftmsinθ, σ12 = αcm) that 
belongs to the homogenized failure surface.

The presented LP problem can be thus repeated for any θ within the 

Fig. 18. Analysis of the sail vault assuming isotropic strength domain: collapse 
mechanism under Load case 3.

Fig. 19. Heterogeneous limit analysis of the sail vault: collapse mechanism 
under Load case 3.

Fig. 20. Analysis of the sail vault under Load case 3: collapse load assuming 
isotropic strength domain and variable tensile strength and errors on the 
collapse load with respect to the orthotropic solution (errors reported in ab
solute value).
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interval [0, π/2] in order to obtain the homogenized tensile strength 
along all possible directions, again under a pre-assigned shear stress. 
With reference to the three-dimensional failure surface in the stress 
space σ11, σ22, σ12, this allows to define a two-dimensional section of the 
surface corresponding to σ12 = αcm. By repeating the same analyses for 
several values of α within the interval [0,1], several two-dimensional 
sections of the homogenized failure surface can be obtained and 
consequently the three-dimensional surface is numerically quantified.

By using the described numerical procedure, the homogenized fail
ure surface is here evaluated starting from the following resistance 
values for the mortar joints: ftm = 0.05 MPa, fcm = 1 MPa, cm = 1.4ftm, 
and φm = π/6. It can be anticipated that the same values have been used 
in the numerical analyses of the vaults reported in the next section. The 
result obtained through the analysis of the REV is depicted in Fig. 8. The 
shape of the obtained surface is in good agreement with those analyti
cally derived in [36], but its internal volume is limited through a higher 
number of planes because of the cut-off in tension. Each plane denotes a 
precise failure mode for the REV, including full tension and mixed 
tension-shear failures, which are also depicted in Fig. 8.

Therefore, the obtained homogenized failure surface can be used to 
numerically identify the tensile strength along any orientation. In 
particular, by evaluating the resistance values along the two main di
rections, a failure surface fθ(σ) can be derived via Eqs. (13)-(14) and 
used within the upper bound limit analysis tool described in the previous 
section. Concerning the application to the sail vaults in Cagliari, for any 
interface located within a triangular portion and oriented along θ the 
evaluation of the internal dissipated power, Eq. (17), is modified as 
follows: 

Pin =
∑Nint

h=1

∫

Ah

σT λ̇
∂fθ

∂σ dAh (25) 

whereas for each interface between two different triangular portions, i.e. 
at the intersection between two different orientations θi and θj of tex
tures, the equation becomes: 

Pin =
∑Nint

h=1

∫

Ah

σT λ̇
∂
(

fθi ∩ fθj

)

∂σ dAh (26) 

in which fθi ∩ fθj represents the Boolean intersection between the ho
mogenized failure surfaces associated to the two orientations.

Some concluding remarks and observations are finally reported. As a 
first observation, the presented model hypothesizes infinitely resistant 
bricks, so the collapse behavior remains fully governed by the resistance 
and the geometric distribution of mortar joints. In future research, more 
complex models capable of considering the diffusion of cracks within 
bricks can be studied. Secondly, the REV here remains planar, thus it can 
be applied provided that the size of bricks is almost negligible in com
parison to the radius of curvature of the vault, as in this case (otherwise, 
the REV should maintain the curvature of the actual structure, as dis
cussed in detail in [26]).

4. Numerical results

4.1. Sail vaults in Cagliari, Italy

Specific attention is paid here to typical masonry sail vaults that were 
built in Cagliari (Sardinia, Italy) during the second half of the 19th 
century. Many of these vaults can be found on the ground floor of his
toric buildings in the city center, exhibiting the same peculiarities. In the 
case of a classic sail vault, the shape is obtained by intersecting a 
spherical cap with a prism that has a square base. In this case, the vaults 
have a rather shallow, lowered shape, that is almost flat at the crown. 
The defining feature of these vaults is the variation in the orientation of 
the masonry texture, see Fig. 1. Although there are no discontinuities in 
the curvature of the vaults across their entire surfaces, some triangular 
portions can be identified, see Fig. 9. Each of these is characterized by a 
different orientation of the masonry texture, with bed joints perpen
dicular to the bisector of each triangle. A minimum of four different 
textures can be observed, extending from the corners to the middle of 
the external arches, with more textures evident in the more refined case 
(Fig. 9). This arrangement of bricks could be related to the construction 
techniques adopted by masons, which may have allowed them to be 
built without formwork [1]. This hypothesis was recently investigated in 
[47], where an analysis of the construction stages of such vaults has been 
performed. These vaults are typically built by a single bricklayer using a 
running bond arrangement. They are made with typical Piedmont bricks 
from the late 19th century (with dimensions: length lb = 25 cm, width wb 
= 12 cm, and height hb = 6 cm), resulting in a thickness of around 12 cm 
across the entire surface. In the pendentives, a head bond pattern is 
adopted up to an angle of around 30◦ from the springing.

The vaults rely on four external arches with a thickness of at least one 
whole brick, i.e. 25 cm. However, observations of the intrados do not 
clearly indicate whether the arch thickness remains constant along the 
arch’s longitudinal direction. Even though lowered sail vaults with 
different brick patterns are widespread in southern Sardinia, particu
larly in the Cagliari area, only preliminary studies of their structural 
behavior have been carried out to date, [48− 49]. A series of photo
grammetric surveys were performed to investigate the vault effective 
geometry at both the macro level (vault shape) and the micro level 
(brick patterns). Fig. 9 shows the obtained geometrical outlines, along 
with the main dimensions of the analyzed vault. The vault is nearly 
square, with sides measuring 5.88 m and 5.68 m, respectively. The 
average rise of the lateral arches is approximately 1.48 m, while the 
crown height at the top of the vault is about 1.80 m.

4.2. Model description

The analysis of a single vault is here reported. Starting from the result 
of the laser scanner survey, a series of horizontal and vertical sections of 
a single vault has been extracted and imported in the modeling software 
Rhinoceros. Here, an assembly of NURBS surfaces has been created, 
which describes the surface of the vault with a very good approximation. 
The sections and the NURBS model are depicted in Fig. 10.

It is important to observe that a different NURBS surface has been 

Fig. 21. Vertical settlements configurations considered in the analyses (each black arrow denotes an applied displacement of 10 mm).
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Fig. 22. Sail vaults under edge settlement (left) and point settlement (right): (a-c) reaction forces and collapse mechanisms in case of no mesh, initial and optimized 
mesh (displacements scaled by 100), (d) colormap representing the normal displacement jumps Δunn (open crack lines in red, compression failures in blue, no 
damage in white).
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adopted to represent each triangular portion of the vault, which is 
characterized by a specific texture orientation. This choice facilitates the 
application of the orthotropic model within the limit analysis tool, as it 
will be described later. Moreover, the changes in the texture orientation 
are automatically identified as common edges between the adjacent 
NURBS surfaces in the initial model.

In all the following analyses the vault is assumed to be constrained 
along the external edges and at the base. To better reproduce the 
constraint along the external edges, four arches have been modeled 
along the perimeter. Without more detailed information regarding the 
extrados of the vault, the thickness of these arches has been supposed to 
be 30 cm. The so-defined NURBS model of the sail vault is depicted in 
Fig. 11a, whereas Fig. 11b shows the indexes assigned to each initial 
NURBS surface (Fig. 11b just provides a useful reference for the next 
simulations).

By using the numerical procedures presented in Section 3, the vault is 
studied under vertical load and differential settlements. The initial mesh 
has been defined by subdividing each triangular portion through a set of 
lines, which represent potential cracks propagating within the element, 
see Fig. 12a.

Each subdivision line starts from a node on one edge and ends on 
another node belonging to one of the opposite edges, where the position 
of each node on the edge is determined by a numerical variable ti within 
the range (0, 1). Only the smallest triangular elements located at the top 
of the vault have been left unmeshed in order to maintain uniform the 
elements size in the model. The initial position of the subdivision lines, 
which is assigned through a starting value for each variable ti, has been 
defined by taking into account the structural behavior of the sail vault 
under vertical load and the orientation of the masonry textures: a 
schematization of the mesh for the single triangular portion is depicted 
in Fig. 12a. The initial mesh depicted in Fig. 12b is obtained setting ti 
= 0.5 for all the lines. When one of these variables is changed the cor
responding node moves along the edge, reorienting the subdivision line 
and altering the mesh. Thus, the mesh adaptation performed via GA will 
include 24 variables. Since the model derives directly from the laser 
scanner survey and accounts for all geometric imperfections with 
respect to a perfectly shaped vault, no symmetry conditions have been 
applied in the position of such subdivision lines, thus avoiding any pre- 
assumed symmetric collapse mechanism. With 24 variables in total, 
populations of 100 individuals and 200 generations have been adopted 
in the GA-mesh adaptation for all next simulations.

The ultimate resistance values assigned to each potential fracture 
line take into account the actual texture orientation along that line. This 
is performed according to Eqs. (13)–14), once the orientation of the line 
with respect to the two main directions of the specific NURBS surface 
(which coincide with the main directions of the local texture) has been 
identified. In Figure 13a, the two main directions for a single NURBS 
surface are depicted: direction 1, parallel to the bed joints of the cor
responding triangular portion, and direction 2, orthogonal to the first 
one. A different set of masonry properties for each direction [47] has 
been determined by analyzing the REV as described in Section 4: the 
obtained values are reported in Table 1. It is expected that the lines 
located along the changes in the texture orientation (corresponding to 
the edges of the initial surfaces) will exhibit weaker resistance proper
ties, consequently becoming crucial in the development of the collapse 
mechanism.

In all following analyses, the load multiplier has been evaluated on 
three configurations: the unmeshed model, the model with initial mesh 
(meaning that, in this case, all variables ti remain equal to 0.5), and 
finally the model with optimized mesh that derives from mesh adapta
tion. The scope is to observe directly how the position of fracture lines, 
which are internal to the triangular portions, affect the load-bearing 
capacity for this typology of vault, considering the orthotropic proper
ties of each portion, with respect to the lines of texture changes.

4.3. Analyses under vertical loads

Several configurations of vertical load have been studied, see Fig. 14. 
In the first one, the vault is loaded at the extrados through a distributed 
uniform vertical load, whose reference value is 1 kN/m2. The second and 
third sets of simulations include a point load at the top and uniform 
loads distributed only along one of the initial triangular portions. Results 
are shown in Fig. 15 to Fig. 17 for the three configurations. In Fig. 15, the 
analyses under uniform vertical load (Load case 1) and point load at the 
top (Load case 2) are shown. Under uniform load, the additional fracture 
lines are crucial for identifying the load-bearing capacity, which de
creases from 16.47 kN/m2 for the initial regular discretization to 13.62 
kN/m2 for the optimized case. It can be observed that crushing assumes 
a fundamental role in comparison with tensile and shear failures; this is 
not unexpected for a shallow (i.e. lowered) shape vault. Under the 
application of a point load, the collapse involves a limited part at the top 
of the vault and takes place starting from the changes of texture. Addi
tional fracture lines seem unnecessary in this case, the load bearing 
capacity remains around 124 kN.

In Fig. 16 and Fig. 17, Load cases 3, 4, 5 and 6 are applied, thus 
obtaining collapse mechanisms less symmetric and more difficult to 
predict. It is observed that the peak load decreases much more between 
unmeshed and initial mesh model than between initial mesh and opti
mized model. It can be deduced that the fracture lines corresponding to 
the changes of textures are not sufficient to represent the collapse 
mechanism, whereas the initial mesh selected is already quite close to 
the exact configuration of the cracks.

4.4. Comparison with isotropic model

In order to assess the significance of the orthotropy, an additional 
analysis was performed by assuming isotropic strength domain. In this 
case, a new model of the vault was developed by disregarding the 
texture variations, meaning that the sail vault has been modelled as a 
single continuous surface rather than subdividing it into triangular 
portions. The model was analyzed under Load case 3 (Fig. 16, left). By 
assuming isotropic properties, a simple Mohr-Coulomb strength domain 
has been applied to all the interfaces, independently of their orientation. 
Two isotropic domains have been separately considered, incorporating 
respectively the resistance along the staggered direction of the blocks 
(corresponding to direction 1, see Table 1) and of the head joints only 
(direction 2), thus resulting in two additional simulations. As an 
exception, the perimetral arches were always assigned the bed joints 
properties, since cracks here are supposed to occur along the bed joints 
orientation. The obtained collapse mechanism is the same for both the 
isotropic configurations and is depicted in Fig. 18 (without the initial 
subdivision into triangular portions, an initial mesh of 4 ×4 elements 
has been used for the sail). The corresponding collapse loads were equal 
to 94.61 kN and 104.39 kN respectively for the two cases, whereas the 
result obtained in presence of orthotropy (101.73 kN, see Fig. 16c) 
stands between the two values. This outcome is consistent with the ex
pectations, since the two main directions are associated with the lowest 
and the highest internal dissipation in the kinematic limit analysis 
model. It is worth noting that, in the orthotropic formulation, any 
interface oriented along an intermediate direction is characterized by an 
amount of internal dissipation between these bounds, in accordance 
with the adopted elliptical interpolation law (see Eqs. (13–14), where 
the right-hand-side terms of Eq. (13) are directly used into Eq. (17)).

From such results, it can be stated that assuming an isotropic strength 
domain with bed joints failure properties provides a result that is con
servative from the point of view of the collapse load but does not 
reproduce realistically the failure mechanism, since the contribution of 
orthotropy is neglected. In contrast, using an orthotropic model provides 
a more physically consistent description of the vault’s collapse behav
iour. The latter point is confirmed by comparing the result obtained with 
the orthotropic model to the one obtained via heterogeneous limit 
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analysis, which shows a very good agreement in terms of failure 
mechanism, see Fig. 19 (note that the total number of elements has been 
reduced by using larger blocks with the same aspect ratio, i.e. preserving 
the running bond texture: this allows to keep the computational effort 
manageable but increases the collapse load that results equal to 
105.53 kN).

Finally, it is worth mentioning that the differences found in the load 
carrying capacity are roughly around 5 %. Such an outcome is mainly 
due to the small value of tensile strength assumed, and to the fact that 
quasi no-tension vaults tend to carry external loads thanks to their 
shape. Fig. 20 shows the results obtained in terms of collapse load for the 
same example where tensile strength is assumed 2, 4, 8 and 12 times the 
original one (ftm=0.05 MPa) — and keeping all the other mechanical 
parameters unchanged. In the same figure, the corresponding errors on 
the failure load, taking the orthotropic solution as reference, are also 
represented. As can be seen and as expected, an increase of the tensile 
strength reflects in errors of the prediction of the load carrying capacity 
that may become relevant from an engineering perspective.

4.5. Analyses under differential base settlements

Finally, the vault has been analyzed under differential vertical set
tlements, in particular a line settlement involving two supports and a 
localized one applied to one support only, see Fig. 21. In both cases, the 
applied displacements are equal to 10 mm. The final crack pattern and 
the deformed structure are depicted in Fig. 22. It is easy to observe that 
the perimeter arches show the typical behavior of arches subjected to 
settlements, whereas the vault follows the arch mechanisms.

Note that the reaction forces increase when the mesh is optimized. 
This outcome is correct, as the minimization is applied to the work done 
by the reaction forces: when the displacement is constant and the work is 
negative, its minimization is equivalent to maximizing the reaction 
force. Finally, it is also worth noting that the highest relative displace
ments have been found along the texture changes.

5. Conclusions

The paper has presented a fast and robust two-step approach for the 
analysis of double curvature masonry vaults which exhibit a twofold 
complexity, one related to the overall geometry and the other to the 
building technology used, that in some cases relies in the tessellation of 
different portions of the vault with bricks disposed ̶ portion by portion ̶ in 
different preferential directions. Heterogeneous methods of analysis 
proved to be unpractical in the meshing phase, slow in the prediction of 
the ultimate load carrying capacity when limit analysis computations or 
Distinct Element Method are applied, sometimes failing in finding a 
converged solution because of the many kinematic variables involved. 
The study here proposed overcomes all such problems, being charac
terized by a two-step procedure that combines in series (i) homogeni
zation performed in the rigid plastic range to retrieve the orthotropic 
strength domain and (ii) adaptive limit analysis (or LP analyses in 
presence of applied displacements) with few NURBS elements. A dis
cretization brick by brick is thus avoided thanks to homogenization, 
whereas rigid-plastic analyses at the macro-scale ̶ i.e. on the entire vault ̶ 
can be carried out with very few elements, exploiting the adaptation 
features of NURBS.

The proposed procedure is aimed at putting at disposal of interested 
practitioners a simple assessment tool which does not require excessive 
computational efforts and realistically predicts masonry behavior. 
Indeed such behavior is not characterized by meaningful elastic 
deformability (i.e. displacements are mainly concentrated on cracks, 
and the vault carries external loads only thanks to its shape). Future 
developments will be the integration of the adaptive software in a 
standard FE code to study the seismic behavior of clusters of vaults in
side existing buildings and the implementation of strengthening ele
ments (e.g. tie rods) to evaluate the vulnerability reduction in presence 

of already cracked vaults, due to active settlements.
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