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THE POSET OF NORMALIZED IDEALS OF NUMERICAL SEMIGROUPS WITH
MULTIPLICITY THREE

S. BONZIO AND P. A. GARCÍA-SÁNCHEZ

ABSTRACT. We study the poset of normalized ideals of a numerical semigroup with multiplicity
three. We show that this poset is always a lattice, and that two different numerical semigroups
with multiplicity three have non-isomorphic posets of normalized ideals.

1. INTRODUCTION

Let S be a numerical semigroup, and let I, J be two ideals of S. We write I ∼ J if there exists
z ∈ Z (the set of integers) such that I = z + J. This binary relation is an equivalence relation.
Let us denote by [I] the equivalence class of the ideal I. We can define the sum of two ideal
classes as [I] + [J] = [I + J], where, as usual, I + J denotes the setwise addition of I and J (or
Minkowski sum). If we denote by Cℓ(S) the quotient of the set of ideals of S modulo ∼, then
(Cℓ(S),+) is a monoid, known as the ideal class monoid of S; its identity element is [S], the
equivalence class of S. The ideal class monoid of a numerical semigroup was introduced in [2],
where some basic properties and its relation to antichains of gaps of the numerical semigroup
were given.

It is well known that (Cℓ(S),+) is isomorphic to (I0(S),+), where I0(S) denotes the set
of ideals I of S such that min(I) = 0 (normalized ideals). The isomorphism is precisely
[I] 7→ −min(I) + I. In [4] the concept of Kunz coordinates of normalized ideals of a numerical
semigroup were introduced, and it gave rise to new bounds for the cardinality of the ideal class
monoid of a numerical semigroup, as well as some closed formulas for the intersection, union,
and sum of ideals.

In [7], it was shown that if S and T are semigroups such that (Cℓ(S),+) is isomorphic to
(Cℓ(T),+), then S and T must be equal. So, one of the motivations to study the ideal class
monoid, which was classifying numerical semigroups, was completed: the ideal class monoid
of a numerical semigroup completely determines the numerical semigroup.

We can define on I0(S) the following relation: I ⪯ J if there exists K ∈ I0(S) with I + K = J.
On Cℓ(S), this relation translates to the relation [I] ⪯ [J] if [I] + [K] = [J] for some ideal K of S.
Clearly, the posets (I0(S),⪯) and (Cℓ(S),⪯) are order isomorphic.

In [4], several properties and invariants of S were derived from the shape of the Hasse di-
agram of the poset (I0(S),⪯), and the natural question of whether an order isomorphism be-
tween (I0(S),⪯) and (I0(T),⪯) (with T another numerical semigroup), forces S = T was
proposed. In [7], it was proven that if the posets (I0(S),⊆) and (I0(T),⊆) are order isomor-
phic, then S = T. As we will see in Section 4 in very few cases the order relations ⪯ and ⊆
coincide.

The aim of this paper is to study in deep detail the poset (I0(S),⪯) in the case S has mul-
tiplicity three, and give an affirmative answer to the poset isomorphism problem proposed in
[4, Question 6.2]. To this end, we will see that S is fully determined by the number of quarks in
(I0(S),⪯) and their depths. We will extensively make use of the Kunz coordinates of the nor-
malized ideals of a numerical semigroup. In doing so, we gain some knowledge on operations
with ideals given by Kunz coordinates. Some auxiliary lemmas not restricted to multiplicity
three are also presented.
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Supplemental online material. Most of the results presented here took shape after observ-
ing many experiments carried out with the help of the numericalsgps [5] GAP [6] package
(see https://github.com/numerical-semigroups/ideal-class-monoid). The computations
related to the examples in this manuscript can be found in that repository.

2. PRELIMINARIES

In this section, we recall some basic notions and results concerning numerical semigroups,
ideals of numerical semigroups, posets and lattices.

2.1. Numerical semigroups. A numerical semigroup is a co-finite submonoid of the monoid of
non-negative integers under addition, denoted by N in this manuscript. The co-finite condition
is equivalent to saying that the greatest common divisor of the elements of the semigroup is
one. The least positive integer belonging to S is known as the multiplicity of S, denoted by
m(S), that is, m(S) = min(S∗), with S∗ = S \ {0}.

Given A ⊆ N, the smallest submonoid of N that contains A is

⟨A⟩ =
{

n

∑
i=1

ai : n ∈ N, a1, . . . , an ∈ A

}
.

Clearly, if S is a numerical semigroup, then ⟨S⟩ = S. If A ⊆ S is such that ⟨A⟩ = S, then we
say that A is a set of generators of S, or simply that A generates S. We say that A is a minimal set
of generators of S if no proper subset of A generates S. It is well known that S admits a unique
minimal set of generators S∗ \ (S∗ + S∗) (see for instance [1, Corollary 2]), moreover this set
cannot have two elements congruent modulo m(S), and so the cardinality of the minimal set of
generators, known as the embedding dimension of S, is always smaller than the multiplicity of
S. The elements of S∗ \ (S∗ + S∗) are known as minimal generators of S. It follows easily that
s ∈ S is a minimal generator if and only if S \ {s} is a numerical semigroup.

For a numerical semigroup S, the elements in N \ S are called gaps of S. The cardinality of
N \ S is the genus of S, denoted by g(S). The largest gap of a numerical semigroup S different
from N is known as the Frobenius number of S, that is, F(S) = max(Z \ S).

Associated to a numerical semigroup S one can define the order induced by S as a ≤S b if
b − a ∈ S, for any a, b ∈ Z. Minimal generators of S are precisely the elements in S∗ that are
minimal with respect to ≤S.

The set of maximal elements of Z \ S are known as the pseudo-Frobenius numbers of S, and
this set is denoted by PF(S). Thus, f ∈ Z is in PF(S) if and only if f ̸∈ S and f + s ∈ S for all
s ∈ S∗. The cardinality of PF(S) is called the (Cohen-Macaulay) type of S, and it is denoted by
t(S).

A numerical semigroup S is irreducible if it cannot be expressed as the intersection of two
numerical semigroups properly containing it. Every irreducible numerical semigroup is either
symmetric (odd Frobenius number) or pseudo-symmetric (even Frobenius number). Recall
that a numerical semigroup S is symmetric if for any x ∈ Z \ S, F(S)− x ∈ S, and S is pseudo-
symmetric if F(S) is even and for any x ∈ Z \ S, x ̸= F(S)/2, F(S) − x ∈ S. A numerical
semigroup is symmetric if and only if its type is one, and it is pseudo-symmetric if and only if
PF(S) = {F(S)/2, F(S)} (see [10, Chapter 3] for more details).

Let S be a numerical semigroup. A gap g of S is called a special gap if S ∪ {g} is a numerical
semigroup. The set of special gaps is denoted by SG(S). It is well known that SG(S) = {g ∈
PF(S) : 2g ∈ S} [10, Proposition 4.33].

2.2. Ideals of numerical semigroups. A (relative) ideal of S is a set I of integers such that
I + S = I and z + I ⊆ S for some integer z. This last condition is equivalent to the existence of
min(I). An ideal I is said to be normalized if min(I) = 0.

The union of two ideals of a numerical semigroup is again an ideal, and the same holds for
the intersection. Addition of ideals can be defined as follows. If I and J are ideals of S, then
I + J = {i + j : i ∈ I, j ∈ J} is also an ideal of S (see [1, Chapter 3] for the basic properties of

https://github.com/numerical-semigroups/ideal-class-monoid
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ideals of numerical semigroups). The set of ideals of S under this operation is a monoid, and
its identity element is S.

If I is an ideal of a numerical semigroup S, then I + S = I, and so I can be expressed as
I = X + S = {x + s : x ∈ X, s ∈ S} for some subset X of I. Such a set is known as a generating
set of I. Notice that I = X + S, with X = Minimals≤S(I), and that every generating set of
I must contain X. The set Minimals≤S(I) is known as the minimal generating set of S, and its
elements are called minimal generators of I. Observe that there cannot be two different minimal
generators congruent modulo the multiplicity of S. In particular, a minimal generating set of
an ideal I of S has at most cardinality m(S).

If X is a finite set of integers, then X + S is an ideal of S. If X = {x} for some x ∈ Z, then we
write x + S instead of {x}+ S.

Let I ∈ I0(S). Then, x ∈ I \ {0} is a minimal generator of I if and only if I \ {x} ∈ I0(S) (see
[7, Lemma 9]).

2.3. Posets and lattices. A poset (P,≤) is a set equipped with a (partial) order relation (≤).
Given two elements a, b in a poset (P,≤), b is a cover of a if a < b (that is a ≤ b and a ̸= b) and
for every c such that a ≤ c ≤ b, then either c = a or c = b.

A poset (P,≤) is a lattice if, for every pair of elements x, y ∈ P there exist the infimum
and the supremum of {x, y}; in such a case they are (binary) operations on the set P usually
denoted by x ∧ y and x ∨ y, and referred to as meet and join, respectively. A lattice can be
equivalently defined as a set equipped with two idempotent, associative, commutative and
absorptive operations ∧ and ∨. In a lattice L, meets and joins of an arbitrary subset X ⊆ L do
not necessarily exist; if they do for every subset X ⊆ L, then (L,∧,∨) is a complete lattice. The
supremum and infimum of an arbitrary set X (if they exist) are sometimes indicated with

∧
X

and
∨

X, respectively. Obviously, every finite lattice is a complete lattice.
A meet semilattice (S,∧) is a set S with an associative, commutative and idempotent operation

∧. Every meet semilattice induces a partial order relation defined as: x ≤ y if and only if x∧ y =
x. If the order ≤ has a maximum element, denoted 1, then (S,∧) is called a meet semilattice
with one (1 is, equivalently, the neutral element for the operation ∧). Similarly, (S,∨) is a join
semilattice if ∨ is an associative, commutative and idempotent operation on S. In this case, (S,∨)
induces a partial order relation defined as x ≤ y if x ∨ y = y, for all x, y ∈ S. For the case the
induced order ≤ has a minimum element, which we denote by 0, then (S,∨) is a join semilattice
with zero (0 is the neutral element for ∨). In a join (meet, respectively) semilattice the element
x ∨ y (x ∧ y, respectively) is the supremum (infimum, respectively) of the set {x, y} with respect
to the induced order ≤. Given a poset (P,≤) and X ⊆ P, we indicate by ↑X and ↓X the set of
upper and lower bounds, respectively, of X, namely ↑X = {a ∈ P : x ≤ a, for every x ∈ X}
and ↓X = {a ∈ P : a ≤ x, for every x ∈ X}. If X = {x}, we will write ↑x and ↓x instead of
↑{x} and ↓{x}.

In a poset (P,≤) we will say that an element x ∈ P has a unique cover if the poset ((↑x) \ {x},≤
) has a minimum; we will denote this minimum as xc.

Every finite meet or join semilattice with one or zero, respectively, is indeed a lattice, as
recalled in the following well known result in order theory.

Theorem 1. [8, Theorem 2.4] Let (S,∨) be a finite join semilattice with zero. Then, S is a lattice with
the meet operation defined by

x ∧ y =
∨
(↓x ∩ ↓y).

Recall that, in a poset (P,≤) two elements x, y ∈ P are incomparable (with respect to ≤) if
x ≰ y and y ≰ x.

Lemma 2. Let (P,≤) be a poset and x ∈ P an element having a unique cover xc. Then:
(1) for any y that is incomparable with x, it holds that ↑{x, y} = ↑{xc, y};
(2) for any y ≰ x and y ≤ xc, x ∨ y exists, in particular x ∨ y = xc.

Proof. (1) Let xc be the unique cover of the element x ∈ P and let y be incomparable with x.
Suppose a ∈ ↑{x, y}, that is, x ≤ a and y ≤ a. Observe that, since x and y are incomparable,
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we deduce that a ̸= x. Hence, a ∈ (↑x) \ {x}, and so xc ≤ a. Thus, a ∈ ↑{xc, y}, showing that
↑{x, y} ⊆ ↑{xc, y}. The other inclusion is obvious as x < xc.
(2) Let y ∈ P such that y ≰ x and y ≤ xc. Then, xc in an upper bound of {x, y}. Let z be an
upper bound of {x, y}, that is, x ≤ z and y ≤ z. The assumption y ≰ x forces x ̸= z. Thus,
z ∈ ↑x \ {x}, and so xc ≤ z. This shows that x ∨ y = xc. □

3. NORMALIZED IDEALS OF NUMERICAL SEMIGROUPS

Recall that a relative ideal I of a numerical semigroup S is a normalized ideal I if min(I) = 0.
The set I0(S) of normalized ideals of S is always finite and forms a (complete) lattice under the
operations of ∩ and ∪ (see [4]). Moreover, as mentioned in the introduction, it can be turned
into a poset upon considering the partial order relation: I ⪯ J if there exists L ∈ I0(S) such that
I + L = J. Observe that I ⪯ J implies I ⊆ J. An ideal I is a quark if it is minimal with respect to
⪯ in I0(S) \ {S}; in other words, a quark is a cover of S in the poset (I0(S),⪯).

Let m be the multiplicity of S. If I is an ideal of S, and x ∈ I, then x + ks ∈ I for every
non-negative integer k and s ∈ S. It follows that the set Ap(I) = {x ∈ I : x − m ̸∈ I} generates
I as an ideal, and it has precisely m elements, one per each congruence class modulo m. The
set Ap(I) is known as the Apéry set of I (with respect to m). Thus, Ap(I) = {w0, w1, . . . , wm−1},
where wi = min(I ∩ (i + mN)).

Given a, b, n ∈ Z, with n ̸= 0, we denote by a mod n the remainder of the (Euclidean)
division of a by n (a mod n ∈ {0, . . . , n1}), and we write a ≡ b (mod n) if n divides b − a.

As I ⊆ N, we deduce that Ap(I) ⊆ N, and consequently for every i ∈ {0, . . . , m − 1},
wi = mxi + i for some non-negative integer xi. The tuple (x1, . . . , xm−1) is known as the Kunz
coordinates of I (see [4, Section 4]). Notice that we are omitting x0, which is equal to 0, as
0 = min(I).

In the sequel, we will write I = (x1, . . . , xm−1)K to denote that (x1, . . . , xm−1) are the Kunz
coordinates of I.

Let n ∈ N, and let i = n mod m. Then, n = km + i for some k ∈ N. We know that wi is
the minimum element in I congruent with i modulo m. Hence, n ∈ I if and only if n ≥ wi, or
equivalently k ≥ xi. Hence, for an integer n = km + i,

(1) km + i ∈ (x1, . . . , xm−1)K if and only if xi ≤ k.

In particular, n ̸∈ I if and only if k ∈ {0, . . . , xi − 1}, and this holds for every congruence class
modulo m. Thus, the number of non-negative integers not belonging to I is

(2) |N \ (x1, . . . , xm−1)K| = x1 + · · ·+ xm−1.

With this in mind it is easy to show that if J is an ideal with Kunz coordinates (y1, . . . , ym−1),
then

(3) (x1, . . . , xm−1)K ⊆ (y1, . . . , ym−1)K if and only if (y1, . . . , ym−1) ≤ (x1, . . . , xm−1)

with respect to the usual partial order on Nm−1, and

(x1, . . . , xm−1)K ∩ (y1, . . . , ym−1)K = (max({x1, y1}), . . . , max({xm−1, ym−1}))K,

(x1, . . . , xm−1)K ∪ (y1, . . . , ym−1)K = (min({x1, y1}), . . . , min({xm−1, ym−1}))K.

Addition requires more effort, but can be derived by translating [4, Proposition 4.8] to Kunz
coordinates. If I + J = (z1, . . . , zm−1)K, then for every i ∈ {1, . . . , m − 1}

(4) zi = min({xi1 + yi2 + ⌊ i1+i2
m ⌋ : i1, i2 ∈ {0, . . . , m − 1}, i1 + i2 ≡ i (mod m)}).

where ⌊q⌋ = max{z ∈ Z : z ≤ q} for every q ∈ Q.
The idempotent elements in (I0(S),+) are precisely the oversemigroups of S [4, Proposi-

tion 5.14], that is, numerical semigroups T such that S ⊆ T. They will play a central role in
Section 5. We denote by O(S) the set of oversemigroups of S.

Remark 3. One may wonder when O(S) coincides with I0(S). This question was solved al-
ready in [2, Proposition 4.4]: O(S) = I0(S) if and only if the multiplicity of S is less than or
equal to two. In this case, (I0(S),⪯) is a chain of length g(S) + 1.
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The following two technical lemmas will be handy later.

Lemma 4. Let S be a numerical semigroup, and let I ∈ I0(S), J ∈ O(S). Then, I ⊆ J if and only if
I + J = J.

Proof. If I + J = J, then I = I + 0 ⊆ I + J = J. If I ⊆ J, then J = 0 + J ⊆ I + J ⊆ J + J = J, and
so J = I + J. □

Lemma 5. Let S be a numerical semigroup, and let I ∈ O(S). For every J ∈ I0(S), I ⪯ J if and only
if J = I + J. In particular, I ∨ J = I + J for every J ∈ I0(S).

Proof. Suppose that I ⪯ J, and so I + K = J for some K ∈ I0(S). Then, J = I + K = I + I + K =
I + J. The converse is trivial.

Now, suppose that K ∈ I0(S) is such that I ⪯ K and J ⪯ K. Then, there exists L for which
J + L = K. We now use that I + K = K, and obtain that I + J + L = I + K = K, which means
that I + J ⪯ K. Also, I ⪯ I + J and J ⪯ I + J, which proves that I ∨ J = I + J. □

As a consequence of these two lemmas, we get the following result.

Corollary 6. Let S be a numerical semigroup, and let I, J ∈ O(S). The following are equivalent:
(1) I ⊆ J,
(2) I + J = J,
(3) I ⪯ J.

The following result will be used later, and describes the set of ideals of an oversemigroup T
of S as the set of ideals in S greater than or equal to T with respect to ⪯.

Lemma 7. Let S be a numerical semigroup and let T ∈ O(S). Then, I0(T) = ↑T (in I0(S)).

Proof. If I ∈ I0(T), then I + T = I and consequently T ⪯ I.
Let I ∈ ↑T. Then, T ⪯ I and so there exists J ∈ I0(S) such that T + J = I. Thus, I + T =

J + T + T = J + T = I, and so I ∈ I0(T). □

3.1. Multiplicity three. Let S be a numerical semigroup with multiplicity three, with Kunz
coordinates S = (u, v)K. Then, by [4, Theorem 4.4], (x, y) are the Kunz coordinates of a (nor-
malized) ideal I of S if and only if

(5)


x ≤ u,
y ≤ v,
x + u ≥ y,
y + v + 1 ≥ x.

Basically, the first two inequalities mean that S ⊆ I, while the last two inequalities translate
to I + S = I.

For I = (a, b)K and J = (c, d)K, (4) particularizes to

(6) I + J = (min({a, c, b + d + 1}), min({b, d, a + c}))K.

Remark 8. As a particular instance of (6), for I = (a, b)K, we obtain

I + I = (min({a, 2b + 1}), min({b, 2a}))K.

Therefore, I + I ̸= I if and only if either 2b + 1 < a or 2a < b (not both, since this would lead
to 4b + 2 < 2a < 2b, a contradiction).

Let S be a numerical semigroup with multiplicity three and Kunz coordinates (u, v). Let
I = (x, y)K be an ideal of S. If I is an idempotent ideal, then by Remark 8, x ≤ 2y + 1 and
y ≤ 2x. It is easily checked that for idempotents, (5) turns into:

(7)


x ≤ u,
y ≤ v,
x ≤ 2y + 1,
y ≤ 2x.
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(0,0)

(0,1)

(0,2)

(0,3)

(0,4)

(1,0)

(1,1)

(1,2)

(1,3)

(1,4)

(1,5)

(2,0)

(2,1)

(2,2)

(2,3)

(2,4)

(2,5)

(3,0)

(3,1)

(3,2)

(3,3)

(3,4)

(3,5)

(4,0)

(4,1)

(4,2)

(4,3)

(4,4)

(4,5)

FIGURE 1. Hasse diagram of (I0(⟨3, 13, 17⟩),⪯); ideals are represented and
placed according to their Kunz coordinates.

Figure 1 shows the Hasse diagram of (I0(⟨3, 13, 17⟩),⪯). Ideals are represented and placed
according to their Kunz coordinates. Idempotents are displayed in grey.

Proposition 9. Let S be a numerical semigroup with multiplicity three. For all I, J ∈ O(S), I + J =
I ∪ J.

Proof. Let a1, b1, a2, b2 ∈ N such that I = (a1, b1)K and J = (a2, b2)K. If I ⊆ J, then by Lemma 4,
we have that J = I + J, which leads to I ∪ J = J = I + J. The same argument works for J ⊆ I.
Thus, we may suppose that I and J are incomparable with respect to set inclusion, which by (3)
means that (a1, b1) and (a2, b2) are incomparable in (N2,≤).

Suppose that a1 ≤ a2 and b1 ≥ b2. We know by (4) that

I + J = (min({a1, b1, a2 + b2 + 1}), min({a2, b2, a1 + b1}))K.

Also, a1 ≤ a2 ≤ a2 + b2 + 1, and so min({a1, b1, a2 + b2 + 1}) = min({a1, b1}). Similarly,
a1 + b1 ≥ a1 + b2 ≥ b2, and consequently min({a2, b2, a1 + b1}) = min({a2, b2}). Thus,

I + J = (min({a1, b1}), min({a2, b2}))K = I ∪ J.

The case a1 ≥ a2 and b1 ≤ b2 follows analogously. □

With this, we easily obtain the following consequence.

Corollary 10. Let S be a numerical semigroup with multiplicity three. Then, (O(S),⪯) is a distributive
lattice with I ∨ J = I ∪ J, I ∧ J = I ∩ J, max⪯ O(S) = N, and min⪯ O(S) = S.

Proof. Let K ∈ O(S) such that I ⪯ K and J ⪯ K. Then, I ⊆ K and J ⊆ K, which yields I ∪ J ⊆ K.
By Lemma 4, (I ∪ J) + K = K and so I ∪ J ⪯ K. This proves that I ∪ J = I ∨ J.

Analogously, one shows that I ∩ J = I ∧ J. The other assertions are trivial. □

4. WHEN INCLUSION COINCIDES WITH THE ORDER INDUCED BY ADDITION

For a numerical semigroup S and I, J ∈ I0(S), recall that I ⪯ J implies I ⊆ J. Thus, it is
natural to ask under which circumstances the order relations ⪯ and ⊆ coincide.

Example 11. The numerical semigroup with the least possible genus such that ⊆ and ⪯ are not
the same is S = ⟨4, 5, 6, 7⟩: {0, 2}+ S ⊆ {0, 1, 2}+ S, while {0, 2}+ S ̸⪯ {0, 1, 2}+ S (dashed
line in Figure 2).
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〈4,5,6,7〉 {0,1,2,3}

{0,1,2} {0,1,3} {0,2,3}

{0,1} {0,2} {0,3}

{0}

〈3,7,8〉 {0,1,2}

{0,1,5} {0,2,4}

{0,1} {0,4,5}

{0,4}

{0}

{0,2}

{0,5}

FIGURE 2. The posets (I0(⟨4, 5, 6, 7⟩),⪯) and (I0(⟨3, 7, 8⟩),⪯), witnessing that
the order relations ⊆ and ⪯ are not equal in general.

Proposition 12. Let S be a numerical semigroup. Then, ⊆ equals ⪯ in I0(S) if and only if

S ∈ {⟨3, 4⟩, ⟨3, 4, 5⟩, ⟨3, 5⟩, ⟨3, 5, 7⟩} ∪ {⟨2, 2k + 1⟩ : k ∈ N}.

Proof. Suppose that m(S) ≥ 4. Then, {0, 2} + S ⊆ {0, 1, 2} + S. If there exists I ∈ I0(S)
with ({0, 2} + S) + I = {0, 1, 2} + S, then 1 ∈ I. But then, 1 + 2 = 3 ∈ ({0, 2} + S) + I and
3 ̸∈ {0, 1, 2}+ S, a contradiction. Thus, ⊆ equals ⪯ in I0(S) forces m(S) ≤ 3. We already know
that for m(S) ≤ 2, we have that O(S) = I0(S), and thus by Corollary 10, ⊆ equals ⪯.

It remains to see what happens in the case m(S) = 3. Suppose that 4 ̸∈ S. Notice that
{0, 4}+ S ⊆ {0, 1}+ S, since 4 = 1 + 3 ∈ {0, 1}+ S. If there exists I with ({0, 4}+ S) + I =
{0, 1}+ S, then 1 ∈ I. This implies that 5 ∈ {0, 1}+ S (as 5 = 4 + 1 ∈ ({0, 4}+ S) + I). Hence,
if S has multiplicity three and ⊆ equals ⪯, then 5 ∈ S, and so ⟨3, 5⟩ ⊆ S. There are only two
oversemigroups of ⟨3, 5⟩ with multiplicity three and not containing four, namely ⟨3, 5, 7⟩ and
⟨3, 5⟩ (this can be easily checked with the help of [5]): for all of them ⊆ and ⪯ coincide in I0(S).
The only case left is when ⟨3, 4⟩ ⊆ S. This case yields two oversemigroups with multiplicity
three, ⟨3, 4⟩ and ⟨3, 4, 5⟩, both fulfilling that ⊆ and ⪯ coincide in I0(S). □

It follows from the above proposition that, for S ∈ {⟨3, 4⟩, ⟨3, 4, 5⟩, ⟨3, 5⟩, ⟨3, 5, 7⟩} ∪ {⟨2, 2k +
1⟩ : k ∈ N}, (I0(S),⪯) is a lattice. However, as the next example shows, this does not cover all
the cases for which (I0(S),⪯) is indeed a lattice.

Example 13. One can check that for S = ⟨3, 7, 8⟩, the poset (I0(S),⪯) is a lattice, however we
already know that in I0(S) the orders ⪯ and ⊆ are not the same in virtue of Proposition 12. In
fact, {0, 4}+ S ⊆ {0, 1}+ S, while {0, 4}+ S ̸⪯ {0, 1}+ S (see Figure 2).

Remark 14. Casabella proves in [3] that if S is a numerical semigroup such that the ideal class
semigroup of S and the ideal class semigroup of the semigroup algebra of S (K[S]) are isomor-
phic, then S has either multiplicity less than two or S = ⟨3, 4, 5⟩ or S = ⟨3, 4⟩. By Proposition
12, this means that if S and K[S] have isomorphic ideal class monoids, then ⪯ and ⊆ coincide
in I0(S).
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5. THE POSET OF NORMALIZED IDEALS OF A NUMERICAL SEMIGROUP WITH MULTIPLICITY
THREE IS A LATTICE

Next, we show that for any numerical semigroup S with multiplicity three, (I0(S),⪯) is a
lattice. First (and motivated by Lemma 5), we will focus our attention on ideals that are not
idempotent.

Recall that if (a, b)K ∈ I0(S) \ O(S), then either 2b + 1 < a or 2b < b (Remark 8). Next, we
study these two cases separately, showing that (a, b)K has a unique cover.

Lemma 15. Let S be a numerical semigroup with multiplicity three and let I = (a, b)K be an ideal of
S such that 2b + 1 < a. Then, J = (a − 1, b)K is the unique cover of I with respect to ⪯. Moreover,
I + L = J + L for all L ∈ I0(S).

Proof. Take the pair (a, b + t) with t = (a − 1)− (2b + 1). By hypothesis, 2b + 1 ≤ (a − 1), and
so t ∈ N. Let (u, v) be the Kunz coordinates of S. Notice that:

(1) a ≤ u (first inequality if (5), for (x, y) = (a, b));
(2) b + t = (a − 1)− (b + 1) ≤ v if and only if a − 1 ≤ v + b + 1; but a − 1 ≤ a ≤ b + v + 1

(last inequality of (5));
(3) observe that b + t = (a − 1)− (b + 1) ≤ a + u which trivially holds (as a ≤ u);
(4) b + t + v + 1 ≥ a, since b + t + v + 1 ≥ b + v + 1 ≥ a (last inequality in (5)).

Thus, (a, b + t) are the Kunz coordinates of a normalized ideal of S, say L; whence L = (a, b +
t)K. Then,

I + L = (min{a, 2b + t + 1}, min{b, b + t, 2a})K = (a − 1, b)K = J.

This proves I ⪯ J. Notice that by (2), |J \ I| = (a + b)− (a + b − 1) = 1 (as a matter of fact,
J \ I = {3a + 1}). Suppose that there exists K with I ⪵ K ⪵ J. Then, I ⊊ K ⊊ J, and this would
lead to |J \ I| ≥ 2, a contradiction. Hence, J covers I.

Next, we prove that if I ⪵ L for some L ∈ I0(S), then J ⪯ L. Write L = (c, d)K. As I ≺ L,
there exists (x, y)K fulfilling (5) such that (a, b)K + (x, y)K = (c, d)K, and c = min{a, x, b +
y + 1} and d = min{b, y, a + x} = min{b, y} (by hypothesis b < a, and so b < x + a). We
distinguish two cases depending on x < a or x ≥ a.

• x < a. In this setting (a − 1, b)K + (x, y)K = (c, d)K, since min{a − 1, x, b + y + 1} =
min{x, b + y + 1} = min{a, x, b + y + 1}.

• x ≥ a. If a ≤ b + y + 1, then 2b + 1 < a ≤ b + y + 1 and consequently b ≤ y. Under
these conditions, (a, b)K + (x, y)K = (a, b)K = (c, d)K, which is impossible, as we are
assuming that I ̸= L. Thus, a > b + y + 1, and so a − 1 ≥ b + y + 1. In this case,
(a − 1, b)K + (x, y)K = (a, b)K + (x, y)K = (c, d)K, since min{a − 1, x, b + y + 1} =
b + y + 1 = min{a, x, b + y + 1}.

This concludes the proof, since in all the possible cases J ⪯ L. Notice that we have also shown
that if I + M = L, then J + M = L, which proves the second part of the statement. □

Lemma 16. Let S be a numerical semigroup with multiplicity three and let I = (a, b)K be an ideal
of S such that 2a < b. Then, J = (a, b − 1)K is the unique cover of I with respect to ⪯. Moreover,
I + L = J + L for all L ∈ I0(S).

Proof. Since 2a < b then 2a ≤ b − 1. Set t = b − 1 − 2a ∈ N. Let us consider the pair (a + t, b)
and let us check that it fulfills the inequalities (5), for (u, v)S a generic element in S. Observe
that

(1) a + t ≤ u if and only if b − 1 − a ≤ u, which is equivalent to b ≤ a + u + 1. By (5), third
inequality, we know that b ≤ a + u, and so a + t ≤ u holds;

(2) b ≤ v, which holds by the second inequality of (5), as I = (a, b)K is an ideal;
(3) a + t + u ≥ a + u ≥ b, in light of the third inequality of (5) applied to I;
(4) b + v + 1 ≥ a + t if and only if b + v + 1 ≥ b − 1 − a, equivalent to v + 1 ≥ −1 − a,

which trivially holds.
Thus, there exists L ∈ I0(S) such that L = (a + t, b)K. Moreover,

I + L = (a + t, b)K + (a, b)K = (min{a, a + t, 2b + 1}, min{b, b − 1})K = (a, b − 1)K = J.



POSET NORMALIZED IDEALS 9

In particular, I ⪯ J, J \ I = {3b + 2} and so J covers I (arguing as in the proof of Lemma 15).
Now, we show that for every L = (c, d)K ∈ I0(S) with I ⪵ L, we have that J ⪯ L. As in

the proof of Lemma 15, there exists (x, y) fulfilling (5) such that (a, b)K + (x, y)K = (c, d)K. In
particular, c = min{a, x, b + y + 1} = min{a, x} (by hypothesis a < b, and so a < b + y + 1)
and d = min{b, y, a + x}. We distinguish between y < b and y ≥ b.

• y < b. In this setting, min{b − 1, y, a + x} = min{y, a + x} = min{b, y, a + x}, and so
(a, b − 1)K + (x, y)K = (c, d)K.

• y ≥ b. If b ≤ a + x, then 2a < b ≤ a + x, and a < x. In this case, (a, b)K + (x, y)K =
(a, b)K = (c, d)K, contradicting that I ̸= L. Hence, b > a + x, which leads to b − 1 ≥
a + x. It follows that (a, b − 1)K + (x, y)K = (a, b)K + (x, y)K = (c, d)K, because under
the standing hypothesis, min{b − 1, y, a + x} = a + x = min{b, y, a + x}.

In any case, J ⪯ L and this concludes the proof. □

By combining the two previous lemmas, we obtain the following.

Proposition 17. Let S be a numerical semigroup with multiplicity three, and let I ∈ I0(S) \ O(S).
Then, I has a unique cover with respect to ⪯, which we denote by Ic. Moreover, I + J = Ic + J for all
J ∈ I0(S).

Non-idempotent ideals have a unique cover; moreover, a stronger fact holds, namely we can
also prove that two different non-idempotent ideals cannot share the same cover.

Lemma 18. Let S be a numerical semigroup with multiplicity three, and let I, J ∈ I0(S) \ O(S). If
Ic = Jc, then I = J.

Proof. Let (a, b) and (c, d) be the Kunz coordinates of I and J, respectively. Recall that by Re-
mark 8 either 2b + 1 < a or 2a < b (not both) and either 2d + 1 < c or 2c < d.

• If 2b + 1 < a, then by Lemma 15, Ic = (a − 1, b)K. If 2d + 1 < c, then Jc = (c − 1, d)K.
Thus, if Ic = Jc, we deduce that a = c and b = d, and so I = J. Suppose that 2c < d.
Then, by Lemma 16, Jc = (c, d − 1)K; whence a − 1 = c and d − 1 = b. As 2b + 1 < a,
we deduce 2d − 2 + 1 < c + 1, or equivalently, 2d < c + 2, and so 4d < 2c + 4 < d + 4,
which implies d ≤ 1. If d = 1, then c = 0 (as 2c < d), hence a = 1 and b = 0, which is
impossible as 2b + 1 < a. Similarly, also d = 0 is impossible as 2c < d. Therefore, this
can never be the case.

• If 2a < b and 2c < d, then by Lemma 16, Ic = (a, b − 1)K = (c, d1)K = Jc, which clearly
leads to I = J. If 2d + 1 < c, then we can argue as in the previous case.

This covers all possible cases, and concludes the proof. □

Lemma 19. Let S be a numerical semigroup with multiplicity three and I = I0(S) \ O(S). If J ⪯̸ I
and J ⪵ Ic, then I ∨ J = I + J.

Proof. Observe that the fact that I ∨ J exists follows from Lemma 2-(2). As J ⪵ Ic, there exists
J1, . . . , Jt ∈ I0(S) such that J1 = J, Jt = Ic and Ji+1 covers Ji for all i ∈ {1, . . . , t − 1}. As J ̸= Ic,
we have that t > 1.

If Ji ̸∈ O(S) for all i, then we have that Jc
t−1 = Ic. By Lemma 18, Jt−1 = I, but then J ⪯ Jt−1 =

I, contradicting J ̸⪯ I.
Therefore, Ji ∈ O(S) for some i ∈ {1, . . . , t}. Let i be minimum with this property. By

Lemma 5, Ji ∨ Ic = Ji + Ic = Ic. Also, as J ̸⪯ I, we deduce that Ji ̸⪯ I. By Lemma 2-(2),
J ∨ I = Ji ∨ I = Ic. Notice also that Jj ∈ I0(S) \ O(S) for all j < i. By applying several times
Proposition 17, we obtain J + Ic = J1 + Ic = · · · = Ji + Ic. Thus, J + Ic = Ic = J ∨ I. By using
again Proposition 17, but now with I, J + Ic = J + I and we conclude that I ∨ J = Ic = I + J. □

With all these technical lemmas we are ready to prove that (I0(S),⪯) is always a lattice for
S a numerical semigroup with multiplicity three. Also, in this case, we can give an explicit
formula for the description of two ideals.
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Theorem 20. Let S be a numerical semigroup with multiplicity three. Then, (I0(S),⪯) is a lattice.
Moreover, for I, J ∈ I0(S),

I ∨ J =

{
I ∪ J, if I and J are comparable,
I + J, otherwise,

and

I ∧ J =

{
I ∩ J, if I and J are comparable,∨
(↓I ∩ ↓J), otherwise.

Proof. Let I, J ∈ I0(S). We show that there exists I ∨ J. If I ⪯ J, then I ∨ J = J = I ∪ J.
Analogously, if J ⪯ I, then I ∨ J = I = I ∪ J. So, we can suppose that I and J are not comparable
with respect to ⪯.

If I ∈ O(S), then by Lemma 5, I ∨ J = I + J.
If I ∈ I0(S) \ O(S), then there is a unique cover of I with respect to ⪯ (by Proposition 17).

Let Ic be this unique cover. For any J ∈ I0(S), not comparable with I, then ↑{I, J} = ↑{Ic, J}
(by Lemma 2). Thus, I ∨ J exists if and only if Ic ∨ J exists, and if so, I ∨ J = Ic ∨ J. Also, by
Proposition 17, I + J = Ic + J. We repeat this process for finitely many steps, thus producing
an ascending chain I ≺ Ic1 ≺ · · · ≺ Icn of covers (more precisely, Ici covers Ici−1 , for every
i ∈ {i, . . . n}) until either Icn ∈ O(S) or J ⪯ Icn .

In the first case, by Lemma 5 we have Icn ∨ J = Icn + J = Icn−1 + J = · · · = Ic1 + J = I + J,
where all the right-side equalities follow by Proposition 17. By Lemma 2, applied several times,
I ∨ J = Icn ∨ J, and we conclude I ∨ J = I + J.

In the latter case, J ⪯ Icn . Obviously, J ̸= Icn (as otherwise I ≺ J). Hence, by Lemma 19,
Icn−1 ∨ J = Icn−1 + J = · · · = I + J, where the right-hand side equalities follows from Proposition
17 (where we are assuming that Ici ∈ I0(S) \O(S), for all i ∈ {1, . . . , n} as otherwise we would
be in the previous case). By Lemma 2-(1), I ∨ J = Ic1 ∨ J = · · · = Icn−1 ∨ J. Putting all this
together, I + J = Icn−1 ∨ J = Icn ∨ J = I ∨ J.

The description of I ∧ J follows from Theorem 1. Observe that, in the case I and J are com-
parable, that is, I ⪯ J, which implies I ⊆ J, we have that I ∧ J =

∨
(↓I ∩ ↓J) =

∨
(↓I) = I

(similarly for the case J ⪯ I). □

For multiplicity four, it is no longer true that a normalized ideal I that is not idempotent
has a unique cover. Thus, we cannot take advantage of the same strategy used in the case of
multiplicity three.

Example 21. Let S = ⟨4, 7, 9, 10⟩, and let I = (2, 2, 0)K. Then, I + I ̸= I and the ideals covering
I are (1, 2, 0)K, (2, 1, 0)K, and (0, 2, 0)K.

6. QUARKS OF THE POSET OF NORMALIZED IDEALS

Let S be a numerical semigroup with multiplicity three. We already know that if S is ir-
reducible, then I0(S) has at most two quarks [4, Theorem 5.21]. Moreover, if S is symmetric
we know that the only quark of S is {0, F(S)} + S [4, Proposition 5.18], and if S is pseudo-
symmetric, then the quarks of I0(S) are {0, F(S)}+ S and {0, F(S)/2}+ S [4, Proposition 5.20].

By [9, Theorem 7], every numerical semigroup with multiplicity three is uniquely deter-
mined by its genus and its Frobenius number: S = ⟨3, 3 g(S) − F(S), F(S) + 3⟩. By [4, Re-
mark 5.1], the genus of S plus one equals the length of the largest ascending chain in (I0(S),⪯).
If S is symmetric, then its Frobenius number is twice the genus minus one (see for instance [10,
Corollary 4.5]), while if S is pseudo-symmetric, the Frobenius number of S equals twice its
genus minus two [10, Corollary 4.5]. This means that if S has at most two quarks, we can fully
recover S from (I0(S),⪯).

Let us focus on the case S is not irreducible. Recall that S is irreducible if and only if the
cardinality of SG(S) is at most one [10, Corollary 4.38]. We also know that SG(S) ⊆ PF(S), and
that the type of S is at most three [10, Corollary 10.22]. Putting all this together, we deduce that
in the case S is not irreducible, the set of special gaps coincides with the set of pseudo-Frobenius
elements. Let SG(S) = PF(S) = { f ′ < f } (and so f = F(S)). In particular, S′ = S ∪ { f ′} is a
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numerical semigroup, and so is S = S ∪ { f } (notice that f = F(S) is always a special gap for
any numerical semigroup different from N).

In the next two lemmas we describe the set of normalized ideals of S that are not ideals of S′

and of S (compare the first with [4, Lemma 5.17]).

Lemma 22. Let S be a numerical semigroup with Frobenius number f . Then, S = S ∪ { f } is a
numerical semigroup, and for every I ∈ I0(S), I ∈ I0(S) \ I0(S) if and only if f ̸∈ I.

Proof. We already know that S = S ∪ { f } is a numerical semigroup. Notice that S = {0, f }+ S.
If f ∈ I, then S = S ∪ { f } ⊆ I, and I = I + 0 ⊆ I + S = I + ({0, f }+ S) = I + {0, f } =

I ∪ ( f + I). By definition of Frobenius number, f + I ⊆ f + N ⊆ S ∪ { f } = S. Hence, I ∪ ( f +
I) ⊆ I ∪ S = I. Thus, I ⊆ I + S ⊆ I, and so I + S = I, which leads to I ∈ I0(S) Clearly, if
I ∈ I0(S), then f ∈ S ⊆ I. This proves the claim. □

Lemma 23. Let S = (k1, k2)K be a numerical semigroup with multiplicity three and PF(S) = { f ′, f }
with f ′ < f and 2 f ′ ̸= f . Then, S′ = S ∪ { f ′} is a numerical semigroup. Moreover, the set of ideals of
I0(S) \ I0(S′) that contain f ′ is

(1) {(x1, x2)K ∈ I0(S) : x1 + k1 = x2, x1 ≤ k1 − 1} if f ′ ≡ 1 (mod 3),
(2) {(x1, x2)K ∈ I0(S) : x2 + k2 + 1 = x1, x2 ≤ k2 − 1} if f ′ ≡ 2 (mod 3).

Proof. We have seen already that under the standing hypothesis, SG(S) = { f ′, f }, and so S′ =
S ∪ { f ′} is a numerical semigroup.

Notice that as f ′ ̸∈ S, f ′ is not a multiple of three. Thus, f ′ mod 3 is either one or two.
Suppose first that f ′ ≡ 1 (mod 3), and let k′ = ( f − 1)/3, that is, f ′ = 3k′ + 1. It easily follows
that k′ = k1 − 1 and that the Kunz coordinates of S′ are (k1 − 1, k2).

If I = (x1, x2)K ∈ I0(S) \ I0(S′), then by (5), x1 ≤ k1, x2 ≤ k2, x1 + k1 ≥ x2, and x2 +
k2 + 1 ≥ x1. The condition f ′ ∈ I means that x1 ≤ k1 − 1 by (1). Therefore, as I ̸∈ I0(S′),
and (x1, x2) already fulfills the inequalities x1 ≤ k1 − 1 and x2 + k2 + 1 ≥ x1, we deduce that
x1 + (k1 − 1) < x2. If follows that, x1 + k1 = x2.

For the other inclusion, if I = (x1, x2)K ∈ I0(S) is such that x1 + k1 = x2 and x1 ≤ k1 − 1
hold, then f ′ ∈ I (because x1 ≤ k1 − 1 = k′) and I ̸∈ I0(S′), because x1 +(k1 − 1) = x2 − 1 < x2,
see (5).

The other case follows analogously. □

Next, we see that if S is not irreducible, then it has exactly three quarks.

Proposition 24. Let S be a non-irreducible numerical semigroup with multiplicity three and Kunz
coordinates (k1, k2).

• If k1 ≤ k2, then the quarks of I0(S) are (k1 − 1, k2)K, (k1, k2 − 1)K, and (k2 − k1, k2)K.
• If k1 > k2, then the quarks of I0(S) are (k1 − 1, k2)K, (k1, k2 − 1)K, and (k1, k1 − k2 − 1)K.

Proof. We know that under the standing hypothesis SG(S) = PF(S) = { f ′, f } with f ′ < f =
F(S). Also, f ′ ̸= f /2 [10, Corollary 4.16], because this would mean that S is pseudo-symmetric.

By Proposition 4.17 and Lemma 5.10 in [4], S′ = S ∪ { f ′} = {0, f ′}+ S and S = S ∪ { f } =
{0, f }+ S are quarks in (I0(S),⪯). Since SG(S) = { f ′, f }, S′ and S are numerical semigroups
and so idempotent ideals of S [4, Proposition 5.14]. Thus, by [4, Proposition 5.13] the only
idempotent quarks of I0(S) are {0, f ′}+ S and {0, f }+ S, and both are unitary extensions of S.

Observe also that from PF(S) = −m(S) + Maximals≤S(Ap(S, 3)) [10, Proposition 2.20] and
the fact that Ap(S, 3) = {0, w1, w2} with w1, w2 ∈ S∗, we deduce that Ap(S, 3) = {0, f ′ + 3, f +
3} (hence, f ̸≡ f ′ (mod 3)). In particular, by the definition of Kunz coordinates, S has Kunz
coordinates equal to (k1, k2) with k1 = ( f ′ + 3 − 1)/3 and k2 = ( f + 3 − 2)/2 in the case f ′ ≡ 1
(mod 3) (and thus f ≡ 2 (mod 3)), of k1 = ( f + 3 − 1)/3 + 1 and k2 = ( f ′ + 3 − 2)/2 + 1 in
the case f ′ ≡ 2 (mod 3) (and thus f ≡ 1 (mod 3)). Also, this means that {{0, f ′}+ S, {0, f }+
S} = {(k1 − 1, k2)K, (k1, k2 − 1)K}.

With the above notation, we have S = S′ \ { f ′} = S \ { f }. Observe that I0(S′) ∪ I0(S) ⊆
I0(S). If I ∈ I0(S′), then S′ + I = I and so S′ ⪯ I; similarly, if I ∈ I0(S), then S ⪯ I. Thus, we
are interested in the set I0(S) \ (I0(S′) ∪ I0(S)).
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In order to describe I0(S) \ (I0(S′)∪I0(S)), we distinguish two cases, depending on ( f ′ mod
3, f mod 3). Recall that f ̸≡ f ′ (mod 3), and neither f ′ nor f is a multiple of three.

• The case ( f ′ mod 3, f mod 3) = (1, 2). Set k′ = ( f ′ − 1)/3 and k = ( f − 2)/3. As f ′ < f ,
we deduce that k′ ≤ k. Also, k′ = k1 − 1 and k = k2 − 1. Let (x1, x2) be the Kunz
coordinates of an ideal I ∈ I0(S) \ (I0(S′) ∪ I0(S)). As I ∈ I0(S), by (5), x2 ≤ k2, and
as I ̸∈ I0(S)), by Lemma 22, f ̸∈ I and so x2 ≥ k + 1 = k2 by (1). Thus, x2 = k2. Also,
by (5), x1 ≤ k1.

If f ′ ̸∈ I, then by (1), k′ = k1 − 1 < x1. Hence, k1 − 1 < x1 ≤ k1, which forces x1 = k1,
and consequently I = S.

If f ′ ∈ I, we apply Lemma 23-(1) to obtain that x1 + k1 = x2 and x1 ≤ k1 − 1. As x2 =
k2, we deduce that x1 = k2 − k1. It remains to show that for x1 = k2 − k1, x1 ≤ k1 − 1
holds. Observe that x1 ≤ k1 − 1 if and only if 2k1 ≥ k2 + 1. By (5) (or (7)) applied to S,
we know that 2k1 ≥ k2, so we need to ensure that 2k1 ̸= k2 + 1. If 2k1 = k2 + 1, then
2 f ′ = 2(3(k1 − 1) + 1) = 3(2k1)− 4 = 3(k2 + 1)− 4 = 3k2 − 1 = 3(k2 − 1) + 2 = f ,
which contradicts the fact that S is not pseudo-symmetric.

This proves that the only ideals in I0(S) \ (I0(S′) ∪ I0(S)) are S and Q = (k2 −
k1, k2)K.

• The case ( f ′ mod 3, f mod 3) = (2, 1). Set k′ = ( f ′ − 2)/3 and k = ( f − 1)/3. As f ′ < f ,
we deduce that k′ < k. Also, k′ = k2 − 1 and k = k1 − 1. Let (x1, x2) be the Kunz
coordinates of an ideal I ∈ I0(S) \ (I0(S′) ∪ I0(S)). From I ∈ I0(S), by (5), we obtain
x1 ≤ k1, and as I ̸∈ I0(S), by Lemma 22, f ̸∈ I and so x1 ≥ k + 1 = k1 by (1). Thus,
x1 = k1. Also, by (5), x2 ≤ k2.

If f ′ ̸∈ I, then by (1), k′ = k2 − 1 < x2; whence, k2 − 1 < x2 ≤ k2, which forces
x2 = k2, and consequently I = S.

If f ′ ∈ I, then by Lemma 23-(2) we deduce that x2 + k2 + 1 = x1 and x2 ≤ k2 − 1. The
first equality yields x2 = k1 − k2 − 1. Now, it remains to see that k1 − k2 − 1 ≤ k2 − 1, or
equivalently, 2k2 ≥ k1. By (7) (or (5) applied to (k1, k2)), we know that 2k2 + 1 ≥ k1, so
we have to show that 2k2 + 1 = k1 cannot hold. If k1 = 2k2 + 1, then 2 f ′ = 2(3(k2 − 1) +
2) = 3(2k2)− 2 = 3(k1 − 1)− 2 = f − 3 ̸∈ S, which is impossible as we are assuming
that f ′ ∈ SG(S) and so 2 f ′ ∈ S.

Thus, the only ideals in I0(S) \ (I0(S′) ∪ I0(S)) are S and Q = (k1, k2 − k1 − 1)K.

Next, we prove that Q is a quark in I0(S). We know that I0(S) = I0(S′) ∪ I0(S) ∪ {S, Q}.
Suppose on the contrary that there exists I ̸= S with I ≺ Q. In particular, I ̸= Q and so either
I ∈ I0(S′) or I ∈ I0(S). Recall that by Lemma 7, I0(S′) = ↑S′ and I0(S) = ↑S. If I ∈ I0(S),
then S ⪯ I ⪯ Q, and by Lemma 7 we deduce that Q ∈ I0(S), a contradiction. Similarly, we
obtain that I ̸∈ I0(S′), and this contradicts the fact that either I ∈ I0(S′) or I ∈ I0(S).

Finally, observe that the case k1 ≤ k2 corresponds with ( f ′ mod 3, f mod 3) = (1, 2), while
k1 > k2 is equivalent to ( f ′ mod 3, f mod 3) = (2, 1). □

Let S be a numerical semigroup and let I ∈ I0(S). The depth of I is the largest k such that
there exists a sequence I0, . . . , Ik ∈ I0(S) with I0 = I, Ik = N, Ii ⪯ Ii+1, and Ii ̸= Ii+1 for all
i ∈ {0, . . . , k − 1}.

Lemma 25. Let S be a numerical semigroup and let I = (x1, x2)K be an ideal of S. Then, the depth of I
is x1 + x2.

Proof. If I is not idempotent, then by Proposition 17, we know that I has a single cover, and it
is either of the form (x1 − 1, x2)K or of the form (x1, x2 − 1)K. Otherwise, I is idempotent, and
thus it is a numerical semigroup, and I ∪ {F(I)} = {0, F(I)}+ I covers I. Every oversemigroup
of S has multiplicity three except ⟨2, 3⟩ and N. Thus, in any case the Frobenius number of I is
not a multiple of three. Depending on the congruence class of F(I) modulo three, I ∪ {F(I)}
will be either (x1 − 1, x2)K or (x1, x2 − 1)K.

In this way, we construct a sequence of ideals I0, . . . , Ik, with k = x1 + x2 such that I0 = I,
Ik = N and Ii+1 covers Ii for all i.
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Observe also that if I′0, . . . , I′t is another sequence of ideals such that I′0 = I, I′t = N and I′i+1
covers Ii for all i, then I′i ⊊ I′i+1, which means that |I′i+1 \ I′i | ≥ 1. This forces t to be upper
bounded by |N \ I|, which by (4) equals x1 + x2. □

If we apply this last result to S, we obtain that the depth of S is k1 + k2, recovering in this
way [4, Remark 5.1].

With all these ingredients at hand, we can now solve a particular instance of [4, Question 6.2].

Theorem 26. Let S and T be two numerical semigroups, such that m(S) = 3. If (I0(S),⪯) and
(I0(T),⪯) are order isomorphic, then S = T.

Proof. By [4, Proposition 5.2], S and T have the same multiplicitity. Also, by [4, Theorem 5.21],
S is irreducible if and only if T is irreducible.

If S is irreducible, then by the discussion at the beginning of this section, S is completely
determined by the height of (I0(S),⪯) (the depth of S) and by the number of quarks. Thus, in
this case S must be equal to T.

Suppose now that S is not irreducible. Let (k1, k2) be the Kunz coordinates of S. Let g be the
genus of S. We know that S has three quarks. By (4), k1 + k2 = g. By the previous lemma two
of the quarks of S have the same depth, and it is equal to g − 1, while the third quark, Q, has
depth equal to 2k2 − k1 or 2k1 − k2 − 1. Let us call this depth d. In the first case, g + d = 3k2 and
so g + d ≡ 0 (mod 3), while in the second case g + d = 3k1 − 1, which means that g + d ≡ 2
(mod 3).

Notice that k1 and k2 are solutions to one of these systems of equations:
• k1 + k2 = g, 2k2 − k1 = d,
• k1 + k2 = g, 2k1 − k2 − 1 = d.

In the first case (g + d ≡ 0 (mod 3)), we obtain k1 = (2g − d)/3 and k2 = (g + d)/3; while in
the second (g + d ≡ 2 (mod 3)), k1 = (g + d + 1)/3 and k2 = (2g − d − 1)/3.

This proves that k1 and k2 (and thus S) are uniquely determined by g and d, and both g and
d can be read from the Hasse diagram of (I0(S),⪯). □

Remark 27. Let us prove that in the non-irreducible case, the third quark Q has depth smaller
than the genus minus one of S (which is the depth of the other two quarks), that is, d < g − 1,
with the notation of the proof of Theorem 26. Notice that d ≤ g − 1, since the depth of S is g
and Q covers S. If d = g − 1, then in the first case, 2k2 − k1 = k1 + k2 − 1, and so 2k1 = k2 + 1.
Then, 2 f ′ = 2(3(k1 − 1) + 1) = 3(2k1) − 4 = 3(k2 + 1) − 4 = 3k2 − 1 = 3(k2 − 1) + 2 = f ,
which contradicts the fact that S is not pseudo-symmetric (as in the proof of Proposition 24). In
the second case, 2k1 − k2 − 1 = k1 + k2 − 1, and so k1 = 2k2 and consequently 2 f ′ = 2(3(k2 −
1) + 2) = 3k1 − 2 = 3(k1 − 1) + 1 = f , which is impossible as we are assuming that S is not
pseudo-symmetric.

Example 28. Let S = ⟨4, 9, 14, 19⟩. Then, I0(S) has three quarks two of them are idempotents.
Their Kunz coordinates are (1, 3, 4), (2, 2, 4), and (2, 3, 3). Thus, all of them have depth eight.
This means that for multiplicity four the strategy employed in this section for non-irreducible
numerical semigroups is no longer valid.
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