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effectively trained even when experimental data are sparse,
enhancing the model’s generalization properties. As a result, the
model is capable of converging to the correct solution, driven by
the information from the governing differential equations.

PINNs therefore represent a key solution for mathematical
modeling based on first principles, enabling both the solution of
differential equations (forward problem) and the identification
of model parameters or initial/boundary conditions from
experimental observations (inverse problem).19,20 Compared
with traditional resolution methods, such as finite differences or
the finite volume method, they are computationally less
expensive.21 This advantage is due to automatic differentiation
(AD), which allows calculation of the output derivatives at
machine precision,22 without numerical approximations or
instability issues caused by mesh schemes.21 Automatic
differentiation tools are available in several libraries for neural
network implementation, such as PyTorch and Tensorflow.23,24

The PINN approach was first introduced by Raissi et al. in refs
18 and 25, who demonstrated how it can be effectively employed
for simulating quantum mechanical systems and model
computational fluid dynamics (CFD) processes, solving non-
linear PDEs like Schrödinger, Burgers, and Allen−Cahn
equations. Since then, utilization of PINNs for solving equations
has expanded across various fields of science and engineering,
including chemical engineering, where they are employed to
describe the dynamic behavior of chemical reactors,26,27

simulate multireactant systems with stiff dynamics,28 and
model biological processes, such as �-carotene production
using �����������	
 �	�	��
��	. 29 In these works, PINNs were
used to solve forward problems related to physical processes
governed by PDEs or ODEs, integrating first-principle equations
into the learning algorithm. This approach is useful when the
physical-chemical parameters of the PMMM are known, along
with its corresponding boundary and initial conditions.
However, the use of PINNs when such information is not
available is not straightforward.

In the present work, a novel approach is proposed to tackle the
inverse problem within the PINN paradigm. In particular, the
proposed method simultaneously faces the model solution and
the parameter identification, leveraging the linear dependency
between the terms of the governing equations and then solving
the corresponding multilinear regression problem. With this
solution, the computational costs of the inverse problem are
dramatically reduced since the parameter calculation is
performed analytically without needing to insert them within
the optimization algorithm of NN training. This method falls
within the context of techniques for solving the inverse problem,
but it differs from the methods so far proposed in the literature,
which simply include the model parameters into the set of NN
parameters (weight and bias), identified through back-
propagation.19,20 In order to show how the method can be
applied and to highlight its effectiveness, three specific systems
in chemical engineering are considered: a continuous stirred
tank reactor (CSTR) with a proportional controller, governed
by a second-order ordinary differential equation (ODE); an
autocatalytic process exhibiting steady oscillations; and a plug
flow reactor (PFR) involving a multispecies reactive system,
modeled by a set of nonlinear ODEs.

For each of them, three NN frameworks were implemented.
The first one was a standard neural network; the second one was
a physics-informed neural network, developed by integrating the
corresponding model equations, complete with their parame-
ters, into the NN structure; the third one was a PINN

framework, implemented by using the model equations without
the model parameters. A comparison among the performance of
these networks is presented, showing the extrapolation ability of
PINNs with respect to standard NNs and how the proposed
method allows one to tackle the inverse problem without
burdening the algorithm computational cost.

This first study focuses on ODEs with the aim of explaining
the method and demonstrating its effectiveness. However, the
discussion presented in this paper can also be extended and
applied to partial differential equations (PDEs).

2. NEURAL NETWORKS FOR SOLVING ODEs
In the context of modeling a system governed by ordinary
differential equations (ODEs), three different approaches are
presented and described in this section. The first corresponds to
a standard neural network which does not consider the
governing equations of the PMMM. The second corresponds
to a vanilla-PINN, which incorporates the governing equations,
along with the model parameters and the initial/boundary
values, into the optimization algorithm. This algorithm is
therefore used for solving the forward problem, demonstrating
how the governing equations enhance the network’s extrap-
olation capability. Finally, the third approach represents the
main novelty introduced in the present work. It is designed to
solve the inverse problem by integrating the governing equations
without prior knowledge of the model parameters. So, as a result
of this last approach, not only are the training data simulated but
the values of the model parameters are obtained. Specifically, as
detailed in section 2.3, the linear dependency between the terms
of the governing equations is leveraged to identify the parameter
through a multilinear regression, reducing the parameter
estimation to the optimization of a convex function with a
global minimum.

2.1. Standard Neural Networks. A generic system of
ODEs is considered in the residual form, as expressed by eq 1,
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where 
 represents the independent variable, which is time for
initial value problems (IVPs) and space for boundary value
problems (BVPs), while y = [� 1, � 2, � 3, ..., � � ] is the vector of
dependent variables whose numerosity, �, corresponds to the
number of independent variables. The model parameters are
denoted with km, while 
 0 indicates the initial or the boundary
coordinates. Typically, an ODE system consists of as many
equations as there are dependent variables. Accordingly,
corresponds to the vector = , , , ..., n1 2 3[ ].

Let y(
,�) be the approximated solution of eq 1, computed by
an artificial neural network. The input to the network is the
pointwise value of the independent variable (
), while �
represents the network parameters, weights and bias (� = {W,
b}). The network output, y, is obtained for the pointwise input,

, by performing a sequential calculation, as shown in eq 2,

x x x x x xy( , ) ( ( ) ( ) ( ) ... ( ))( )L L L1 2 0= · · · · (2)

where 0 represents the input layer that coincides with the
independent variable, 
 ∈ , as expressed by eq 3. The generic
hidden layer, l (with � ∈ [1,� − 1]), takes the output of the
previous layer as input and calculates the input for the next layer
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as reported in eq 4, where the matrix, W�, and the vector, b�,
denote the weight matrix and the bias vector of layer �,
respectively. For the sake of clarity, it is worth noting that W� ∈
� �×� �‑1, b� ∈ � � , and l ∈ � �, where � � corresponds to the number
of neurons of layer �. The nonlinear activation function, �, is
applied individually to each neuron. In the present work, the
activation function selected is the hyperbolic tangent, tanh.
Finally, the layer L corresponds to the output layer that
calculates y(
,�) with eq 5, where WL ∈ � L×� L‑1, bL ∈ �L , and

L‑1 ∈ � L‑1, where � L corresponds to the number of the
independent variables, � L = �.

x x( )0 = (3)

x xW b( ) ( ( ) )l l l l1= + (4)

x x xy W b( , ) ( ) ( ( ) )L L LL 1= = + (5)

The network structure is displayed in Figure 1, where 2
hidden layers with 4 neurons each (� � = 4) and 2 independent

variables (� = 2) are considered. Therefore, L = 3, since it
accounts for the number of hidden layers plus the output layer.

As illustrated in Figure 1, the architecture adopted in this work
corresponds to a feedforward neural network with dense layers.
Let 
 exp and yexp represent the training (experimental) data
describing the profiles of the dependent variables with respect to
the independent variable: yexp(
 exp) = [� 1

exp(
 exp), � 2
exp(
 exp), ...,

� �
exp(
 exp)]. The training procedure of a standard neural network

(Figure 1) involves the identification of the network parameters,
� (weights and bias), such that the network output, y(
 exp,�) =
[� 1(
 exp,�), � 2(
 exp,�), ..., � � (
 exp,�)], approximates the corre-
sponding experimental solution yexp.

The training procedure is performed by minimizing the loss
function, � data(�), defined to represent the error between the
network output and the training data. In this work, the loss
function is defined as the sum of the mean squared errors (MSE)
for the single dependent variables, as reported in eq 6,
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where � � represents the size of the training dataset, while the
index � indicates the �th dependent variable. Typically, the
identification of the optimal network parameter (�) is
performed through backpropagation algorithms, such as
gradient descent methods.27,30 In this work, the parameter

identification is performed using an ADAM algorithm,31−33 an
advanced version of the gradient descent method. The equations
and procedure that characterize the ADAM algorithm are
reported in Section 1 of the Supporting Information, while the
ADAM hyperparameters used in this work are set to the default
values provided by PyTorch, as shown in Table 1.32

2.2. Regular Physics-Informed Neural Network. The
significant difference between a standard neural network and a
physics-informed neural network lies in the loss function to be
minimized. It is clear from eq 6 that a standard NN is trained
only to grasp the experimental evidence. For this reason, a
standard NN lacks the ability to generalize; it cannot accurately
estimate outputs when provided with inputs that differ from the
training data.34 Moreover, the accuracy of a standard NN in
computing the correspondence between the independent
variable, 
, and the dependent variables, y, is maximized within
the experimental range by minimizing eq 6. However, there is no
assurance that the same level of accuracy will be maintained
beyond the range of the training data, and, typically, the network
accuracy drastically decreases outside the experimental range.34

In order to enhance the extrapolation capability of standard
NNs, PINNs include information regarding the PMMM of the
system in the training algorithm. Specifically, automatic
differentiation is used to calculate the derivatives of the network
outputs with respect to the input coordinates,19 while the model
parameters (km) are � ������ known, according to the forward
problem definition. The residual term of the �th equation of the
ODE system (res�(�)) is then obtained with the left-hand side of
eq 1, as defined in eq 7,
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The residual term, res�(�), is typically calculated at different
points within the 
 domain, known as collocation points (
 � ),
using automatic differentiation, which in this work is
implemented with the PyTorch library. The partial loss that
accounts for the physical behavior of the system, � phy(�), is then
calculated by considering each equation of the ODE system, as
expressed in eq 8,
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where � c represents the number of collocation points, while the
index � indicates the � th collocation point. The information from
the experimental evidence is obviously included into the loss
function by defining the second partial loss with eq 6.

Finally, the partial loss functions � data and � phy compose the
global loss function to be minimized, as reported in eq 9, where
the hyperparameters � data and � phy balance the interplay
between the partial loss functions.

L w L w L( ) ( ) ( )PINN data data phy phy= · + · (9)

Figure 1. Standard neural network architecture.

Table 1. Hyperparameters of ADAM Algorithm

Hyperparameter Value

� 1 0.9
� 2 0.999
� 1 × 10−3

� 1 × 10−8
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The resulting scheme of a PINN is presented in Figure 2,
which clearly illustrates how the global loss function (� PINN(�))
is constructed, highlighting the key role of automatic differ-
entiation in defining the residual term.

Compared to a standard NN, PINNs use a simpler
architecture and can be effectively trained with less data, thanks
to the strategic selection of collocation points.19 The physical
model of the process (eq 1) provides a pathway to the network
that enforces the underlying physical laws. In other words, the
supervised, pointwise learning process of a standard NN is
enhanced by introducing physical constraints on the variation of
y across the entire domain of 
. Accordingly, the selection of
collocation points is an additional hyperparameter, crucial for
the network training.

2.3. Multilinear Regression Physics-Informed Neural
Networks (mlr-PINNs). As reported in section 2.2, in the
implementation of a regular PINN, the residual term calculation
requires the knowledge of the model parameters, as explicitly
indicated in eq 7. When the model parameters are not known,
the computation of the model solution falls under the category
of an inverse problem.19−21,35,36 As a consequence, in the PINN
implementation for solving the inverse problem, the residual
term, res�(�), cannot be estimated directly applying eq 7, as j is
not completely defined when km are unknown. With the aim of
solving the inverse problem using PINNs, Kollmannsberger et
al.31 proposed a modification to the PINN architecture (Figure
2) by adding the dependent variables as inputs and considering
km as output. Although this solution allowed the authors to
accurately evaluate the system’s physical properties, it is
significantly limited by the necessity of knowing the profile of
y � ������. A different solution was proposed by Tartakovsky et
al.36 and involves two neural networks, the first one for
predicting the dependent variable and the second one for
predicting the model parameters. However, the most accepted
solution for solving the inverse problem involves inclusion of the
model parameters, km, into the set of parameters to be identified
during the training procedure. In particular, Raissi et al.19

suggested solving the inverse problem by using the same
procedure described in section 2.2, simply minimizing the loss
function not only with respect to � but also respect to km:
LPINN(�,k m). Nevertheless, from a computational perspective,
this solution introduces a series of drawbacks. First, on enlarging

the parameter set, the computational cost of the training
procedure increases; second, the identification procedure for km
strongly depends on the initial guess (km

0), the value of which
could lead the solution to converge to a local minimum.37

In the present section, a novel approach for solving the inverse
problem is introduced. First, the generic �th ODE of the system
defined in eq 1 is rewritten as a linear combination of functions
(� ���), hereafter called model partial functions, that depend on 
,
y, and the derivative terms, as expressed in eq 10.
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The multiplying coefficients, � ��� , hereafter called parameter
coefficients, however, depend only on the model parameters, km.
Eq 10 can be written in the following form by isolating � 0,�:
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Eq 11 can be written in a compact form where the
functionality dependencies are omitted, as shown in eq 12.

u k uj
p

P

p j p j0,
1

, ,= ·
= (12)

Since the residual term is written as a linear combination of
model partial functions (eq 10), it is straightforward to see that
the model partial functions are related by a linear model, as
clearly shown in eq 12. In fact, although any partial function � ���
can be a nonlinear function of y, dy/d
, ...., dy� /d
 � , the model is
still linear with respect to the coefficients � ��� .38,39 Accordingly, a
multilinear regression model can be written, as expressed by eq
13a,

u k uj k j k
p

P

p j p j k0, , ,
1

, , ,= + ·
= (13a)

Figure 2. Regular PINN architecture.
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where � ̂��� represents the regression coefficients, � ̂0,� is the
dependent variable, � ��� represents the independent variables,
and � � is the error term of the regression model.38 The subscript
� indicates that the variable is computed by the network at the � th

collocation point (
 � ). By extending this calculation to all
collocation points, the regression model can be written in its
matrix form, as shown in eq 13b,
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where � ̂0,� ∈ � c×1 is the column vector made by � ̂0,�, computed
in each collocation point. The column vector of parameter
coefficients is given by � ̂� = [� ̂1,�; � ̂

2,�; ...; � ̂
��� ], with � ̂

� ∈ �×1 . The
partial function matrix is defined as U

j
= [� 1,�, � 2,�, ..., � ��� ] with U

j

∈ � c×� , where � ��� ∈ � c×1 is the � th model partial function.
Finally, � � ∈ � c×1 is the error column vector. As reported in
section 2.2, � c is the number of collocation points, while �
represents the number of model partial functions on the right-
hand side of eq 13a. This multilinear regression model is
associated with the �th equation, but it can be developed for each
equation of the ODE system presented with eq 1.

Once � ̂0,� and U
j
are computed, the regression coefficients (� ̂

�)

can be estimated with the least-squares method. First, the least-
squares function, � �(� ̂

1,�; � ̂
2,�; ...; � ̂��� ), is defined as the sum of the

pointwise errors, as expressed by eq 14a.39
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To use a more compact notation, the least-squares function is
expressed using matrix notation,
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where the superscript T indicates the transposed matrix. The
least-squares function is then minimized by setting to zero the
partial derivatives of eq 14b, calculated with respect to the
regression coefficients, � ̂�. By deriving eq 14b with respect to � ̂

�,
after simple matrix calculations (reported in detail in Section 2 of
the Supporting Information), it is demonstrated that the
regression parameters that minimize the least-squares function
must satisfy eq 15.

S

k
U u U U k2( ) 2( ) 0

j

j
j j j j j
T

0,
T= · + · · =

(15)

Finally, by solving eq 15 with respect to � ̂
�, the expression of

the regression coefficients can be analytically obtained, as
reported in eq 16,38,39

k U U U u( )j j j j j
T 1 T

0,= · · · (16)

where the superscript −1 indicates the inverse matrix. The
detailed calculation of the least-squares function minimization is
provided in Section 2 of the Supporting Information, while an

Figure 3. Multilinear regression PINN architecture.
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exhaustive discussion of multilinear regression models is given
by Montgomery et al.39

Once the regression coefficients are identified, the adequacy
of the regression model can be evaluated using the coefficient of
determination, � 2

� (eq 17), which quantifies the ratio of the
variance in the dependent variable, � ̂0,�, that is predictable from
the independent variables, � ��� .

40 In particular, the closer the � 2
�

coefficient is to 1, the more accurate the fit of the regression
model.
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where � ̂0,��� is the value computed by the network, � ̅0,� is the
arithmetic mean of � ̂0,��� , and � 0,��� is the model prediction,
obtained using eq 12 with the regression parameters, � ̂�,
identified with eq 16.

When training a mlr-PINN, the closer � 2
� is to unity, the more

suitable the linear model (eq 11) is to describe the relationship
between the model partial functions, � ��� (y, dy/d
, ..., dy� /d
 � ).
Since the model’s partial functions are calculated from the
network output, if the � 2

� values are close to 1, the network
outputs (y) satisfy the model equation, eq 11, or, equivalently,
the second equality of eq 10. As a consequence, considering eq
10, having an � 2

� value close to 1 entails a residual value close to
0. Accordingly, in mlr-PINNs implementation, the partial loss
function, � phy(�), is defined as shown in eq 18. As in the
implementation of regular PINNs, � phy(�) is defined by
considering each equation of the ODE system and is used to
compute the global loss function through eq 9.

L R( ) 1
j

n

jphy
1

2= | |
= (18)

Finally, since the relationship between the parameter
coefficients and the model parameters, � ���(km), is known, the
model parameters, km, can be identified at the end of the
network training procedure, once the regression coefficients are
obtained.

The scheme displayed in Figure 3 shows the main steps of the
multilinear regression procedure, reporting the algorithm for
computing � phy(�) in mlr-PINN implementation.

Figure 3 retains the same structure of the regular PINN shown
in Figure 2, in terms of hidden layers and neurons, but highlights
the different procedure for the loss function calculation, when
the model parameters, km, are unknown.

3. CASE STUDIES
In this section, three different systems, described by ordinary
differential equations (ODEs), are presented and used as case
studies for comparing the three different approaches presented
in section 2. The first system consists of a continuous stirred tank
reactor (CSTR), in which the product concentration is
controlled by a proportional controller in a closed-loop
configuration; the second one is a typical predator/prey system
whose kinetics are governed by autocatalytic steps, resulting in a
steady-state oscillatory dynamics; the third system is of a plug
flow reactor (PFR), in which gaseous NH3 is oxidized over a
metal-oxide-supported catalyst.

3.1. CSTR with Proportional Control. The first system,
reported in Figure 4, is a continuous stirred tank reactor whose
outlet composition is controlled by manipulating the inlet
stream concentration, � A

in. Within the reactor, reactant A is

consumed to produce the species B, with a stoichiometric ratio
of 1:1 (A → B). By considering a first-order kinetics, the
unsteady state material balances for both species are written as
follows:
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where � indicates the independent variable time [min], � A and
� B represent the concentrations of A and B, expressed in [mol/
L], while the residence time, � r = 3.0 [min], is defined as the ratio
between the reactor volume, � R, and the volumetric flow rate, �.
The inlet flow contains only species A, while � = 0.5 [1/min]
represents the reaction rate constant.

As better detailed in Section 3 of the Supporting Information,
if a proportional controller is implemented in a closed-loop
configuration, then the closed-loop response of the controlled
variable (� ̃

B) for a unit step change of the manipulated variable
(� A

in) is given by eq 21,
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where � ̃
B is the outlet concentration of B, expressed as a

deviation variable,  C = 40 is the controller proportionality
constant, while �, �, and  P are the open-loop parameters,
defined as � = � r/(1 + � r�) 0.5, � = (2 + � r�)/[2·(1 + � r�) 0.5], and
 P = �·� r/(1 + � r�).

3.2. Lotka−Volterra Model. The second case study is a
typical prey/predator system described by the Lotka−Volterra
model.41 The model was first proposed by Alfred Lotka,42 with
an example of reactions whose time evolution is characterized by
damped oscillations, and V. Volterra,43 who, independently,
developed a mathematical model for describing the dynamics of
a population of interacting organisms which exhibits steady
oscillations without damping.

This model provides a fundamental analytical framework for
explaining natural phenomena and inspiring subsequent

Figure 4. CSTR with a first-order reaction.
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complex modeling useful in interdisciplinary fields, such as
ecology,44 biology,45 mathematical simulation,45−47 and chem-
ical engineering,48,49 where such a model is tipically used to
describe autocatalytic processes.47 As can be seen in eqs 22 and
23, in this work, the Lotka−Volterra model is formulated as a
system of first-order, nonlinear ODEs, involving a set of four
kinetic parameters.

N
t

N M N N
d
d

( ) with t 0
0= | == (22)
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t

M N M M
d
d

( ) with t 0
0= | == (23)

The model describes the time evolution of two interacting
species in the case of prey/predation dynamics or autocatalytic
processes.47 In this context � and ! represent the dimensionless
concentrations of prey and predator, respectively, which evolve
from the initial conditions � 0 = 0.20 and ! 0 = 0.60. The system
dynamics is defined by the kinetic constants 	 = 1.04 [1/min], �
= 1.80 [1/min], 
 = 0.36 [1/min], and � = 0.28 [1/min], which
represent the model parameters.

3.3. PFR for Ammonia Oxidation. The third case study
consists of a plug flow reactor (PFR), schematized in Figure 5,
where NH3 is oxidized according to the reactions R.1−R.4.

r k C C4NH 5O 4NO 6H O
r

r3 2
1

2 1,NH 1 NH O
2

3 3 2
+ + =

(R.1)

r k C C2NH 1.5O N 3H O
r

NH r3 2
2

2 2 2, 2 NH O3 3 2
+ + =

(R.2)

r k C C2NO O 2NO
r

r2
3

2 3,O 3 NO
2

O2 2
+ = (R.3)

r k C C

4NH 6NO 5N 6H O
r

r

3
4

2 2

4,NO 4 NO NH
2/ 3

3

+ +

= (R.4)

where � � is the concentration of the �th species within the reactor,
expressed in [mol/L], while the kinetic constants are equal to � � d1

= 5.0 [(L/mol)2/min], � � d2
= 2.0 [(L/mol)/min], � � d3

= 10.0 [(L/
mol)2/min], and � � d4

= 5.0 [(L/mol)2/3/min]. For isothermal
operation and no pressure drop, the molar balances for the
species within the PFR are written as expressed by eqs 24−29,
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where � [L] is the volumetric coordinate and � tot = 2.0 [mol/L]
is the total concentration, kept constant by the isothermal and
isobaric conditions. The molar flow rate of the �th species is
expressed with " � [mol/min], while " tot is the total molar flow
rate, defined as the sum of " �, with � = [NH3, O2, NO, H2O, N2,
NO2]. Note that the subscript � is used because the number of
equations in the model corresponds to the number of species in
the reactor. The reactor is fed with an equimolar flow rate with
" NHd3

in = " Od2
in = 10.0 [mol/min]. An exhaustive explanation of

the system, including a detailed derivation of the material
balances, is available in Chapter 6 of #�	�	��
 �$ ��	�����
�	������ #�%��		���%.50

4. RESULTS AND DISCUSSION
In this section, the three neural network architectures described
in section 2 are implemented to simulate the case studies

presented in section 3. Referring to case study 3.1, a standard
NN is designed and trained with a limited set of training data to
predict the time profile of � ̃

B. Successively, a regular PINN is
implemented to assess how the network simulation improves
when the governing equations are incorporated in the training
algorithm. Finally, a mlr-PINN is designed to demonstrate the
effectiveness of the method proposed in the present work in
solving the inverse problem and simulating a physical process

Figure 5. Plug flow reactor for NH3 oxidation.

Table 2. Parameters of Eq 22

Parameter Value

�′ [min] 0.3795
�′ [-] 0.2213
 P′ [-] 0.9600
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even when the model parameters are unknown. The same
analysis is then performed for case studies 3.2 and 3.3 to show
the applicability of mlr-PINNs to more complex processes
governed by systems of ODEs.

4.1. Simulation of CSTR with Proportional Control. The
time profile of the controlled variable (� ̃B(�)) can be computed
by solving the eq 21. Considering the parameters reported in
Table 2, the profile shown in Figure 6 is obtained.

The model can be solved either analytically or numerically. In
this work, it was solved analytically, and the curve in Figure 6 was
obtained by plotting the analytical solution, given in eq 30,
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4.1.1. Standard Neural Network. First, a standard NN was
designed, with the independent variable, �, as input and the
dependent variable, � ̃

B(�), as output. The NN architecture was
composed of dense layers, with 3 hidden layers, each containing
32 neurons. To define � data(�), as expressed by eq 6, a series of
training data, reported in Table 3, was generated from the initial
part of the Exact solution.

The standard NN was trained using the ADAM optimizer,
whose hyperparameters are reported in Table 1, considering a
maximum of 100000 epochs. The training results, related to
� data(�) minimization, are shown in Table 4, while network
simulation is shown in Figure 7.

As clearly shown in Figure 7, as the number of training
iterations increases, the network simulation progressively
becomes more accurate, until it converges to the curve displayed
in Figure 7d. However, from 250 to 100000 epochs, no further
improvement in accuracy is observed, demonstrating that a

standard NN can fit the � ̃B(�) profile only within the range of the
training data but fails to predict the solution outside of it. In fact,
the reduction in the loss function observed over the iterations is
solely due to the network’s increasing precision in fitting the
training data, according to the � data(�) definition in eq 6.

4.1.2. Regular PINN (Forward Problem). The same analysis
was performed with a regular physics-informed neural network
(PINN), maintaining the same training data (Table 3), the same
architecture (3 hidden layers with 32 neurons), and the same
optimizer hyperparameters (Table 1). The maximum number of
epochs was kept at 105, and 500 collocation points, uniformly
spaced over the solution domain (�[0,20]), were considered.

Referring to the regular PINN implementation, described in
section 2.2, the model equation was written in its residual form,
as expressed by eq 31, which is defined with the parameter values
reported in Table 2. Since the model is composed of one ODE
and only one dependent variable is present, the subscript � can be
omitted.
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The residual term was then defined as expressed in eq 7 to

compute the partial loss function, � phy(�), through eq 8. The
global loss function, � PINN(�), was then obtained according to
eq 9 by setting � data = 1 and � phy = 0.1. The loss function
minimization during the training epochs is reported in Table 5,
while the network simulations are shown in Figure 8.

The graphs shown in Figure 8 clearly demonstrate the
improvement of the network, which is capable of accurately
predicting the � ̃B(�) time profile both within and beyond the
training range. The extrapolation ability, proved by the accuracy
in simulating the profile over the entire domain, is due to the
integration of Lphy(�) into the global loss function. Indeed, as
defined by eq 8, the partial loss function ensures that the network
output is consistent with the underlying physics, described by eq
21, at each collocation point. As a consequence, the network
output does not converge to a solution that merely captures the
trend of training data but is enforced to respect the mathematical
representation of the process in the collocation point domain.

4.1.3. mlr-PINN (Inverse Problem). Finally, the inverse
problem was tackled by implementing an mlr-PINN whose
partial loss function, � phy(�), was defined according to the
procedure described in section 2.3. Specifically, the model
equation, eq 21, can be written as expressed by eq 32 and seen as
a linear combination of model partial functions.
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Referring to eq 11, the model partial functions can be easily
identified as � 0 = � ̃B(�), � 1 = d2� ̃B(�)/d�2, � 2 = d� ̃B(�)/d�, and � 3
= 1, while the parameter coefficients are � 1 = −(�′) 2, � 2 = −2�′�′,
and � 3 =  P′. The subscript � is omitted since the model consists
of a single ODE.

Figure 6. Exact solution of eq 22: � ̃B(�) time profile.

Table 3. Training Data from � �
B(�) Time Profile

�exp [min] 0.00 0.4805 0.9610 1.4414 1.9219 2.4024
� ̃Bexp

[mol/L]
0.00 0.5654 1.3114 1.3604 0.9589 0.7309

Table 4. Standard Neural Network Training Results

Epochs 50 150 1000 2500 10000 100000
� data(�) 0.0864 0.0139 0.0001 2.8 × 10−9 2.7 × 10−9 4.3 × 10−13
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The network implemented to solve the inverse problems
maintained the same hyperparameters of the regular PINN:
same number of hidden layers and neurons, same optimizer
hyperparameters, same training data, same collocation points,
and same weights for partial loss functions. The only difference
compared to the regular PINN is that the model parameters are
unknown, which led to the different procedure for computing
the partial loss function, � phy(�). The training procedure results
are shown in Table 6, while Figure 9 shows the network
simulations.

As the training procedure evolves, the partial loss function,
� phy(�), is minimized by enforcing the network output to ensure
that the model partial functions exhibit a linear relationship (� 2

≈ 1). Hence, at the end of the training procedure, the linear
relationship between � 0, � 1, � 2, and � 3 is guaranteed by the
network output, while the regression coefficients (� ̂

1, � ̂2, and � ̂
3)

computed at the end of the training procedure, through eq 16,
represent the parameter coefficients of eq 11. By knowing the
expressions of the parameter coefficients�� 1 = −(�′) 2, � 2 =
−2�′�′, and � 3 =  p′�the model parameters (�′, �′, and  p′)
were easily obtained. The parameters identified through this
procedure are shown in Table 7, which also reports the relative

errors, computed with respect to their true values, listed in Table
2.

As clearly shown in Figure 9, the accuracy of the simulation
progressively increases as the training procedure evolves,
demonstrating the effectiveness of the proposed method in
describing the system dynamics, even in the absence of known
process parameters. Accordingly, the mlr-PINN procedure
proves capable of solving the inverse problem for the first case
study, identifying the process parameters with an error below
2%.

It is worth noting that the simulation results of both the
regular PINN (Section 4.1.2) and the mlr-PINN (Section 4.1.3)
were obtained using training data derived from the analytical
solution. As a result, the training data do not include the
experimental errors that typically affect real-world datasets. To
address this, the regular PINN and the mlr-PINN developed for
simulating this first case study were also implemented using
training data affected by noise. The results, presented in Section
4 of the Supporting Information, demonstrate the robustness of
both the PINN paradigm and the mlr-PINN procedure, showing
good prediction accuracy and low errors in parameter
identification despite the presence of data perturbations.

Figure 7. Standard neural network simulation.

Table 5. Regular PINN Training Results (Forward Problem)

Epochs 500 5000 20000 40000 80000 100000
LPINN(�) 0.0018 0.0001 2.70 × 10−5 4.76 × 10−6 8.53 × 10−7 3.41 × 10−7
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Figure 8. Regular PINN simulation (forward problem).

Table 6. mlr-PINN Training Results (Inverse Problem)

Epochs 500 5000 10000 50000 80000 100000
LPINN(�) 0.0102 0.0004 0.0003 2.29 × 10−5 2.14 × 10−5 1.83 × 10−5

Figure 9. mlr-PINN simulation (inverse problem).
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Moreover, it is worth mentioning that no specific strategies
have been established for identifying the optimal architecture or
the minimum number of collocation points in PINN frame-
works. However, since both the architecture (i.e., hidden layers
and neurons) and the density of collocation points can affect
simulation performance, a sensitivity analysis on these hyper-
parameters was performed and is reported in Section 5 of the
Supporting Information. The results of the sensitivity analysis
demonstrate that the performance of simulations obtained via
PINNs strongly depends on the density of collocation points,
whereas it is not significantly influenced by the network
architecture.

4.2. Simulation of the Lotka−Volterra Model. Unlike
the first case study, the Lotka−Volterra model (eqs 22 and 23) is
defined by a system of multiple ODEs that exhibit nonlinear
dynamics among the dependent variables, resulting in greater
mathematical complexity. As done for the first case study, a
standard NN, a regular PINN, and an mlr-PINN are
implemented to simulate the dynamics of the system. The NN
architecture consists of 1 input neuron corresponding to the
independent variable (�), 5 hidden layers with 50 neurons each,
and 1 output layer with two neurons corresponding to the two
state variables (� and !). The network training was performed
using ADAM optimizer (Table 1).

4.2.1. Standard Neural Network. The training data (Table
8) were generated from the initial part of the model solution,
which was computed solving eqs 22 and 23 in Python, along the
kinetic parameters and the initial conditions specified in Section
3.2, using the “odeint” function, from SciPy library.

As reported in Figure 10c-d, after 1000 training epochs, the
neural network can accurately reproduce the profile of the two
species (� and !) within the training domain; however, it
diverges beyond this region. Despite extending the training to
250000 epochs, the network fails to reconstruct the full profile
showing signs of overfitting within the training domain. It is
important that the results shown in Table 9 do not lead to
misinterpretation. Despite the reduction in the loss function,
there is no improvement in extrapolation or prediction beyond

Table 7. Model Parameters Identified at the End of the
Training Procedure

Parameter Value Error

�′ [min] 0.3728 1.76%
�′ [-] 0.2208 0.25%
 P′ [-] 0.9637 0.39%

Table 8. Training Data from �(�) and �(�) Time Profiles

�exp [L] 0.00 1.6016 3.2032 4.8048 6.4064
! exp [-] 0.20 0.2425 0.4323 0.9280 1.7897
� exp [-] 0.60 0.4330 0.3326 0.3082 0.4286

Figure 10. Standard neural network simulation.
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the experimental range. This is because � data(�) is computed

based on the difference between the model prediction and the

training data (eq 6). Accordingly, its values are not

representative of regions outside the training domain.
4.2.2. Regular PINN (Forward Problem). Since the Lotka−

Volterra model is composed of a system of two ODEs, the

residual term must be calculated for both eqs 22 and 23, as

reported in section 2.2, considering the subscript � ∈{1,2}.
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By applying eq 7 to the previous equations, the residual terms
can be computed. The partial loss function, � phy(�), was then
obtained through eq 8, and, finally, eq 9 was used to compute the
global loss function, � PINN(�), with � data = � phy = 1. For � phy(�)
calculation, 4000 collocation points were considered, uniformly
distributed over the solution domain (� ∈ [0,40]). The training
procedure was run for up to 250000 epochs, and the

Table 9. Standard Neural Network Training Results

Epochs 50 500 1000 10000 100000 250000
� data(�) 0.034 0.0002 0.0001 2.67 × 10−9 2.77 × 10−7 4.84 × 10−11

Table 10. Regular PINN Training Results (Forward Problem)

Epochs 50 500 1000 10000 100000 250000
� PINN(�) 0.095 0.065 0.050 0.0025 0.0009 1.46 × 10−6

Figure 11. Regular PINN simulation (forward problem).

Table 11. mlr-PINN Training Results (Inverse Problem)

Epochs 50 500 1000 10000 50000 250000
� PINN(�) 0.503 0.450 0.382 0.025 0.0001 4.79 × 10−7

Industrial & Engineering Chemistry Research pubs.acs.org/IECR Article

https://doi.org/10.1021/acs.iecr.5c01752
Ind. Eng. Chem. Res. 2025, 64, 16916−16936

16927



corresponding results are shown in Table 10, while the profiles
predicted by the network during the training procedure are
shown in Figure 11.

The results reported in Figure 11 clearly show that the PINN
algorithm improves extrapolation capability compared to the
standard NN (see Figure 10). As the training procedure
progresses, � PINN(�) is minimized (see Table 10), leading to a
progressive improvement in the accuracy of the simulation,
which captures the oscillating dynamics for both species, � and
!, as shown in Figure 10e and Figure 10f, respectively.

4.2.3. mlr-PINN (Inverse Problem). Similarly to the regular
PINN, the mlr-PINN implementation also needs to account for
the two model equations. Accordingly, the multilinear
regression steps are performed for both eqs 22 and 23, as
described in section 2.3, with � ∈ {1,2}. Referring to eq 11, the
model partial functions from eq 22 can be defined as � 0,1 = d�/
d�, � 1,1 = �, and � 2,1 = −�·!, while the corresponding parameter
coefficients are � 1,1 = 	 and � 2,1 = �. The model partial functions
from eq 23 can be defined as � 0,2 = d!/d�, � 1,2 = !·�, and � 2,2 =
−!, while the corresponding parameter coefficients are � 1,2 = 

and � 2,2 = �.

Figure 12. mlr-PINN simulation (inverse problem).

Table 12. Parameters of the Lotka−Volterra Model Identified
during the Training Procedure

Parameter Value Error

	 [1/min] 1.0454 0.52%
� [1/min] 1.8169 0.94%

 [1/min] 0.3606 0.17%
� [1/min] 0.2804 0.14%

Table 13. Training Data from the PFR Model Solution

� exp [L]

0 0.400 0.800 1.200 1.600

" NHd3
exp [mol/min] 10.00 7.962 6.728 5.865 5.213

" Od2
exp [mol/min] 10.00 7.842 6.626 5.817 5.233

FNO
exp [mol/min] 0 1.182 1.557 1.649 1.633

" Hd2O
exp [mol/min] 0 3.057 4.907 6.203 7.18

" Nd2
exp [mol/min] 0 0.4089 0.787 1.11 1.397

" NOd2
exp [mol/min] 0 0.038 0.142 0.256 0.360

Table 14. Standard Neural Network Training Results

Epochs 500 5000 15000 30000 50000 60000
� data(�) 0.0175 0.0004 2.66 × 10−5 2.23 × 10−5 9.58 × 10−5 0.0001
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The network implemented to solve the inverse problems
maintained the same hyperparameters, collocation points, and
weights for partial loss functions as the regular PINN used to
solve the forward problem. For the sake of coherence, the
training procedure was run for up to 250000 epochs. The
training results in terms of � PINN(�) are shown in Table 11, while
Figure 12 shows the network simulations results as the training
procedure evolves.

Finally, the model parameters identified at the end of the
network training are displayed in Table 12, with the relative
errors, computed with respect to their true values, reported in
section 3.2.

The comparison between the exact solution and the
simulation obtained using the mlr-PINN, shown in Figure 12,
demonstrates that the proposed method successfully solves the
inverse problem, even though the mathematical complexity of
the model is increased compared to the first case study. Indeed,
as clearly visible in Figure 12e and Figure 12f, the mlr-PINN
captures the system dynamics for both species and identifies the
model parameters with an error below 1%.

4.3. Simulation of PFR for Ammonia Oxidation.
Referring to the third case study, a standard neural network, a
regular PINN and an mlr-PINN are implemented for simulating

the spatial profiles of each chemical species along the reactor
volume. Both the standard neural network and the two physics
informed neural networks were designed with an architecture
consisting of 1 input, an output layer with 6 neurons, and 5
hidden layers, each containing 128 neurons. The single input
corresponds to the independent variable, �, while the output
neurons correspond to the dependent variables, " �(�), with � =
[NH3, O2, NO, H2O, N2, NO2]. Every network was trained
using the ADAM optimizer (Table 1).

4.3.1. Standard Neural Network. To define � data(�), as
expressed by eq 6, a series of training data, reported in Table 13,
was generated from the initial part of the model solution,
computed by solving eqs 24−29 using the “odeint” function,
from the SciPy library in Python.

The standard NN was trained for 60000 epochs. Analyzing
the results of the training procedure reported in Table 14, it is
clear that 30000 epochs are sufficient for minimization of the
loss function. After 30000 epochs, no significant reduction in
� data(�) is observed, and the training procedure advances by
attempting to better fit the training data, leading to overfitting, as
demonstrated by the network simulation corresponding to the
final epoch (Figure 13).

Figure 13. Standard neural network simulation.

Table 15. Regular PINN Training Results (Forward Problem)

Epochs 500 5000 15000 30000 45000 60000
� PINN(�) 0.0583 0.0124 0.0009 0.0006 0.0003 0.0001
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4.3.2. Regular PINN (Forward Problem). To implement the
regular PINN associated with case study 3.3, since the model
consists of six balance equations (� ∈{1,2,3,4,5,6}), six residual
form equations were written.
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By applying the eq 7, the residual terms are computed and
used to define the partial loss function, � phy(�), with eq 8.
Finally, eq 9 was used to compute the global loss function
(� PINN(�)), with � data = 1 and � phy = 0.1. The partial loss
function was calculated at 1000 collocation points, uniformly
spaced over the solution domain (� = [0,10]). The training
procedure was run for up to 60000 epochs, and the
corresponding results are shown in Table 15.

The spatial profiles predicted by the network at the end of the
training epochs are shown in Figure 14. The comparison
between the simulation of the regular PINN and the exact

Figure 14. Regular PINN simulation (forward problem).
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solution demonstrates that, also in this third case study, the
PINN algorithm provides an accurate description of the system
behavior, enabling the prediction of spatial profiles beyond the
range of the training data for any species within the reactor.

4.3.3. mlr-PINN (Inverse Problem). Similarly to the second
case study, the mlr-PINN implementation needs to account for
multiple equations. However, unlike the second case study,

where the parameters are decoupled across the system (with
each equation depending only on its own subset of parameters),
the parameters in eqs 24−29 are coupled. Specifically, this case
presents a model where every parameter (� r1, � r2, � r3, � r4) can
influence the dynamics of more than one species. In such cases,
applying the multilinear regression procedure separately to each
equation is unnecessary, as this may lead to a redundant
algorithm in which the same parameter is optimized multiple
times during a single training epoch. Accordingly, it is both
possible and convenient to apply the multilinear regression
procedure to a limited number of equations. Obviously, every
model parameter must appear at least once in the equations
selected for the mlr procedure. In particular, the multilinear
regression procedure was applied to eqs 25, 28, and 29 as
described in the block diagram presented in Figure 15.
Accordingly, from an algorithmic perspective, three different
regression models were defined and solved sequentially. The
steps involved in defining the loss function in the mlr procedure
for the �th equation, are reported in Figure 15a, which recalls
Figure 3. In Figure 15b the sequential algorithm used is reported.
First, eq 29 was taken into account, applying the mlr procedure
by defining the model partial functions and the parameter
coefficients as reported in Table 16. The unknown parameter of
eq 29 was � r3, which is expressed through eq 16, as reported in
Figure 15b. Once � r3 is expressed as a function of the model
partial functions, in the following step, eq 25 was considered, by
defining the model partial functions and the unknown
parameters (� r1, � r2) as reported in Table 16. To identify the
last model parameter, � r4, eq 28 is used, implementing the last
step of the sequential algorithm schematized in Figure 15b.

Figure 15. (a) Multilinear procedure and loss function definition within the mlr-PINN framework. (b) Sequential mlr-procedure used to solve the
inverse problem for case study 3.3.

Table 16. Model Partial Functions and Parameter
Coefficients of the Sequential mlr Procedure

Equation
no. Entity Symbol Mathematical formulation

eq 29 Model partial
functions

� 0 d" NOd2
/d�

� 1 2·(� tot/" tot)3" NO
2 " O

Parameter
coefficients

� 1 � r3

eq 25 Model partial
functions

� 0 d" Od2
/d� + � r3(� tot/

" tot)3" NO
2 " Od2

� 1 (−5/4)(� tot/" tot)3" NHd3
" Od2

2

� 2 (−3/4)(� tot/" tot)2" NHd3
" Od2

Parameter
coefficients

� 1 � r1

� 2 � r2

eq 28 Model partial
functions

� 0 d" Nd2
/d� − � r2/2(� tot/

" tot)2" NHd3
" Od2

� 1 (5/6)·(� tot/" tot)5/3" NO" NHd3
2/3

Parameter
coefficients

� 1 � r4
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Once the model parameters were expressed, the remaining
model equations, eqs 24, 26 and 27 were considered. These
equations were also written in terms of model partial functions,

omitting the parameter coefficients (each � � = 1), since all model
parameters had already been defined. In Table 17 the model
partial functions of eqs 24, 26, and 27 are reported. The
coefficients of determination, � 2

�, was then obtained through eq
17 for each equation (� = [NH3, O2, NO, H2O, N2, NO2]), and
the partial loss function, � phy(�), was then evaluated according
to eq 18.

The global loss function, � PINN(�), was defined through eq 9,
with � data = 20 and � phy = 1. The training procedure was run for
up to 60000 epochs, and the results are shown in Table 18.
Moreover, the simulations provided by the mlr-PINN
corresponding to the last epoch are shown in Figure 16.

Table 17. Model Partial Functions for the Equations Not Involved in the mlr Procedure

Equation no. Entity Symbol Mathematical formulation

eq 24 Partial functions � 0 d" NHd3
/d�

� 1 −� r1(� tot/" tot)3" NHd3
" Od2

2 −� r2(� tot/" tot)2" NHd3
" Od2

− (2/3)� r4 (� tot/" tot)5/3" NO" NHd3
2/3

eq 26 Partial functions � 0 d" NO/d� + � r3(� tot/" tot)3" NO
2 " Od2

� 1 � r1(� tot/" tot)3 " NHd3
FOd2

2 − 2� r3(� tot/" tot)3" NO
2 " Od2

− � r4(� tot/" tot)5/3" NO" NHd3
2/3

eq 27 Partial functions � 0 d" Hd2O/d� − � r2/2(� tot/" tot)2" NHd3
" Od2

� 1 (3/2)� r1 (� tot/" tot)3" NHd3
FOd2

2 + (3/2)� r2(� tot/" tot)2" NHd3
" Od2

+ � r4(� tot/" tot)5/3" NO" NHd3
2/3

Table 18. mlr-PINN Training Results (Inverse Problem)

Epochs 1000 5000 10000 20000 40000 60000
� PINN(�) 0.4436 0.1201 0.0435 0.0317 0.0252 0.0124

Figure 16. mlr-PINN simulations (inverse problem).

Table 19. Model Parameters Identified during the Training
Procedure

Parameter Value Error

� r1 [(L/mol)2/min] 4.9510 0.98%
� r2 [(L/mol)/min] 2.0247 1.24%
� r3 [(L/mol)2/min] 9.9723 0.28%
� r4 [(L/mol)2/3/min] 5.0945 1.89%
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The obtained results demonstrate that the mlr-PINN method
can be effectively designed and trained to solve inverse problems
for systems of multiple equations, even when the same
parameter appears in more than one equation, as frequently
occurs in chemical engineering systems. In particular, the mlr-
PINN simulation successfully captures the spatial profiles of all
species (see Figure 16) and estimates the model parameters with
an error below 2%, as reported in Table 19.

Compared to the training procedure of the regular PINN, the
mlr-PINN training required three times as many iterations.
Nevertheless, the model parameters were accurately identified,
as demonstrated by the relative error (Table 19), computed with
respect to the true values, which are reported in section 3.3.

The results obtained in the three case studies provide a solid
foundation for the use of the proposed methodology (mlr-

PINN) to solve inverse problems, even when only limited
training data are available. In this regard, it is worth mentioning
that in some particular cases, when the model parameters are
known (forward problems) and the model is weakly nonlinear,
the training data inside the integration domain may not
necessarily be required, as the problem can be solved solely by
knowing the initial and/or boundary conditions.20,21 However,
in the case of inverse problems or strongly nonlinear stiff
problems, additional training points inside the domain must be
provided to ensure the successful application of PINNs.16,31

In this work, the multilinear regression procedure has been
implemented to simulate three different chemical engineering
systems, demonstrating the effectiveness of the method and
providing a solid foundation for extending its application to
other disciplines. However, some open questions still need to be

Table 20. Nomenclature: Summary of Terms Used in This Work

Name Symbol Comment or [Measure Unit]

�	���� �	����� �����	�	�
&
bias b

Concentration � [mol/L]
Concentration (deviation

variable) � ̃ [mol/L]

Number of neurons in the �th
layer � �

Molar flow rate " [mol/min]
Model equation in residual

form � ∈ ' ∩ [1,�]

Controller proportionality
constant  C

Open-loop parameter of
CSTR system  P [-]

Closed-loop parameter of
CSTR system  P′ [-]

First-order reaction rate
constant � [1/min]

Model parameter km

Parameter coefficient � ��� � ∈ ' ∩ [1,�]; � ∈ ' ∩ [1,�]
Coefficient of regression

model � ̂
��� � ∈ ' ∩ [1,�]; � ∈ ' ∩ [1,�]

Kinetic constant of R.1 � r1 [(L/mol)2/min]
Kinetic constant of R.2 � r2 [(L/mol)/min]
Kinetic constant of R.3 � r3 [(L/mol)2/min]
Kinetic constant of R.4 � r4 [(L/mol)2/3/min]
PINN partial loss function

based on training data � data
For standard NNs, � data represents

the global loss function
PINN partial loss function

based on PMMM � phy

PINN global loss function � PINN

Neural network layer
Training dataset size � p

Collocation points number � c

Number of dependent
variables �

Number of parameter
coefficients �

Volumetric flow rate � [L/min]
Coefficient of determination � 2

� � ∈ ' ∩ [1,�]
Residual term res� � ∈ ' ∩ [1,�]
Least-squares function � � � ∈ ' ∩ [1,�]
time � [min]
Model partial function � ��� � ∈ ' ∩ [1,�]; � ∈ ' ∩ [1,�]
Independent variable of

regression model � ��� � ∈ ' ∩ [1,�]; � ∈ ' ∩ [1,�]

Dependent variable of
regression model � ̂0,� � ∈ ' ∩ [1,�]

Name Symbol Comment or [Measure Unit]

Reactor volume � R [L]
Volumetric coordinate � [L]

�	���� �	����� �����	�	�
&
weight W

Partial loss function weight � data Used to set the � data weight in eq 9
Partial loss function weight � phy Used to set the � phy weight in eq 9
Neural network input 

Neural network output �

(�		� �	��	�

Error term of regression

model � � � ∈ ' ∩ [1,�]

Open-loop parameter of
CSTR system � [-]

Closed-loop parameter of
CSTR system �′ [-]

Neural network parameters � � = {W,b}
Activation function �
Open-loop parameter of

CSTR system � [min]

Closed-loop parameter of
CSTR system �′ [min]

Residence time � r [min]
Parameter of Eq. (28) � [-]
Parameter of Eq. (28) 
 [1/min]

��)
�����

Species A A
Species B B
�th training data �
�th dependent variable �
� th collocation point �
� th model partial function �
Total tot Considering all species

���	�
�����


Initial or boundary condition 0 In the superscript indicates the
input layer

training (experimental) data exp
Inlet stream in
�th hidden layer �
Output layer L
Outlet stream out
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addressed in order to improve the robustness of both the regular
PINN and the mlr-PINN algorithms. Among the most crucial
issues, the increased computational cost associated with the
number of collocation points stands out. Specifically, while a
higher density of points leads to more accurate solutions, it also
significantly raises computational costs, thereby extending the
training time. Moreover, fine-tuning this hyperparameter, along
with the weights of the loss functions, will be crucial for
effectively handling two-dimensional and three-dimensional
models, thereby enabling the application of the multilinear
regression procedure to partial differential equation (PDE)
models.

Moreover, as demonstrated in this work, different strategies
can be adopted for selecting the model partial functions in the
mlr-PINN implementation. While this highlights a degree of
flexibility in the method, it also raises an important question
regarding the criteria for selecting these functions. This aspect
could be critical in systems where the separation between model
partial functions and parameter coefficients is not straightfor-
ward, as it may occur when non-autonomous functions are
present in the model. In the context of chemical engineering,
such equations can be encountered, for example, when studying
models with parameters which explicitly depend on the
independent variable, as discussed by Schweidtmann et al.51

So far in the literature, these models are typically simulated
through direct hybrid modeling strategies, which represent the
most widely used and studied approaches in chemical
engineering.51,52 As discussed by Sharma et al.,52 direct hybrid
models combine the outputs of two independently operating
models: a science-based model (white box) and a data-driven
model (black box). This combination can be implemented in a
series configuration,53 to increase prediction accuracy within the
training data domain,51 or in a parallel,51 to improve the model
extrapolation ability

These approaches are commonly used to describe processes
in which physical or chemical mechanisms are not fully
understood, and black-box components are introduced to fill
these knowledge gaps.54−57 However, although the direct hybrid
configuration integrates physical knowledge through the white-
box section, the black-box component still suffers from limited
extrapolation ability. On the contrary, the PINN framework
integrates the underlying physics directly into its training
algorithm, extending the model extrapolation ability across the
entire domain. However, it is imperative that a mechanistic
model is defined to incorporate its equations within the PINN
implementation.

Nevertheless, these differences do not imply that PINNs and
direct hybrid models are incompatible paradigms. Rather, they
can be seen as complementary approaches that, when properly
integrated, can reinforce each other’s strengths and support the
development of models that combine machine learning
methodologies with first-principle and mechanistic models.

[For convenience, all terms used in this work are summarized
in Table 20.]

5. CONCLUSIONS
The performance of the physics-informed neural network
(PINN) in simulating three different systems of increasing
mathematical complexity was investigated. Two different PINN
algorithms were presented: the regular PINN, used to solve the
forward problem and simulate the physical process given the
model parameters, and the multilinear regression PINN (mlr-
PINN), introduced in this work for the first time and

implemented to tackle the inverse problem, where both process
simulation and model parameter identification are performed
simultaneously. Both algorithms exhibited a significant improve-
ment in extrapolation ability compared to standard neural
networks (NNs), which fail to predict the evolution of the
system outside the experimental range. In particular, the mlr-
PINN proved to be an effective alternative for solving inverse
problems, demonstrating its ability and robustness to simulta-
neously predict the system state and identify model parameters.

However, the robustness of the mlr-PINN method, and of
PINN models in general, requires further investigation. In
particular, just as classical numerical methods depend on the
integration mesh, the accuracy of PINN simulations strongly
depends on the density of the collocation points, which in turn
impacts computational cost and time. As a consequence, in the
context of implementing PINN models for simulating multi-
dimensional systems, described by partial differential equations,
minimizing the number of collocation points becomes critical.
Finally, specifically concerning the mlr-PINN implementation,
the most crucial aspect lies in the selection of the model partial
functions, which, as demonstrated in this work, can follow
different strategies and may pose a challenge when the
separation between model partial functions and parameter
coefficients is not straightforward.
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