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Abstract

We prove several integral Harnack-type inequalities for local weak solutions of parabolic
equations with measurable and bounded coefficients, describing singular s-fractional p-
Laplacian diffusion. Then we apply such estimates to evaluate the decay rate of the local
mass and supremum of the solutions as they approach a possible extinction time. Yet we
show consistency of our general decay estimates by studying the extinction phenomenon for
weak solutions of the Cauchy-Dirichlet problem, by means of an approximation procedure
that carefully avoids the use of an integrable time derivative.

Mathematics Subject Classification 35K67 - 35B65 - 35K92 - 35Q35

1 Introduction and main results
1.1 Heuristics

When describing the flow of a non-Newtonian fluid in a simple situation (as in a pipe), the
momentum balance law written for a power-like stress tensor can prescribe a dissipation of
energy that distinguishes between dilatant fluids, which starting still, stay immobile until a
time 7™ and pseudoplastic fluids, that become immobile after a finite time 7* has passed (see
[4] Ch.IV Section 7.6). We are here interested in the latter phenomenon (as opposite to the
former one), which we rephrase under the more general principle of extinction of a diffusion
process after a finite time. As anticipated, this principle is a consequence of the dissipation
of energy involved in the evolutive process, that in general can be supplied by a particular
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source or, as in our case, by the unbalance between the energy of the propagation (parabolic
energy terms with power-growth & 2) and the one of the diffusion (elliptic energy terms with
a slower power-growth ~ p < 2). We refer to the classic books [4, 5] for a presentation of
energy methods for the study of the localization of the solutions to parabolic equations.

When the aim is the description of materials with memory or media that exhibit long-range
elastic or plastic deformation, these models account for the fact that stresses or strains at one
point in a material can be influenced by other regions over a nonlocal range, rather than just
the local neighborhood (see for instance [6, 10, 12, 27, 38, 42] and references therein) and
the diffusion is termed nonlocal. It is the precise scope of this work to address the study of
the interplay between local and nonlocal effects caused by the phenomenon of extinction and
the regularity properties of weak solutions of diffusion processes described, in particular, by
the fractional p-Laplacian equation

_/ lu(y, 1) — ux, DIP"2(u(y, 1) — u(x, 1))
ur(x,t) =
RN

x — y|NF plx,y,ndy, xeQ, tel0,T],

(1.1)

where p € (1,2), s € (01), and p is a measurable bounded function, prescribed by the
anisotropy of the medium and reflecting the impossibility to measure the properties described
by the model without interfering with themselves (see [23] discussion at 3.1 Ch.I).

1.2 Framing of the Topic and Main Results

We consider the following parabolic nonlinear, nonlocal equation
ur + Lgu =0, (1.2)

in the cylindrical set Q7 = Q x [0, T'], with Q C RN open (N > 2). The diffusion operator
L is formally defined by

Lgu(x,1) =2 lim lux, ) = uly, DIP > (u(x, 1) — u(y, HK (x, y, ) dy,

e—01 BS(x)

where p € (1,2),s € (0,1), and K : R’ x RN x (0, T) — R is a measurable function
satisfying, for constants 0 < C| < C», the following structural properties almost everywhere:

(K1) K(x,y, 1) = K(y,x,1);
(K2) Ci1 < K@, y,Dlx —y|VNtPs <Gy .

We remark that when C; = C, = 1, the operator Lk reduces to the prototype s-fractional
p-Laplacian

(A w(r. 1) = 2 lim a0 = U DIP W ) —u,0)
p 9 - .

e—0% J Be(x) |x — y|N+ps

For the precise definition of solution adopted we refer to Section 2. For some related results
in the elliptic framework, see [13, 26] and the survey paper [28]. Our choice of p € (1, 2)
qualifies the diffusion operator as singular, since when u(x,t) = u(y, t) the elliptic term
of the diffusion dominates the process. The former quality of the operator has significant
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consequences on the properties of the solutions. Indeed, consider the associated Cauchy-
Dirichlet problem:
u;+ Lxgu =0 in Qr
u=0 in Q¢ x (0, 7) (1.3)
u(-,0)=uy inRY,

with  bounded and initial datum ug € W'” (), i.e.,ug € W*?(R") and up = 0in Q° (see
Section 2 for details). We will prove that (global) weak solutions to (1.3) extinguish within
a time T, that depends on some L¢ norm of ug (see Theorem 1.5 for the precise statement),
while local! weak solutions satisfy an integral Harnack-type inequality such as, for fixed
p,t >0,

r \ZTr

y_l sup / u(x,t)dx < inf / u(x, t)dx + (T) +7, y > 1,
0<t<tJB, O<z<t /p,, pH

where the second term on the right-hand side takes into account the possible global effects

in time, while the term 7 involves the long-range values of the solution in space, through the

quantity

u(x, 7)|P1 L
Tail(u, x0, p, 11, 12) = sup [,0’”/ l(i)llvmdx]' ' (1.4)
<t<tp B (x0) |x — xol

forfixedO < 1] <1 < T,xo € Q,that wereferto as the nonlocal tail of u : RNX(O, T)—> R
(see for instance [24, 25] for the origin of the term, and [35] for an alternative definition of
tail and its consequences).

Both the property of extinction and this integral Harnack-type inequality are a consequence of
the fact that the operator is singular, paralleling the description of the pseudoplastic fluids of
Section 1.1. We address the previous integral Harnack inequality, following the terminology
of [19], as an L'-L' Harnack inequality, since it is an Harnack-type estimate for the function
t— Jlul, Dl B,)- Another peculiarity of the range 1 < p < 2 is the fact that local weak
solutions are not necessarily locally bounded (see [19] Ch. V for a comparison with the
p-Laplacian case). A byproduct of our analysis shows with a quantitative estimate that, if
p, s satisfy the following relation

2N
N +2s

then local weak solutions to (1.2) are locally bounded, provided that the tail terms are
adequately controlled (see Remark 3.2 below for the details). Therefore we address the
exponent p as critical, and we will say that the equation (1.2) lies in the subcritical regime
if | < p < p¢, and in the supercritical regime if p. < p < 2, respectively. Connecting
the L'-L! Harnack inequality with the estimates for the local boundedness (Theorem 1.1),
we show some very useful L'-L° Harnack-type estimates (Theorem 1.3) that can be used
directly to check the rate of decay toward extinction, and show that the behaviour of local
weak solutions is, roughly speaking, dictated by the rule

=Ip.<p<2, (1.5)

ps

-1 . [y 4 T \Z7r .
1% ||M(‘,T)||L°°(B,))§<[101?rf] ||M(nf)||L1(32,,)> T 1+<pps> +7,

1 Meaning with this, weak solutions that are irrespective of any boundary or initial datum, see Section 2 for
the precise definition.
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where again 7 is a perturbation term involving the long-range values of the solution in space
and A1 = N(p — 2) + ps is the fractional Barenblatt number (see [40] Thm 1.1).

We now present our main results. For all » > 1 we define
A= N(p—2)+rps,

and we note that p, = 2N /(N + 2s) implies A, > O for all p > p.. In order to ease notation,
say that a constant y depends only on the data if it depends only on {N, p, s, C1, C2}, where
C1, C, are the constants appearing in (K3).

Our first result states that, if u is a locally bounded, local weak solution of (1.2), then the
supremum of u in a cylinder is controlled by the average of u" in a larger cylinder plus a
perturbative term that depends on the tail and on the ratio #/p”*, which accounts for long-
range behavior with respect to time.

Theorem 1.1 (L"-L*° estimate) Let r > 1 be such that A, > 0, with 1 < r < 2 when
p > pe. If u is a locally bounded solution of (1.2), non-negative in B4, (x0) x (0,1) C Qr,
then there exists y > 0 depending on the data and r, s.t.

by (=X
sup u gy[ﬁ[ u (x, 1) dxdr]/”" ( S) .
By2(x0)x(1/2,1) B, (x0)x(0,) PP

t\T5 = o p-1
+y<pm) max{l, <W) Ta11(u+,xo,§,0,t) }

Moreover, y blows up when A, vanishes.

For ease of presentation we prefer to state Theorem 1.1 for locally bounded solutions that
are locally non-negative. Nevertheless, these two requirements are redundant, see Remarks
3.2, 3.5 for a more detailed analysis.

Our second result compares the supremum of the integral of u in a ball, over a time interval,
to the infimum of the integral of u in a larger ball.

Theorem 1.2 (L'-L! estimate) Let u be a solution of (1.2), non-negative in B4, (x0) x (0, t) C
Q7. Then, there exists y > 0 depending on the data s.t.

sup / u(x,t)dx gy[ inf / u(x, 1) dx]
O<t<t JBy(xp) O<z<t JB),(x0)
1-p

1
t \2—p 1 P ( B )17_1}
+y<p?»1) max{l, (—pps) Tail( u—, xq, 2,0,[
p—1

1 I-p
)7 w1 ()0, 50.0) )
_H/(ph) max 11, P Tail{ u—, xg, 2,0,1 .

Note that Theorem 1.2 does not require that the solution u is locally bounded, as it only
involves integrals of u; moreover, it is valid for every 1 < p < 2. From Theorems 1.1 and
1.2 above, for the restricted supercritical regime

2N
N +s

<p<?2

(which ensures A1 > 0), we derive the following further result that relates the supremum of
u in a cylinder to the infimum of the integral of u over a larger time interval.
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Theorem 1.3 (L'-L™ estimate) Ler A1 > 0, let u be a locally bounded solution of (1.2)
non-negative in By, (xo) x (0,1) C Q7. Then, there exists y > 0 depending on the data s.t.

2 N

o o—
inf / u(e,r)dx |t R
O<t<t sz (x0)

I—p

t 2 P t 2-p . P p_l
+y<pm) max{l, (,0”‘) Tall(u+,x0, E’O’ t) }

sup <vy
Bp/2(x0)><(t/2 1)

—

I—p

¢t L ¢ — p—1 rs
)2 max{l (—)2 'Tail(u,,xo, 8,0, t) }M
pPs pPs 2
p—Dps

1 1-p (
t \1—5 t \1=p p—1y &=
)2 P max{l, (—)2 ”Tail(u_,xo, £ o, z) }<2 P
ps oPs 2

The following estimate relates the L”-norm of a solution u, spanning a time interval (0, ),
to its initial value at time O, provided the L"-norm of the positive part . concentrates in a
ball.

+y

+7(
0

Theorem 1.4 (Backward L"-L" estimate) Let u be a locally bounded solution of (1.2), non-
negative in B4,(xo) x (0,t) C Q7. Then, there exists y > 0 depending on the data, s.1.
roo1

7))

sup / u (x,t)dx < ymax{ sup / u:_(x,r)dx, / u’(x,O)dx-i—(
0<t<t JB,(xp) O<t<t JBg(x0) B, (x0) P

The quantitative estimate of Theorem 1.4 has to be read as void when the right hand side is
unbounded.

Besides free solutions of (1.2), we also consider the associated Cauchy-Dirichlet problem
(1.3), under the assumptions of Section 1.2. Our first result on problem (1.3) is a qualitative
one, ensuring a finite extinction time for globally non-negative solutions.

Theorem 1.5 (Extinction time) Let Q2 be a bounded open set, ugy € Wg'p(Q) N L®@RN) s.z.
ug = 0in 2, and u > 0 be a bounded weak solution of (1.3). Then, there exists T, € (0, 00)
st u(,t) =0inRY, forallt > Ty. In addition, there exists a constant yy, > 0 depending
only on {N, p, s} such that

(@) ifl < p < pe, then

T, = a||u0||Lq(Q)a T,
@ii) if pe < p <2, then
Ay

The quantitative counterpart of Theorem 1.5, following from Theorems 1.2 and 1.3 above,
provides us with an estimate of the decay rate (see Figure 1) as ¢ approaches the extinction
time Ty, as follows.

Theorem 1.6 (Decay Rate) Let u > 0 be a locally bounded local weak solution of (1.2) in
Qr = Qx[0,Tland T, € (0, T) an extinction time for u. Let us assume Ba,(xo) x (0, 1) C
Q x (0, Ty). Then, there exists a constant y > 0 depending only on the data s.t.

(i) forall1 < p < 2 the local mass decays as

T, — 1\ 7
/ u(x,t)dX<7/( — )zp;
By (x0) pH
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(i) if a1 > O, then

4T T, — 1\ 75 T, —t\ 52 p—1
sup u(., + *) < y( * - )2 pmax[l, ( * - )2 PTail(u,xo,B,t, T*) }
Bp2(x0) 2 pp pP 2

Note that the L>°-bound in (i{) is a stronger bound than the L'-bound of (i) but the latter also
holds for p < 2N /(N +s) and it does not suffer from the behavior of 1 in B, (x0)\ B, /2 (x0).

Fig. 1 Illustration of the
extinction decay for a local weak
solution to (1.3)

u(z,t)

1.3 Novelty and Significance

To the best of our knowledge, Lt Harnack-type estimates are first found in [20], with
the aim of studying the existence of initial traces for very weak solutions to the singular
p-Laplacian prototype. A couple of years later they were used in [21] for both the cases of
the p-Laplacian equation and the porous medium one, with the aim of evaluating the rate
of extinction of non-negative solutions. The method of [20] for the p-Laplacian has been
reported in [19], Chap. VII for solutions to the prototype singular equation (1 < p < 2). A
proof for p-Laplacian type equations with full quasilinear structure can be found first in the
paper [22] and then in the monograph [23]. See also [8] and [23] for a later treatment of the
sub-critical case.

In the case of fractional p-Laplacian diffusion, such Harnack-type estimates are new. For
a different notion of solution and in the whole space, the author in [40] has proved some
global Harnack bounds. Existence theory for different definitions of solutions than ours
can be found in [36] and [41], see also the book [3]. There the notion of solution involves
the existence of a Sobolev time-derivative, that we have carefully avoided here through the
approximation procedures of Appendix 1. The main difference lies in considering a general
measurable and bounded kernel as in (K1), (K3). The discontinuity of the field into the
divergence term of (1.2) results in a lack of regularity of the time derivative u,, see [33] Sec.
13 of Ch. III (pages 224-233). The same lack of regularity in time pertains the possible weak
solutions to the Cauchy-Dirichlet problem, whose analysis of the extinction phenomenon has
been performed in [1], Theorem 5.1. There the authors point out a particular feature of the
nature of fractional nonlinear diffusion, that is, it does not necessarily meet finite speed of
propagation in RY when p > 2. On the other hand, similarly to the classical p-Laplacian,
when p > 2 local boundedness is inherent in the definition of local weak solution, see [39]
(and later [9] for the prototype equation, see also [2]).

Here, en passant, we prove that the same is valid for local weak solutions in the super-critical
range (see Remark 3.2), see also Theorem 1.1 of [31] for a study on the best tail condition
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and [37] in the case with no phase (a = 0) for a whole satisfying picture in the special case
of parabolic minima with a boundary datum. An analysis of the L'-L estimates with the
finer tail condition of [29] and [35] can be carried from ours with few effort. This is indeed
the aim of a future project, where these estimate will be necessary for a different aim. Here
we directly employ the definition (1.4), since we aim to the evaluation of the extinction decay
of u as power of time, i.e. (T* — 1)!/@~P)  disregarding of the optimality of the long-range
effects. Concerning the study of the extinction of solutions, the works [40, 43] (see Section 8)
investigate the decay in the whole space through an appropriate comparison principle. For a
similar definition of solution, the authors in [ 18] study the decay rate towards extinction for an
equation with double-nonlinearity in time. What diversifies the extinction rates of Theorem
1.6 is the concept of solution (see Definition 2.1), and the circumvention of any comparison
principle. Indeed, the formulation of the decay rate of Theorem 1.6 doesn’t actually require
u to satisfy any Cauchy-Dirichlet conditions.

1.4 The Method

We rely on the energy estimates of [34] to apply the iterative De Giorgi scheme to prove The-
orem 1.1. Then the L'-L! Harnack-type estimates are found here, following the approach of
[23] within the refined technique of [ 14, 15], but with a precise nonlocal method appropriately
devised, see the proof of Lemma 4.1 for details. On the other hand, the L"-L* bounds of
Theorem 1.1 are more similar to the classic [19], but again the tail terms impose an either/or
alternative that is more in the spirit of Lemma 3.1 of [34] (see also Theorem 1.8 of [29] in
the linear case with the finest tail condition). Finally, the backwards L”- estimates cannot
run the argument of [23] and had to adapt the original idea of [20] with a proper condition
on the long-range effects of the solution. The extinction phenomenon is reminiscent of the
classic energy method (see for instance [19] Ch. VII section 2, or [4]), while the lack of
time-derivative called for a precise time-mollification in the spirit of [32].

1.5 Future Applications

The L'-L! estimate is very useful to transport uniformly measure information in time. It
can be used, among other possibilities, to give a simpler proof of the Holder continuity of
solutions (see [17]) using the main tools developed in [34]. At the same time L'-L! Harnack-
type inequalities are fundamental in the study of the initial traces, as in [20] (see [19] for a
more comprehensive overview), while backward L” estimates as the ones of Theorem 1.4 can
be used to show that a precise local integrability of the initial datum ug (i.e., ug € Lj,, (RM))
yields directly locally bounded and locally Holder-continuous solutions by Ascoli-Arzela’s
principle, see Remark 3.6 or [21]. When an oscillation estimate is at stake (as in [34]), it is
again possible to study the decay rate to extinction, in a different local geometry than ours,
see Corollary 1.4 of [7] or [30] for an approach with the extension trick of [11].

1.6 Structure of the paper
In Section 2 we recall the basic definitions and some preliminary results, including the

parabolic fractional embeddings, energy estimates and various iteration Lemmas; in Section
3 we prove Theorem 1.1; in Section 4 we prove Theorems 1.2 and 1.3; in Section 5 we prove
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Theorem 1.4; in Section 6 we prove Theorems 1.5 and 1.6; finally, in Appendix 1 we deal
with the technical issue of time mollifications.

1.7 Notation

Throughout the paper, for all U ¢ RY we will denote by |U| the N-dimensional Lebesgue
measure of U, U¢ = RV \ U. By B, (x) we will denote the open ball of radius p centered
at x. Writings like # < v in U will mean that u(x) < v(x) for a.e. x € U. By u4 (resp.,
u_) we will denote the positive (resp., negative) part of u. By infy u (resp., sup;; u) we will
denote the essential infimum (resp., supremum) of # in U. Most important, y will denote
several positive constants, only depending on the data N, p, s, 2, C1, C2 of the problem,
except when explicitly noted.

2 Preliminaries

This section includes some preliminary definitions which provide a rigorous framework for
our problems, and some technical results that will be used in the proofs of our main results.
We begin by recalling that, for any open set 2 € RN (N > 2), a function u : © — R is said
to belong to the fractional Sobolev space W57 ()0 <s < 1,1 < p < 2)ifu € LP(R2) and

_ p
// lu(x) —u(y)l dx dy < oo,
axa X —y[Ntrs
Clearly, if 2 is unbounded, we say that u € W{;’CP(Q) ifu € WSP(Q') forall Q' € Q. Also,
if © is bounded, we say that u € Wé’p(Q) ifu e WHP(RN) and u = 0 a.e. in €. We recall

Sobolev’s embedding for fractional order spaces: if 2 is bounded, then there exists y > 0
depending on N, p, s s.t. for all u € Wy''(Q)

1 _ p 1 N
/Iu(x)l”s dx 5oLy // dedy]p, P = P @.1)
RNxRN |x — y|N+ps N —ps

(recall that N > ps). For evolutive equations, we will always identify u(-, ) with u(¢).

Now let © c RY be an open set, T € (0, co]. We define solutions of our equation as in [34,
Subsection 1.2.2]:

Definition 2.1 We say thatu € C(0, T, L} () N LY (0, T, W;.P()) is a (local, weak)
solution of (1.2) if for all Q' € Q and all 0 < #; < #, < T the following conditions are
satisfied:

(i) forallg € W20, T, LX (& ))leoc(o, T, WyP(2))
0—/ u(x, )e(x, t)dx / / u(x, v)p(x, r)dxdr

/ // lu(x, ) — u(y, 0P (ulx, 1)
RN xRN

—u(y, ) (e, 1) —e(y, 1)K, y, 1)dxdydr;

.. lu(x, )P~
(ii) sup ——————dx < 0.
R

n<t<ty N (1 + |x|)N+pS
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Solutions of the Cauchy-Dirichlet problem (1.3) are defined as follows:

Definition 2.2 Let @ C RY be a bounded open set, ug € Wy'”(Q2). We say that u €
co,rT, Lz(Q)) NLPO,T, WOYP(Q)) is a (weak) solution of (1.3) if

(i) forallg € W2(0, T, L2(Q) N LP(0, T, Wy’ (Q))

T
Oz/u(x,t)w(x,t)dx’T—/ /u(x,t)(pr(x,r)dxdr
Q 0 0o Ja

T
+/ // r, ©) = u(y, 0P Cx, ©)
0 RN xRN

—u(y, ) (e, 1) —@(y, 1)K, y, 1)dxdydr;
(i) u(-,0) =upin RV,

Note that Definition 2.2 implies Definition 2.1, as condition (i7) of the latter follows from
u(-, ) € Wy’ (). We keep the definition of nonlocal tails as in (1.4). We will next recall
some basic properties of solutions, beginning from an embedding inequality from [34, Propo-
sition A.3]:

Proposition 2.3 (Embedding) Let xo € RY, 0 < p1 < p2 < p, 0 < 11 < 1 be s.t.

Bp(xo) X (t1, ) C Qr andu € LP(t, 1o, Wx’p(Bp(xo))) N L(ty, 1, Lz(Bp(xo))) be s.t.

supp(u(-, 7)) C By, (xo) for a.e. T € (t1, ). Then, there exists y > 0 depending on N, p, s
ps

s.1.
1 g
// tgy[ sup ][ uz(x,T)dx]
By, (x0) ti<t<ty J B, (x0)
ulx,t) —u(y, )|
e [l e ) =0 O
Bpy (x0)xBpy (o) X = Y[TTP

N+ps
+(=2-) / / jux, 017 dxde .
P2 — P1 By, (x0)

The following energy estimate from [34, Corollary 2.1] will be one of our primary tools:

Proposition 2.4 (Energy estimate) Let u be a solution of (1.2), xo € RN, 0 < p1 < po,
0 <t <th <tbes.t By (x0) x (0,1) C Qr, k >0, w=u— k. Then, there exists y > 0
depending on the data s.t.

! wt(x, 7)) —wx(y, 7)|?
sup / wi(x, T)dx —l—/ // [wa(x. 7) Ni(y )| dxdydrt
1—t1<t<t J B, (xo) i—t; JJ By, (xo)prl (x0) |x — y|NVHps

t
Y / / wzi(x,r)dx dt + ——— )/p2 / / wi(x T)dxdt
=1 Ji—t, /B, (x0) (o2 — p1)? By, (x0)

ypy
(p2 — p1)NFPs

'
[/ / wi(x,t)dxdt] Tail(wi,xo,pz,t—tz,t)”fl.
t—ty J Bp, (x0)

We also recall two useful technical results involving recursive relations. The first is [23,
Lemma 5.1]:

Lemma 2.5 (Fast convergence) Let (Y;) be a sequence of non-negative real numbers, b, C >
1, n>0s.1
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@) Yyy1 < CD* Y,,H"for alln e N;
(i) Yo<CTib 7.

Then, Y, — 0asn — o0.

A somewhat dual property is the following [23, Lemma 5.2]:

Lemma 2.6 (Interpolation) Let (Y,) be a bounded sequence of non-negative real numbers,
b>1,C>0ne0,DstY, < Cb”Yr:_:{’for alln € N. Then,

Yo < (2Cb1r;v")%.
Finally, we recall some elementary inequalities from [1, Lemma 2.7]:
Lemma2.7 Letp e (1,2),a,b > 0. Then:
(i) forall g > 1 there exists y > 0 s.t.

ptg—2 ptq—2

p
a »p —b »

<yla=b"(a = by~ = p17);

(ii) forall g > 2 there exists y > 0 s.t.

ptq=2 p+q=2|p
(@+ b7 2a—blP < y‘a S

We will also use the following weighted Young’s inequality: for all ¢ > 1, there exists y > 0
s.t.foralla,b > 0,e € (0, 1)
ab < sa¥ + —2— b1, 2.2)
gq-1

We note the following consequence of (2.2) (see [34, eq. (2.4)]): there exists y > 0 s.t. for
alla>b>0,e € (0,1)

Y
gp—1

a? —b? < eal + (a — b)P. (2.3)

3 L"-L™® estimate

In this section we display the proof of Theorem 1.1, which is divided into several steps. To
ease notation we set, for o € (0, 1), the perturbative term

1 1—p
t o t fo p—1
P, = ( ‘>2 r max{l, (—)2 pTail<u+,xo,op,0, t) }
pPs prs

We first establish two preliminary lemmas, one for the supercritical regime p > p. and the
other for the subcritical regime p < p.. As it will appear clear, in the first case the local
boundedness is a consequence of the definition of local weak solution. We state our result
for nonnegative solutions, in order to ease the reading, though minor standard modifications
clarify that the result is still valid for signed super or sub-solutions, see Remark 3.5.

Lemma 3.1 Let u be a local weak solution of (1.2), non-negative in B4, (xo) x (0,1) C Qr.
Let p. < p <2, re[l,2ls.t. A, > 0,0 € (0,1), to € (0,t]. Then, there exist a,y > 0
depending on the data s.t.

1% p.v()\Z—r)
sup u < m[ sup u 2 :|

Bap(XO)X(t_Ut()wt) Bp(XO)X(t_tOJ)
ps
>

2t \H
[ﬁ[ u"(x, t)dxdt] ( 0 ) 2y P,.
By (x0) X (t—10,1) pPs
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Proof Let k > 0 be a number to be determined later and perform a decreasing iteration by
setting for alln € N

po= ol 4 57). =l 57) k(1 ),

In addition we set

~ 300 + Pnt1 - Pn + Pn+l pn + 30041
10” = 4 ’ Pn = 2 10 4 )

so we have a shrinking geometric configuration and increasing levels. Indeed, if we define
the balls i
By = By, (x0), By = Bp,(x0), By = Bj,(x0), By = B, (x0),

and the cylinders Q,, = B, x (t — t,, t), then

Bn D én D Bn D én D Bn+17 and Qn D QnJrl»
withinitial cylinder Q¢ = B, (xo) X (t—t9, t) and limit cylinder Qoo = Bo) (x0) X (t—01p, 1).
Next, we set w, = (4 — k,,)+ and define the related energy

[Wn1(x, T) — Wyt 1(y, TP
E, = sup / (x, T)dx+ // dxdydr.
" B, n+1 t—tys1 JJ By x By |x — y|N+ps

t—tyy1<T<t

For any pair of exponents 1 < g1 < ¢2 and each n € N the following Chebychev-type
inequality holds true:

(u(x, t) —ky)??
wi (x, T)dxdr < / / dxdrt 3.1
// +1 o u>kyy1) (knJrl kn)qz a

z(qz qun
< yqu — // P2 (x, 7)dx dr.

We estimate E,, by applying Proposition 2.4 withradii 0 < p, < p, < p,times 0 < t,41 <
t, < t,and level k;11:

fo -
E (v, vy dxdr + o // (x.7)dxdt
" _tn+l //n ntl — on)? n+1

yoY . _
W // wn+1(x,1')a'xd1'] Tail(Wy41, X0, Pyt — ta, 1)P !
n = Pn On

=L+ Db+ 1.

+

We estimate separately each term above. For I} we use the definition of (#,) and (3.1) with
g =q=2

y2"
[] < ﬁﬂ// w5+1(.x,7:)dxdf
— 9l On

2}1
< )/7// wﬁ(x,t)dxdt.
(1 —o)1g O

@ Springer
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For I, we use the definition of (p,), (p,), and (3.1) with g; = p, ¢» = 2:

y2r"
b= (1—g)ppps// wyy (x, 7) dx dt

22n
< a —a)PpPAkQ // w (x T)dxdr.

Finally, for I3 we use (3.1) with g1 = 1, ¢» = 2, and we estimate the tail term recalling that
Wpt] S U4:

—1
72(N+m)n ps er:-H (x. 7)
13 < (1 _O')N+P~5ppé w,,_H(x f)dxdf][ sup Pn 5 md}{l

=ty <T<t

2(N+ps+l)n p—1
< Y —————— // w (x r)dxdr](gp> [ sup (Jp)‘”/ u"'i(x]vr)dx]
(1 —o)N+ps ppsk B, (xo) X — Xol tps

O<t<t

yz(N+ps+1)n

5 . p—1
< ESLETE (op)l’sk[ w;, (x, T)dx dr]Ta11<u+, x0,0p0,0, t) .

Plugging such estimates into the previous inequality, we find «, B, ¥y > 1 depending on the
data s.t.

y2hn [1 1

< . T'1( 0 t)pil]// (¢ 1)dxd
< ail(u., xg, 0p, 0, wi(x, 7)dxdr.
n ol — o) +> X0, 0P ) n

o pPkEr T ppik
Now we introduce our first condition on k:
k> P,. (3.2)

So, from the previous inequality and (3.2) we have for alln € N

X, T xXart. 3:;
[O ( O)] 10 n

We aim at an iterative estimate for the sequence

Y, = 75[ w,%(x, T)dxdr.

Setforalln e N

p(N+2s)

M_‘Q,, {u > k,}

which has a positive exponent due to the choice of p. To proceed, we fix a cutoff function
&, € CX(By) s.t. &, = 1 in B4 and satisfies in RN

n

y2

0<& <1, V&I < ———.
(1—0)p
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We apply Proposition 2.3 to the function wy,11&,, with radii 0 < g, < p, and times 0 <
I =ty <1,

ps

! P2 5, 1%
/ / 1 e, D8 5 drdr < y[  sup ][ w1 ., 6 () dx
=yt

t—thp1<T<It "

ps/ // [wnt1(x, T)E(x) — wpp1 (v, TE(V)IP dx dydt
t—tpht1 BnXBn

|x — y|N+ps

5 N+
+ (2 " / / w1 (2, T (17 dx d .
Pn Pn t—tyr1 J By

By Holder’s inequality and the previous embedding estimate we have

. _2N
// w2, (x, ) dx dt < [// w1 (x, 7) dxdr]”‘””“’M,M (3.4)
On+1 On+1

t (2N2
P(N+2s)
<[ [ e xdr]
t—tyt1 J By

<y[ sup ][ w1 (6, )% (1) dx }2

t—tyy1 <T<I

ps ! [Wy1(x, T)E (X) — wpt1 (Y, T)é, 62k
. [p o Nips dxdydrt
t—th1 n X By |X - | P

2(N+ps)n

Mn+l

+ (1 _ U)N+1)s

2N
[ ] gl dxad] ™ i,
t=tyt1 v By

To estimate the ’gradient’ term above, we split the integrand and use the properties of &,:

/’ // [Wht1(x, )8, (X) — Wp1 (v, DE)IP dx dydz
t—tyy1 JJ Byx By |X—y|N+pS
[ 9
[Wn+1(x, T) — W1 (¥, TP p
7// // : & (y)dxdydrt
t=Ipy1 B, % By, lx — |N+Pé "
Ién(x) ENIP
+ (x, dxdydrt
V/, // o Ty
— 14
< y/ // |lwy1(x, T) 711v)1+1(y77)| dx dy dt
t—th+1 ~nXén |'x - y| ps

prn X, T
_re / // "+11(V+ ) —dxdydr
(I =0o)p? Ji gy L x B, [X — YN TPST

SVEi+ G ooy y2" / / (x,7)dxd ][ / dy ]
< x,7)dxdt || su —_—
VI T Ly, Js, 5, B, = vV

xX€B,
y2rt
<
X )/En (1 —U)Ppp /t s /[;3” n+](x r)dxdr

@ Springer



197  Page 14 of 54 F.M. Cassanello et al.

Plug the last inequality into (3.4), taking into account the mean value and the definition of
E,:

// wZH(x,r)dxdr
Qn+l
2s

2Ns N+2s
< yp*m[ sup /_ w,%H(x, r)dx] N

t—thp1<T<t -

2 ! og=n]
[res o [, w5+1<x7f>dxdf]” M
—in+ n

y2pn

Sazoe’ i [ppsE +

2N
P P(N+2s)
/~ wly (D) dxde |7 Mo,
n

(Al A

with different «, 8, ¥ > 1 depending on the data. We use (3.3) on E,, (3.1) with g; = p and
g2 = 2, and again (3.2) to estimate k:

2Bn g 25 ey
// w5+1(x, 7)dxdt < yi,o*%to N2 // w(x, T)dx dr] A
Ont1 [o(1—a)]*

ps
[p // wy, (x T)dxdf-i-ﬂ n+1(-x T)dxd ]1’(N+2r) b1

< 73/2%9" 0 zgfz‘q NEwr <PPS 1 )p(/v+2r)
[o(1—-0)] fo k2=p

2(N+ps)
(N+2)
// w;, (x T)dxdrt ]p ' M1

2/3!1 _ 2(N+ps) 2((11\\/]:;27:;
s
[ (1 )] ) p<N+2S) // w (x T)dxdt ]p M.
g — 0

The inequality above is "almost’ the desired iterative estimate, due to the presence of the
measure term M, 1. The latter can be estimated as follows, via a version of (3.1) with
exponents g1 = 0, g2 = 2:

t 2

(u(x, v) — kn)
Qur = kil| < [ [ W& D) =k g
" " (Sl RS} n{u>kyt1} (k”""l - kn)2

22n+2 )
< 2 //Q,, w;, (x, 7)dxdt.

Combining the last two inequalities, and recalling that |Q, |, | Q,+1| are comparable, we get
the iterative estimate

7§[ w5+1(x,r)dxdt
Qn+1

ﬂn _ 2(N+ps)
! v2 I PNVEZS) g p(N+25) // w;, 2(x,7)dx dr] L
|Qn+1|[6(1—0)]“ n

2s

]/25” tO _F(NIXZ\-) M2 2 N+2s
< 7(1( s) k /’<N+25>[ wn(x,r)dxdr] .
[o(1 —0)]* \pP On
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Our next step consists in applying Lemma 2.5 to the sequence (Y;,). Set

__2N__
C = 14 ( fo ) P(N+25)k—%, b=28 4= 2s .
[o(1 —0o)]¥ \pPs N +2s

Clearly C > 0, b > 1, and n € (0, 1) are independent of n. Our iterative estimate then
rephrases as
Yor1 < CH"YT. (3.5)

Non we give a precise definition of k by setting

B(N+2s) . .
2 > p(N)+2,\) % t _N
k:[yi] 72 [ uz(x,r)dxdr] 2( 0,) 24P,
[c(1 —0)]¥ Qo pps

Such choice clearly complies with (3.2). In addition, recalling that # > 0 in Qp, we have

Yo = ]5[ u?(x, ) dx dt (3.6)
Qo
N 4 Ni2s ‘
< [ Y (tio) PINF2S) § — p(/%/fzs)] 2z Z—ﬁ(N%f“)z
[o(1 —0)]* \pPs
1
—CTib 7.
Due to (3.5) and (3.6) we may apply Lemma 2.5, yielding ¥, — 0 as n — o0o. Passing to
the limit we have

]§[Q (u(x, ) — k)%_ dxdt =0,

implying u < k almost everywhere in Q. Thus, recalling our choice of k, we have for
convenient «, ¥ > 1 depending on the data

2y _N
sup u < ﬁ[# MZ(X,T)dxd‘L'iIAZ (p?”) 2 + Ps. (3.7)
Ooo - JJ Qo

Now, we use the local boundedness implied by (3.7) plus our assumption on r, that is equiv-

alent to
N2 -p)
— <
ps

r<?2,

which is an admissible range since p > p., to obtain

y ps2—r) % tO —%
sup u < 7a[supu 2 ][ﬁ[ u’(x,t)dxdt] ( Y) + P, .
O [o(1 =a)]*L g, Qo PP

Recalling the definitions of Q, and Qy, respectively, we conclude. O
Remark 3.2 Formula (3.7) alone shows that local weak solutions are locally bounded in the
range p. < p < 2. We observe that if r > 2, then it is possible to bound the supremum of u

with its L" norm by a simple use of Holder inequality.

We show a similar Lemma for the sub-critical regime, this time assuming u to be locally
bounded.
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197  Page 16 of 54 F.M. Cassanello et al.

Lemma 3.3 Letu be alocally bounded local weak solution of (1.2), non-negative in By, (x) x
0,1) c Qr.Let1l < p < pcand Ay > 0. Let us fix 0 € (0, 1) and ty € (0, t]. Then, there
exist o, y > 0 depending on the data and r, s.t.

sup U<

{—— sup u r=2)(N+ps)
Bop(x0) X (t—ctg.1) [o(1—0)]®

By (x0)x (t—to,1)

[f% W (x r)dxdr]U:ﬁ%ﬁE
B (x0)x(t—1t9,1)

N
( fo ) =)o T
pPs

)/ [ Nr—p(N+2s) ]

+ Ps.

Moreover, we have that y, « — 400 as r — 2, while both constants remain stable when
r — +0Q.

Proof First note that the assumption A, > 0, along with p < p., implies

NQ2—
r>M>2.
ps

Let £ > 0 be a number to be determined later and define sequences of cylinders and lev-
els, functions w, and energies E,, as in Lemma 3.1. Arguing as in Lemma 3.1, applying
Proposition 2.4 and (3.1) with several pairs of exponents (here we use r > 2), we find

y2bn 1 1 1 ) p—1 .
E, < o — o) [zok’—2 + P + Py Tall(u+,xo, ap, 0, z) ] ) w, (x, 1) dxdr,

with «, 8, ¥y > 0 depending on the data and r. Again if we assume
k > Py, (3.8)

then the n-th energy is homogeneously controlled by

y2fn .
S o1 — o))tk 2 //Q wy(x, 7)dxdr. (3.9)

This time we will derive an iterative estimate for the following sequence (with no mean

value):
Y, = // wy (x, T)dxdr.
QYI

@ Springer



Integral Harnack estimates and the rate... Page 17 of 54 197

Define the cutoff function &, as in Lemma 3.1. Then, apply Proposition 2.3 to the function
wy+1&n, the properties of &,, (3.8), and (3.9):

t
/ / |Wp41(x, T)
I—Ip41 n

Sn(x)

ps

<y[ sw ]émm(x,r)sn(x)ﬁdx]”

t—typ1<T<t

5l /t // i [wp+1(x, )& (X) — w1 (8, DE )P dxdydt
=ty 0 X B

|x _ y|N+ps

5 N+ps (1
t G e gl dxae]
Pn — Pn t—tys1 J By

Y 0 N+ps
< A Yok E,,+(r5 "V // wly(,7) dv de |

y2Psn BT s 2(N+ps+r pn
S o —oypepps o [’O Bt e ok // wy (%, t)d”‘d’]

)/2/3" NX/W
L tok’ 2// W (x, r)dxdr] ,

again with o, 8, ¥ > 0 depending on the data and r. Further, noting that p(N + 2s)/N <
2 < r, recalling that u is assumed locally bounded, and that £, = 1 in B4+, we get

Nr—p(N+2s)
N

!
// wh (D dxdr < | / 1 (6, 6 )7 dxde [ sup u]
Onst t—tyi1 J By Qo

N+ps Nr—p(N+2s)

2/3” N N
< — (o) tok’ — // wy, (x, r)dxdr] [sg([)) u] ,

with the supremum of u in Qg term replacing the measure multiplier of the corresponding
estimate of Lemma 3.1 (here the assumption that « is locally bounded is essential). We will
now apply Lemma 2.5 to (Y;,), this time with

N+ps Nr—p(N+2s)
1\ Mrpdien

14 N
= b=2F np="2",
o —o)] (tok’_z [sgg) u] , > 1 N

Note that C, b > 1 and n € (0, 1) are independent of . The previous estimate then rephrases

as
Vo1 < CH"Y,)T. (3.10)

Define k by setting

Nr—p(N+2s)

BN
2ps (e TN TN~
k= Y =2)(N+ps) W (x, 7)dx dt =2 (N+ps) sup u =2 (N+7 )y =4p.
[c(1 —0)]« 0 0 0
0

0
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complying in particular with (3.8). Then we have

Yo:// u" (x,7)dxdt 3.11)
Qo
N+ps N
Yy 1 v Nr—p(N+2s) s —/3(%)2
< [[o(l — o) (tok’*Z) supu-F ] 2o
Qo
1
—Ccip .

Due to (3.10) and (3.11) we may apply Lemma 2.5 and find that ¥,, — 0 as n — oco. Passing
to the limit, we get

/Q (u(x,7) — k)| dxdt =0,

hence u < k a.e. in Q. Therefore, by the definition of k we have

Nr—p(N+2s) % _ 1
sup u < 7[sup u r=DW+ps) ][// u"(x,t)dx d‘L’:|( 29 ty 7+ P,
[ ol =o)]*L g, Qo

Nr—p(N+2s) ps __ N
< y [sup MWNI]}S)][# W (. 1) dx dT:I(r—Z)(N+[7s) (170) GO P..
[o(1—0)]*L g, 0o prs

for some «, y > 0 depending on the data and r. This concludes the proof. O
We can now complete the proof of the main result:

Proof of Theorem 1.1 (conclusion). The second part of the proof is based on a further iterative
argument, with increasing cylinders. Fix 6 € (0, 1) (to be determined later) and set p(’) =6p,
1, = 0t. Also, set foralln € N

"1 "1
"~ plo+ -6 —.], ﬂ:t[e 1—6 —.],
o, p[ +( ),-;2’ ! +( );'2’

so that both (p}) and (¢,) are increasing and p, — p, t, — t as n — oo. Also, for
alln € N weset Q) = By (x0) X (t —t,,1) so @, C Q) and the limit cylinder is
0, = B,y(xg) x (0,1). Now recall that u > 0 in Q and u is locally bounded, so we may
define a bounded sequence of positive numbers by setting for all n € N

Sp = sup u,
0,

We are going to prove an iterative estimate on the sequence (5,), by considering two cases:

(a) If p. < p < 2, then recall that » < 2. We apply Lemma 3.1 with radius ,0,’1 1 time
t) = t,/lH, and
0+ —0)3r 27
o =

- L=
O+ (1—6)yrtl2-i

e (0,1),
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so that op), | = p;, ot; | = t,,. We get for some y, @ > 0 depending on the data
and 0

s(2—r) ps t/ _N
sup u < L[ sup w2 ][ﬁ[ u'(x, 1) dxdr] 2 (,"41) 2
0 [o(1—0)]* (O P*

Q,/1+| r/1+1
(3.12)

1 1=p —_

t 2—-p t 2—-p . 7 P 1

+ (W) maX{l, <W> Tall<u+,xO,,0”,0, t) }
n n

=L+

Now we estimate J; and J,, separately. First note that

a-6

o o
(7(1—0') >W

Also, we have for some y > 0 independent of n the inequality

1 .
]§[ u’(x,t)dxdr:/i// u"(x,t)dxdt fyﬁ[ u" (x,t)dxdr.
Qi1 |Qn+1| Q)41 o

oo

Therefore, since p,’l 11 and t,’l 41 are comparable to p and ¢, respectively, we find

yzan ps(2—r) t —%
J1 < 7[ sup u *2 ][ ) .
(-0 0 o

Q41
To estimate J, we note that ,o;l > 6p, hence the tail can be treated as

‘])75
u (x,t)dx d‘c]Az (

/
00

p—1 p—1
Tail(u+, x0. p1. 0, t) < 9_‘”Tail<u+, X0, 6p, 0, t)

Therefore, again by comparability, we have

< oL\ L\ PN L geps
Hh < y0 ﬁ max {1, ﬁ Tail( u, x0, 00,0, t =:y0 P Py.

Plugging such estimates into (3.12) yields, for some «, y > 0 depending on the data
and 6,

psQ=r)

ps N
P Rl \"x
S, < y2anSn+12 [7§[Q, u (x,t)dx d‘r] (ﬁ) +yPy.
Recall the bounds on r seen in Lemma 3.1. We can then apply Young’s inequality
(2.2) to the first and second terms, with exponents

Ao , Ao

q=ps(2—r)’ A

and ¢ € (0, 1) (to be determined later), to find

yzom %ﬁ t _)\ﬂ
O []f[ Wk odxde ] (0) T P
€ 0 pP

’
o0

with «, y > 0 depending on the data and 6.
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() If 1 < p < pe, then recall that r > 2. We apply Lemma 3.3 with the same choice of
p, 1y, o as in case (a), and with analogous estimates we get

Nr—p(N+2s)
an ¢ r=2)(N+ps)

This time we apply (2.2) with exponents

_(r=2)(N+ps) , (T —=2)(N+ps)
T Nr—pWN129) 17T o :

ps N
(N I \" oW
W (x, 1) dx dr](r E) (pps) DI | VP,

/
(o]

and ¢ € (0, 1) (to be determined later), to find again

y2™ S\
Sp < €Spt1 + []5[ u(x,,t)dx dr] ' (—) " 4+ Py,
0% pP?

80{

with «, y > 0 depending on the data, r, and 6.

In both cases above, we have obtained the same iterative inequality for the sequence (S;,).
Iterating such estimate from O to n, we have

So < &St + L[#
e* Loy,

<2+ L+ 82“)[#
e¥ ol

Ps

r Bty
u(x,r)dxd‘r] (W) + y Py

s

ps t _N
u' (x, 7) dx dr]*’ (pT) " ey 4 e)Ps...

n—1 ps N n—1
n 4 ani r Tt N\ ;
<e S”+ea,§0(52)[]§g W (x, 7y dx d | (pT) +y.§08 Py.
1= oo i=

As soon as we take 0 < & < 27, the series above are convergent. Thus, recalling that (S,,)
is bounded and passing to the limit as n — oo, we have for some y > 0 depending on the
data, r, and 6

By N
sup  u :Sogy[ﬁ[ u’(x,r)dxdt]”( S) "+ yPy.
Bopx (t—01,1) B, (x0)x(0,0) P

Finally, choosing 6 = 1/2 and recalling the definition of Py, we find

2ot NI
sup u < y[]§[ u’(x,r)dxdt] ’( S) o
B2 (x0)x(1/2, 1) B, (x0)x (0,1) P

1 1-p
t \7>5 t \N2=p . . 14 p-l1
+y() 77 man {1 (55) 7 i 20, 5. 0.0)

with y > 0 depending on the data and r, which concludes the proof. O

Remark 3.4 We note that, in Theorem 1.1, the functional dependence of the constant y on r
degenerates when A, tends to 0. However, we observe that in the supercritical regime

AM=Np—-2)+rps>0 Vr>1.
Therefore, we have the following situation:

e ifl <p< %, the constant y depends on r and becomes unbounded when X, vanishes;
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o if A%—_};’s < p < 2 the constant y does not degenerate with any choice of r.

The functional independence of y on the integrability exponent r in the supercritical range
indeed reflects the fact that the solutions are automatically bounded, and therefore r-
integrable. Since this property must be assumed in the subcritical regime, the estimate of
Theorem 1.1 trivializes as soon as A, vanishes. The critical regime p = 2N /(N + s) is the
threshold and needs a different inspection, in the spirit of [16].

Remark 3.5 The whole double iterative procedure can be performed, as usual, for any signed
sub-solution, thereby showing the L"-L° estimate for u. In case u is a solution, then —u
is a sub-solution to a similar equation and a similar bound is available for the negative part
of u. Summarizing, if u is a locally bounded local weak solution to (1.2) and A, > 0 (with
1 <r <2if p> p.), then the L"-L*° estimate is valid for |u],

R
s ul < y[ff ul e o drdr] ()
By2(x0)x(1/2,1) B, (30)x (0,1) PP

I—p

t o\ N =" =
+y<pps> max{l, (pps) Ta 1(14 xo,f 0, t) }

4 L'-L" and L-L™ estimates

In this section we focus on estimates involving the L'-norm of the solution, proving Theorems
1.2 and 1.3. First we assume u to be a (possibly unbounded) solution of (1.2), s.t. # > 0 in
Byp(x0) x (0,1) C Q7. Set

l—p
t b -1
Py = max {1, (—)2 pTail(ui,xo, Lo, t)p } 4.1
pPe 2

We need a technical lemma, yielding a special energy estimate for u. We shall use it at one
step only (see (4.18) below), but it is a crucial one:

Lemmad.l Let0O <o <o’ <1,y >0, € C! (Bop(x0)) s.t.

!/

_r
(6" —o)p

Then, there exists y > 0 depending on the data and v/, s.t.

(ux, v) —u(y, 0)? t
/ //T |x_y|N+pv [ (X’T)Jr(pp?

£=1inBy,(x0), 0 <E <1, |VE| < in RN

: )%]_Fép(x)dx dydr

1
Syp max{(a r—o)P’ (1—0’)N+PS}

¢ % 2(p—1) t 1
[ sup / u(x, t)dx + (T) 71’] b (Tl)pP_,
Bp(xo) 1Y 1Y

O<t<t

where for all T € (0, 1)

Az = {(x,) € Byrp(x0) X Borp(x0) : ulx, 7) > ulx, v), §(x) > £}
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Proof Set for brevity
B = B,(x0), B = Byy(x0), B = B,,(x0),

sothat B C B C B, and

N\
_ —P
V= (pps) > 0.

Define for all (x, 7) € RN x (0, T)

o(x. 1) = — TP (u(x, ) + )T EP(x).

The function ¢ is well defined since £ = 0 in B¢, yet it is not an admissible test function in
(1.2) as it is not differentiable in 7, in general. Nevertheless, using a convenient mollification
procedure (the proof is postponed to Lemma A.2), we get the following inequality, with
y > 0 depending on the data:

2(p_ﬁl)/(u(x t)+V) E”(X)dx

2(p -1 / /("(x )+ V) SP(X)dx dt 4.2)
_ 2 B
Ty / // lu(x, t) —uly, v)|P~ Agu(x, ) —u(y, 1)) (000 T — (. 7)) d dy d
JO JJRN xRN |x—y| +ps
=L+ 1.

We first deal with the evolutive term /. Since the second integral of [ is positive, we
dismiss it. Besides, on the first term we apply Holder’s inequality and & < 1:

1
he =5 [ w0 e s

-,

>—m[/B<u<x,r>+u>dx] "B

Ne-p) 1 N1 AE
—yp P tp[ sup /u(x,t)dx+vp ]
O<t<t /B
Recalling the definitions of A; and v, we find
PR B V= I |
I > _7/103[ sup / M(X, T) dx + (Tl) —p] P (T])p . (43)
O<t<t JB 1% 1Y

Now we turn to the diffusive term /. For simplicity, we fix 7 € (0, ¢) and focus on the space
integral only (via a sign change):

I — // lux, 7) — u(y, D" 2(ulx, 1) — u(y, 1)
T RN xRN

|x — y|NHps

[wee 40 T 870 — w0 + 07 70| ax dy.
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By symmetry, we may rephrase such integral by setting

p—2

o _ p—1 P2 p—z
I3=2//AT+ [0+ 07 670 — w0+ 0 7 67 dsdy

vl (”(x’li)__yﬁ,(vy;gj)ﬂ [0+ 0) 7 €200 w0 +0) 7 67 dxdy
=14+ 15,
where we have set
A ={(x,y) e RN xRY : u(x, 1) > u(y, 1), u(y, v) >0},
A7 ={(x,») e RN xRV ¢ u(x, 1) > u(y, 7), u(y, v) < 0}.

We first consider /4. Note that for all (x, y) € Aj s.t. £(x) < &(y) the integrand is negative,
so we may restrict ourselves to the subdomain where £(x) > £(y) and split the integrand as
follows:

(u(x, ) —u(y, v))P! =2 =2
n<y o@D+ 0T —  + 07 e @ dxdy
ATNEE>E(0) lx =yl

_ p—1 =2
+V// (Wl )~ DDV oy 4 )5 @) — P () dxdy
ATNE@)>ED))

lx — y|NFps

=Is+ I7.

In order to deal with I, I7, respectively, we need two pointwise inequalities holding for all
(x,y) € Af s.t. £(x) > &(y). First, by concavity we have

-2

p=2 p=2 p _2
(ux,v)+v) 7 =@y, 1)+v)» < (ux, ) +v) »@ux, ) —uly,1)).

So, I is estimated by a negative quantity as follows:

Is < _y// (u(x, 1) _ll'tv(yv T))p (u(x,r)_'_v)*%gp(x)dxdy- (44)
AFNEW>EG)) |x — y|N+ps

Besides, for all (x, y) € A;" N {&(x) > &(y)} we apply inequality (2.3) with a = £(x) >
E(y) =b, 5 € (0, 1) to be determined later, and ¢ € (0, 1) defined by

_ (Su(x, ) —u(y, 1) [u(y, 7))+ v]%

w0 +v  Luleo o) +v
< [u<y,r>+v]2;” <1,
u(x,t)+v

so that the following pointwise inequality holds with y > 0 independent of §:

2

|"er@

£0(r) — g7 (y) < LD 1IN [u(y, ) +v

u(y,7)+v ulx,t)+v
y [ u(y,t) +v ]Pfl[u(x,r)—i-v
sP=1lu(x,t) —u(y, 1) u(y,7) +v

2(p—1)

|7 €w -
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Plugging such inequality into the integrand of I7, and recalling that u(y, ) +v > v, we have

— P
L < y8// e 0 =00 O 1y ) FEP () dady  (45)
Afngw=emy =T

14 // . 1)+ ) 5 (Ex) —EP dx dy.
ATNE@>EW)

RN =y

Choosing § € (0, 1) small enough, we can reabsorb the first term of (4.5) into (4.4), so that
for some y > 0 depending on the data

I <—y // b, o) - ”;(f’f))p W, 0) +v) PEPQ)dxdy  (4.6)
ATNEW>E() yIvTe

[x —
te=ly Ex@) —Ey)?
+ S TSI v d
V2 P //f\+n{s<x>>s<y>}(u(x D4’ = yvres

= Ig + Io.

In the following lines, we leave Ig alone and estimate [g. First note that, for all (x,y) €
AF N{E(x) > &(y)}, we have in particular £(x) > 0 and hence x € B. Therefore, we may
split the space integral as follows:

200 (§(x) —EOP
Ig\v2 p// (u(x,tr)+v) » dedy
200 (§(x) —EG)F
(ux,t)+v) r ——————dxd
BxBe |x — y|N+ps y
=TI+ L.
On I1p we act using the gradient bound on & and Holder’s inequality:
(i )+ )7
ux,t)+v) »
hos @ a)Pva2 R //Bxg ERE dx dy (4.7)
< dy J
< W (u(x T)+V) ][szg = yNtrp Y]
X
2(p—=1)
14 [ ] 7 2;1’[/ dz ]
S —F———>5— , d B| P -
(O’/—U)P,Opvz—P /B(M(X T)+U) X | | B2y ) |Z|N+ps—p

s—ps—Ll 2(p—1)

e ’ [/u(x,t)dx—i—va] r
B

< -
= (¢) = o)Pv2r
To estimate 11, we note that for all x € é, y € B¢

Ix — yI >y = xol = [x = xol = (1 =)y —xol,
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so by 0 < & < 1 and Holder’s inequality again we get

(u(x,t)+v) 7
s (1 - ’)N+"SV2 p //BXB‘ ly = xo|N+ps dwdy “9
2(p—1 dy
< T p[/(u(x O ) dx][/BL 7|y_xo|N+ps]
y 2(p=b 2-p
r D
S —o")NJrPSpPS\)ZfPI:/I;(u(x’I)+v)dx:| Bl

A
s—ps—=+ 2p=D)

Ye [/u(x,r)dx—l—v,oN] P
B

< (1— 0/)N+psv2—p
By (4.7) and (4.8) we have

Al
s—ps—2L 2(p—1)
Yp ’ { 1 1 }[/ N] g

) ,7)d
o — oy (d—onNim ]| [, D dxte

v2-p
Going back to (4.6) and recalling the definition of v we have

(u(x,7) —u(y, 1) t
Iy < —y // Naps [u(x, 7) + ( s
AfnEw=e) X =l o
A

yo' " P 1 1 t 7515
+ ; max{(a/_a)p, (1_g/)N+pS}[/Bu(x’t)dx+(ﬁ) ] .

There remains to estimate /5. First we observe that, for all (x, y) € A7 wehaveu(y,7) <0
and hence by assumption y € B€. This in turn implies £(y) = 0, so we may reduce the
integrand. Also, by subadditivity we have

Iy

N

)%]"sm)dx dy
4.9)

wx, ) —uly, )’ <u N, ) +u” 7y, ).

Therefore, we can estimate /5 as follows, further reducing the integration domain by & = 0
in B¢:

p—1

p—1 + —2
Is < y// W tus 08 ) T e () dady (4.10)
: lx — y|N+ps
2p=1)
P
< // (ulx,7) +v) dx dy
V2P ) pype  |x — y|NHPS
2(p=1)
yﬂ (u(x T)+v) 7 pfl
- T (y,t)dxdy “4.11)
Bx B¢ |x —y|N+”S
= I + L.

Now I3 is estimated similarly to (4.8):

st _
s—ps—-) 2(p—1)

[/u(x,r)dx—l—va] P (4.12)
B

vp

Ih —m——
12 (1— U/)N+va27p

The estimate of /13 is more delicate, as it involves a tail-type integral of u_ (see (1.4)). As
usual, for all (x, y) € B x B¢ we have

lx =y = (1= 0"y —xol,
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hence we can separate the integrals as follows:

e y [/( - )z(pp—l)d ][/ w1 4 ] @.13)
<—F , v e )
ey = I u(x,t x [T y
2p=1) p—1
Y [ ] 7 2;1’[ P PS/ u” (y, 1) ]
<—r , d B L = Dy
(I — o)V TP prsy /B(”(x D] T E(3) se Iy — xoV s @
yps—ps—%l 2p—1)

p—1
[/u(x,r)dx+va] g Tail(u_,xo,g,o,t> .
B

Plugging (4.12) and (4.13) back into (4.10), and recalling the definition of v, we get

< -
S (1 —o/)Ntpsy

A
1 _2(p=D

Is < W[/Bu(x,r)dx—i- (#)2"’] TP 4.14)

(1 _ 0/)N+pst

where P_ > 1 is defined by (4.1). Note that (4.9) and (4.14) provide us with homogeneous
estimates of /4 and Is, respectively (except for the constants and the perturbation P_)), so
we have for all T € (0, t)

=14+ 1Is
,T)— , T P t % -2
<_y// (u(x, 1) b;](ers ) [u(x,t)—i—( s)2 ,] PP (e dx dy
AfnEw=sy) =yt oP
=5 L _2p-D)
22 1 1 e
M max[(o/—a)p’ (1—a/)N+ps”/B”(x’r)dx+<ﬁ) |7

A time integration yields

" (u(x, ) —u(y, ))? t =515
S 1 O+ P(x)dxdyd
V/O T //fx*ﬂ(é(xbso)} P [ (x,7) (p[”) } EP(x)dxdydt 5
4.15)

2(p=1 1

_yp‘vmax{(a,_la)pv (1_01/)1\/+w}[ sup /Bu(x,r)dx-i-(ptT])ﬁ] » (ptl,)pP,

O<t<t

Finally, we combine (4.2), (4.3), and (4.15) and reduce the space integration domain in the
first term, to find

0>2h+Dh
1 P ﬁ 7%
/ 7 /A (u(xlxti y‘ljv(i;:)) [ (x, 1)+ ( pb> } £P(x)dx dydt

1 _2p-t
| e s [aoans ()7 () e

O<t<t

which yields the conclusion, with a different y > 0 depending on the data and on y’. O
We can now prove the L' — L! estimate:
Proof of Theorem 1.2 (conclusion). We perform an increasing iteration by setting foralln € N
Pn =p2n:i, On :M, Pn ZM,
2! 4 4
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sothat p, < 0y < Pn < Pn+1, With pg = p and limit poo = 20 as n — oo. Also set
By = By, (x0), By = By, (x0), By = Bj,(x0)

so B, C én C én C Byy1, and Boo = By (xp). Foralln € Nlet#; € [0, ] be s.t.

/u(x,tl)dx: sup / ulx,t)dx =Sy,
B, By,

O<t<t

noting as well that (S,,) is a bounded sequence in [0, +00) asu € C(0, T, Ll(sz (x0)) (see
Definition 2.1). Also, we can find #, € [0, ¢], independent of n, s.t

/ u(x,n)dx = inf / u(x,t)dx = Ji.
Boo O<t<t /B

Letus fix n € N. Without loss of generality, we shall assume henceforth that0 < 11 < 1, < 1.
In addition, we pick &, € C°(B,) s.t.

2n
£n=1in By, 0 <& <1, |V&,| < 2 in RV,
0

We use &7

€ C.(By) as a (stationary) test function for (1.2) in the cylinder én X (t1, 1)
to get

:/v u(x, r)%‘ (x)d

/ // lu(x, T) — u(y, OIP 2 (ux, 1)
RN xRN

—u(y, NET ) — M (K (x, y, 1) dx dy dr.

This in turn, by the properties of &,, implies

S, g[ u(x, 1)EPT (x) dx (4.16)
By

g/ u(x,tz)dx+y/t2// u(x, ©) —u(y, DI ux, 1) = uly, 1)
Boso 1 RN xRN

lx — y|NEps
EPT ) — P (v) dx dyde
=Ji+ Jr.
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We focus on the diffusive term J;. First, using symmetry and the properties of &,, we split
such term into three integrals:

N lux, 1) — u(y, DIP 2 @x, ) — u(y, 7)) PH p+l

<y/ //é x By, |x7y|N+[’s (n n o (y)dxdydrt
153 _ p 2 _

+2y/[ //é " lu(x, T) u(y];)lyll\fzi): ) —u(y, 1)) P () dx dy de
" lu(x, ) — u(y, O 2 ux, v) — u(y, 1)) i .

<y/ ﬂnxgr [x — y|N+ps & — &P (y))dxdydr

(X 7) p+l
+y/ // B |x—y|N+w (x)dx dydz

(y T) p+1
+)// //’lxgr [x — y|N+ps AT (x)dx dydt

=N+ Js+ Js.

We are going to separately estimate J3, Js, and Js. First let us deal with J3. Note that, for
allT € (0,¢) and (x, y) € B X Bn, we have u(y, ) > 0, in addition the integrand in J3 is
positive iff the differences u(x, 7) — u(y, t), £,(x) — &,(y) have the same sign. Therefore,
exploiting also symmetry and expanding the time integration interval, we have

[ @, ) —uy, NP 1
s J//() //Amr |x — y|N+ps (gp+ (x) — r{H_ (y))dxdydr,

where for all T € (0, ) we have set

Ape={(,y) € By x Byt u(x, 1) > u(y, 1), &) > £,(»)}.

Next, note that for all (x, y) € A, ¢
y2"&; (x)

1 1
0<EM ) —g (< ?u—ﬂ,

with y > 0 independent of n. We then set
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so by the previous estimate on the cut-off function and weighted Holder’s inequality we have

n t _ —1
< V2 / // W, ©) = u O p ) v dydr 4.17)
0 n,t

o |x — y|NFps—l
yzn t 2(1-p) p—1
< /// [0 = u@ o) e o) v |
o Jo Ja,.
b 1op &7 ()
. [(u(x, D4 7 7 |x— yﬂm dxdydrt
on oy ; _ , P 2 p=1
<[ ] SR i+ v P el dy i
o Lo pe e —yNEPs

|x _ y|N+ps—p

201
t _ I — 1 n p=1 1
[/ TITP// (u(x,v) +v,) 1 g,{’(x)dxdydr]" _r2 17 I
0 Az o

To estimate Jg, we apply Lemma 4.1 with the following choices:

pn ) O—/:pinﬁ SZE}’P
Pn+1 Pn+1

P = Pn+1, O =

Note that 0 < 0 < ¢’ < 1 with differences estimated respectively by

/_0=pn+l_pn> 1 1— /=3pn+l_3pn> 3
4pnt1 T 4pn+1 ~oontd?

Also we have &, € C}(B,), & = 1in B,, and in all of RY

/

v

0<& <1, VIS —F———
(o' —o)p

)

for some y’ > 0 depending on the data. In addition, A, ; coincides with the domain A,
of Lemma 4.1 for all t € (0, ). Therefore, recalling that p,4+; and p are comparable via
numerical constants, we have

N1 N\

s 20 [ s ()
O<t<t JByy Puti Put1

(4.18)

I-p
t \z=p p=1
.max{l, (T)2 pTail(u_,xo, p"H,O, t) ]
anrl 2

2(p—1)

1 1
s I \N=p]" > I \»
< Vbnpvlisn—&-l + (ﬁ) ] (ﬁ> P_,
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where P_ is defined by (4.1) and b > 1 depends on the data. For J; we have the following
estimate:

< [/t S / W, T) +vp) T d dy
7 < TP T][ sup u(x,t) + vy, x][ sup / 7]
0 Bn+l n+1 |.X - y|N+pS r

O<t<t X€Bu 41
4.19)
1 Hp=l) 2-p dz
<yor[ sw [ wentwax] 7Bl P ]
O<t<t J By Bap0) |Z|
2p—1)
1 NQ-p) _ =
<ytrp 7 P m[ sup / u(x,r)dx + v"prlzv-;-]] »
O<t<t JByyi

1 2(p—1) 1

) t 7 m t >
< ypPts—rs [Sn+1 + (T>2 p] 7 (T)p
p* P

Plugging (4.18) and (4.19) back into (4.17), we find y, b > 1 depending on the data s.t.

) N A AR
T <y S +( )77 () e
1 oM

Next we apply Young’s inequality (2.2) withg = p/(2(p — 1)) > l and € € (0, 1) to be
determined later:

1 p-1

N TN~ !
T < el Surr + (pT) e ygb"(ﬁ)z Ppi, (4.20)

with y, — oo as ¢ — 0 and b > 1 depending on the data. The integrals J4, Js are easier
to deal with. To estimate Jy4, we first recall that £, = 0 in BS and 0 < &, < 1 in all of RN,

hence |
u?~'(x, 1)
/ //,,xBC R _y|N+ps dxdydr.

Besides, we note that for all x € B,, y € I§,‘l' we have

|y — xol

xX—=y|l=|y—x0| —|x —x0| =
e =31 > Iy =0l = v = 0] > =7

So, using both Holder’s and Young’s inequalities (2.2) withg = 1/(p—1) > lande € (0, 1)
to be determined, we get

dy
el [wcoe][a [ 2] an
4 < yt| sup /énu (x.7)dx || sup 5e v =y VP 4.21)

O<t<t xeB,

' dz
< y2(N+p‘)"t[ sup / uPl(x, 1) dx][/ 7]
Busi By ) 12V HPe

O<t<t

n
< yb t[
pPs

ybt
S o

O<t<t

p—1
sup/ u(x,t)dx] Byt |27
By

1

D

r\
n+l < eSpt1 + yeb" (ﬁ) s
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again with y, — oo as & — 0 and b > 1 depending on the data. The estimate of J5 begins
as above, but involves a further tail term:

o)
/// i |X— |N+p5 dxdydrt (4.22)

p—1
Y13 u_ (y,7)
< y2WN+POng B |[ sup / 7dy]
h " O<t<t J BS ly _xO|N+ps

; o
< yb"tpN_psTail<u_,x0, %, 0, z)
1
n 2=p
<yb <,0 1) P_,

where we used comparability of p and p,,, and as usual b > 1 only depends on the data. Next
we gather all estimates from (4.20), (4.21), and (4.22) to find the following estimate for J;,
holding for ¢ € (0, 1) to be determined, y, — oo as ¢ — 0, and b > 1 depending on the

data:
p—1

1
1t = =
< oSt +yeb" (=) T (P-+ PIT),
p 1
where we have used P— > 1, but we could not choose a unique exponent for P_ since

(p — 1)/(2 — p) spans the whole interval (0, co) for p € (1,2). Now (4.16) yields an
iterative bound for the sequence (5,):

Sy < J1 + ESpp1 + yeb" (#) TP+ P27 (4.23)

1 p—1

< &Sy + Vab”[J] + (#)27ﬁ (P— + P—ip):l'

Iterating on (4.23) from O to n, we find

t =
So < &S+ V[Jl + (T) "(P-+ P_Z*”)]
P 1

t \Tp =
<y +en)|n+ (o) (P-+ P27
pl

—1

<e"S, +y nii(sb)’{h + <pi\1>2lp(P— + p_Tf’)]
i=0

Choose now € € (0, 1/b) so that the series on the right hand side converges, and recall that
(S,) is a bounded sequence. So, letting n — oo, we get

p—1

L p=L
So < V[Jl + (#)2’” (P~ + Pf”’)],

which rephrases as

1 1
t — p=1
sup / u(x,t)dx <y inf / u(x,r)dx+y< . )2 (P + P p)
Bp(x0) Bap(x0) pH

O<t<t O<t<t

yielding the conclusion as soon as we recall the definition of P_. O
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Combining Theorems 1.1 and 1.2, it is not difficult to obtain a L' — L estimate, provided
the solution u is locally bounded in addition to the previous assumptions:

Proof of Theorem 1.3. First, from Theorem 1.2 we derive the following inequality involving
the mean values of u in different balls:

sup ][ u(x,7)dx < y[ inf ][ u(x, 1) dx] + LN(T) = (P-+P")
By (x0) O<t<t J By, (x0) pTAPM

O<t<t

. t 2-p 2=
éy[ inf ][ u(x,r)dx]—i—y( - P_+P7),
By (x0) P’”) ( )

O<t<t

where y depends on the data. Besides, since A1 > 0 and u is locally bounded, we may apply
Theorem 1.1 withr = 1:

ps t _N ¢ 1
sup u < )’[ﬁ[ u(x, t)dx dr]A ( ) M +y(7)2*!’ Py,
B, (x0)x(0,1) pPs oPs

By a(x0)x(1/2,1)
4.25)

with a possibly bigger y > 0 depending on the data. Concatenating (4.24) and (4.25) and
changing the constant y conveniently, we find

N

Bt N t o\
sup ugy[ sup ][ u(x,r)dx]kl( ) M +y< <)2"P+
B2 (x0)x(t/2,1) O0<t<t J By(xp) pPs pPrs

<y ][ u(x,t)dx
0<‘L’<f Ba, (x0)

[
()G
|

pPs

L N

<yl inf f u(x, 1) dx] ( )
O<t<t B2 (x0)
! (2—[))A1 —% 5’—,, I t ﬁ
+V(ﬁ) (P7+P_ ) 1 +y(p173) P+

ps

o N
< y[ inf / u(x,r)dx] M
O<t<t Bz,,(xo)

1 —1)ps

I \2=p 1 <2pm
+y(pps) (P + P14 P,

which concludes the proof. O

It is worth pointing out the following special cases of Theorems 1.2 and 1.3 for globally
non-negative solutions (for which P_ = 1):

Corollary 4.2 (Globally non-negative solutions) Let u be a solution of (1.2), s.t. u > 0 in
RN x (0, T), and By, (x0) x (0,t) C Qr. There exists a constant y > 0 depending only on
the data s.t.

(@) forall1 < p <2 and A of any sign,

1
t 5
sup / u(x, 7)dx < y[ inf / u(x, r)dx] +y<T)2 .
B, (x0) 0<z<t J By, (x0) pH

O<t<t
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@ii) if 21 > 0and u is locally bounded, then

2 _N
sup u < y[ inf / u(x, 1) dx] MR
Bp2(x0)x(1/2,1) 0<t<t J By, (x0)
1 t 1-p

I \7=5 Tpo . 0 p—1
+y(pps> max{l,(pm) Tall(u,xo,E,O,t) }

5 Backward L" — L' estimate

In this section we prove Theorem 1.4. With this aim in mind, we assume u to be a locally
bounded solution of (1.2) s.t. u > 0 in B4, (xp) x (0,7) C Qr, and we assume that the
right-hand side is finite, i.e

r

N
sup / u (x, v)dx +/ u’(x,O)dx+< n ) < 00,
0<t<t J BS(x0) B2 (x0) per

otherwise there is nothing to prove. We argue in a dichotomic form, assuming

sup / u" (x,7)dx > sup / ul (x,7)dx. (5.1)
By (x0) B (x0)

O<t<t O<t<t

The crucial step is the following technical lemma:

Lemma5.1 Let (5.1) hold, o € (0, 1). Then, there exists y > 0 depending on the data and
r, S.L.

sup / u" (x,t)dx < / u"(x,0)dx
O<t<t J By(xo) B(146)p (x0)
p+f—2

L7 [Sp/ r( )d]’(”)*
——| su u (x,7)dx .
oN+ps B(146)p (x0) pkr

O<t<t

Proof Fix ty € (0, r) and set for brevity
B = B,(x0), B = B(110/20(x0), B = B(110),(x0),

sothat B C B C B. Also, let& € Ccoo(l:?) be a cutoff functions.t. £ = 1in B,0 < & <1,
IVE| < v/(op) in RY. As in previous cases, the idea is to use as a test function in (1.2)

P, 7) = u"" (x, D)EP (x),

but this is prevented by several reasons (non-differentiability in time, possible singularity
if r < 2). Nevertheless, by applying a convenient mollification procedure (see Lemma A.3
below), we can find y > 1 depending on the data and r, s.t.

1
0> 7/~ur(x,r)$p(x)dx’
r JB

+l/t"// lu(x, ) —u(y, )P 2@x, v) —u(y, 7))
v Jo JIRNVxRN [x — y|N+ps

[ 087 (@) = w0, D67 () dx dy d
— L+ (5.2)

fo
0
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(note that multiplication by £7 selects non-negative values of u in all terms above). We first
deal with the evolutive term /1, by exploiting the properties of &:

1 1
L > 7/ u"(x,t0)dx — 7/ u"(x,0)dx. (5.3)
r JB r JB

We now turn to the diffusive term /5. Set for all T € (0, ty)
A = {(x, y) € RN x RN : u(x, ) > u(y, r)},
Af ={x,y») e A Ex) <EW}.
Note that for all (x, y) € A; two cases may occur:
(a) if §(x) = &(y), then
W DE ) = u" T, DEP (),

in particular the integrand of /, becomes non-negative;
b) if&E(x) < &(y) (e, (x,y) € A;"), then we must have y € B and

u(x,t) > u(y, ) = 0.

We fix © € (0, 7o) and use symmetry to reduce the space integration domain to A, then
we recall (a) above to dismiss positive contributions, and (b) to separate u"~! from the
corresponding multiplier £7:

// lu(x, 7) — u(y, DIP 2 (ulx, 7) — u(y, 1))
RN xRN

|x _y|N+ps

[ e g () =T (0, 167 ()| dedy
o ECUETE !
A

|x — y|N+ps

[0 g 0 = (0, 6P () | dedy

.
_ -1
= | D e )~ 70 drdy

|x — y|N+ps

_ —1
—i—Z/A+ (u(x,ptc)_ ybiz(vyn:;))p W, 1) — u" Ny, T)EP(y) dx dy

= 13 +I4.

To estimate I3 we use inequality (2.3) witha = £(y) > &(x) = b,§ € (0, 1) tobe determined,

and

et D ZUOD gy
u(x, 1)

so we get the following pointwise estimate for all (x, y) € A]:

u(xvf)_u(yvf)gp(y)_i_ Y up_l(xat)

P _ &P
EP(y)—EP(x) <8 ) 8PV (u(x, ) — u(y, v))P~!

EG) —E@)P.

Reversing the inequality above, and recalling that u(x, 7) > 0, we get

I3 > —5//+ e s T))pur_z(xy 0P (y)dxdy (5.4)
Af

|x — y|NEps

y // a2 gy EQ ZECDP
Az

sp—1 |x _y|N+ps
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To estimate 14, we distinguish two cases:

(a) if r > 2, then we apply Lemma 2.7, concatenating (i) and (ii), withg = r, a =
u(x,t) > u(y, t) = b, to get the pointwise estimate

W@, ) —uly, NP W) —u ()

1
> ;m(x, T) —u(y, )P (u(x, v) +uly, 1) 2,

which in turn produces

st //A . t) 8OO o) b uly, Y20 (y) dx dy

WV

Y |x — y|N+ps
1 w(x,7) —u(y, 0)? ,_
g ;//A'*' |x —y|N+yps u z(xsf)é”(y)dxdy;

(6) if 1 <r <2, then we apply Lagrange’s rule:
1 (u(x, T) — u(y’ 'L'))P . S 5
la= ;//Aj' |x — y|N+ps mln{u’ (x,7), u" (y,r)}ép(y)dxdy

_ 1 (”(X,T)_u(y,f))p r—
B 7/A+

y |x — y|N+ps

2(x, DEP(y) dx dy.

Not that the estimates in (a), (b) above coincide, up to a different constant y > 1 depending
on the data and r. Now choose § € (0, 1) in (5.4) so small that the first term can be reabsorbed
in the estimate of 14. Subsequently, we dismiss positive contributions to get for all T € (0, #p)

// lux, ) —uly, DIP2ux, t) — u(y, 7))
RN xRN

|x — y|N+ps
[0 g 0 = (3, 6P () | dedy
> (5 - 5)/ WD) = 4G O 2 yer(y) dxdy
A+

y |x — y|NFps

e (E(y) £(x))?
(SP 1// p+ 2 | |N+p§ dxdy
r— () —§(x)P
= —)/Z/A;r ulPtr=2(x, )7I N dxdy.

Next integrate in time and recall that y € B for all (x, y) € AT:

p
/ // WP (s|<y> @3‘,33 dxdyds 55

P
Sy

p
_y/o //A(\Xé”-'fr_z( ’ )<s|(y> li(j_cgz dxdydr

=I5+ Is.
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To estimate s, we apply the properties of &:

p+r—2
/ // “ (x, 7) dxdydt
U”P” Bxp lx — y[NTPs

y p+r— 2 y :|
a!'pl’[ sup /Bu (x, t)dx sup/ilx—yWJrW*P

O<t<t

r—2
yt p+r A 2D dz
— » P[ sup /ur(x,r)dx] |B| r [ W]
orpfLo<r<t JB B2, (0) |z|¥Tps=p

pr—=2 r 1

AR

—L[ sup /ur(x,r)dx] ( - ) .
of B pr

O<t<t

WV

The estimate of Ig is more delicate. First note that for all (x, y) € B x B

|x =yl = |x —xol = |y — xol 2 |x — xol,

o
2+ 20

so by boundedness of £ and weighted Holder’s inequality we have

2+2a N+ps Wl (x, 1)
Ig > — ( dxdydrt
Bex B |x - x0|N+ps
r—2
yt ul 7 (x,0)
> 1B s S A
ONJFPY 0<r<t Be |x — x0|N+m

ptr—=2 2—p
Vp t [ , :Ifl: _ (N+ps)r n
———| su u' (x,7)dx X — X 2-p dx]
v BUU N NG el

O<t<t

__r r ]
0N+ps[ sup /lgcu+(x,r)dx

O<t<t

pEr

()
pr )

Now we recall (5.1) to see that
ptr=2 1

v ] ()
O—N+ps[ sup /Bu (x,7)dx (p)w_) .

O<t<t

Is

WV

Plug these estimates into (5.5), recalling that ” > o NP5 and B C B, to find the following
estimate of the diffusive term:

y ptr=2 tr 1
L> —7[ su /u’(x,r)dx] ' (—) (5.6)
o N+ps 0<rgl B p’\’
Finally, we concatenate (5.2) with (5.3) and (5.6):
ptr=2 1

R R A o R W g I e
— | u"(x, x< - | u"(x, x— ———| su u"(x,t)dx ,
r /g 0 r B O—N+ps P é p)ur

O<t<t

which yields the conclusion as soon as we multiply by r and take the supremum over fy €
©,1). o

We can now complete the proof of the main result:
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Proof of Theorem 1.4 (conclusion). We assume that (5.1), otherwise there is nothing to prove.
We are going to perform an iteration, setting o9 = 0, pp = p, and foralln > 1

n

1
Op = ZE’ Pn = (1 +(7n),0,
i=1

so that (0;,), (on) are increasing with o, — 1, p, — 2p. Besides, we set B, = B, (xo),
hence B, C B,+1. We fix n > 0 and apply Lemma 5.1 with p = p,, and

U:we(o’l),
140,

implying (1 4+ 0)p = pn+1. Note that, by (5.1) and the inclusion By C B,, we have

O<t<t O<t<t

sup / u (x,7)dx > sup / u" (x,7)dx
n By

> sup / u (x,7)dx > sup / u"(x,7)dx.
By B

O<t<t O<t<t

Starting from the inequality of Lemma 5.1, and exploiting the definitions above, we get

sup / u’(x,f)dxg/ u"(x,0)dx
n Bn+1

O<t<t
N+ps ptr=2 r 1
+J/(1+76n) +p[ sup / ur(x,r)dx] (tT)r
On+1 — Op O<t<t JByti on”
5.7
p+r=2 2—p
g[/ ur(x,O)dx] " [/ u’(x,())dx] "
Bpt1 By (x0)
ptr=2 r 1
+y2(N+”)”[ sup / u’(x,r)dx] ! ( - )r
O<t<t J By P
prr=2
< yZ(N'“”)"[ sup / ur(x,r)dx]
O<t<t J By
2-p " 1
{[/ W 00dx] T+ (52) ] (5.8)
By (x0) pr

with y > 0 independent of n. We are going to apply Lemma 2.6 to the sequence

Y, = sup / u"(x,7)dx,

O<t<t

which is a bounded sequence of non-negative real numbers by assumption . € L"(RY x
(0, T)). We also set

2_p 2—p tr 1
b:2N+pS,n:7,C:y{|:/ u’(x,O)dX] ' +( A)}
r Bay(x0) o

sob>1,0<n<1,C > 0,and (5.7) implies for all n € N

I-n
Y, < Cb”Yn+1 .
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Therefore, we have

r 1

u" (x,0)dx + y(pt)v)m,

I-np 1
v e’y <y [
Bay (x0)

for some y > 0 depending on the data and r. In view of (5.1), we conclude. O

6 Extinction time and decay estimates

In this section we deal with solutions of problem (1.3), set in a bounded domain 2 with a
positive initial datum ug € WS P (). First we prove that any such solutions has a finite time
of extinction, estimated in terms of the initial datum and possibly the domain’s volume:

Proof of Theorem 1.5. First we consider case (i), i.e., | < p < pc. Then, an elementary
calculation shows that
N2 -—p)
g=—">

ps

2.

The first step consists in testing problem (1.3) with =1, which of course is forbidden by
the lack of time-differentiability of . Choosing a convenient test function in Definition 2.2
and applying a mollification procedure (see Lemma A.4 (i)), we can prove that there exists
y > Odepending on N, p, s s.t. forall y» € Wy>(0, T), ¥ > 0in (0, T)

T
Cy -2
/0 [ = e O g ' (0) + s DI, ¥(@|dr <o, 6.1)
where C is as in (K3). We rephrase (6.1) as follows. Set for all r € (0, T')
U@) = llut, llfqq)-

Since the Sobolev weak time-derivative of t — |lu(-, t)||‘£q @ is bounded by (6.1), the
function U is absolutely continuous on [0, T'] (up to the choice of a representative). Hence,
from (6.1) we see that U satisfies the following ordinary differential inequality:

ptg—2

c
U/(t)+71U (1) <0 ae.in(0,T)

v = ||”0||Zq(9)-

(6.2)

The mapping
2-p ps
t U () =UN@)

is as well a.e. differentiable. So, integrating on (6.2), we have for all € (0, T)

2—p ’Uprfq

T (0)U'(1)dt
q 0

2-pC; (! Cit
g—ip—l ldr = ———,
q Y Jo Vx

with y, > 0 depending on N, p, s. Equivalently, we have

2-p 2-p
Uada (@t)—U 4 (0)=

2— 2— Cit
(-, t)”Lt](pQ) < ”uO”Lq(pQ) - 7,
%
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which implies that u(-, #) vanishes a.e. in 2 as soon as
t > ||“0||Lq(9)

Recalling that u vanishes in Q¢ at any time, we obtain (7).

We now turn to case (i7). The proof goes essentially as in the previous case, except we replace
the exponent g with 2. Note, in this connection, that p > p. implies both A, > 0 and p} > 2.
By Holder’s inequality, then, we have for all t € (0, T')

(-, D2 @) < IQIZNPIIM( Ol vz -

Through a convenient testing procedure (see Lemma A.4 (ii)), we find y > 0 depending on
N, p,s st forall y € Wy'>(0, T), ¥ = 0in (0, T)

Tr_ 2wy + SR P dr <0 6.3
[ Dy @ + SR I D gy @] dr <0 63)
Reasoning as in the previous case, we set for all # € (0, T')

U@) = luC, D72

so again U is absolutely continuous in [0, 7] a.e. differentiable, and satisfies the ordinary
differential inequality

U(t)+—|Q|_WU2(z) 0 ae.in (0, T)
U0) =

(6.4)
”uO”LZ(Q)'

In turn, integrating on (6.4), we get for all t € (0, T)
_ ’ 2 t
U0 -U20) = —p/ Ut (U (1) dr

2-pcC o [t
< —Jimrw/ ldr = —
2 0

1,
|27 2,

Vs

with y, > 0 depending on N, p, s. The latter inequality rephrases as
2—p Cy
”u(at)”LZ(Q) ”uOHLZ(Q) Vi |S-2
Finally, we have u(-, t) = 0 in 2 as soon as
which yields the conclusion since u vanishes in € at any time. O

Finally, we estimate the rate of extinction of u as time approaches 7.

Proof of Theorem 1.6. We may see u as a non-negative, local weak solution of (1.2) in Qr,,
which in addition satisfies u(-, r) = 0in R" forall# > T,. Up to a time translation, we apply
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Corollary 4.2 (i) to u in the time interval (¢, Ty). Therefore, there exists y > 0 depending
on the data s.t.

/ u(x,t)dx < sup / u(x, t)dx
B, (x0) t<t<Ty J By(xo)
T, — 1\ 15
y[ inf / u(x,r)dx]—i—y( *A )2 ?
t<t<Ty Bap(x0) pit

Ty —t\ 75

N

which proves (i).

Now assume p, < p < 2, in particular A1 > 0. Set

T, —1t I:J p—1
P=max{1, ( * )2 pTail(u,xo,B,t, T*> } > 0.
pPs 2

By Corollary 4.2 (ii), again applied in the time interval (¢, 7,), and Theorem 1.5, there exists
y > 0 depending on the data s.t.

( 4+ T*)
sup uf-, < sup u
By 2(x0) 2 B2 (x0) X ((t4T4)/2,Tx)

) % _N T, —t 21,,
gy[ inf u(x,r)dx] (T —1) M +V( < ) P
t<t<Ty sz(XO) ppA

T, —t\ 75
Ot
prs

which proves (ii). Thus, the proof is concluded. O

Remark 6.1 Clearly, the estimate of Theorem 1.6 (ii) is sharper than that in (i), up to a
rescaling of the cylinder B, (xo) x (¢, T%) and under appropriate conditions on the tail (recall
that u vanishes in Q¢). Nevertheless, the fist estimate holds even in the subcritical regime
1 < p < px« and does not require additional assumptions.

Appendix A. Time mollifications

At several steps in our proofs, namely in the proofs of Lemma 4.1, Lemma 5.1, and Theorem
1.5, we have introduced test functions that are not admissible according to Definitions 2.1
and 2.2, respectively. Such procedure is widely known in parabolic regularity theory, and in
our case it is formally justified by the following mollification argument.

Forallv : Qr — Randallk € (0, 1), we define two finite convolutions of v with exponential
weight functions by setting for all (x, t) € Qr

t - T -t
vp(x, 1) :/ MeTT dt, vj(x,1) :/ U(x’r)eT dr.
0 h t h

We refer to [34, Appendix B] and [32, Lemma 2.2] for the following properties of v, vj;:

Proposition A.1 Let v € L9(27) for some q € [1, +00[. Then, for all h € (0, 1) we have:
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(i) vp, vj, are differentiable in t with

avh( " v(x, 1) —vp(x, 1) Ovp(x, 1) vp(x, 1) —v(x, 1)
FTR = ) = ,
ot h Y ;

in particular for all o € W-2(0, T, Lq’(Q)) s.t. 9(-,0) = @(-, T) = 0 we have

T T _
/1wnﬂ%uxwr=—/ %igzﬁgi%uan
0 0

T t - _
/ v (x, Do (x, 1) dT =—/ Mw(nr)dr;
0 0

@ii) vp, v € LY(Q7) and vy, v, — v in LY(Qr) as h — 0T, also if v > 0 in Qr then
0< v, v SvinQr;
(iii) ifv e L1(0, T, W*4(Q)) for some Q' € Q, then vy, v, € L1(0, T, WH4(Q")) with

T
[vp (x, T) — vp(y, T4

, dxdydr < ||v|? . ,

/0 //,XQ, |x — y|Ntas L1(0,T, W54 (')

and an analogous estimate holds for vj,.

The following lemma provides a rigorous proof of inequality (4.2) in Lemma 4.1:

LemmaA.2 Letu, B C B C B, 1, v, & be as in Lemma 4.1. Then, there exists y > 0
depending on the data s.t.

'\:\—

2 -

oD /(u(x t)—l—v) Sp(x)dx

2(p—1)/ TP /(u(x t)+v) 5 Sp(x)dxdr

_y/ t%// u(x, 1) —u(y, DIP2ulx, 1) —u(y. 1))
0 RN xRN |x — y|NEps

p—2 p—2
[ m)+ 07 670) = (uy. ) +) 7 €7 (| dw dy dr.

Proof Fix ¢ € (0,1/2) and set for all T € [0, T']

T/¢ if0<t<e¢
fe<t<t—¢
Ye(r) =

(t—1)/e ift—e<T<t
0 ifr<t<T,

so ¥, : [0, T] — [0, 1] is a Lipschitz mapping. Also, fix & € (0, 1) and set for all (x, 7) €
N x(0,T)

G T) = —(up(x. T) + ) T EP )T Y (2).

Note that the negative exponent in the first term does not produce any smgularlty asu(-, 1) =
in B. By Proposition A.1, ¢}, € Wloc o, T, L2(B)) N L{;C(O T, Wg p(B)) is a suitable test
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function for (1.2), in B x (0, t) (see Definition 2.1), so we have

—/Z/ u(x,r)%(x,r)dxdr (A1)
0 JB ot

t
+/ // lu(x, T) — u(y, D" (u(x, 1)
0 RN xRN

- u(ys T))((p;(x, t) - ‘Pf,(y’ f))K(X, ) T)dx dyd'[
= Hi + H,

where we have also used that goZ -,0) = <pZ (1) =0inRN and€ = 0in B¢. Our aim is now
to estimate both Hy, H, from below, and then pass to the limit as ¢, h — 0. We first focus

on the evolutive term Hj:
9}, T
(x,t)dxdt + (up(x, ) —
ot o JB

T

.
= H3 + Hy.

On H3 we first apply Proposition A.1 (i), then the chain rule of differentiation and the

definition of v :

T our
H3=/ /%(x,z)¢;(x,r)dxdz
o JB 0T

T rP— 1
—/ /g(uﬁ(x,t)—l—v)(uh(x,r)+v)T2$p(x)‘L'5w5(T)dxdr

a &
i (x. 1) dx dr
0T

- 2(p—1)/ / 37 Wr(x, D) T EP (TP (r) dx de
2(p—1)/ /(”h(x n4v SP(X)f(rwg(r))dxdT
2(p_1)/ /(“h(x D) T EPT T () dx dr

2(p 1)/ /(“h(x DA T E”(x)rm//s(r)dxdf
T 2(p— 1)/ /(”h(x D4 T T EP ()T T Y1) dx dt
+m / /(uh(x D+ v) T e () dx de

_,/ %/(“h(x r)—|—v) gp(x)dxdr]

First let & — 0 and use Proposition A.1 (ii) with g = 1 (note that 2(p — 1)/p < 1):
,}1_1}}) H3 = 20 _1)/ /(u(x T)+V) E"(X)T 7 VYe(t)dxdr
+m / /(u(x r)—i—v) ép(x)dxd‘l:

_,/ %/(u(x r)—i—u) Ep(x)dXdT]
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Further, let ¢ — 0 and apply the fundamental theorem of calculus:

lim H; = 2([)—1)/ /(u(x t)+U) P Sp(x)r 7 dxdt

&,h—0

— _1)/(u(x t)+v) & Sp(x)dx

Next, on Hy we apply Proposition A.1 (i) and positivity of uj:

2-p ! _2 Juj, 1
Hy = 7/ /(u,;(x,r)—u(x,r))(u,;(x,r)—f—v) » (x, T)T7 Yo (0)EP (x) dx dt
p 0 JB 9T

T _
—/ /(Mﬁ(x,f)—u(x ) (ujp(x, ) +v) Pzi(féllfe(f))fp(x)dxdf
0 B
>2—p/T (uj(x, 7) —u(x, 7))?

- (U (x, T) + 1) P TP Y (0)EP (1) dx d

T b, |
—/ /|M;',()C,T)—M()C,T)Iv72 i(Tﬁlﬁs(f)) £P(x)dx drt.
o JB ot

The first term above is non-negative, while the second tends to 0 as 2 — 0, uniformly for all
e € (0,/2), by Proposition A.1 (ii) (with g = 1), so we have

liminf Hy > 0.
&,h—0
By the previous estimates, and recalling that £ = 0 in B¢, we have
lgllir%)f H > 2(p - / /(u(x )+ v) e Sp(x)dx dt (A.2)

2([7 /(u(x t)+v) & Ep(x)dx

We now turn to the diffusive term H,. For all (x, y, 7) € RN x RN x (0, T) set
Gx,y, 1) = |ux, 1) —u(y, D" @x, 1) — u(y, 1)),
1 p=2 p=2
Fix, v, 0) = T8 [ 5 (5, 0) +0) 7 67(0) = (5, 1) + )7 E7 )],

FO,y, o) = o [we o) +0) 7 6000 — w0 +0'7 e )]

First note that

G, y, DI 7T )
P R . (A3)

By Proposition A.1 (ii) we have for a.e. (x, y,7) € RN x RN x (0, T)

lim Fj(x,y,7) = F(x,y, 7).
h—0
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We first note that, letting ¢ — 0 and using the properties of the kernel K, we have

t
lim Hy = —/ // Gx,y, D) Fa(x, v, K (x, y, T) dx dy d<
e—0 0 RN xRN

d G(x,y, T)Fp(x,y,
[ Gy DRy
0 JIRN xRN |x — y|N+ps

‘We now claim that

1im/l// G(x’y’r)F”(x’y’T)dxd dr:/l// ded dr
=0 Jo JJRN xRN |x — y|N+ps Y 0 JJRN xRN |x — y|N+ps ?A4-)

Exploiting symmetry and recalling that £ = 0 in B, we can split the difference as follows:

/ // OX D) [Fyxym) = Flx,y. 0] dxdy de
RN

xRN X — le“”

G(x,y, 1)
///B B Ix—y|N+ps[Fh(x’y’T)_F(X»y,r)]dxdydr
X

+2/ rp// Gk, y.7) [ 0. 0) 407 — e, 7) + )7 6P () dxdy d
Bx B¢

|x _ y|N+pA

= Hs5 + Hg.

We show separately that both Hs, He tend to 0 as & — 0, up to a subsequence. First we deal
with Hs. By subadditivity and 0 < & < 11in RY we have

[Fp(x, y, D7
dxdyd
///Bxs |x — y|N+ps yat
t . ) 407 — g0 40 7|
y/t//BxB Ix — y|N+tps dxdydrt

+y/ // Wi (y, T) + v)P~ 2870 =S ) de = 1+ B,

=y Nt

To estimate H; we apply Lagrange’s rule, inequality T < ¢, and positivity of uj, then
Proposition A.1 (iii):

! _2 _2
H7 < yt/ // max {(u;(x, 7) +v) "7, (up(x, 1) +v) 7}’
0 BxB

luj(x, T) —up(x, )P
|x — y|N+ps

t [ ui(x, 1) —up(x, 0)|?
<1/72/// luj(x, T) N;,+( )l dx dy dt
v Jo JBxB |x — y|VHPs

P
< ﬁ”””[ﬁ(o,,,w.\wﬁ(m)-

dxdydrt
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For Hg we argue similarly, using Lagrange’s rule on the increment of £ 7 and Proposition A. 1
(i7) (taking this time ¢ = p):

<y [ w0 maer o, 600 EO SO gy e

| |N+ps

yt dx
< 1)2 / /(uh(y, f)+v)pdydf:|[sup‘/;m]

yeB

dz

p

SO, Ddydt +vPp t][/ 7]
By () |ZINTPS=P

<

vZpP

V
< 55— 2 [|| ||L11(B><(Ot))+‘) P l]

Thus, we have found a constant y > 0 depending on u, v, p, and ¢, but not on 4, s.t. for all

he 1)
Fy(x.y. 0P
/// By Ol
Bxp |x — y|INTPs

A standard argument based on reflexivity, and exploiting (A.3), shows that up to passing to
a sequence of i’s converging to 0, we have

lim Hs = 0. A.
hl_)n’})jo (5)

Next we focus on Hg. First note that for all x € l:?, y € B¢

Ix =yl > [y = xol = [x = xol = (1 = ")y —xol.

Recalling that 0 < & < 1, we estimate Hg as follows:

yir ub~l(x, 1) = =2
|Heg| < /)Nﬂn g [y = moI NPT (wp(x,7)+v) 7 —(ux,7)+v) 7 |dxdydt
le lu(y, )|~ p=2 p=2
e | e w00 T e+ 0 vy e
yir
= W(HQ + Hyo).

We deal with Hy by Holder’s inequality and Lagrange’s rule:

H <[/t/up(x r)dxdr pT //|(u (x,7)+v) PZ—(zt(x )+ v) P ‘ dxdz] / diy
YW h Be |y —xoN+ps

1

2 2
p—1 - -7 PPy _ P dx P
ppb Jlue HLP(BX(()t)) /O/émax{(uh(x,r)+v) @)+ ) PP (1) —uix, 1)) d.xdr]

<

1
< Il lluj, —

7 M p o E T L By
vPp

The first multiplier above is bounded, while the second tends to 0 as 7 — 0 by Proposition
A.1 (ii) (with g = 1). So we have

lim Hy = 0.

h—0
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For Hjo we use a different approach, separating the space integration variables. For all
T € (0, t) we have

// lu(y, 7)|P~!
Bxpe [y — xo[NTPs

2 p—1
<y /max{(uh(x,r)+v)‘%, (u(x,r)+v)‘?}|u,;(x,r)—u(x,r)|dx]/ lu@y. Ol

Be |y — xo|VFPS
s [ lu@. 0!
/ \uh(x T)—M(X r)|dx][ YALWdy}

Now integrate in time and recall (1.4):

W D)+ 0T — @)+ )T

dxdy

N

'u\m

Y . _
HlO < 27””/_, - u”Ll(EX(OJ))Tall(uvas P, 07 l)p 1~
VP pPs

As soon as h — 0, the first term tends to O by Proposition A.1 (ii) (¢ = 1) and the second
is bounded, hence

lim Hjg =0.

h—0

Therefore, we have
lim Hg = 0. (A.6)
h—0

Now (A.5) and (A.6) imply (A.4). This, in turn, leads to

! Gx,y, 0)F(x,y,
limsup Hy > —y/ // *. 5. 7) N(f Y. 7) dxdydr. (A7)
&,h—0 0 RN xRN |x — y|¥Fps
Finally, we use both (A.2) and (A.7) and pass to the limit in (A.1) to conclude. O

Next we give a proof of inequality (5.2) in Lemma 5.1:

LemmaA.3 Letu,r, 1y, 0,&, B, E, B beasin Lemma 5.1. Then, there exists y > 1 depending
on the data and r, s.t.%

1 , 10
0> - ~u(x,r)dx‘
r JB 0

1/10// lu(x, T) — u(y, DIP "2 u(x, v) — u(y, 7))
+7
v Jo JIRN xRN |x — y|N+ps

[ 0P ) = w0, 08P (0| dx dy d.

Proof The argument closely follows that of Lemma A.2, so we will omit some steps. Fix
¢ € (0, 19/2) and define the Lipschitz mapping v, : [0, T] — R as in Lemma A.2, with ¢
replaced by fg. Also fix h € (0, 1), v > 0, and set for all (x, 7) € RN x (0, 7)

Pr(x, T) = (uj(x, T) + 1) EP ()Y (1),

where the parameter v is included in order to avoid singularities in the case 1 < r < 2. By
Proposition A.1, the function ¢} € W01’2(0, fo, L2(B)) N L?(0, 1o, Wg’p(B)) can be chosen
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as a test for (1.2) in B x (0, tp) (see Definition 2.1), producing

1o aws
0=—/ /u(x,r) h(x,t)dxdt (A.8)
o JB ot

0
4 / // ux, 7)
0 RN xRN

—u(y, DI 2w, 1) — uly, )@} (x, 1) — ¢} (y. 1)K (x, y, ) dx dy dt
= H| + H;.

First we split H; as follows:

) 8§0}£l to aq)z
H; =—/ /_uﬁ(x,r)—(x,t)dxdr—i—/ /(uﬁ(x,r)—u(x,r)) (x,7)dxdt
0 B ot 0 B ot
= H3 +H4

Repeated integration by parts and the definition of v, allows for the following rephrasing of
Hj:

1 o 1 e
H3:—/ /_(uﬁ(x,r)-i-v)rgl’(x)dxdr——/ /.(”ﬁ(xsf)-i-v)r%'p(x)dxdr,
re to—e J B re Jo B
Letting ¢, h, v — 0 gives
1 1
fim | Hs = */-“’(X»foﬁ”(x)dx - */ur(X,O)Sp(x)dx.
,

&,h,v—0 B rJB

To estimate Hy4, we apply Proposition A.1 (i):
10 8
Hy = / /;(Mﬁ()(, ) —u(x, T))ﬁ(”ﬁ(x’ )+ ) EP () (7) dx d
o JB

I
+/0[(u5(x,r)—u(x,T))(u;,(x,T)+V)’_1$"(X)%(T)dxdf
0 B

1 _ _ 2
_ (r B 1)/00‘/B (”h(x’ T) : M(x, T)) (Mﬁ(.x, 'C) + U)rizsp(.x)llfg(f)d.xdf

+é/g/(uﬁ(x’r)_u(x’T))(“ﬁ(x’T)+V)r_1%‘p(x)dxd1
0o JB

1
—1/0 /~(u;l(x,1:)—u(x,t))(u;l(x,1:)+u)’_1§‘”(x)dxd‘r.
& ty—e J B

The first integral above is non-negative, while the others tend to 0 as # — 0, due to con-
vergence of uj; to u in L! (f? x (0, tp)) (Proposition A.1 (ii) with ¢ = 1). In conclusion we
have

liminf Hy > 0,

&,h,v—>0
which along with the previous relation gives
. 1 )
limsup H; > — / u (x,)EP(x)dx| . (A9)
&,h,v—0 rJB 0

Now for the diffusive term Hj, with a similar argument as in Lemma A.2. First we define G
as in Lemma A.2, then we set for all (x, y, ) € RN x RY x (0, T")

F(x, v, 7) = (uj(x, ©) +v) &P (x) — (uj(x, ) + 1) LEP (),
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F(x,y,7) = u(x, 1) + 1) &P (x) — (u(x, 7) +v) EP(p).

G , T
/ // Gy, DIPT " dxdydr < |lull”
Bxp X —yINtPS LP(0,t,Ws:P(B))’

while by Proposition A.1 we have a.e. in RY x RV x (0, T)

Clearly

lim Fp(x,y,t) = F(x,y,1).
h—0

Also, by (K>7), we have for some y > 1 depending on the data

1 [ G(x,y, D) Fp(x,y,
liminf Hy > —/ // *x. 5. ) 1’:,5':6 Y0 ixdydr.
e—0 Y Jo JIRNxRN l[x — y[N+ps

By symmetry and the properties of £ we have

o Gx,y,7)
/ //]RN W[Fh(x,y,t)—F(x,y,r)]dxdydt

xRN |x —
Gx,y,1)
/ //B B |x —y|yN+PS [Fh(x,y,r) _F(xay,T)]dxdydr
X

+2/ // G(x, y, T) [(uﬁ(x,r)—i-v)r_l _(M(x,f)+V)r_1]$p()€)dxdydt
BxBe

|x — |N+ps

= Hs5 + Hg.

We first consider Hs, noting that by boundedness of &

F s p
/ // | Fr(x, yNT)| dx dydt
Bxg |x —y|Ntps

_ r—1 _ _ r—1
<y/ // A [uj(x,7) +v) (uj(y,t) +v)"77|P dx dy dr
BxB

|x_y|N+ps

+y/ // iy, T+ )P nlEP@) = P dxdydt

|x — y|N+ps

= H; + Hg.
Recalling that u is locally bounded in the present framework, we set

[vr_z ifl<r<2 (A.10)
v = 2 |
(e 0.y + V)

ifr > 2.
To estimate Hy, we apply Lagrange’s rule and Proposition A.1 (iii):

1
< y/oﬂ Amax{(uﬁ(x,r)+v)”2, (uﬁ(y,t)—i-v)”z}p
0 BxB

lujp(x, ) —up(y, OIP

X — NP dxdydrt
o uir(x,t) —ui(y,v)l?
Corp [ IO
BxB lx — y[¥+ps
<yKPull?

LP(0,19,WS-P(B))’
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For Hg, we act mainly on &:

1

y / ' // iy 0+ )P max [£771 (), 6771 ()"
0 BxB

E) — )P

|x — y|N+ps

0 SO T pr—1)
y / // (uj(y )-Ai;+v)_ dxdydr
oPpP Jo Mexp |x—ylNresmr

Y p(r—1) dx
Gl’pp[/o /é(uh(y,f)—l-v) dydr][jup T _y|N+pS_p]

yiop" P*

oP [”“”LDO(éx(o,zo)) v

dxdydrt

N

/N

< ]P(r—l)
X .

Combining the previous bounds, we can find y > 0 depending on v, but not on £, s.t.

F; s p
|Fpr(x,y, 7)l dxdydr <y
Bxp X — yINFtPs

By reflexivity, passing to a sequence &, — 0, we get

limsup Hs > 0. (A.11)
h—0

To estimate Hg, we first note that for all (x, y) € B x B¢

o
-y = —1|y — x|
lx — yl 2(1+0)|y Xo|

Using Lagrange’s rule, subadditivity and the constant K, defined in (A.10), we have:

GGy,
H
el < ///BB Ix = yVEps
<l [7 [ i o - ux ol dear]
0 B

/ lu(x, 7) —u(y, D"! dy]

lx — y|NFps

wpx, )+ ) = x, v) +v) " dxdyde

sup
(x,7)€BX(0,1))

v Ky i
S N+ps g = wll L1 B 0,000

-1

p—1 dy lu(y, )P ]
A 2V g

[”””wax«) o)) /B v — oV P /B ly — xolVErs @

O<t<tp
A luip —ull; 1,5
= oN+pspps h L1 (Bx(0,10))

p-1 ; p—1
11705 ) + Tailes X0, (1400, 0, 10) |

(where again we have used boundedness of u). By Proposition A.1 (ii) (with ¢ = 1) the
latter tends to 0 as &~ — 0, hence
lim Hg = 0. (A.12)
h—0
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By (A.11) and (A.12) we obtain

. G(x,y, 1)
llmsup/ // Fp(x,y, 1) — F(x,y,7)|dxdydt >0,
h—0 RV xRN X — yINﬂ’S[ ]

which in turn implies

limsup Hp > I /to // lu(x, ©) —u(y, DI x, 1) = uly, ©))
" v Jo Jrvry |x — y|N+ps

&,h,v—0

[u’—l(x, DEP(x) — " (y, r)sp(y)] dx dy dr. (A.13)

Passing to the limit in (A.8) and using (A.9) and (A.13), we get

1 )
0> 7/ u’(x,r)f"(x)dx‘
rJg 0

+1/’°// luCx, ) —u(y, DI (x, ) — u(y, 7))
Y Jo JJRNxRN |x — y|NFps

[ 087 @) = w0, 18P () | die dy e,

which concludes the proof. O

We finally include the formal derivation of inequalities (6.1) and (6.3) in the proof of Theorem
1.5:

Lemma A4 Let 2, ug, u, and q be as in Theorem 1.5:

@) if1 < p < pe, then there exists y > 0 depending on N, p, s s.t. forall € W(}’Z(O, T),
v =20in(0,T)

T C _
[ [~ 10l g9 0+ e D1 w0 ] e <0

(ii) if pc < p <2, then there exists y > 0depending on N, p, s s.t. forall € WOI’Z(O, T),
¥ 20in(0,7)

r Ci
/0 [ e 2 '+ ZHIH e D1 gy 0] e <0,

Proof First recall that u is locally essentially bounded in Q7. We consider (i). We already
know that g > 2. Fix h € (0, 1) and set for all (x, 7) € RY x (0, T)

on(x,T) = ul” ‘@ o).

so that ¢, € WOI’Z(O, T,L2(Q)NLPO,T, WS”’(Q)) can be used as a test in Definition 2.2
(i), giving

r r don
Oz/u(x,t)goh(x,r)dx‘ —/ /u(x,r)—(x,t)dxdr (A.14)
Q 0 0o Jo 0T

T
+/ // lu(x, ) — u(y, P (ulx, 1)
0 RN xRN

—u(y, ) (on(x,7) —p(y, 1)K (x,y, 1)dxdydt
= H| + H>.
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We focus on the evolutive term Hj. Noting that ¢y (-, 0) = ¢x (-, T) = 0, we have

T P T )
H :—/ /ug(x,r)ﬂ(x,r)dxdt-i—/ /(“ﬁ(’“f)—“(X,T))ﬂ(x,r)dxdr
0o Jo at o Ja Py
= H3 + Hy.

Using Proposition A.1 (i) and the integration by parts formula (twice), we have

T ou; q-1
H; = T(x,f)u}-l (x, DY (r)dxdr
0 Q 0T

1 rT Bu%
= 7/ / —(x, )Y (t)dxdt
qJo Jao 0t

1T
=——/ /u%(x,‘c)l//(t)dxdr.
q9Jo JQ

Therefore, by Proposition A.1 (ii) we have

1 T
lim Hz = —7/ / ul (x, )Y (t)dx dt.
q9Jo JQ

h—0

Besides, recalling that ¢ > 2 and applying Proposition A.1 (i), we get

T _

q-2 duj

Hy=(q -1 (upCx, 1) —ulx, Duy “(x, 1) —(x, DY (r)dx drt
0o Jo h at
r 1
+/ /(u;,(x,r)—u(x,r))ug_ (x, )Y’ (r)dxdt
0 Q

T _ _ 2
- (q—l)/ / Wi, O =& D) 420 oy dx de
0 Jo h h

T T
+/ /uq(x,r)w’(‘r)dxd‘r—/ /u‘l”(x,r)u(x,r)w’(r)dxdr.
0o Ja ! 0o Ja !

The first integral is non-negative, while the second and third integrals converge to the same
limit as 7 — 0 by Proposition A.1 (ii), so we have

liminf Hy > 0.
h—0

Combining the estimates above, we get

1 T
. . q !/
limint H1 > = [l () d. (A15)

We deal with the diffusive term Hj as in Lemma A.2 (this case is in fact simpler). Define G
as in Lemma A.2, and set for all (x, y, 1) € RN x RN x (0, T)

Fye,y, 1) = @l 0,0 =l () v ),

Fx,y,0) = @i e, 1) —ud= oy, )y (0).

As usual we have Fj,(x, y, 1) — F(x,y,1) ae. inRY x RY x (0, T), as h — 0. Also, by
positivity and (K7), we have

T
G(x,y, 1) Fp(x,y,
H22C1/ // *x.5.7) /]:/(x Y. 7) dxdydr.
0 JJRN xRN |x — y|N+ps
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The fractional Poincaré inequality implies

T Fa
IG(x, y, )|
/0 //RNXRN |x — y|NFps drdydr s ”u”L"(OTWSp(Q))
We use boundedness of ¥, ¢ > 2, and Proposition A.1 (ii) (iii) to get
F CD)|P
/// [Fh(x, y, 7l dx dydr
RN xRV x-)’lNﬂ”

_ / // . r)—u (y,r)lpd dvd
X T
v 0 JIRN xRN lx —y |N+”5 Y

T - —u- P
-2 -2 p|uh(xar) uh(y!‘[)|
< y/ // max {u? " (x, 0), ul "(y, 1) dxdydt
0 JRNxRN b h } |x — y|NFps

pr(g—2) P
< V||M||Loo(gr)”””m(o T, WP (@)

By reflexivity, along a sequence #, — 0 we have

T
. Gx,y, 0)Fp,(x,y, 1)
1 U dxdyd
‘»5“/ //RNXM —y Vs AT

G ,T)F ,
/// (xyf)(xyf)dxdydt'
RN xRN |x — y|N+ps

Passing to the limit in H;, using Lemma 2.7 (i), and Sobolev’s inequality (2.1), we get

T -2
Jim sup H» >C1/ // lu(x, 7) —uly, )|” (M(X,T)—M(y’f))(uqfl(%r)
0 RN xRN

h—0 |x — y|N+ps
(A.16)
—u?™ (y, )Y (1) dxdydr
Cl T ptq=2 pq—2 P dx dy
> = R _dxdy .,
-~ V/(; %{NXRN “ P En-ur 0.) |x |N+ps Y(r)dr

-2 % L*
b P (x,r)dx] %y (r)dt

c, [T / ptq
z — [ u
v Jo Q

c [T -2
[t ot o

p+q_2 *
- )P =4
p

Passing to the limit as # — 0 in (A.14) and using (A.15) and (A.16), we arrive at

where we have used the relation

0

WV

1T c [T _
— [ e g @ drdr + [ ol @ a,
0 0

which yields (i) with a new constant y > 0 depending on N, p, s. The argument for (ii) is
entirely analogous, just replacing g with 2 and taking care of the measure-type multiplier. O
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