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1. Introduction and statement of the results

Let (M;™,g) be an m-dimensional semi-Riemannian (or, pseudo-Riemannian) manifold, where g is a
non-degenerate metric of index ¢, 1 < ¢t < m — 1. If v : I — M/" is a smooth curve defined on an open
real interval I, then we say that v has one of the three causal characters, i.e., space-like, light-like (null) or
time-like if g (v',~') >0, g (7',7") =0 or g(v',7") < 0 respectively on I.

In this paper we shall study curves v which are either space-like or time-like. Then, to avoid trivialities
arising from re-parametrization, we shall always assume that v is parametrized with respect to the arc
length s, i.e.,
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where €; = 1 if « is space-like and ¢; = —1 if v is time-like. From now on, we shall use the notation
T =+/(s).

The main topic of this paper is the study of polyharmonic curves of order r, shortly r-harmonic curves,
r > 2. We recall that v is r-harmonic if and only if its r-tension field 7,.(y) vanishes. This condition, up to
an irrelevant sign (—1)"~!, is expressed by (see [2,15,17-19])

r—2
(1) =VETIT+ Y (-1)'R(VE T, VET) T =0, (1.1)
=0

where V9T = T, VAT = Vr (Vl%_lT) and R is the semi-Riemannian curvature operator of the ambient
space.

We point out that any geodesic is trivially r-harmonic for all » > 1. Therefore, we say that ~ is a proper
r-harmonic curve if it is r-harmonic and not a geodesic.

Several papers on the biharmonic case in this context can be found in the literature. By way of example,
we cite [4,6-12]. More precisely, the classification of proper biharmonic curves in the flat 3-dimensional
Lorentz-Minkowski space was achieved in [6,7]. Other related results for biharmonic curves in non flat
Lorentz space forms were obtained by Sasahara in [22]. Further complementary results were proved in
[11,12] in the special case that the ambient space is the 3-dimensional Minkowski space.

An interesting feature of these results is the fact that, differently from the Riemannian case, proper
biharmonic curves do exist also in the flat Minkowski space.

By contrast, in the literature we found no paper dealing with r-harmonic curves in a semi-Riemannian
manifold when r > 3.

Thus, our aim is to start the investigation of this open case.

We shall restrict our attention to the study of the so-called n-Frenet curves. We shall follow the approach
of [23,25], where the authors focus on the study of helices of order n > 3.

Definition 1.1 (Frenet curves (helices) of order n). Let (M]™,(,)) be an m-dimensional semi-Riemannian
manifold of index t, 1 <t <m — 1. Let v: I — M]™ be a nonnull curve parametrized by the arc length s.
We say that v is a Frenet curve of order n, n < m, if it admits a Frenet frame field {F1,...,F,} along v
which verifies:

VrFy = e ki Fy
VrE;=—€_1ki1Fio1+ €11 kiFip (1<i<n) (1.2)
VTF’I’L = —€n—-1 knlenfl P

where F; =T and
e =(F,F)(==+1) (1<j<n) and (F,F;)=0 (i#j),

and the functions k1 (s), ..., kn,—1(s) are positive. The function k;(s) is called the i-th curvature of the curve.

In the special case that M]™ is oriented and n = m > 2 we allow that k,_1(s) can assume any real value
because in this case F), can be defined by requiring that {F7,..., F,} is a positively oriented orthonormal
base of T, (s M{™. Also, we say that an n-Frenet curve v is full if k,_1(s) never vanishes. Finally, we say
that an n-Frenet curve is a heliz if its curvatures ki(s),...,kn—1(s) are constant functions which will be
denoted K1,...,Knp_1-
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Remark 1.2. System (1.2) can be written in matrix form as follows:

VrFi F
VrFs )3
. =Qf .
ViF, F,
where
[ 0 62]€1 0 0 0 L 0 0 0 1
—61]{11 0 63]{}2 0 0 e 0 0 0
0 762]{}2 0 €4k3 0 N 0 0 0
Q= .
0 0 0 0 - 0 —erokno 0 enkin_1
| 0 0 0 o --- 0 0 —€n_1kn_1 0 |

We point out that the matrix 2 is skew-symmetric if and only if
€] =€ =" =¢€p
which essentially corresponds to the Riemannian case.

Remark 1.3. In the notation of Definition 1.1, we must have 0 < #{¢;: ¢; = —1} < tand 0 < #{¢;: ¢; =
1} < (m—1).

First, let us discuss 2-Frenet curves. In this context, we simply write k(s) to denote the first and unique
curvature ki (s). For biharmonic curves (r = 2) into a 2-dimensional Lorentzian space form N?(c) we have
the following comprehensive and well-known characterization (see, for example, [22]).

Theorem 1.4. Let v be a space-like proper biharmonic curve parametrized by the arc length s into a
2-dimensional Lorentzian space form N?(c). Then k(s) is a constant, say k(s) = k > 0. Moreover, bi-
harmonicity is equivalent to

K2+ ce=0. (1.3)
In particular, if ¢ > 0, then there exists no space-like proper biharmonic curve in Ni(c).

In the general case of r-harmonic curves (r > 3) it is not automatic that the curvature k(s) is constant.
Thus, as a first, preliminary result, we shall prove:

Theorem 1.5. Let r > 2. Let v be a space-like curve parametrized by the arc length s into a 2-dimensional
Lorentzian space form N3 (c). Let us assume that vy has constant, non-zero curvature k(s), say k(s) = £ > 0.
Then ~y is proper r-harmonic if and only if

K24 (r—1)ec=0. (1.4)
In particular, there exists no space-like proper r-harmonic curve when ¢ > 0.
Remark 1.6. It is interesting to compare Theorem 1.5 with the corresponding result for the Riemannian

case. Indeed, we recall that (see [2] and [16]) it was proved that the version of (1.4) in the case of curves
into a 2-dimensional Riemannian space form N?(c) is
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K2 —(r—1)c=0.

Things do change if we consider 2-Frenet helices in a higher dimensional semi-Riemannian space form.
The main reason which explains the appearance of significant differences is the fact that in this case €; and
€2 may have the same sign. Then, in this context, the corresponding version of Theorem 1.5 is:

Theorem 1.7. Let r > 2. Let vy be a 2-Frenet helix into an m-dimensional semi-Riemannian space form
N/™(c), m>3,1<t<m—1. Then vy is proper r-harmonic if and only if

K? — ey (r—1)c=0. (1.5)

The case of triharmonic curves appears to be special. Indeed, unlike the case where r > 3, 3-harmonicity
forces k(s) to be a constant. More precisely, we prove:

Theorem 1.8. Let v be a triharmonic 2-Frenet curve into an m-dimensional semi-Riemannian space form
N™(c), m>2,1<t<m—1. Then k(s) is a constant function.

This result leads us to the classification of proper triharmonic 2-Frenet curves in semi-Riemannian space
forms. Specifically, we shall prove the following:

Corollary 1.9. Let v be a proper triharmonic 2-Frenet curve in a semi-Riemannian space form N/™(c),
m>2,1<t<m-—1. Then necessarily e3¢ > 0, where e = (N, N), and the curvature of v is a constant
given by

K=+2¢ec.

Remark 1.10. A 2-Frenet helix as in Corollary 1.9 necessarily lies on a totally geodesic N2 (c), 0 < ¢/ < 2.
Since r-harmonicity is not affected by multiplication of the ambient metric by —1, there are only two relevant
cases, i.e., ' =0and ¢/ = 1. If /' = 0, then ¢ = ¢ = 1, ¢ > 0 and the curve is a triharmonic circle in an
Euclidean sphere. The geometrically interesting case is ¢’ = 1. In this case, €1 e = —1 and, considering the
natural embeddings of S?(c) in R$ or H?(c) in R3, the curve in both cases is the intersection of NZ(c) with
a plane.

In Theorem 1.8 we have used in an essential way the fact that the 2-Frenet curves lie in an m-dimensional
semi-Riemannian manifold with constant sectional curvature.

Therefore, a natural problem is to investigate the existence of r-harmonic, n-Frenet curves with non
constant curvatures in a semi-Riemannian space such that its sectional curvature is not constant.

In this direction, let 7 : I — R$ be a curve parametrized by the arc length s that satisfies the Frenet
equations.

VrT = e ky(s)N
VN = —e1 ky(s)T + e37y(s)B (1.6)
V1B = —ey7y(s)N.

Then we associate to 7y a ruled surface S, immersed in R? and locally described by the parametrization
X(s,0) = 4(s) + v N(s), (1.7)

where s € T and v € (—4,9) for some § > 0.
Our main result in this context is a semi-Riemannian version of a result of [17]:
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Theorem 1.11. There exist a curve v : I — RS parametrized by the arc length s, which verifies the Frenet
equations (1.6) with es = 1, and a small 6 > 0 such that the associated S. is a Lorentz surface and
v(s) = X (s,0) is a proper triharmonic curve in S, with non constant curvature k(s).

Now, we turn our attention to the study of 3-Frenet curves, where the two relevant curvatures will be
denoted k(s), 7(s) as it is usual in the literature. In this setting, our first result is:

Theorem 1.12. Let v be a 3-Frenet heliz parametrized by the arc length s into an m-dimensional semi-
Riemannian space form N™(c), m > 3,1 <t <m—1. Then

(i) v is a proper biharmonic curve if and only if €3 (€1 K2 + e37%) = cey;
(ii) 7 is a proper triharmonic curve if and only if €2 (€1 K% + €372)2 = ¢ (€1 €372 + 2K2);
(i) v is a proper r-harmonic curve, r > 4, if and only if the following condition holds:

(e1r® + 637’2)T_3 [62 (1> +e37°)° —c(erest® + (r— 1)/&2)} =0. (1.8)

According to Theorem 1.12 the existence of proper r-harmonic 3-Frenet helices depends strongly on the
sign of €1, €2, €3 and c. Therefore, we discuss now some relevant cases.

First, we focus on the geometrically significant Lorentzian case Nj(c). In this space necessarily we have
€3 = —e€1 €3. Our first corollary shows that in the flat case the condition of r-harmonicity depends on the
casual character of the normal vector field N. More precisely, we have

Corollary 1.13. Let v be a 3-Frenet heliz parametrized by the arc length s into R3. Then ~y is proper r-

harmonic, r > 2, if and only if its normal vector field N is space-like and k> = 72.

Remark 1.14. A 3-Frenet helix in R} with ez = 1 and verifying x? = 72 is proper r-harmonic for all r > 2.
This property is consistent with the fact that the ambient space is flat. Explicit examples of curves which
verify the condition x? = 72 are given in [22, Proposition 3.4].

Next, we examine biharmonicity in a non flat Lorentzian case. Then we obtain:

Corollary 1.15. Let v be a 3-Frenet helix parametrized by the arc length s into a 3-dimensional Lorentzian
space form N3(c) with ¢ # 0.

(i) If ¢ < 0 and the normal vector field N is space-like, then v is a proper biharmonic curve if and only if
2 - K2 = —c.
(ii) If ¢ < 0 and the normal vector field N is time-like, then v is a proper biharmonic curve if and only if
72+ K% = —c.
(iii) If ¢ > 0 and the normal vector field N is space-like, then v is a proper biharmonic curve if and only if
k2 =12+ c.

(iv) If ¢ > 0 and the normal vector field N is time-like, then v cannot be proper biharmonic.

Finally, here is a consequence of Theorem 1.12 in the non flat case.

Corollary 1.16. Assume that v > 3. Let v be a 3-Frenet helix parametrized by the arc length s into a non
flat semi-Riemannian space form Ni(c).

(i) If ¢ > 0 and the normal vector field N is space-like, then 7 is a proper r-harmonic curve if and only if

k2 =172 for r > 3 or, for r > 3, if one of the following cases holds:
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252 — e+ \/c? + de(r — 2)K2

(a) K2>c(r—1) and 7% =

2
22 — 2 4 dc(r — 2)R2
(b) K2 <c(r—1) and 72 = i VA s Gl .

2
(ii) If ¢ > 0 and the normal vector field N is time-like, then vy cannot be proper r-harmonic for any r > 3.
(iii) If ¢ < 0 and the normal vector field N is space-like, the 7 is a proper r-harmonic curve if and only if

k2 =712 forr >3 or

W2< o C and 72:2ﬁ2—ci 2 + 4e(r — 2)K?
4(r —2) 2
forr > 3.
(iv) If ¢ < 0 and the normal vector field N is time-like, then «y is a proper r-harmonic curve, r > 3, if and
only if:

—oKr2 — /c2 — 4 — NkK2
k2 < —c(r—1) and 7% = e 02 olr = 2w )

Remark 1.17. It is interesting to point out that Corollary 1.16 guarantees the existence of r-harmonic helices
in a semi-Riemannian space form N7 (c) with ¢ < 0, regardless of the character of the normal vector field
N. This should be compared with the corresponding Riemannian case, where proper r-harmonic helices do
not exist when the ambient space has constant negative curvature.

Next, let us turn our attention to n-Frenet curves with n > 4. Then our first result is:

Theorem 1.18. Let v be an n-Frenet curve parametrized by the arc length s into an m-dimensional semi-
Riemannian manifold (M]™,g), 1 <t<m—1, m>n>4.If

(R(Fy, Fy)Fy,W) =0 VW € (Span{Fy,...,F,})", (1.9)
then v is proper biharmonic if and only if:

k1 = k1 = constant > 0

€1 k’% + €3 k% = (R(F3, F1)F1, Fy)

ky = —(R(Fy, F1)Fy, Fs) (1.10)
€3 ko ks = —(R(F», I1) 'y, Fy)

(R(Fa, F1)F1,F;) =0 5<i<n.

Since (1.9) is automatically satisfied when the ambient space is a semi-Riemannian space form, we have
the following immediate consequence:

Corollary 1.19. Let v be an n-Frenet curve parametrized by the arc length s into an m-dimensional semi-
Riemannian space form Nj™(c), 1 <t < m —1, m > n > 4. Then ~ is proper biharmonic if and only

if:

k1 = k1 = constant > 0
ko = ko = constant > 0

2o (1.11)
elk%—i—eg,k% = cCe€ €9

€3k2k3:0.

In particular, there exists no proper biharmonic, full n-Frenet curve in N[™(c), m > n > 4.
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Remark 1.20. The last sentence of Corollary 1.19 displays a phenomenon analogous to the Riemannian case
(compare with [19, Theorem 1.9]). Moreover, as in the Riemannian case, 3-Frenet biharmonic curves in a
semi-Riemannian space-form are necessarily helices.

Therefore, condition (i) of Theorem 1.12 provides the complete classification of proper biharmonic Frenet
curves in a semi-Riemannian space form.

Specializing to the triharmonic case we obtain:
Theorem 1.21. Let v be a n-Frenet helix parametrized by the arc length s into N*(¢), 1 <t <n—1.
(i) If n =4, then v is triharmonic if and only if:

2 2\2 22 2 2
(e1 K] +e3k3)” + exeq k5 K5 = cerea (21 KT + €3 K3)

62(61 K% + €3 Kg) + €3€4 Kg = ceq .
(ii) If n =5, then ~y is triharmonic if and only if:

2 22 2 2 2 2
(e1 K] +e3k3)” +eaeq ks K3 = cer€a (261 KT + €3 K3)

ea(er K2 4 e3k2) + eq(e3 K3 + e5k3) = cey .

Remark 1.22. The Riemannian version of Theorem 1.21 was first obtained by Maeta in [16, Proposition 5.9].
Maeta’s result corresponds to the condition of Theorem 1.21 with €; =1 for all j.

As a consequence of Theorem 1.21 we are able to point out an important difference with respect to the
Riemannian case. More precisely, we know (see [16] and [19, Theorem 5.1]) that there exists no proper
triharmonic n-Frenet helix in a Riemannian space form N"(c), n > 4. By contrast, as an application of
Theorem 1.21, we have:

Example 1.23. There exists a space-like proper triharmonic 5-Frenet helix in S with the following features:
e3=—1,¢6=1 if j#3; Ki=rko=rs=1, ku=+2.
Also, with a similar analysis:
Example 1.24. There exists a space-like proper triharmonic 4-Frenet helix in S with the following features:
€ca=€3=—1, e =€, =1; /{1:\/5,&2:2,/13:1.
Now, we turn our attention to more general ambient spaces. First, we establish the following result:

Proposition 1.25. Let v be a 3-Frenet heliz in any semi-Riemannian manifold M[", where m > 3 and
1<t <m—1. If the curvatures k,T of the heliz v verify

ar’+ e =0, (1.12)
then v is proper r-harmonic for all r > 4.
To continue our investigation in ambient spaces with non constant sectional curvature we focus on the

Lorentzian product space (R x N™71(c), gproa), where (N™7*(c), g) is a Riemannian (m — 1)-dimensional
space form with ¢ # 0, m > 4 and
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9prod = _dtz +9g.

In this context, we introduce a family of curves which will play an interesting role. More precisely, let a(s)
be a 3-Frenet helix in N™~1(c). Note that here s is the arc length parameter in N™~!(c). Then we consider
curves v in (R x N™7(c), gproa) of the type

v(s) = (di s, (d2s)) (1.13)

where, to insure that « is parametrized by the arc length, we require that the constants di, ds satisfy

e+d?>0 and dy=/e1 +d3. (1.14)

Our main result in this setting is:

Theorem 1.26. Assume ¢ # 0,m > 4. Let vy be a 3-Frenet curve in (R X Nm_l(c),gprod) of the type (1.13)
and assume that

e3 (12 —erdiK2) >0, (1.15)

where kq,To are the curvatures of the heliz o in N™~1(c). Then v is a heliz which does not verify (1.12).
Moreover, for allr > 2, v is proper r-harmonic in (R X Nm_l(c),gpmd) if and only if « is proper r-harmonic
in N™1(c).

As an immediate consequence of Theorem 1.26 we have the following explicit construction of r-harmonic
3-Frenet curves in (R X N™71(c), gprod)-

Corollary 1.27. Let a(s) be a proper r-harmonic 3-Frenet heliz in N™ 1(c), » > 2. Then, choosing
di,dy # 0 such that d3 = d3 + 1, the curve ¥(s) defined in (1.13) is a time-like, proper r-harmonic he-
liz in (R x N™1(c), gprod) -

In the last section of the paper we shall analyze another important case where the sectional curvature of
the ambient space is not constant. More precisely, let J be a real open interval. Then a Robertson- Walker
space-time is a semi-Riemannian manifold RWY* = (J x N™(c),gs), where gy is a Lorentzian metric
defined by

gy = —dt* + f*(t) g, (1.16)

where f is a smooth positive function on J. These space-times, which are largely used in theoretical physics
and in the study of cosmological phenomena, appeared for the first time in the context of harmonic maps
in [21].

Our main results in this context are:

Theorem 1.28. Let a(s),s € I, be a geodesic in N™1(c) and consider a curve v : I — RWT", v(s) =

(to, a(ds)), where to is any fized real value in the interval J and d = 1/f(to). Assume that r > 2. Then
~(8) is a proper r-harmonic curve in RWT' if and only if

f'(to) #0 and F2(to) + (r — 1) f(to) f" (t0) = 0.

Theorem 1.29. Let v : I — RWT" be a curve parametrized by the arc length of the form ~v(s) = (to, a(s)),
where to is a fized value on J such that f'(ty) = 0. Then y(s) is r-harmonic in RW7T' if and only if
B(s) = a(f(te) s) is r-harmonic in N™~1(c).
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As a final remark, we recall that the quantity

@)

fr2(t)

is called the deceleration parameter of the Robertson-Walker space-time RW7". Relevant cases of physical
interest are those corresponding to constant positive values of ¢ which are achieved by taking

f)=t*, 0<i<1

which gives

Taking A = (r — 1)/r, as an immediate consequence of Theorem 1.28 we have:

Corollary 1.30. Let us fix r > 2 and consider a Robertson- Walker space-time RWT' with constant positive
deceleration parameter

1 r—1
t)=tr .
—— e, f()

q:

Let a(s),s € I, be a geodesic in N™ 1(c) and consider any curve v : I — RWT" of the type v(s) =
(to,(s/f(to))), where to is any positive fized real value. Then v is proper r-harmonic.

Our paper is organized as follows.

In order to make this article reasonably self-contained we have recalled in Section 2 some relevant prelim-
inary notions. In Section 3 we shall prove the stated results concerning 2-Frenet curves in space forms. In
Section 4 we shall prove the existence of a proper triharmonic curve with non constant curvature k(s) in a
ruled Lorentzian surface Sy, as stated in Theorem 1.11. In Section 5 we shall focus on 3-Frenet curves and we
shall prove the corresponding results stated in this introduction. Section 6 contains the proofs of the stated
results concerning n-Frenet curves, n > 4. In Section 7 we shall prove Proposition 1.25 and Theorem 1.26.
Last, in Section 8 we shall prove the stated results concerning r-harmonic curves in Robertson-Walker
space-times.

2. Preliminaries

A basic reference for semi-Riemannian geometry is the classical book of O’Neill (see [20]), but for the
specific topics treated in this paper we also refer to [3,5,13,14,22].

Let (M/™,g) be a semi-Riemannian manifold of dimension m with a non-degenerate metric of indez t.
Since in this paper we are not interested in the Riemannian case we shall always assume that 1 <¢ < m—1.
We recall that non-degenerate means that the only vector X € T, M satisfying g,(X,Y) =0forallY € T,M
is X =0, for any p € M. A local orthonormal frame field of (M;™,g) is a set of local vector fields {e;}*,
such that g(e;,e;) = €id;;, withe1 =...es = -1, 441 = ... 6 = L.

Note that we shall write

X[ = V1g(X; X)

for any vector field X tangent to M. Also, the notation (X,Y) for g(X,Y") will be used throughout this
paper.
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In this article we shall focus primarily on the case that the ambient space is a semi-Riemannian space
form. Therefore, we now fix terminology and notations concerning these ambient spaces.
First, the m-dimensional pseudo-Euclidean space with index ¢ is denoted by R}* = (R™, (,)), where

t m
(z,y) = —chiyi + Z ziYi -
i=1

i=t+1

The m-dimensional semi-Riemannian sphere, denoted by Si"(c) is defined as follows:

SM(c) = {x € R (2) = 1} (c>0). (2.1)

Cc

S7*(c), with the induced metric from R7**! is a complete semi-Riemannian manifold with index ¢ and
constant positive sectional curvature c.
The m-dimensional semi-Riemannian hyperbolic space, denoted by H}*(c), is defined by

Hi"(c) = {x eRPY: (z,2) = %} (c<0). (2.2)

H}"(c), with the induced metric from R}*}', is a complete semi-Riemannian manifold with index ¢ and
constant negative sectional curvature c.

A semi-Riemannian space form N;"(c) refers to one of the three spaces R}, S7"(c), H{"*(¢). We shall write
S and H* for S}*(1) and H}*(—1) respectively.

The flat (¢ = 0) semi-Riemannian space R}" is called Minkowski space, while S{*(c¢) and H}"(c) are
known as de Sitter space and anti-de Sitter space respectively. When the index is t = 1, these spaces are
also referred to as Lorentz space forms. We also point out that S"(c) is diffeomorphic to R* x S™~ ¢ while
H?*(c) is diffeomorphic to St x R™~*. In particular, S”_,(c) and H}*(c) are not simply connected.

In this paper we shall adopt the following notation and sign convention for the Riemannian curvature
tensor field R of the ambient space M;™:

R(X,Y)Z =VxVyZ-VyVxZ - VixyZ,
R(X,Y,Z,W) = (R(X,Y)W,Z).

In particular, the sectional curvature tensor field of N/™(¢) is described by the following simple expression:
RNO(X,Y)Z=c((Y,2)X —(X,2)Y) VX,Y,ZeC(IN(c)). (2.3)

In this paper we shall establish several algebraic conditions which are equivalent to the r-harmonicity of
an n-Frenet helix. In the case of curves with non constant curvatures, algebraic conditions will be replaced
by a system of differential equations. A common feature to all these cases is the dependence on the ¢;’s
associated to the Frenet frame.

Therefore, it is vital for us to know that our results are supported by the following semi-Riemannian
version of the Fundamental Theorem of curves. More specifically, any time that we prove that certain
curvature conditions associated with appropriate ¢;’s verify the r-harmonicity equation we shall be able to
conclude that there exists a curve with those requisites.

Theorem 2.1 (The Fundamental Theorem of Curves in Semi-Riemannian Geometry). Let M = (M, (,))
be an m-dimensional semi-Riemannian manifold of inder 1 <t < m — 1. Given smooth, positive curvature
functions k1(s), ..., kn—1(s) defined on an open real neighborhood of so € R, an initial point pg € M and an
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initial orthonormal frame {Ty, Fay,...,Fno} at po there exists an n-Frenet curve y(s) in M parametrized
by the arc length s such that

(i) v(s0) = po;
(ii) The n-Frenet frame field {T, Fs, ..., F,} of v coincides with
{To, 172707 ey Fn,O} at s = S0,
(iii) The given functions k1(s), ..., kn—1(8) are the curvatures of v(s).

This result can be obtained adapting the classical argument of the Riemannian case (see [24]) but, since
we were not able to find a precise reference in the literature, for the sake of completeness we have added its
proof in Appendix A at the end of the paper.

Remark 2.2. The construction of the Frenet frame field {F},..., F},} is based on the orthonormalization of
the set of vector fields

(VT =T,V¢T,..., Vi 'T}.

Here we point out that the correct generalization of the Gram-Schmidt algorithm in a semi-Riemannian
context uses the idea of a non-degenerate basis. Indeed, if V' is an n-dimensional vector space endowed with

a non-degenerate scalar product g, an ordered basis {F, ..., FE,} for V is said to be non-degenerate if, for
each k = 1,...,n, the scalar product g restricts to a non-degenerate scalar product on the subspace spanned
by {El, ey Ek}.

Now, if V' has an ordered non-degenerate basis {v1,...,v,}, then the Gram-Schmidt algorithm applied
to {v1,...,v,} produces an orthonormal basis {F1,..., E,} with the property that span{Ej,...,Ex} =
span{vy,..., v} foreach k =1,...,n.

3. r-harmonic 2-Frenet curves

Here we prove the results stated in Section 1 concerning 2-Frenet curves in semi-Riemannian space forms.
As a preliminary work, we study nonnull r-harmonic curves in a semi-Riemannian surface (M2, (,)). Let
v: I — (M2, {,)) be a non-degenerate curve, i.e., a curve such that
(VrT,N7rT) #0
on I. Then we can define
€y = sign (<VTT7 VTT>) (: :|:1)
and the principal unit normal vector field N together with its associated positive curvature function k(s):

VT = ek(s)N .

Then ~ is a 2-Frenet curve and we have the Frenet system of equations

VTT = €2 k‘(S) N
VTN = —€1 k(S) T

where (T',T) = €1, (N, N) = €2, €162 = —1. In this context we also have (see [20])
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R(T,N)N, T
Ky = BENNT) __pp vy, 1y,
€1 €2
where Kj; denotes the Gaussian curvature of the semi-Riemannian surface (M2, (,)). A first routine com-
putation leads us to the following proposition.

Proposition 3.1. Let v be a non-degenerate curve parametrized by the arc length s into an m-dimensional
semi-Riemannian manifold (M, (,)). Then its bitension and tritension fields are given respectively by:

() = [ = Bere2k(s)K' (s)] T + [e2 (Knr(s)erk(s) + k" (s) — e1e2k(s)?) |V ; (3.1)
73(7) =[ — bereak® (s)k(s) + 10k(s)3K(s) — 10e1eak’ (s)k" (s)] T
+ [e2K () (e1k” (s) — 2e2k(s)*) + €2k (s) — 10e1k(s)2E" (s) (3.2)

— 15€e1k(s)K'(s)* + e2k(s)°| N,
where, with a slight abuse of notation, we have written Kpr(s) for Kp(v(s)).

Next, let us assume that k(s) is a constant function, say k(s) = k. Then it is easy to deduce from the
Frenet equations that for all £ > 0 we have:

{V%ET = (—61 Gg)é I<L2Z T (33)

V%?'HT = (—€e16)l e RZTIN.,

Remark 3.2. When m = 2, —e1e5 = 1. However, we have preferred to write —ej ez in (3.3) because this makes
the formula applicable in the more general context m > 3, as we shall see in the proof of Theorem 1.7, for
instance.

Proof of Theorem 1.4. The result follows immediately from (3.1) with Kjs(s) = ¢ = constant. O

Proof of Theorem 1.5. We have to compute 7.(y). Using (1.1), (2.3) and (3.3) it is straightforward to
compute

TT('y):C[ 2—62(r—1)c]N,

where

2r—3

C = ek O

Proof of Theorem 1.8. The formula (3.2) with Kj/(s) = ¢ = constant is valid in this context. Explicit
integration of the tangential component of the 3-tension fields leads us to

k”(S) = %6162]6(8)3 + k(csl)Q (34)
and
K2(s) = L2(s) - % +er (3.5)

where ¢, o are integration constants. From (3.4) and (3.5) it is easy to deduce that
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2 (5 c1 + 26162k(8)5) (—35 c1 + 15 CQ]C(S) + 66162k(8)5)

KO (s) = 25h(s)"

Finally, substituting these expressions into the normal component of the 3-tension field we find that k(s)
must be a root of a not identically zero polynomial and so k(s) must be a constant as required. O

Finally, putting together Theorem 1.7 and Theorem 1.8, we easily deduce the classification Corollary 1.9.

4. Proof of Theorem 1.11

We recall that here the problem is to investigate the existence of r-harmonic curves with non constant
curvatures. To a given curve v : I — R$, parametrized by the arc length s and verifying the Frenet equations

VTT = €2 k,y(S) N
VN = —e1 ky(s)T + e37y(s)B (4.1)
VrB = —e7y(s) N,

we associate a ruled surface S, immersed in R? and locally described by the parametrization
X(s,0) = v(s) + v N(s), (4.2)

where s € I and v € (—4,9) for some § > 0.

Now, let us find under which conditions the curve y(s) = X (s,0) is a triharmonic curve into the ruled
surface S, and S, is a Lorentz surface of R$. A local frame field for the tangent plane of S, is given by the
coordinate vector fields

Xe=1—-eaky(s)v)T+es7y(s)vB; X, =N.

Thus the coefficients of the first fundamental form of S, are

E=(X:Xs)=€e1(1l —¢ k,y(s)v)2 + 637’3’02;
F=(XsXy)=(1—-e1ky(s)v) T +e37,(s)v B, N) = 0; (4.3)
G = <XE,XU> = €2.

If we denote by N the normal vector field to the surface S, in R} we have

S XN X, —e1€3 T (8)v T + €3(1 — €1 ky(s)v)B

X AX T Te(m (5)0)7 + es(I— €1 by (5)0)?]

where we have used that T'A N = e3B. Restricting the unit normal N along the curve v(s) = X (s,0) we
obtain N°(s) = €3 B(s). Therefore, S, is a Lorentzian surface provided that ez = 1 and § > 0 is sufficiently
small.

Next, if we denote by V¥ the Levi-Civita connection of S, and by N = (NS,N%), we have

Vol = VST + N (VT NS)NS = VET
because, from (4.1), (VT, N¥) = (eak~(s)N, e3B) = 0. Thus k(s) = k(s).

Now we compute the Gaussian curvature Kg of the surface S, along . Since F' = 0, we can use the
standard formula (see [20, p.81])
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Kg=— L (sign(E) <7(\/@)5> + sign(QG) (_(\/ﬁ)v) )

VIEG| VIE] V1G]

to obtain

2k2 + 2¢1e372 4K
Ks = —¢ (% — TV = —6162637',3 = T’%'

According to (3.2), we see that the condition of triharmonicity is equivalent to the following system of
equations:

K ke + 263K, + 2K K = 0;
(4.4)
(exk!? — 2e2k3)72 + kS (5) + L0K2KY + 15k, (K,)? + k3 = 0.

Since we look for curves « which are proper triharmonic, we can assume &, > 0. Then, multiplying the first
equation of (4.4) by k., we deduce

2
/
(KJk3) + £ (k) = 0.
Now integration yields
2 5 _
5/(?,’;]67 +2k) =

for some constant ¢; € R. Since we are interested in non constant solutions, we also assume that k; £ 0.

Then, after multiplying by 2k’ k7 2, we deduce that:

/
2\/ 4 201 -
(5(KL)?) + (K5)' + (%) =0.
Integrating again, we obtain

2
B(K,)? + kL + % = (4.5)
Y

for some constant co € R. Now, in order to reduce technicalities, we can assume ¢; = 0, ¢ = 1 and denote
by k.(s) a non constant positive solution of (4.5) defined on an interval around s = sy with initial condition
k(s) < (1/2)Y/4. Taking derivatives we easily obtain

10K, K, + 4%, = 0
and, due to the fact that E; # 0 and Ei: = —%Ei, we have

_ _ 9 _
61/6'{; — 262]45; = —5 (61 + 562) /{Ji 75 0.

Therefore, after a straightforward manipulation, we find that the second equation of the triharmonicity
system (4.4) becomes

63(1-2R)
= "
10ki,y(€1 + 562)

7'25

2 (4.6)
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Thus, choosing ¢ = —1 and €2 = 1 there exists an open neighborhood of sy on which the right-hand
side of (4.6) is positive. This ensures the existence of a function 7 (s) defined in an open neighborhood of
s = s¢ and such that (4.4) is verified. Then the conclusion of Theorem 1.11 follows immediately from the
Fundamental Existence Theorem 2.1. In details, given py € R} and the two non constant functions k- (s)
and 7, (s) as described above, we can choose {Ty, No, By} such that (Ty, Tp) = €1 = —1, (No, No) = €2 =1
and (Bg, By) = €3 = 1. From Theorem 2.1 there exists a curve v(s) parametrized by arc length with Frenet
Frame field coinciding with {7, No, Bo} in s and curvature functions coinciding with the given functions
k+(s) and 7,(s). Then, for a suitable open neighborhood I of sy and 6§ > 0 sufficiently small the surface
S, is Lorentzian and the curve v(s) = X(s,0) is a triharmonic curve into S, with non constant curvature

k(s) = ko (s).
5. r-harmonic 3-Frenet curves

In this section we shall prove Theorem 1.12 and his corollaries.

Proof of Theorem 1.12. First, it is important for us to establish a version in the semi-Riemannian context
of Lemma 2.1 of [2]. Indeed, we prove:

Lemma 5.1. Let y(s) be a 3-Frenet heliz into a semi-Riemannian manifold (M{™,{,)), m > 3,1 <t <m—1.
Then, for all £ > 0, we have:

VAT = A, T+ BB (5.1)
Ve T =C N,
where

Ay = 1

A = (—1)fer ébr?(e1r? + e372)t1 ife>1

By = 0 (5.2)

By = —(—Dfesebut(ern?+em?)t if £>1

Co = (1! k(e k2 +e372)" if0>0.

Proof. The proof of this lemma can be easily carried out separating the two cases V%é and VQTZH. In
both cases a simple induction argument which uses the Frenet equations enables us to obtain the required
result. O

As an application, we can now compute explicitly the condition of r-harmonicity for 3-Frenet helices in
any semi-Riemannian space form.
Using the expression (2.3) for the Riemannian curvature tensor field R we can rewrite (1.1) as follows:

r—2
() = VI T+ > (D) (VT )V T — (VI * 7T, T)V4T) = 0. (5.3)
=0

In the case that r = 2, using (5.1) we can easily compute the bitension field of ~:

() = V3T + c((T, T)V1T — (V1 T,T)T)
= —e2k(er k2 +e3m) N +cereak N

= — €9 K(€2 (e1 E* +e37?) — cel) N
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from which (i) follows immediately.
Now, let » = 3. Then the expression (5.3) becomes:

m3(v) = V3T + c((T, T)V5T — (V3T,T)T — (Vo T, T)V3T + (V3T,T)V7T)
= r(ar?+e3m?) N —ceaesk(erk?+e37)N —ces k3N

=— /@[—62 (1K 4+ 372+ cleres® +26%) | N

from which (ii) follows immediately.
Now we deal with the general case r > 4. First, we suppose that r = 2s is even. Using (2.3) into (1.1)
and separating even and odd indices we obtain:

Tos(7) = Cas—1 N

{Z 2]T INY 257j72)+1T _ <v§1(2sfj72)+1T7 T}VQTjT]

{Z 2(3 1)+1T T)V (2sfj71)T_ <V2T(2sfjf1)T, T>V2T(j—1)+1T]

Next, using Lemma 5.1 we find:

s—1
T2s(7) = Cosm1t N + ¢ > (VAT TV /2%

§=0

s—1

+e Y (VAT myv Uy
j=1
s—1 s—1
= {023—1 + cey Z-Ajc2s—j—2 + ceq ch—lAQS—l—]}N-

=0 j=1

Finally, using the explicit expressions for Ay, Cp given in (5.2) and performing a straightforward simplifica-
tion we find

Tos(7y) = 62/€|:(€1l€2 + 637'2)2573< —ex(e1k? + €37 + c[(2s — 1?2+ 61637'2])] N

from which the conclusion (iii) follows immediately. The case that r is odd is similar and so we omit further
details. O

Proof of Corollary 1.13. Since ¢ = 0, we deduce from (5.3) that ~ is proper r-harmonic if and only if
€1 k2 + €372 = 0. Therefore, there exist solutions only if €; and e3 have opposite sign. Since the index of the
metric is 1, it follows that e = 1 and so the normal vector field N is space-like. Finally, the r-harmonicity
condition clearly reduces to x? = 72. O

Proof of Corollary 1.16. Essentially, the proof consists in the analysis of (1.8).

Case (i) — By assumption e; = 1. Then e;e3 = —1. It follows immediately that if k2 = 72 then the curve
is r-harmonic for all r > 3.

Next, we study the equation —es (€1 k2 +e372)% + ¢ (61 €372 + (r— 1)&2) = 0 when r > 3. This equation in
our case is equivalent to
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™+ (c— 26%)72 + (54 —c(r— 1)/@2) =0,

that is a second order degree equation in 72. Now, a routine analysis shows that there exist positive roots
if and only if either (a) or (b) holds.

Case (ii) — It is immediate.

Cases (iii) and (iv) — The computations are similar to Case (i), so we omit further details. O

6. n-Frenet curves, n > 4

Starting from Theorem 1.18, in the introduction we stated several results concerning n-Frenet curves
with n > 4. This section is devoted to their proofs. First we establish:

Proposition 6.1. Let v be an n-Frenet curve parametrized by the arc length s into an m-dimensional semi-
Riemannian manifold (M™, g), m > n > 4. Then its bitension field is given by:

() = e2( = Ber ki Ky Fy + (k] —erea by — eaeg b1 k3) Fot

(6.1)
+ 63(2]@’1 ko + K klz) F3+esesky ko ks Fy + Ky R(FQ, Fl)Fl) .

Proof. We need to compute the first three covariant derivatives of T'. Using the Frenet equations (1.2) we
obtain

V1T = ex k1 Fy;
VAT = e, Vr(ki ) = €2 (k] Fo + ki (—e1 ki Fy + €3 k2 F3))
=ex(—e1 ki FI + ki Fy + es k1 ko Fy);
VAT = eo(—ey V(K2 Fy) + V(K Fy) + e3 V(i ks F3))
=ey(—€e12k1 k| F1 —e1 ek} Fo + kY Fo + ki (—e1 k1 Fy
+eg ko F3) + €3 (K ko + k1 k3) F3 + €3 k1 ko(—€2 ko F + €4 k3 Fy))

= 62( - 361 Ifl kll F1 + (klll — €1 €9 kzl)) — €2 €3 Ifl k%)FQ
+€3(2]€i kg + k‘l kié) F3 + €3¢€4 kl ]{)2 k‘3 F4))
Thus, replacing in (1.1) and simplifying we obtain

mo(v) = VaT + R(V¢T,T)T
=e(—3erki ki Fiy + (k] —e1eaki —eseski k3)Fo +
+€3(2k/1 kg + kl ]{Z/2) F3 + €3 €4 kl kg kg F4) + €9 kl R(FQ, Fl)Fl

and so we have the required expression. 0O

Proof of Theorem 1.18. Since the Frenet frame field {F1,..., F,,} is an orthonormal frame and (1.9) holds,
n
we can decompose the bitension field as 72(7) = > €;(12(7), F;) F;.

=1
From (6.1) and using the fact that (R(Fy, F1)F1, F1) = 0 we find that

(r2(7), F1) = =3 e2k1 k7 = 0.



18 S. Montaldo et al. / J. Math. Anal. Appl. 556 (2026) 130152

Now, since « is proper biharmonic, we obtain that the first condition in (1.10) must hold. Therefore, we can
rewrite the bitension field as follows:

’7'2(’)/) — €2 [(—6162]6? — 6263k1k%)Fg + 63k1k12F3 + €3 64]€1k2k3F4 -|— klR(FQ, Fl)Fl]
Now, it is easy to compute all the other components of 75(7):

) k(= (ex kl + esk3) + (R(Fy, F)Fy, Fy));
>:e2 kl( R(Fy, F1)Fy, F3)) ;

(T2(7), Fia) = e2 k1 (6 ko ks 4+ (R(Fy, F1)F1, Fy))
;) ki (R(Fy, 1) Py, F) 5<i<n,

as required to end the proof of Theorem 1.18. O
A computation similar to Proposition 6.1, using just (1.1) and (1.2), leads us to:

Proposition 6.2. Let v be an n-Frenet heliv parametrized by the arc length s into an m-dimensional semi-
Riemannian manifold (M{",g), 1 <t <m —1, m >n > 6. Then its tritension field is given by:

73(7) = —€2 /11{ — € [62(61 KT 4 e3k3)% + €3 eq Ko mg]Fg +
+ €3 €4 Ko K3 [€2(€1 K2 4 €3 k3) + eqez i + esnl) | Fy
—€3 €4€5€¢ Ko K3 K4 K5 Fg + €2 (261 Iil + €3 I<.32)R(F2, Fl)F

+eg €3 k1 ko R(F3, Fo) F1 — €3 €4 ko k3 R(Fy, Fl)Fl}'
Proof. From (1.1), the tritension field can be written as

3(y) = V3T + R(V3T,T)T — R(V2T,VrT)T . (6.2)
Thus we need to compute the first five covariant derivatives of T":

V1T = €3 k1 Fy;
V2T = ey ki1 (—e€1 k1 Fy + €3 1 F3);
VaT = —es by [62(61 KT + €3 k3)Fy — €3 €4 ko K3 F4];
ViT = —es by [ — €1 eaky(e1 KT +eznt)FY
+€3 ko (62(61 K2 4 e3k3) + ez ey K%)Fg — €3 €465 Ko K3 K4 Fg,} ;
VTT = —€2 k1 [ — € (62(61 nl + €3 KZQ) + 63 €4 K5 /<;3)F2
+ €3 €4 Ko ki3 (e2(e1 K] + €3 Kk3) + €alez K3 + e5K7) ) Fu

—€3 €4€5€5 K2 K3 K4 K5F6] .
Using these expressions in (6.2) it is straightforward to end the proof. O
Now, we examine more in detail the case that the ambient is a semi-Riemannian space form. As a

consequence of Proposition 6.2, inspection of the component of the tritension field along Fg suggests that
there are no proper solutions if n > 6. Therefore, it is geometrically natural to restrict our attention to the
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case that m = n = 5. In this case the computations are equivalent to those in Proposition 6.2 with the
additional assumption x5 = 0. Then, using (2.3) and simplifying, we easily deduce Theorem 1.21.

As for Examples 1.23 and 1.24 it is easy to check that all the conditions of Theorem 1.21 are verified
with ¢ = 1. Then the conclusion follows from the Fundamental Existence Theorem 2.1.

7. Proof of Proposition 1.25 and Theorem 1.26

Proof of Proposition 1.25. The assumption (1.12), together with the expressions given in Lemma 5.1, enable
us to conclude that

VT =0

for all j > 3. Then direct inspection of the tension field (1.1) shows that all its terms identically vanish
whenr>4. O

The proof of Theorem 1.26 is more laborious and so we carry out some preliminary work.

First, we observe that in the ambient space (]R x N m*1(0), gprod) the curvature terms of the r-tension
field (1.1) are always tangent to the factor N™~1(c). It follows readily from Lemma 5.1 that, if (1.12) does
not hold, then a necessary condition for a helix v to be proper r-harmonic, > 2, is the fact that its normal
vector field N is itself tangent to N™~1(c).

This can be achieved only if e = 1 and the component of v along the factor R is a linear function of
s. Therefore, without loss of generality since vertical translations are isometries, in the family (1.13) we
have assumed that this component of 7 is equal to d; s. Moreover, we observe that all the conclusions of
Theorem 1.26 are trivial if d; = 0. Therefore, from now on, we shall assume d; # 0. To fix notation, we
write as follows the Frenet equations verified by a in N™~1(c):

V1. To = ko Ny
Vi1, No = —kaTs + TaBa (7.1)
6TaBoz = —ToalNa,

where here V denotes the covariant derivative in N m=1(c), Also, we write the Frenet field of  as follows:
T=4=di 0, +dyi(das) =dy &, +dyTa, N=N, B=-B,d+B,
where N, B are tangent to the factor N™~1(¢). Note that
e = (T,T) = —d? + d3
forces the assumptions (1.14) on the constants dy, ds.
Proof of Theorem 1.26. First, we establish

Lemma 7.1. The curve -y verifies the Frenet equations

VTT = EQKN
VrN = —e1kT + e37B (7.2)
V1B = —eTN,
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with e = 1 and

k= (atdra,  T=farla+d) (2 - adinl). (7.3)
Moreover, v does not verify (1.12).
Proof. We compute
VT = Va, 04ds 7o (d1 0y + d2 To)) = d3V1, To = d3kaNa
from which we deduce N = N,, ¢2 =1 and & as in (7.3). Similarly
VN = dyVr, Ny = —ds kT + dy 7o Ba -

Next, equalling the right-hand side to —e;kT + e37B and considering the components tangent to R and
N™=1(c) respectively we find:

(l) €1I$d1 + €3TBt =0
(ii) (€1I€d2 — m/d2)Ta 4+ dy7y By — €37B =0

which imply

(1) Bt = —6163(K/T)d1

~ 7.4
(11) B = (63/7‘) ((Elﬁdg — Ii/dg)Ta + dQTaBa> ( )
We use these facts to compute the expression of 7:
T = <VTN3 B>
= (=d3 kaTo + d> 7o Ba, —B1 0 + B)
= (—dy kaT + do 7o Ba, %3 ((emdQ — k/dy) T + dQTaBa)> (7.5)
_8(p22 2, i
= (d27'a K=(€ d§)> .

Next, using d3 = €; + d7 and the assumption (1.15) we easily deduce the expression for 7 given in (7.3).
Finally, a simple computation yields

e1k? + ez = (d% +€1) (mi + Ti) #0.
Thus v does not verify condition (1.12), as required to end the lemma. O

To deal with the curvature terms of the r-tension field 7,.(7y) it is useful to compute some scalar products,
denoted (,),, with respect to the metric g of N™1(c).

More precisely, we make the following slight abuse of notation: writing vectors as X = —X;0; + X Y =
Y0, + }7, we shall consider

<X7Y>Q = <)’Zv?>y

We have:
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<T, T>g =€ + d%
(T.N)g =0 (7.6)
<T7 B>g = 6153d%§

where, for the third scalar product, we have used (7.4)(i) and
0=(I'B) =diB,+ (I, B),.
We also point out that in our product space, with a notation as above,
R(X,Y)Z = c(o?, 7y, X — (X, Z>gf/) .

Now, we can proceed to the computation of 7,.(y) as given in (1.1).

First we assume that r is even, say r = 2s. We use Lemma 5.1 and split the sum into even and odd
values for the index ¢. Computing in a fashion similar to the proof of Theorem 1.12 we manage to express
the 2s-tension field using the functions Ay, By, Cy introduced in Lemma 5.1. More precisely, we obtain:

s—1
TQS('Y) = CQs—lN + CZCQS—j—2(<Ta T>gAj + <Ta B>gB])N (77)
=0
s—1
+CZC]'—1(<T, T)gAzs—1-j + (T, B)gB2s—1-;) N
j=1

= [ — (—1)(2S)I€(/€261 + 63’7’2)(73+2S) (/{4 + 26216372 + 74
—c(k*(=1+ 25+ d?e;) + (d? + 61)63’7’2))j| N

where for the various simplifications we have also used (7.6). We have proved in Lemma 7.1 that in our
family of curves condition (1.12) never holds. Therefore the condition of proper r-harmonicity, when r is
even, is equivalent to

kY 4+ 26%e1e3m% + 71 — (K2 (r — 1 + d2€1) + (d3 4 €1)e3r?) = 0. (7.8)

A similar computation shows that the same condition rules r-harmonicty also when r is odd. Finally, we
replace the explicit expressions (7.3) for k and 7 into (7.8). Then we see that the r-harmonicity equation
(7.8) becomes equivalent to

(k5 + 72)* = c((r = 1)wg, +72) = 0.

But the latter is precisely the condition of r-harmonicity for the 3-Frenet helix o in N™~1(c) (see [2]), as
required to end the proof of Theorem 1.26. O

8. r-harmonic curves in Robertson-Walker space time

In this section we study r-harmonic curves into the Robertson-Walker Lorentzian manifold RWT" =
(J x N™=1(c), gr), where the metric g was introduced in (1.16). In particular, we shall prove Theorems 1.28
and 1.29.

A vector field X on RWT* can be decomposed as

X =(-X;,X)=-X:0, + X,
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where X is a vector field tangent to N™~1(¢) and X, = g5(X,d;) = (X, ).
Preliminarily, we observe that the action of the Levi-Civita connection in a Robertson-Walker semi-
Riemannian manifold is described in the following proposition.

Proposition 8.1 (see [20]). Let X, Y be two vector fields tangent to N™=(c) and 8; a unit vector field tangent
to J. Then the Levi-Civita connection V of the Robertson-Walker space-time RWT' wverifies the following
properties:

() vgtat =0; ,
(i) Vo X = V0, = ’;
~ ~ ~ ~ ~ ! ~ ~ ~
iii) VY = VY + (XY f—at, where V is the Levi-Civita connection of N™ 1(c) and (X,Y) =
X X

f

Next, following [20] again, we recall the following properties of the Riemannian curvature tensor of RW7":

Proposition 8.2. Let )~(, Y and Z be vector fields tangent to N™~1(c) and 0; a unit vector field tangent to
J. Then the Riemannian curvature operator R of the Robertson- Walker space-time RWY' satisfies

o \2 c o IO
i) RX, V)7 = (%) (V. 2)X — (X, 2)7);

N N ATS
(ii) R(X,(it)atf (f)X,
(i) R(X,Y)d; = 0;

(iv) R(X,0,)Y = — (7) (X,Y)0,.

Our first result in this context is:

Proposition 8.3. Let v be a 2-Frenet heliz parametrized by the arc length s into an m-dimensional Robertson-
Walker space-time RWT' such that its normal vector field N is equal to +0;. Then

(7)) = -0 <52 + (r— 1)?) N.

Proof. We assume N = 0;, eo = —1 (the case N = —0;, e = —1 is analogous). This implies that T" must
be space-like and ¢; = 1. Moreover, T is tangent to N™~!(c). Thus, using Proposition 8.2,

R(N,T)T = —R(T,N)T = <J;”> (T, TY0; = J;/ (8.1)

Now assume r = 2. From (1.1) and using (3.3), (8.1) we obtain

1
m9(y) = VAT + R(V¢T,T)T = —k*N — kR(N, T)T = —k </€ + f7> N.

In the case that r = 3, the expression (1.1) becomes:
m3(7) = V3T + R(V3T, T)T — R(V7T,VoT)T

1
=Kk’ N—r*R(N,T)T + &*R(T, N)T = —«? <I€ + 2f7>
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Now we find the general expression of the r-tension field for r > 4. Assume r = 2s is even. Then, separating
even and odd indices in (1.1) and using (3.3) and (8.1):

s—1
T2s(7) =V3 I T 3R (VQT(QS_j “AHp v T) T

j=0
s—1
SR (vi(%‘j‘”T, VQT(j_l)+1T) T
j=1
s—1 s—1
— _ K2(2571)+1N _ Z I€2(2872)+1R (N, T) T+ Z H2(2572)+1R (T, N) T
j=0 j=1

_ 202241 (2 nd
=—K K+ (2s 1)f N.

The case that r is odd follows the same argument. O

Proof of Theorem 1.28. The unit tangent vector field of v is given by 4/ = T = (0,d ). We observe that
T is tangent to N !(c) and ¢; = 1. From the first Frenet equation and Proposition 8.1 we deduce

f'(to)
f(to) O

Now, since « is a geodesic on N™"1(¢), V! = 0. Then (8.2) implies N = £0;, ea = —1 and

o= = (i)

Combining again Frenet equations (1.2) and Proposition 8.1 we deduce:

e2k(s) N = VT = d*Vyo! + (8.2)

f'(to)
f(to)

From this equation we obtain 7 = 0. This means that v is a 2-Frenet helix.

T.

—kT + EgT(S)B =VrN =— ‘

The curve v is a geodesic if and only if k = 0, that is f'(¢g) = 0. Thus, from Proposition 8.3, + is proper
r-harmonic if and only if

f// (tO)

f'(to) #0  and  K?2+(r—1) Fto)

=0.

From this condition it is immediate to conclude the proof. 0O

Proof of Theorem 1.29. The tangent vector field of v is given by v/ = T = (0,a/). Thus T is tangent to
N™=1(c) and €; = 1. From Proposition 8.1 and the hypothesis f’(tq) = 0 we obtain VT = Va/.
Now, let 8(s) = a(f(to)s). Then Ts = f(t9) &’ and

9(T5,T) = f(to)* g(a’,a') = (T, T) =1,
that is 3 is parametrized by the arc length on N™~1(c). Next,

~ 1 ~
VTT = Va/O/ = WVTﬁT,@ (83)
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and by an induction argument

. 1 ~ .

for all j > 1. Let )?, Y and Z be vector fields tangent to N™1(c). From Proposition 8.2 and the assumption
/' (to) = 0 we deduce that along the curve v we have:

R(X,Y)Z = W((Y, )X — (X, Z)Y)
=c(g(Y,2)X — g(X,Z)Y) (8.5)
=RV O(X,V)Z.

Finally, using (8.4) and (8.5) in the expression of r-tension field (1.1),

r—2
() =VETIT+Y (D' R(VET VLT T
£=0

r—2
1 G ¢ 1 S2r—3—4 1 =
— f(to)Qr vTﬁ TB + Z(_l) R (WV% TB’ WvTﬁTB T

=0
_ 1 %QTflT 1 = 1 ZRNmil(C) 627‘737@1’! 6@ T T
- flto)?" Tp B+ f(to)?r Z(_ ) ( T B>V Ty ﬁ) B
£=0
1
= T

and so the conclusion of the proof follows readily. O
Appendix A. The fundamental theorem of curves

Theorem A.1 (The Fundamental Theorem of Curves in Semi-Riemannian Geometry). Let M = (M, {(,))
be an m-dimensional semi-Riemannian manifold of inder 1 <t < m — 1. Given smooth, positive curvature
functions k1(s), ..., kn—1(s) defined on an open real neighborhood of so € R, an initial point pg € M and an
initial orthonormal frame {Ty, Fay,...,Fno} at po there exists an n-Frenet curve y(s) in M parametrized
by the arc length s such that

(i) v(s0) = po;
(ii) The n-Frenet frame field {T, Fs, ..., F,} of v coincides with
{Tv, F2,0,-- -, Fno} at s = so;
(iii) The given functions k1(s), ..., kn—1(s) are the curvatures of v(s).

Proof. We follow the approach of [14] and [24]. Let py € M and let (U,p) = (U,x,...,2™)) be a local
chart of M/™ around the point pg. Consider in the chart (U, ¢) a given curve a(s) = (al(s),...,a™(s)) =
(' oa,...,2™ o) and let {F{,...,F®} be the Frenet frame field along «. Then, with respect to the
coordinate frame field {%}Zl we have

and
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Note that w] = &/, Moreover,

VrF? = (] + T4 6"w)) %7

where the '/ ’s are the Christoffel symbols of the Levi-Civita connection in the local chart (U, ). Using
the Frenet Equations (1.2) we obtain that the w]’s satisfy the following system with 1 < j < m:

& (s) = wi(s)

Wy + D a"wi = €2 k§ wy

iJ i A — J J ;

wy + I d"wi = —6 1k qwy_ + €1 kfwi,, 1<i<n

0J T AT aS o J
wn + Frsa wn - €n—1 kn—lwn—l

If we put A(s) = (al(s),...,a™(s)) and W;(s) = (wi(s),...,w(s)),1 <i < n, then (A.1) can be rewritten

as follows:

{ A'(s) Wi(s), (A2)
W/ (s) Gi(A(s), Wi(8), s Wi(s)), i=1,...,n '

where the G;’s are functions which depend only on the curvatures k¢',...kS_;, the values of €;...€, and
the Christoffel symbols. By way of summary, for a given curve «a(s) in the local chart (U, ¢), system (A.1)
or, equivalently, system (A.2) holds.

Now, let us suppose to have (n — 1) positive differentiable functions ki(s),...,k,—1(s) and an initial

orthonormal frame {1y, Fa,0, ..., Fn o} at po such that
e1 = (To, To), €2 = (Fo0,F20), ... €= (Fno,Fno) (A.3)

We consider the system of differential equations in the variables
C(5),Vi(8),..., Vi(s):

{C'(S) = Vi(s), (A1)

Vi(s) = Gi(C(s),Vl(s),...,Vn(s)),i:l,...,n

where G1,...G, are formally the functions defined in (A.2), but they depend on the given functions
ki,...kn_1, €1 ...€, and the Christoffel symbols. If we choose the initial conditions

(C(s0), Vi(s0), Va(s0) - -, V(50)) = (¢(po), to, f2,05 - -+ fn0)s

where tg, f2,0,-..,fn0 € R™ are the components, with respect to the coordinate frame field, of
To, Fo o, ..., Fyo respectively, there exists a unique solution (c(s),vl(s), . ,vn(s)) of (A.4), in a neigh-
borhood of sg, such that

(¢(s0),v1(50),v2(50), - - -, vn(50)) = (@(P0),tos f2,01- - fn0)-

Define (s) = ¢! o ¢(s). Then ~(s) is a curve on M;™ such that v(so) = po.

Let us define the vector fields f; = vfa—, i = 1,...,n, along v. Then the frame field {f1, f2,..., fn}
Lj
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coincides with {Tp, Fa,. .., Fy 0} at the point so and satisfy (A.4) by construction. To finish the proof, we
have to show that ki,...,k,_1 are the curvatures of the curve «(s). For this, it is sufficient to prove that
{f1,-.-, fn} is an orthonormal frame field of the type (A.3) along the curve . If the matrix 2 defined in
Remark 1.2 were skew-symmetric, then the conclusion could be rapidly obtained by using the method of [1,
Theorem 6, p. 124].

In our case, generalizing the method of [14], we consider the following auxiliary system of n(n + 1)/2
differential equations in the variables X;;(s),1 <i < j < n:

Xil = 2e2k1 X2
X!, = —26_1ki-1Xi—1i+ 2641k X4 l<i<n
X, = —2e,-1kn-1Xn_1n
1, = ekiXo;—e ki1 X1 temkiXii 1<i<n
X1, = ekiXon—€n_1kn_1X1n-1 (A.5)
Xz{j = —€1ki1 X 15+ 61k Xipj
—€j_1kj 1 X1+ €1k X I<i<j<n
Xi, = —€akiaXin+enkiXigin
—€n—1kn_1Xin1 1<i<mn,

with initial conditions at the point s = sg
X”‘(So) = €;, 1 <1< n; Xij(So) = 0, 1< j

Since {f1,..., fn} satisfy (A.4), then Y;; = (f;, fj), 1 < i < j < n, is a solution of (A.5). Moreover, since
{f1, f2..., fn} coincide with the orthonormal frame {7y, Fs0,...,F, 0} at the point sg, then

Y11(s0) = (To, To) = @1
Yii(s0) = (Fio, Fio) =¢; 2<i<n
Yij(s0) = (Fio, Fjo) =0 i<,

that is the solution {Yéjhgigjgn satisfy the initial conditions at the point sg. On the other hand, the
n(n 4+ 1)/2 constant functions given by

Zy=¢,1<1<n; Zy; =0,i<j

are also solutions of (A.5). Thus, by the uniqueness of the solution, we deduce that Y;; = Z;;, 1 <i < j <mn,
that is

This means that {fi,..., f,} is an orthonormal frame along =, as required to end the proof. O
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