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Fig. 1. We propose a novel set of dual schemes to turn an adaptively refined grid into a conforming hexahedral mesh. Compared with prior methods, our
schemes allow to process a broader class of input grids, and produce coarser hexahedral meshes with a simpler singular structure.
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val 3 val 4 val 5 val 6
0.866 1 0.951 0.866

val 7 val 8 val 9 val 10
0.782 0.707 0.643 0.588

Fig. 2. The number of hexahedra incident to an edge directly impacts the maximum per element quality locally achievable. For each configuration, we show
edge valence and the best Minimum Scaled Jacobian that can be obtained from such connectivity . Our schemes always generate edges with valence between
3 and 6. On the dataset released with [Gao et al. 2019], both [Maréchal 2009] and [Gao et al. 2019] introduce singular edges with higher valence.
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Fig. 3. Exhaustive set of all possible transitions that may arise in an adaptive grid with two alternative levels of refinement. Values next to each cube denote
s

the number of octants filled with a regular 4x 4x 4 sub-grid (blue). The red-shaded empty octants can be imagined filled with a coarser x X sub-grid,
which is not rendered to make the figure easier to parse. These cases can be seen as a volumetric interpretation of the lookup table shown in [Nielson 2004].
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Fig. 4. Basic scheme to transition from a flat 4x4 toa X grid. From left to right: there are 16 hanging nodes with valence 5 (black dots). The first chain of
prismatic elements with triangular cross section suppresses all hanging nodes but four. The second chain intersects the first one orthogonally, and secures
valence 6 for all vertices. The four upper cells reproduce the X structure, completing the transition. Some of the faces are transparent to better inspect the

interior topology.

Fig. 5. A 2D example of the dual approach proposed in [Maréchal 2009].

Left: an adaptively refined grid has two hanging vertices (black dots) at Fig. 6. When a chain of prismatic elements turns  ° to traverse a con-
the interface between elements of different sizes. Middle: connecting them vex edge, two tetrahedral elements (yellow) are necessary to adjust mesh
through the vertical edge in between ensures that all internal nodes have topology and provide the necessary bending.

valence four. Right: dualizing the grid yields a pure quadrilateral mesh.
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Fig. 7. There are three different ways to bend a chain of prismatic elements along a concave edge. Left: if the chain passes below both intersections aside
the concavity, the bending can be realized with three pentagonal faces. Middle: if the chain passes below one intersection and above the other, the bending
necessitates hexagonal faces. Right: if the chain passes above both intersections, heptagonal faces are needed. Transition elements are highlighetd in yellow.
Note that in all cases two hexagonal faces are needed to handle the bottom and top corner faces (see the bottom left dashed lines). The leftmost solution is the
optimal one, because it introduces the least amount of high valence irregular edges in the dual hexmesh.
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Fig. 9. A non trivial transition involving a flat area, two concave edges, and
one convex edge. The basis of the flat and convex schemes conflict (right),
therefore basic transitions cannot be used directly, but must be combined in
order to produce hybrid schemes that adapt to the local shape of the grid.
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Fig. 10. The 8 atomic schemes used to mesh all the transitions listed in Figure 3. Top: elements are color-coded with respect to their type. Green elements
belong to prismatic chains that suppress the hanging nodes of a refined cluster. Yellow elements allow the green chains to bend around convex and concave
edges. White elements are lids that fill the remaining volume. Bottom: hexahedralized transitions obtained with standard mesh dualization.
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Fig. 11. Example of installation of the atomic schemes in Figure 10 for a complex case involving flat, convex, and concave regions. All the necessary transitions

can be realized with a combination of rigid movements and reflections of the basic schemes. The installing sequence is not mandatory, and any alternative
sequence would provide the same result.
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Fig. 12. Weakly balanced grids may exhibit configurations where cells with
three different levels of refinement are incident to the same edges, gener-
ating new hanging vertices that cannot be suppressed with prior schemes
(yellow dots). Each row shows one of the four possible cases: elements can all
be incident to the same concave open line, or to all (or a subset) of the three
concave lines that terminate in a concave corner. As can be noticed hang-
ing vertices belong to the finest sub-grids, and their suppression demands
a blend between a convex transition (for the yellow part) and a concave
transition (for the blue part).
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strongly balanced
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Fig. 13. Starting from an unbalanced grid (left), fulfilling strong balancing
demands 80 steps of extra refinement (middle). If weak balancing is permitted,
the amount of necessary refinement is reduced by 25%.

Fig. 14. Left: hybrid convex/concave transition involving three different
levels of refinement. Besides the three canonical chains of prisms of a
standard concavity (in red, blue, green), there are two extra chains that take
a convex turn around the concave edge (orange). Right: the two tetrahedral
elements that ensure the convex transition (orange) partially overlap with
the concave transition (yellow). As a result, the yellow faces - that were
pentagons in the basic concave transition — become hexagons.

Edge Vert Concave Vert Concave Vert Concave Vert Concave
Concave side center center center
(E-MR) (VS-MR) (VC3-MR) (VC2-MR) (VC1-MR)
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Fig. 15. Hybrid concave/convex schemes to handle weakly balanced grid
having cells with three levels of refinement incident to the same grid edges.
Top: green elements are pieces of the prismatic chains. Yellow elements
allow concave bending. Orange elements allow convex bending. White cells
are lids to complete the volume. Bottom: hexahedralized transition blocks
obtained with standard mesh dualization.
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Fig. 16. A random subset of models used to validate our method. To produce these meshes we retained only the subset of grid elements completely internal to
the input shape, and projected and smoothed the boundary vertices using [Livesu et al. 2015].
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Fig. 17. A failure case for the dual method proposed in [Gao et al. 2019].
In this case, their algorithm is not able to produce a conforming hexmesh
starting from an adaptive grid that is fully compliant with the minimum
requirements for hexahedral meshing. Overall, testing their reference im-
plementation on the Thingi10K dataset, we isolated 37 similar failures. All
adaptive grids were created with the reference implementation released by
the authors. On the same grids, our method was always able to produce
a valid mesh with the 8 schemes for strongly balanced grids proposed in
Section 5. Input and outputs grids are included in the additional material
for all failure cases.
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Table 1. Topological details for all the transition schemes proposed in the
article. For each scheme we report the number of polygonal faces they con-
tain. Once dualized, each polygon translates to an edge in the hexmesh with
valence corresponding to the number of sides in the primal (the subscript i
in the F; notation).
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Fig. 18. Distribution of edge valences for 7589 models from Thingi10K. Each

column corresponds to a specific model in the dataset and its height is proportional

to the relative impact of that valence in the output mesh. Lateral numbers indicate the minimum and maximum relative impacts. The 37 failure cases of [Gao

et al. 2019] were omitted from the analysis.
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Fig. 19. Cumulative relative impact of edge valences across all models in
the Thingi10K dataset. The vast majority of edges is regular (valence 4),
and the impact of other valences is very similar for both methods, with the
exception of valence 7 edges, which are completely avoided by our schemes
if the input grid is strongly balanced.
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Fig. 20. Strongly balanced grids required up to 64% more elements than
weakly balanced grids in the Thingi10K dataset, and up to 46% more ele-
ments in the dataset released with [Gao et al. 2019]. In the plots above, each
column represents a different shape in the dataset, and columns are ordered
for increasing growth. Mesh growth was measured as (Hs — Hy )/Hw,
with Hs and Hy being the number of grid cells obtained applying the
strong and weak balancing, respectively.
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