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Abstract. In this paper we consider radially symmetric solutions of the cross-diffusion system with flux limitation,

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ut = ∇ ·
( u∇u

√
u2 + |∇u|2

)
− ∇ ·

( u∇(χv − ξw)

(1 + |∇v|2 + |∇w|2)q
)
,

0 = Δv + αu − βv,

0 = Δw + γu − δw

in Ω × (0, ∞), with Ω a ball in R
N , N ≥ 1 under no flux boundary conditions and positive initial data. If N ≥ 3, under

conditions on the data, we prove that the solution blows up in L∞-norm at finite time Tmax. Moreover for all p > N we
prove that the solution blows up also in Lp-norm and a lower bound of blow-up time is derived.
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1. Introduction

Chemotaxis refers to the movement of cells or organisms in response to chemical stimuli. This phenom-
enon plays a crucial role in biological processes such as immune response, wound healing, and bacterial
aggregation. Cells typically migrate toward higher concentrations of attractant chemicals or away from re-
pellents, enabling them to navigate complex environments. In 1970, Keller and Segel in [7] introduced the
following foundational mathematical model for chemotaxis which describes the dynamics of cell density
u(x, t) and chemical concentration v(x, t),

{
ut = Δu − χ∇ · (u∇v), x ∈ Ω, t > 0,

τvt = Δv + αu − βv, x ∈ Ω, t > 0.
(1.1)

Originally formulated to capture the aggregation behavior of slime molds, this system has a cornerstone
in the study of nonlinear partial differential equations and pattern formation in biological systems. At its
core, the Keller–Segel model couples the dynamics of cell density with the concentration of a chemoattrac-
tant, leading to rich phenomena such as blow-up, travelling waves, and spatial clustering. These models
help researchers to understand pattern formation, population dynamics, and the conditions under which
cells aggregate or disperse.

Recent interdisciplinary research has begun to explore the relevance of chemotactic models like Keller–
Segel in the context of neurodegenerative diseases, particularly Alzheimer’s disease. In Alzheimer’s pathol-
ogy, microglial cells (immune cells of the brain) exhibit chemotactic behavior as they respond to amyloid-
beta plaques. By adapting the Keller–Segel framework to describe microglial migration and interaction
with neurotoxic agents, researchers can gain insight into the spatial-temporal dynamics of inflammation
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and plaque formation. This mathematical perspective offers a promising avenue for understanding disease
progression and potentially guiding therapeutic strategies.

In 2003, Luca et al. in [11] introduced the following attraction-repulsion system to model the clustering
behavior of microglial cells u(x, t) observed in Alzheimer’s disease,

⎧
⎪⎪⎨

⎪⎪⎩

ut = Δu − χ∇ · (u∇v) + ξ∇ · (u∇w), x ∈ Ω, t > 0,

τvt = Δv + αu − βv, x ∈ Ω, t > 0,

τwt = Δw + γu − δw, x ∈ Ω, t > 0.

(1.2)

In this framework, microglial migration is influenced by competing chemical signals–chemoattractants like
β-amyloid and chemorepellents such as TNF-α (here represented by the functions v(x, t) and w(x, t)).

Over the past few years, the problem (1.2) has attracted considerable attention and has been the
subject of extensive mathematical and biological analysis. In [17], Tao–Wang considered the system (1.2)
and studied the global solvability, boundedness, blow-up, existence of non-trivial stationary solutions and
asymptotic behavior of the system on various parameter regimes. Particularly, in the two-dimensional
setting, they proved that the system with τ = 0 is globally well-posed in high dimensions if repulsion
prevails over attraction in the sense that χα − ξγ < 0, and that the system with τ = 1 is globally well-
posed in two dimensions if repulsion dominates over attraction in the sense that χα − ξγ < 0 and β = δ.
Moreover they derived finite-time blow-up under the conditions that

´

Ω

u0(x)|x − x0|2 dx is sufficiently

small for x0 ∈ Ω and χα − ξγ > 0, δ = β and
´

Ω

u0(x) dx > 8π
χα−ξγ . Finite-time blow-up in the system

with τ = 1 was established by Lankeit [8] even in the case β �= δ. In [10], Li–Li extended Tao–Wang’s
blow up result to the conditions χα − ξγ > 0, δ ≥ β and

´

Ω

u0(x) dx > 8π
χα−ξγ or χαδ − ξγβ > 0, δ < β

and
´

Ω

u0(x) dx > 8π
χαδ−ξγβ . In [5], Chiyo et al. analyzed, in a ball Ω ⊂ R

N , N ≥ 3, finite-time blow-up

behavior of the attraction–repulsion chemotaxis system (1.2) by incorporating logistic degradation and
established a lower bound for the blow-up time.

Mathematical models of chemotaxis with flux-limited diffusion arise naturally in the description of
tumor invasion processes, in particular glioblastoma progression, where cancer cells migrate under the
combined influence of biochemical cues and interactions with the surrounding tissue, leading to the
formation of structured invasion fronts whose dynamics require saturated flux mechanisms to ensure
finite propagation speed (see, e.g., Conte, Casas-Tintò and Soler [6]). In this framework, the cell density
evolves under the interplay of chemoattractant and chemorepellent signals, giving rise to complex pattern
formation phenomena. Such modeling approaches can be viewed as extensions of the Keller–Segel model;
recent contributions include Xu [19], who investigated asymptotic behavior and pattern formation in
flux-limited settings, and Zhigun [20], who established existence of global entropy solutions for degenerate
chemotaxis systems with saturated diffusion.

Inspired by the interesting applications in the medical field, this paper aims to study the behavior in
time of solutions to the following variant of attraction–repulsion model (1.2):

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ ·
( u∇u

√
u2 + |∇u|2

)
− ∇ ·

( u∇(χv − ξw)
(1 + |∇v|2 + |∇w|2)q

)
, x ∈ Ω, t > 0,

0 = Δv + αu − βv, x ∈ Ω, t > 0,

0 = Δw + γu − δw, x ∈ Ω, t > 0,

u∂u
∂ν√

u2 + |∇u|2 =
∂v

∂ν
=

∂w

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω

(1.3)
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in Ω × (0,∞), with Ω a ball in R
N , N ≥ 1, where χ, ξ, α, β, γ, δ are positive, and q is nonnegative. The

initial data u0 satisfies

u0 ∈ C2(Ω), radially symmetric and positive in Ω. (1.4)

The novelty of this model is the presence not only of the flux limitation in the drift term but also the
presence of the flux diffusion term. The choice to study such type problem with flux limitation term is
due to the fact that these terms assume particles follow preferred paths (like cell boundaries) rather than
diffusing randomly. This approach removes non-physical diffusion, ensuring finite-speed propagation, a
core feature of the model (cf. [4]).

Originally, these flux limitation terms were introduced by Bellomo–Winkler in [1] and [2] where, by
introducing the model

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ ·
( u∇u

√
u2 + |∇u|2

)
− χ∇ · (

u∇v
√

1 + |∇v|2 ), x ∈ Ω, t > 0,

0 = Δv − m0 + u, x ∈ Ω, t > 0,
(

u∇u√
u2+|∇u|2 − χ u∇v√

1+|∇v|2
)

· ν = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω

(1.5)

in a ball Ω ⊂ R
N , N ≥ 1, m0 := 1

|Ω|
´

Ω

u0, under some conditions on χ > 0 and
´

Ω

u0, they showed local

existence with extensibility criterion and global existence of bounded radial solutions in [1], and in [2]
the authors established the existence of an initial datum such that the corresponding solution blows up
in finite time. Thereafter, in [15] Mizukami et al. analyzed the more general problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ ·
( up∇u

√
u2 + |∇u|2

)
− χ∇ ·

( uq∇v
√

1 + |∇v|2
)
, x ∈ Ω, t > 0,

0 = Δv − m0 + u, x ∈ Ω, t > 0,
(

up∇u√
u2+|∇u|2 − χ uq∇v√

1+|∇v|2
)

· ν = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω

(1.6)

with p, q ≥ 1, and established local existence and extensibility criterion ruling out gradient blow-up when
p, q ≥ 1, and moreover derived global existence and boundedness of solutions when p > q + 1 − 1

N .
Chiyoda et al. in [3] considered the problem (1.6) and extended the result of [2] by proving the existence
of blow-up solutions under some conditions on χ and u0 with 1 ≤ p ≤ q.

The principal purpose of the present work is to investigate on the blow-up phenomenon for the solution
of (1.3).

The main results are summarized as follows.

Theorem 1.1. (Finite-time blow-up in L∞-norm) Let Ω = BR(0) ⊂ R
N , N ≥ 3, R > 0 and let

α, β, δ, γ, χ, ξ > 0. Assume that

χα − ξγ > 0 and 0 ≤ q <
1

N − 1
.

Then for all m > 0 and m1 ∈ (0,m) we can find r1 ∈ (0, R) such that :
if u0 complies with (1.4) and

ˆ

Ω

u0 dx = m, (1.7)
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but
ˆ

Br1 (0)

u0 dx ≥ m1, (1.8)

there exist Tmax < ∞ and a classical solution (u, v, w) of (1.3),
{

u ∈ C2,1(Ω × [0, Tmax)),
v, w ∈ C2,0(Ω × [0, Tmax)),

which blows up at Tmax in the sense that

lim sup
t↗Tmax

‖u(·, t)‖L∞(Ω) = ∞, (1.9)

where C2,k means C2 in x and Ck in t (k = 0, 1).

Remark 1.1. Compared to the blow-up results for (1.5) and (1.6), the ideal exponent for q in the main
results should be 1/2, which however can not be covered in the main results.

Theorem 1.2. (Finite-time blow-up in Lp-norm) Let Ω = BR(0) ⊂ R
N , N ≥ 3 and R > 0. Then, a

classical solution (u, v, w) of (1.3), provided by Theorem 1.1, is such that for all p > N ,

lim sup
t↗Tmax

‖u(·, t)‖Lp(Ω) = ∞.

The analysis of blow-up solutions for the system (1.3) proceeds by examining the behavior of solutions
as they approach the blow-up time Tmax. The principal aim is to establish a guaranteed interval (0, T ),
(T < Tmax), of existence of the solutions to (1.3); to this end, we define, for all p > 1, the auxiliary
function

Ψ(t) :=
1
p
‖u(·, t)‖p

Lp(Ω) with Ψ0 := Ψ(0) =
1
p
‖u0‖p

Lp(Ω), (1.10)

and we determine a lower estimate of the blow-up time Tmax.

Theorem 1.3. (A lower bound of the blow-up time Tmax) Let Ω = BR(0) ⊂ R
N , N ≥ 3, R > 0 and let

Ψ be defined in (1.10). Then, for all p > N and some positive constants B1, B2, B3, B4, the blow-up time
Tmax for (1.3), provided by Theorem 1.2, satisfies the estimate

Tmax ≥ T :=

∞̂

Ψ0

dη

B1η + B2ηγ1 + B3ηγ2 + B4ηγ3
, (1.11)

with γ1 := p+1
p , γ2 := p+1−N

p−N , γ3 := (p+1)[(p+1+ε1)−N(1+ε1)]
p(p+1+ε1)−N(1+ε1)(p+1) , ε1 > 0.

When q = 0, the problem (1.3) simplifies and Theorems 1.1, 1.2 and 1.3 remain valid as detailed in
the corollary that follows.

Corollary 1.1. Let Ω = BR(0) ⊂ R
N , N ≥ 3, R > 0 and let α, β, δ, γ, χ, ξ > 0. Assume that

χα − ξγ > 0.
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Then Theorems 1.1, 1.2 and 1.3 hold for
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ ·
(

u∇u√
u2+|∇u|2

)
− χ∇ · (

u∇v
)

+ ξ∇ · (
u∇w

)
, x ∈ Ω, t > 0,

0 = Δv + αu − βv, x ∈ Ω, t > 0,

0 = Δw + γu − δw, x ∈ Ω, t > 0,

u ∂u
∂ν√

u2+|∇u|2 = ∂v
∂ν = ∂w

∂ν = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω.

(1.12)

By setting w = 0 in (1.3), the problem is reduced to a problem of two equations and Theorems 1.1,
1.2 and 1.3 are preserved as stated in the following corollary.

Corollary 1.2. Let Ω = BR(0) ⊂ R
N , N ≥ 3, R > 0 and let α, β, δ, γ, χ > 0. Assume that

0 ≤ q <
1

N − 1
.

Then Theorems 1.1, 1.2 and 1.3 hold for
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = ∇ ·
( u∇u

√
u2 + |∇u|2

)
− χ∇ ·

( u∇v

(1 + |∇v|2)q

)
, x ∈ Ω, t > 0,

0 = Δv + αu − βv, x ∈ Ω, t > 0,

u∂u
∂ν√

u2 + |∇u|2 =
∂v

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), x ∈ Ω.

(1.13)

This paper is organized as follows. In Sect. 2 we give the proof of finite-time blow-up in L∞-norm
(Theorem 1.1) by using a moment-like functional. Finite-time blow-up in Lp-norm (Theorem 1.2) and
lower bound of the blow-up time Tmax (Theorem 1.3) are established in Sect. 3.

2. Blow-up in L∞

The central goal of this section is to prove that the solution of (1.3) blows up in finite time in L∞(Ω)-norm.
Firstly we state the following basic lemma for the local existence.

Lemma 2.1. Let Ω = BR(0) ⊂ R
N , N ≥ 3 and R > 0, q ≥ 0. Assume that u0 complies (1.4) and

(1.7). Then there exist Tmax ∈ (0,∞] and a triplet (u, v, w) of positive radially symmetric functions
u ∈ C2,1(Ω × [0, Tmax)) and v, w ∈ C2,0(Ω × [0, Tmax)) which solve (1.3) classically in Ω × (0, Tmax), and
moreover u satisfies that

if Tmax < ∞, then lim sup
t↗Tmax

‖u(·, t)‖L∞(Ω) = ∞.

Proof. The claim can be proved by a pointwise lower estimate for u and by a uniform estimate for |∇u|
almost in the same way as in [15]. �
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In order to study the blow up phenomena of the solution to (1.3) we introduce radial coordinates with
s = rN ∈ [0, RN ], t ∈ [0, Tmax) defining the functions

U(s, t) :=

s
1
Nˆ

0

ρN−1u(ρ, t)dρ, (2.1)

V (s, t) :=

s
1
Nˆ

0

ρN−1v(ρ, t)dρ,

W (s, t) :=

s
1
Nˆ

0

ρN−1w(ρ, t)dρ.

Thus we have

Us(s, t) =
1
N

u(s
1
N , t) ≥ 0, Uss(s, t) =

1
N2

s
1
N −1ur(s

1
N , t), (2.2)

Vs(s, t) =
1
N

v(s
1
N , t) ≥ 0, Vss(s, t) =

1
N2

s
1
N −1vr(s

1
N , t),

Ws(s, t) =
1
N

w(s
1
N , t) ≥ 0, Wss(s, t) =

1
N2

s
1
N −1wr(s

1
N , t).

From the second and third Eqs. in (1.3) we deduce
1

rN−1

(
rN−1vr(r, t)

)

r
= −αu(r, t) + βv(r, t), (2.3)

1
rN−1

(
rN−1wr(r, t)

)

r
= −γu(r, t) + δw(r, t)

and by integrating (2.3) and using (2.1) (with s = rN ) we obtain

rN−1vr = −α

rˆ

0

ρN−1udρ + β

rˆ

0

ρN−1vdρ = −αU(rN , t) + βV (rN , t), (2.4)

rN−1wr = −γ

rˆ

0

ρN−1udρ + δ

rˆ

0

ρN−1wdρ = −γU(rN , t) + δW (rN , t)

for all r ∈ (0, R), and t ∈ (0, Tmax). The radial version of the first Eq. in (1.3) is

Ut(s, t) =

s
1
Nˆ

0

rN−1ut(r, t)dr

=

s
1
Nˆ

0

(
rN−1 uur

√
u2 + u2

r

)

r
dr −

s
1
Nˆ

0

(
rN−1u

χvr − ξwr
(
1 + v2

r + w2
r

)q

)

r
dr

= s1− 1
N

uur
√

u2 + u2
r

− s1− 1
N

u(χvr − ξwr)
(
1 + v2

r + w2
r

)q .
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By using (2.2) and (2.3) we obtain

Ut(s, t) =
N2s2− 2

N UsUss
√

U2
s + N2s2− 2

N U2
ss

(2.5)

− NUs
[χ(−αU + βV ) − ξ(−γU + δW )]

(
1 + s

2
N −2[(−αU + βV )2 + (−γU + δW )2]

)q

=
N2s2− 2

N UsUss
√

U2
s + N2s2− 2

N U2
ss

+ N(χα − ξγ)
UUs

(
1 + s

2
N −2([−αU + βV )2 + (−γU + δW )2]

)q

− χNβ
V Us

(
1 + s

2
N −2[(−αU + βV )2 + (−γU + δW )2]

)q

+ ξNδ
WUs

(
1 + s

2
N −2[(−αU + βV )2 + (−γU + δW )2]

)q .

In order to obtain our blow-up result we derive a basic differential inequality describing the evolution of
the following moment-like functional φ with s0 ∈ (0, RN ) and a ∈ (0, 1):

φ(t) :=

s0ˆ

0

s−a(s0 − s)U(s, t)ds, t ∈ [0, Tmax). (2.6)

To this end we start with the following lemma.

Lemma 2.2. Let N ≥ 3, R > 0 and assume that u0 satisfies (1.4). Then for any choice a ∈ (0, 1 − 1
N )

and s0 ∈ (0, RN ), the function φ : [0, Tmax) → R defined in (2.6) belongs to C0([0, Tmax))∩C1((0, Tmax))
and satisfies

φ′(t) ≥ −Ns0

s0ˆ

0

s− 1
N −aUds + N(χα − ξγ)C̄

s0ˆ

0

s−a+(2− 2
N )q(s0 − s)UUsds (2.7)

− χNβs0(a + 1)

s0ˆ

0

s−a−1V Uds,

with C̄ = 1(
R2N−2+ m2

ω2
N

[α2+γ2]
)q .

Proof. Since u ∈ C0(Ω × [0, Tmax)) and ut ∈ C0(Ω × (0, Tmax)), a standard argument based on the
dominated convergence theorem ensures that indeed φ belongs to C0([0, Tmax)) and to C1((0, Tmax)).

Following the step in [18] (and [5]), differentiating φ(t) in t and using the Eq. (2.5), we have

φ′(t) =

s0ˆ

0

s−a(s0 − s)Ut(s, t)ds (2.8)
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=

s0ˆ

0

s−a(s0 − s)
N2s2− 2

N UsUss
√

U2
s + N2s2− 2

N U2
ss

ds

+ N(χα − ξγ)

s0ˆ

0

s−a(s0 − s)
UUs

(
1 + s

2
N −2([(−αU + βV )2 + (−γU + δW )2]

)q ds

− χNβ

s0ˆ

0

s−a(s0 − s)
V Us

(
1 + s

2
N −2[(−αU + βV )2 + (−γU + δW )2]

)q ds

+

s0ˆ

0

s−a(s0 − s)ξNδ
WUs

(
1 + s

2
N −2[(−αU + βV )2 + (−γU + δW )2]

)q ds

for all t ∈ (0, Tmax). Neglecting the positive fourth term on the right-hand side of (2.8) and noting that
N2s2− 2

N UsUss√

U2
s +N2s2− 2

N U2
ss

≥ −Ns1− 1
N Us, we obtain

φ′(t) ≥ −N

s0ˆ

0

s1− 1
N −a(s0 − s)Usds (2.9)

+ N(χα − ξγ)

s0ˆ

0

s−a(s0 − s)
UUs

(
1 + s

2
N −2([(−αU + βV )2 + (−γU + δW )2]

)q ds

− χNβ

s0ˆ

0

s−a(s0 − s)
V Us

(
1 + s

2
N −2[(−αU + βV )2 + (−γU + δW )2]

)q ds

= I1 + I2 + I3.

In I1, noting that 1 − 1
N − a > 0 because a ∈ (0, 1 − 1

N ), we integrate by parts to derive

I1 = −N

s0ˆ

0

s1− 1
N −a(s0 − s)Usds (2.10)

= −N [s1− 1
N −a(s0 − s)U ]s0

0 + N

s0ˆ

0

d

ds

(
s1− 1

N −a(s0 − s)
)
Uds

= N(1 − 1
N

− a)

s0ˆ

0

s− 1
N −a(s0 − s)Uds − N

s0ˆ

0

s1− 1
N −aUds

≥ −N

s0ˆ

0

s1− 1
N −aUds ≥ −Ns0

s0ˆ

0

s− 1
N −aUds.
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To estimate I3 we firstly take into account that 1(
1+s

2
N

−2[(−αU+βV )2+(−γU+δW )2]
)q ≤ 1 and then we

integrate by parts, with some ε > 0, to have

I3 ≥ −χNβ

s0ˆ

0

s−a(s0 − s)V Usds (2.11)

= χNβ lim inf
ε→0+

[ε−a(s0 − ε)V (ε, t)U(ε, t)]

− χNβa

s0ˆ

0

s−a−1(s0 − s)V Uds − χNβ

s0ˆ

0

s−aV Uds

+ χNβ

s0ˆ

0

s−a(s0 − s)VsUds

≥ −χNβas0

s0ˆ

0

s−a−1V Uds − χNβ

s0ˆ

0

s−aV Uds

≥ −χNβs0(a + 1)

s0ˆ

0

s−a−1V Uds,

due to the fact that U , V and Vs are all nonnegative. To estimate the term I2 in (2.8) we observe that
1

(
1 + s

2
N −2[(−αU + βV )2 + (−γU + δW )2]

)q

≥ (s2− 2
N )q

(
R2N−2 + m2

ω2
N

(α2 + γ2)
)q = C̄s(2− 2

N )q.

In fact, from the second and third Eqs. in (1.3) we can deduce that
ˆ

Ω

v(·, t)dx =
α

β

ˆ

Ω

u(·, t)dx =
α

β

ˆ

Ω

u0dx =
α

β
m, (2.12)

ˆ

Ω

w(·, t)dx =
γ

δ

ˆ

Ω

u(·, t)dx =
γ

δ

ˆ

Ω

u0dx =
γ

δ
m.

Since u, v and w are nonnegative, for all s ∈ (0, RN ) and t ∈ (0, Tmax) we have

0 ≤ U(s, t) ≤ U(RN , t) =
1

ωN

ˆ

Ω

u(·, t)dx =
m

ωN
, (2.13)

0 ≤ V (s, t) ≤ V (RN , t) =
1

ωN

ˆ

Ω

v(·, t)dx =
α

β

m

ωN
,

0 ≤ W (s, t) ≤ W (RN , t) =
1

ωN

ˆ

Ω

w(·, t)dx =
γ

δ

m

ωN
.
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By using (2.13) we can see that −α m
ωN

≤ −αU ≤ −αU + βV ≤ βV ≤ α m
ωN

and −γ m
ωN

≤ −γU ≤
−γU + δW ≤ δW ≤ γ m

ωN
, and thus,

(−αU + βV )2 ≤ α2 m2

ω2
N

, (−γU + δW )2 ≤ γ2 m2

ω2
N

. (2.14)

From (2.14), since s ≤ RN , we arrive at

1
(
1 + s

2
N −2[(−αU + βV )2 + (−γU + δW )2]

)q (2.15)

≥ 1
(
1 + s

2
N −2 m2

ω2
N

[α2 + γ2]
)q

=
s(2− 2

N )q

(
s2− 2

N + m2

ω2
N

[α2 + γ2]
)q

≥ s(2− 2
N )q

(
R2N−2 + m2

ω2
N

[α2 + γ2]
)q = C̄s(2− 2

N )q.

To estimate I2 we apply (2.15) to obtain

I2 = N(χα − ξγ)

s0ˆ

0

s−a(s0 − s)
UUs

(
1 + s

2
N −2([−αU + βV )2 + (−γU + δW )2]

)q ds (2.16)

≥ N(χα − ξγ)C̄

s0ˆ

0

s−a+(2− 2
N )q(s0 − s)UUsds.

By substituting (2.10), (2.11) and (2.16) into (2.8) we obtain (2.7). �

We reduce each term on the right-hand side of (2.7) to powers of

ψ(t) :=

s0ˆ

0

s−a+θ(s0 − s)U(s, t)Us(s, t)ds, θ := 2
(
1 − 1

N

)
q. (2.17)

To control the first and third terms of (2.7) we use the following lemmata.

Lemma 2.3. Let γ1 ∈ (1, 2) and γ2 ∈ (0, 1). Then there exists C = C(γ1, γ2) such that if s0 > 0 then
sˆ

0

s0ˆ

σ

ξ−γ1(s0 − ξ)−γ2dξdσ ≤ Cs−γ2
0 s2−γ1 for all s ∈ (0, s0). (2.18)

For the proof see Lemma 4.6 in [18].

Lemma 2.4. Let N ≥ 3, R > 0, a ∈ (0, 2) and 0 ≤ θ < a such that

a <
2

θ + 1

(
1 − 1

N

)
− 1

N

θ

θ + 1
. (2.19)

Then there exists C1 = C1(R,m, a, θ, ωN ) > 0, such that if u0 fulfils (1.4) with m =
´

Ω

u0, then for

s0 ∈ (0, RN ),
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s0

s0ˆ

0

s−a− 1
N U(s, t)ds ≤ C1s

2−a− 1
N + a−θ−1

θ+2
0

{
s0ˆ

0

s−a+θ(s0 − s)UUsds
} 1

θ+2
(2.20)

for all t ∈ (0, Tmax).

Proof. Following the steps of [16, Lemma 4.4], for s ∈ (0, s0] we introduce the function Ψ(s) := 1
θ+2s−a+θ

(s0 − s)ϕθ+2(s) with θ ∈ [0, a), ϕ ∈ C1([0, s0]) is nonnegative, ϕ(0) = 0 and ϕ′(s) ≥ 0 for all s ∈ (0, s0).
We have

Ψ(s) =

sˆ

0

Ψ′(σ)dσ ≤
sˆ

0

σ−a+θ(s0 − σ)ϕθ+1(σ)ϕ′(σ)dσ.

From the definition of Ψ we obtain

ϕ(s) ≤ (θ + 2)
1

θ+2 s
a−θ
θ+2 (s0 − s)− 1

θ+2

{
s0ˆ

0

σ−a+θ(s0 − σ)ϕθ+1(σ)ϕ′(σ)dσ
} 1

θ+2
. (2.21)

By using this inequality with ϕ(s) = U(s, t) and U(s, t) ≤ c1 := m
ωN

we obtain

s0

s0ˆ

0

s−a− 1
N U(s, t)ds

≤ s0c
θ

θ+2
1 (θ + 2)

1
θ+2

s0ˆ

0

s−a− 1
N + a−θ

θ+2 (s0 − s)− 1
θ+2 ds ·

{
s0ˆ

0

s−a+θ(s0 − s)UUsds
} 1

θ+2

= C1s
2−a− 1

N + a−θ−1
θ+2

0

{
s0ˆ

0

s−a+θ(s0 − s)UUsds
} 1

θ+2
,

where C1 = c
θ

θ+2
1 (θ + 2)

1
θ+2 B and B = B(1 − a − 1

N + a−θ
θ+1 , 1 − 1

θ+2 ) is the Euler’s beta function. We note
that B < ∞ because a satisfies (2.19) and 1 − 1

θ+2 > 0. �

Lemma 2.5. Let N ≥ 3, R > 0, a ∈ (0, 1 − 1
N ) and 0 ≤ θ < a such that

θ

θ + 2
(a + 2) <

2
N

. (2.22)

Then there exists C2 = C2(R,m, a, θ) > 0 such that for all u0 fulfilling (1.4) and each s0 ∈ (0, RN ) we
have

s0

s0ˆ

0

s−a−1UV ds (2.23)

≤ C2s
1+ 2

N −a
0 + C2s

1+ 2
N −a+ 2(a−θ−1)

θ+2
0

{ˆ s0

0

s−a+θ(s0 − s)UUsds
} 2

θ+2
.

Proof. For the proof we follow the step in the proof of Lemmas 4.8 and 4.9 in [16].
Since V ≤ α

β
m
ωN

, from (2.4) we can write

rN−1vr = −αU(rN , t) + βV (rN , t) ≥ −αU(rN , t),

thus

rN−1vr = −αU(rN , t) + βV (rN , t) ≤ βV (rN , t) ≤ 2c2 = α
m

ωN
,
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and

v(r, t) ≤ r2−N c2

N − 2

and consequently, since s
1
N = r

v(sN , t) ≤ c̃2s
2
N −1,

with c̃2 = c2
N−2 . Taking into account of (2.2) and vr(sN , t) ≥ −αs

1
N −1U(s, t), we have

Vss(s, t) =
1

N2
s

1
N −1vr(s

1
N , t) ≥ − α

N2
s

2
N −2U(s, t),

and hence

Vs(s, t) = Vs(s0, t) −
s0ˆ

s

Vss(σ, t)dσ ≤ 1
N

v(s
1
N
0 , t) +

α

N2

s0ˆ

s

σ
2
N −2U(σ, t)dσ,

with s0 ∈ (0, RN ). According to the latest estimates and v ≤ c̃2s
2
N −1, we find that

V (s, t) =

sˆ

0

Vs(σ, t)dσ ≤ c̃2

N
s

2
N −1
0 s +

α

N2

sˆ

0

s0ˆ

σ

ξ
2
N −2U(ξ, t)dξdσ.

In the last term we apply the inequality (2.21) with ϕ = U to get

V (s, t) ≤ c̃2

N
s

2
N −1
0 s

+
α

N2

{
s0ˆ

0

s−a+θ(s0 − s)UUsds
} 1

θ+2

sˆ

0

s0ˆ

σ

ξ
2
N −2+ a−θ

θ+2 (s0 − ξ)− 1
θ+2 dξdσ

≤ c̃2

N
s

2
N −1
0 s + c̃3s

− 1
θ+2

0 s
2
N + a−θ

θ+2

{
s0ˆ

0

s−a+θ(s0 − s)UUsds
} 1

θ+2
,

where in the last step we have used (2.18) with γ1 = − 2
N + 2 − a−θ

θ+2 ∈ (1, 2) and γ2 = 1
θ+2 ∈ (0, 1) and

with c̃3 = α
N2 C(a, θ,N).

Considering the last inequality and applying inequality (2.21) twice with ϕ = U , we get

s0

s0ˆ

0

s−a−1UV ds

≤ c̃2

N
s

2
N
0

s0ˆ

0

s−aUds + c̃3s
θ+1
θ+2
0

s0ˆ

0

s−a−1+ 2
N + a−θ

θ+2 Uds ·
{

s0ˆ

0

s−a+θ(s0 − s)UUsds
} 1

θ+2

≤ c̃2

N
s

2
N
0

s0ˆ

0

s−aUds + c̃3B̃s
1+ 2

N −a+ 2(a−θ−1)
θ+2

0

{ˆ s0

0

s−a+θ(s0 − s)UUsds
} 2

θ+2
,

where B̃ := B(−a + 2
N + 2(a−θ)

θ+2 , 1 − 1
θ+2 ) < ∞ by virtue of (2.22).

Finally, in view of (2.13) and since a < 1 we obtain (2.23). �
By replacing (2.20) and (2.23) in (2.7) with (2 − 2

N )q = θ we obtain

φ′(t) ≥ −NC1s
2− 1

N −a+ a−θ−1
θ+2

0

{
s0ˆ

0

s−a+θ(s0 − s)UUsds
} 1

θ+2
(2.24)



ZAMP Blow-up in a degenerate attraction-repulsion. . . Page 13 of 26   256 

+ N(χα − ξγ)C̄

s0ˆ

0

s−a+θ(s0 − s)UUsds − χNβ(a + 1)C2s
1+ 2

N −a
0

− χNβ(a + 1)C2s
1+ 2

N −a+ 2(a−θ−1)
θ+2

0

{ˆ s0

0

s−a+θ(s0 − s)UUsds
} 2

θ+2
.

We are ready to write a first order differential inequality for φ.

Lemma 2.6. Let N ≥ 3, χ, ξ, α, β, γ, δ > 0 and assume that χα − ξγ > 0. If

0 ≤ θ <
2
N

,

then there exists a ∈ (0, 1 − 1
N ) satisfying a > θ, (2.19) and (2.22) such that for all m > 0 there exist

d1, d2 > 0 such that whenever u0 fulfills (1.4), (1.7), for any s0 ∈ (0, RN ) the function φ satisfies the
differential inequality

φ′(t) ≥ d1s
a(θ+1)−(θ+3)
0 φθ+2(t) − d2s

1+ 2
N −a

0 for all t ∈ (0, Tmax). (2.25)

Proof. We observe that if 0 ≤ θ < 2
N and N ≥ 3 then θ < 1 − 1

N and we can take θ < a < 1 − 1
N . Thus

we easily get (2.19). In fact, we have (1 − 1
N ) − [ 2

θ+1 (1 − 1
N ) − 1

N
θ

θ+1 ] = 1
θ+1 [θ − (1 − 1

N )] < 0. Moreover
we can choose a satisfying (2.22). In fact, θ < 2

N
θ+2

θ − 2 implies Nθ2 + 2(N − 1)θ − 4 < 0 i.e. 0 ≤ θ < 2
N .

Back to (2.24), and ψ defined in (2.17), we can write

φ′(t) ≥ N(χα − ξγ)C̄ψ(t) − NC1s
2− 1

N −a+ a−θ−1
θ+2

0 ψ
1

θ+2 (t)

− χNβ(a + 1)C2s
1+ 2

N −a+ 2(a−θ−1)
θ+2

0 ψ
2

θ+2 (t) − χNβ(a + 1)C2s
1+ 2

N −a
0 .

Since 0 ≤ θ < 2
N , we observe that 1+ 2

N − a < 2− 1
N − a+ a−θ−1

θ+2 and 1+ 2
N − a < 1+ 2

N − a+ 2(a−θ−1)
θ+2 .

Thus we can write

φ′(t) ≥ N(χα − ξγ)C̄ψ(t) − NC1s
2− 1

N −a+ a−θ−1
θ+2

0 ψ
1

θ+2 (t) (2.26)

− χNβ(a + 1)C2s
1+ 2

N −a+ 2(a−θ−1)
θ+2

0 ψ
2

θ+2 (t) − χNβ(a + 1)C2s
1+ 2

N −a
0

≥ [N(χα − ξγ)C̄ − ε1 − ε2]ψ(t)

− s
1+ 2

N −a
0

[
c1(ε1)s

1
N(θ+1) (2N−4−3θ)

0 + c2(ε2)s
( 2

N −θ) 2
θ

0 + χNβ(a + 1)C2

]

≥ A1ψ(t) − A2s
1+ 2

N −a
0

with

A1: = N(χα − ξγ)C̄ − ε1 − ε2 (2.27)

A2 := c1(ε1)R
1

(θ+1) (2N−4−3θ) + c2(ε2)R(2−θN) 2
θ + χNβ(a + 1)C2,

where in (2.26) we used Young inequality and then s0 ≤ RN .
By choosing ε1 and ε2 such that N(χα − ξγ)C̄ − ε1 − ε2 = A0 > 0 and with A2(R,N, θ) defined in

(2.27) with ε1 and ε2 fixed, we arrive at the differential inequality

φ′(t) ≥ A0ψ(t) − A2s
1+ 2

N −a
0 . (2.28)
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By using [16, Lemma 4.5] (since (2.19) holds, we have also a < 2
1+θ ) we can estimate φ(t) =

s0´

0

s−a(s0−
s)U(s, t)ds as

φ(t) ≤ C
− 1

θ+2
3 s

2−a+ a−θ−1
θ+2

0 ψ
1

θ+2 (t)

with C3 = C3(R,m,N, θ, a) > 0. This implies that

ψ(t) ≥ C3s
a(1+θ)−θ−3
0 φθ+2(t). (2.29)

By replacing (2.29) in (2.28) we have

φ′(t) ≥ A0C3s
a(θ+1)−(θ+3)
0 φθ+2(t) − A2s

1+ 2
N −a

0 .

Thus we arrive at the desired inequality with d1 := C3Ao and d2 := A2. �

We are ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. We note that 0 ≤ q < 1
N−1 implies 0 ≤ θ = 2(1 − 1

N )q < 2
N . Hence by Lemma 2.6

we can take a ∈ (0, 1 − 1
N ) such that for all s0 ∈ (0, RN ),

φ′(t) ≥ d1s
a(θ+1)−(θ+3)
0 φθ+2(t) − d2s

1+ 2
N −a

0 .

Next we let

r1 :=
(s0

4
) 1

N ∈ (0, R)

and suppose (1.8).
We show that Tmax ≤ 1

2 by contradiction. Assume that Tmax > 1
2 . Then, by (1.8) for all m1 ∈ (0,m)

we have U(s, 0) ≥ U( s0
4 , 0) ≥ m1

ωN
, s ∈ ( s0

4 , RN ). This yields

φ(0) =

s0ˆ

0

s−a(s0 − s)U(s, 0)ds ≥
s0
2ˆ

s0
4

s−a(s0 − s)U(s, 0)ds (2.30)

≥
s0
2ˆ

s0
4

(s0

2
)−a s0

2
m1

ωN
ds = 2a−3 m1

ωN
s2−a
0 ,

and hence for s0 sufficiently small we obtain
d1
2 s

a(1+θ)−(θ+3)
0 φθ+2(0)

d2s
1+ 2

N −a
0

≥ 2(a−3)(θ+2)d1m
θ+2
1 s

θ− 2
N

0

2d2ω
θ+2
N

≥ 1.

Then it follows that

d1s
a(1+θ)−(θ+3)
0 φθ+2(0) − d2s

1+ 2
N −a

0 ≥ d1

2
s

a(1+θ)−(θ+3)
0 φθ+2(0).

Hence by the ODE comparison,

φ′(t) ≥ d1

2
s

a(1+θ)−(θ+3)
0 φθ+2(t) for all t ∈ (0, Tmax),

from which we obtain

t ≤ 2(3−a)(θ+1)+1ωθ+1
N

(θ + 1)d1m
θ+1
1

s1−θ
0 <

1
2
.

Therefore we conclude that Tmax ≤ 1
2 , which contradicts the assumptions. The blow-up property imme-

diately results from Lemma 2.1. �
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3. Blow-up in Lp and lower bound of blow-up time

The first aim of this section is to prove, by contradiction, that if u(x, t) blows up in L∞(Ω)-norm then it
blows up also in Lp(Ω)-norm for all p > N .

Lemma 3.1. Let Ω ⊂ R
N , N ≥ 3 be a bounded and smooth domain. Let (u, v, w) be a classical solution

of system (1.3). Then if there exists C > 0 such that for some p0 > N ,

‖u(·, t)‖Lp0 (Ω) ≤ C,

then, for some Ĉ > 0,

‖u(·, t)‖L∞(Ω) ≤ Ĉ,

for any t ∈ (0, Tmax).

Proof. Let us consider the Lp-norm of u(·, t) in (1.3) for all p > max{p0, 2N}. Using the first equation of
(1.3) and then integrating by parts, we obtain

1
p

d

dt

ˆ

Ω

updx =
ˆ

Ω

up−1utdx

= −
ˆ

Ω

∇up−1 u∇u
√

u2 + |∇u|2 dx + χ

ˆ

Ω

∇up−1 u∇v

(1 + |∇v|2 + |∇w|2)q
dx

− ξ

ˆ

Ω

∇up−1 u∇w

(1 + |∇v|2 + |∇w|2)q
dx

= −(p − 1)
ˆ

Ω

up−1|∇u|2
√

u2 + |∇u|2 dx + χ(p − 1)
ˆ

Ω

up−1 ∇u · ∇v

(1 + |∇v|2 + |∇w|2)q
dx

− ξ(p − 1)
ˆ

Ω

up−1 ∇u · ∇w

(1 + |∇v|2 + |∇w|2)q
dx.

We use the following inequality proved in [1, Lemma 6.1]:
ˆ

Ω

up−1|∇u|dx ≤
ˆ

Ω

up−1|∇u|2
√

u2 + |∇u|2 dx +
ˆ

Ω

updx.

Thus we have
1
p

d

dt

ˆ

Ω

updx ≤ −(p − 1)
ˆ

Ω

up−1|∇u|dx + (p − 1)
ˆ

Ω

updx + I, (3.1)

for all t ∈ (0, Tmax), where

I := χ(p − 1)
ˆ

Ω

up−1 ∇u · ∇v

(1 + |∇v|2 + |∇w|2)q
dx − ξ(p − 1)

ˆ

Ω

up−1 ∇u · ∇w

(1 + |∇v|2 + |∇w|2)q
dx.

Integrating by parts and using the boundary conditions and the second equation of (1.3), we obtain

I = χ
p − 1

p

ˆ

Ω

∇up · ∇v

(1 + |∇v|2 + |∇w|2)q
dx − ξ(p − 1)

ˆ

Ω

∇up · ∇w

(1 + |∇v|2 + |∇w|2)q
dx (3.2)
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= −χ
p − 1

p

ˆ

Ω

upΔv

(1 + |∇v|2 + |∇w|2)q
dx + qχ

p − 1
p

ˆ

Ω

up ∇v · ∇(|∇v|2 + |∇w|2)
(1 + |∇v|2 + |∇w|2)q+1

dx

+ ξ
p − 1

p

ˆ

Ω

upΔw

(1 + |∇v|2 + |∇w|2)q
dx − qξ

p − 1
p

ˆ

Ω

up ∇w · ∇(|∇v|2 + |∇w|2)
(1 + |∇v|2 + |∇w|2)q+1

dx

= −χ
p − 1

p

ˆ

Ω

up(βv − αu)
(1 + |∇v|2 + |∇w|2)q

dx + qχ
p − 1

p

ˆ

Ω

up ∇v · ∇(|∇v|2 + |∇w|2)
(1 + |∇v|2 + |∇w|2)q+1

dx

+ ξ
p − 1

p

ˆ

Ω

up(δw − γu)
(1 + |∇v|2 + |∇w|2)q

dx − qξ
p − 1

p

ˆ

Ω

up ∇w · ∇(|∇v|2 + |∇w|2)
(1 + |∇v|2 + |∇w|2)q+1

dx

≤ (χα − ξγ)
p − 1

p

ˆ

Ω

up+1dx + qχ
p − 1

p

ˆ

Ω

up ∇v · ∇(|∇v|2 + |∇w|2)
(1 + |∇v|2 + |∇w|2)q+1

dx

+ ξδ
p − 1

p

ˆ

Ω

upwdx − qξ
p − 1

p

ˆ

Ω

up ∇w · ∇(|∇v|2 + |∇w|2)
(1 + |∇v|2 + |∇w|2)q+1

dx

=: I1 + I2 + I3 + I4,

where in the last step we neglected the negative term −βχp−1
p

´

Ω

upv
(1+|∇v|2+|∇w|2)q dx and used the inequality

1
(1+|∇v|2+|∇w|2)q ≤ 1 as q > 0.

To estimate I2 and I4 of (3.2) we consider the radial coordinates and we have

I2 = qχ
p − 1

p

ˆ

Ω

up ∇v · ∇(|∇v|2 + |∇w|2)
(1 + |∇v|2 + |∇w|2)q+1

dx (3.3)

= 2qχ
p − 1

p
ωN

R̂

0

up v2
rvrr

(1 + v2
r + w2

r)q+1
rN−1dr

+ 2qχ
p − 1

p
ωN

R̂

0

up vrwrwrr

(1 + v2
r + w2

r)q+1
rN−1dr

=: I21 + I22

and

I4 = −qξ
p − 1

p

ˆ

Ω

up ∇w · ∇(|∇v|2 + |∇w|2)
(1 + |∇v|2 + |∇w|2)q+1

dx (3.4)

= −2qξ
p − 1

p
ωN

R̂

0

up w2
rwrr

(1 + v2
r + w2

r)q+1
rN−1dr
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− 2qξ
p − 1

p
ωN

R̂

0

up vrwrvrr

(1 + v2
r + w2

r)q+1
rN−1dr

:= I41 + I42.

In I21 of (3.3), noting that vrr = −αu + βv − N−1
r vr ≤ βv + αN−1

rN

ŕ

0

ρN−1udρ and v2
r

(1+v2
r+w2

r)q+1 ≤ 1, we

have

I21 ≤ 2qχ
p − 1

p
ωN

R̂

0

up

v2
r

[
βv + αN−1

rN

ŕ

0

ρN−1udρ
]

(1 + v2
r + w2

r)q+1
rN−1dr (3.5)

≤ 2qβχ
p − 1

p
ωN

R̂

0

upvrN−1dr

+ 2qαχ
p − 1

p
(N − 1)ωN

ˆ

Ω

up 1
r

( rˆ

0

ρN−1udρ
)
dr.

In I41 of (3.4), we similarly see that wrr = −γu + δw − N−1
r wr ≥ −γu − δ N−1

rN

ŕ

0

ρN−1wdρ and

w2
r

(1+v2
r+w2

r)q+1 ≤ 1 to obtain

I41 = −2qξ
p − 1

p
ωN

R̂

0

up w2
rwrr

(1 + v2
r + w2

r)q+1
rN−1dr (3.6)

≤ 2qξ
p − 1

p
ωN

R̂

0

up

w2
r

[
γu + δ N−1

rN

ŕ

0

ρN−1wdρ
]

(1 + v2
r + w2

r)q+1
rN−1dr

≤ 2qξγ
p − 1

p
ωN

R̂

0

up+1rN−1dr

+ 2qξδ
p − 1

p
(N − 1)ωN

R̂

0

up
(1

r

rˆ

0

ρN−1wdρ
)
dr.

From (3.5) and (3.6), we can write

I21 + I41 ≤ 2qβχ
p − 1

p
ωN

R̂

0

upvrN−1dr (3.7)

+ 2qαχ
p − 1

p
(N − 1)ωN

ˆ

Ω

up 1
r

( rˆ

0

ρN−1udρ
)
dr
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+ 2qξγ
p − 1

p
ωN

R̂

0

up+1rN−1dr

+ 2qξδ
p − 1

p
(N − 1)ωN

R̂

0

up
(1

r

rˆ

0

ρN−1wdρ
)
dr

= 2qβχ
p − 1

p

ˆ

Ω

upvdx + 2qξγ
p − 1

p

ˆ

Ω

up+1dx

+ 2qαχ
p − 1

p
(N − 1)ωN

ˆ

Ω

up 1
r

( rˆ

0

ρN−1udρ
)
dr

+ 2qξδ
p − 1

p
(N − 1)ωN

R̂

0

up
(1

r

rˆ

0

ρN−1wdρ
)
dr.

We now estimate I22 + I42:

I22 + I42 = 2q
p − 1

p
ωN (χ − ξ)

R̂

0

up vrwrwrr

(1 + v2
r + w2

r)q+1
rN−1dr (3.8)

≤ 2q
p − 1

p
ωN |χ − ξ|

R̂

0

up |vrwrwrr|
v2

r + w2
r

rN−1dr

≤ q
p − 1

p
ωN |χ − ξ|

R̂

0

up|wrr|rN−1dr

≤ c̄1ωN

R̂

0

up
(
γu + δw + γ

N − 1
rN

rˆ

0

ρn−1udρ + δ
N − 1

rN

rˆ

0

ρn−1wdρ
)
rN−1dr

= c̄1γ

ˆ

Ω

up+1dx + c̄1δ

ˆ

Ω

upwdx + c̄1γ(N − 1)ωN

R̂

0

up
(1

r

rˆ

0

ρn−1udρ
)
dr

+ c̄1δ(N − 1)ωN

R̂

0

up
(1

r

rˆ

0

ρn−1wdρ
)
dr

with c̄1 := q p−1
p |χ − ξ|.

Following (4.6) in [12], we can write

ωN

R̂

0

up 1
r

( rˆ

0

ρN−1udρ
)
dr
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≤
( 1
N

) p
p+1

(ˆ

Ω

up+1dx
) 1

p+1
ω

p
p+1
N

( R̂

0

up+1+εrN−1dr
) p

p+1+ε
( R̂

0

r
εNp
p+1 −1dr

) 1+ε
p+1+ε

= c1

(ˆ

Ω

up+1dx
) 1

p+1
( ˆ

Ω

up+1+ε1dx
) p

p+1+ε1

for all ε1 > 0 and c1 = c1(ε1, N, p). By using the Young inequality we obtain

ωN

R̂

0

up 1
r

( rˆ

0

ρN−1udρ
)
dr (3.9)

≤ c1
1

p + 1
ε3

ˆ

Ω

up+1dx + C1(ε3)
( ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1

with ε3 > 0 and C1(ε3) = c1
p

p+1ε
− 1

p

3 . Similarly we infer that

ωN

R̂

0

up 1
r

( rˆ

0

ρN−1wdρ
)
dr

≤ ωN

R̂

0

up 1
r

( rˆ

0

ρN−1dρ
) p

p+1
( rˆ

0

wp+1ρN−1dρ
) 1

p+1
dr

≤
( 1

N

) p
p+1

(ˆ

Ω

wp+1dx
) 1

p+1
ω

p
p+1
N

R̂

0

upr
Np
p+1−1dr

≤
( 1
N

) p
p+1

(ˆ

Ω

wp+1dx
) 1

p+1
ω

p
p+1
N

( R̂

0

up+1+ε2rN−1dr
) p

p+1+ε2
( R̂

0

r
ε2Np
p+1 −1dr

) 1+ε2
p+1+ε2

= c2

( ˆ

Ω

wp+1dx
) 1

p+1
(ˆ

Ω

up+1+ε2dx
) p

p+1+ε2
,

with ε2 > 0, c2 = c2(ε2, N, p).
Taking into account that, from the third and fourth equations, we obtain

ˆ

Ω

vp+1dx ≤
(α

β

)p+1
ˆ

Ω

up+1dx, (3.10)

ˆ

Ω

wp+1dx ≤
(γ

δ

)p+1
ˆ

Ω

up+1dx (3.11)

(in fact, δ
´

Ω

wp+1dx − γ
´

Ω

uwpdx =
´

Ω

wpΔwdx ≤ 0, and thus δ
´

Ω

wp+1dx ≤ γ
´

Ω

uwpdx

≤ γ
( ´

Ω

up+1dx
) 1

p+1
( ´

Ω

wp+1dx
) p

p+1 ).
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Hence we invoke (3.11) and the Young inequality to see that

ωN

R̂

0

up 1
r

( rˆ

0

ρN−1wdρ
)
dr (3.12)

≤ c2
γ

δ

( ˆ

Ω

up+1dx
) 1

p+1
(ˆ

Ω

up+1+ε2dx
) p

p+1+ε2

≤ c2
1

p + 1
ε4

γ

δ

ˆ

Ω

up+1dx + C2(ε4)
( ˆ

Ω

up+1+ε2dx
) p+1

p+1+ε2
,

for all ε4 > 0 and C2(ε4) := c2
p

p+1ε
− 1

p

4
γ
δ (we can choose ε4 = ε3).

Also we observe from the Hölder inequality that
´

Ω

upvdx ≤
( ´

Ω

up+1dx
) p

p+1
( ´

Ω

vp+1dx
) 1

p+1
and from

(3.10) we arrive at
ˆ

Ω

upvdx ≤ α

β

ˆ

Ω

up+1dx. (3.13)

Similarly we estimate the term
´

Ω

upwdx:

ˆ

Ω

upwdx ≤ γ

δ

ˆ

Ω

up+1dx. (3.14)

By using the estimates (3.9), (3.12), (3.13) and (3.14) in (3.7) and (3.8) we have

I21 + I41 ≤ 2qαχ
p − 1

p

ˆ

Ω

up+1dx + 2qξγ
p − 1

p

ˆ

Ω

up+1dx (3.15)

+ 2qχα
p − 1

p
(N − 1)

[
c1

1
p + 1

ε3

ˆ

Ω

up+1dx + C1(ε3)
( ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1
]

+ 2qξδ
p − 1

p
(N − 1)

[
c2

1
p + 1

ε4
γ

δ

ˆ

Ω

up+1dx + C2(ε4)
( ˆ

Ω

up+1+ε2dx
) p+1

p+1+ε2
]

and

I22 + I42 ≤ 2c̄1γ

ˆ

Ω

up+1dx (3.16)

+ c̄1γ(N − 1)
[
c1

1
p + 1

ε3

ˆ

Ω

up+1dx + C1(ε3)
( ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1
]

+ c̄1δ(N − 1)
[
c2

1
p + 1

ε4
γ

δ

ˆ

Ω

up+1dx + C2(ε4)
( ˆ

Ω

up+1+ε2dx
) p+1

p+1+ε2
]
.
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Combining (3.3)–(3.6), (3.15) and (3.16) with (3.2) in (3.1), we arrive at

1
p

d

dt

ˆ

Ω

updx ≤ −(p − 1)
ˆ

Ω

up−1|∇u|dx + (p − 1)
ˆ

Ω

updx + A1

ˆ

Ω

up+1dx (3.17)

+ Ã2

( ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1 + Ã3

(ˆ

Ω

up+1+ε2dx
) p+1

p+1+ε2

= −p − 1
p

ˆ

Ω

|∇up|dx + (p − 1)
ˆ

Ω

updx + A1

ˆ

Ω

up+1dx

+ A2

( ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1
,

where we have chosen ε2 = ε1 and

A1 :=
p − 1

p

[
χα + 2qξγ + 2qχα + 2q

(N − 1)
p + 1

(αχc1ε3 + γξc2ε4)
]

(3.18)

+ 2c̄1γ + c̄1γ
(N − 1)
p + 1

(ε3c1 + ε4c2),

Ã2 := 2qαχ
p − 1

p
(N − 1)C1(ε3) + c̄1γC1(ε3),

Ã3 := 2qξδ
p − 1

p
(N − 1)C2(ε4) + c̄1δC2(ε4),

A2 := Ã2 + Ã3.

In order to estimate
´

Ω

updx,
´

Ω

up+1dx and
( ´

Ω

up+1+ε1dx
) p+1

p+1+ε1 we use the version of the Gagliardo-

Nirenberg inequality proved by Li-Lankeit (see Lemma 2.3 in [9]), where, compared to the standard
version, the authors include the possibility that the exponent can be less than 1 (here we used the
exponent 1

2 ). We have
ˆ

Ω

updx = ‖up‖L1(Ω) ≤ CGN‖∇up‖θ
L1(Ω)‖up‖1−θ

L
1
2 (Ω)

+ CGN‖up‖
L

1
2 (Ω)

(3.19)

≤ ε5

ˆ

Ω

|∇up|dx + c(ε5)
( ˆ

Ω

u
p
2 dx

)2

,

where θ := N
N+1 ∈ (0, 1) and ε5 > 0 to be chosen later. Similarly,

ˆ

Ω

up+1dx = ‖up‖
p+1

p

L
p+1

p (Ω)
≤ CGN‖∇up‖

p+1
p θ̄

L1(Ω)‖up‖
p+1

p (1−θ̄)

L
1
2 (Ω)

+ CGN‖up‖
p+1

p

L
1
2 (Ω)

(3.20)

≤ ε6

ˆ

Ω

|∇up|dx + c(ε6)
( ˆ

Ω

u
p
2 dx

)2 p+1−N
p−2N

+ CGN

( ˆ

Ω

u
p
2 dx

)2 p+1
p

,
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where θ̄ :=
1+ 1

p+1

1+ 1
N

= N(p+2)
(N+1)(p+1) ∈ (0, 1) and ε6 > 0 to be chosen later. We observe that, since p >

max{p0, 2N} we get p+1
p θ̄ = N(p+2)

p(N+1) ∈ (0, 1), p+1
p (1 − θ̄) = p+1−N

p(N+1) ∈ (0, 1). Finally, for sufficiently small
ε1 > 0

(ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1 = ‖up‖
p+1

p

L
p+1+ε1

p (Ω)

(3.21)

≤ CGN‖∇up‖
p+1

p θ̃

L1(Ω)‖up‖
p+1

p (1−θ̃)

L
1
2 (Ω)

+ CGN‖up‖
p+1

p

L
1
2 (Ω)

≤ ε7

ˆ

Ω

|∇up|dx + c(ε7)
( ˆ

Ω

u
p
2 dx

)σ

+ CGN

( ˆ

Ω

u
p
2 dx

)2 p+1
p

,

where θ̃ :=
1+

1+ε1
p+1+ε1
1+ 1

N

= N(p+2+2ε1)
(N+1)(p+1+ε1)

∈ (0, 1), σ = 2(p+1)[(p+1−N)−(N−1)ε1]
(p+1)(p−2N)−((N−1)p+2N)ε1

and ε7 > 0 to be chosen

later. We observe that, since p > max{p0, 2N} we have θ̃ p+1
p ∈ (0, 1), and (1 − θ̃)p+1

p ∈ (0, 1). Replacing
(3.19), (3.20) and (3.21) in (3.17) and noticing 2 < 2p+1

p < 2p+1−N
p−2N < σ, we have

1
p

d

dt

ˆ

Ω

updx ≤ −
(p − 1

p
− (p − 1)ε5 − A1ε6 − A2ε7

)ˆ

Ω

|∇up|dx (3.22)

+ c1(ε5, ε6, ε7)
( ˆ

Ω

u
p
2 dx

)2

+ c2(ε5, ε6, ε7)
( ˆ

Ω

u
p
2 dx

)σ

.

By choosing ε5, ε6, ε7 small enough and noting from (3.19) that
ˆ

Ω

|∇up|dx ≥ c̄1

ˆ

Ω

updx − c̄2

(ˆ

Ω

u
p
2 dx

)2

,

we arrive at
d

dt

ˆ

Ω

updx +
ˆ

Ω

updx ≤ c̃1p
( ˆ

Ω

u
p
2 dx

)2

+ c̃2p
(ˆ

Ω

u
p
2 dx

)σ

.

The proof is completed by applying a standard Moser iteration argument (see e.g. [13, Theorem 1.2],
hence if ‖u(·, t)‖Lp0 (Ω) ≤ C for some p0 > N , then also ‖u(·, t)‖L∞(Ω) is bounded. �
Proof of Theorem 1.2. Thanks to Lemma 3.1, we infer that if ‖u(·, t)‖Lp0 (Ω) ≤ C for some p0 > N ,
then ‖u(·, t)‖L∞(Ω) is bounded. We have a contradiction since Theorem1.1 holds. Hence lim supt↗Tmax

‖u(·, t)‖Lp(Ω) = ∞ for all p > N . �

The next aim is to prove Theorem 1.3. Following the steps in [14], assume that Theorem 1.2 holds.
We want to obtain a safe interval [0, T ] of existence of the solution to (1.3), with T a lower bound of the
blow-up time Tmax.

Proof of Theorem 1.3. We differentiate Ψ(t) and recall (3.17):

Ψ′(t) ≤ −p − 1
p

ˆ

Ω

|∇up|dx + (p − 1)
ˆ

Ω

updx + A1

ˆ

Ω

up+1dx (3.23)

+ A2

( ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1
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for all t ∈ (0, Tmax), with A1 and A2 defined in (3.18). In (3.23) we reduce
´

Ω

up+1dx and
´

Ω

up+1+ε1dx in

term of
´

Ω

updx. To this end, under the condition p > N , firstly we use the Gagliardo–Nirenberg inequality,

and then we apply the Young inequality. For the term
´

Ω

up+1dx we have

ˆ

Ω

up+1dx = ‖up‖
p+1

p

L
p+1

p (Ω)
≤ CGN‖∇up‖

p+1
p θ1

L1(Ω) ‖up‖
p+1

p (1−θ1)

L1(Ω) + CGN‖up‖
p+1

p

L1(Ω) (3.24)

≤ ε1

ˆ

Ω

|∇up|dx + c(ε1)
( ˆ

Ω

updx
) p+1−N

p−N

+ CGN

(ˆ

Ω

updx
) p+1

p

,

where θ1 := N
p+1 ∈ (0, 1) and ε1 > 0 to be fixed later. We proceed in the same way to estimate the term

´

Ω

up+1+ε1dx and we arrive at

( ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1 = ‖up‖
p+1

p

L
p+1+ε1

p (Ω)

(3.25)

≤ CGN‖∇up‖θ2
p+1

p

L1(Ω) ‖up‖(1−θ2)
p+1

p

L1(Ω) + CGN‖up‖
p+1

p

L1(Ω),

where θ2 := N(1+ε1)
p+1+ε1

∈ (0, 1) and θ2
p+1

p ∈ (0, 1) for all p > N and sufficiently small ε1 > 0.

The application of the Young inequality in (3.25) leads to
(ˆ

Ω

up+1+ε1dx
) p+1

p+1+ε1 ≤ ε2

ˆ

Ω

|∇up|dx + c(ε2)
( ˆ

Ω

updx
)b

+ c3

( ˆ

Ω

updx
) p+1

p

(3.26)

with b := (p+1)[(p+1+ε1)−N(1+ε1)]
p(p+1+ε1)−N(1+ε1)(p+1) > p+1

p and ε2 > 0 to be fixed later. Substituting (3.24) and (3.26) into
(3.23), we obtain

Ψ′(t) ≤ −
(p − 1

p
− A1ε1 − A2ε2

) ˆ

Ω

|∇up|dx + (p − 1)
ˆ

Ω

updx

+ A1c(ε1)
( ˆ

Ω

updx
) p+1−N

p−N

+
(
A1CGN + A2c3

)( ˆ

Ω

updx
) p+1

p

+ A2c(ε2)
( ˆ

Ω

updx
)b

, t ∈ (0, Tmax).

To eliminate the first term we choose ε1 and ε2 small and we arrive at

Ψ′(t) ≤ (p − 1)
ˆ

Ω

updx + A1c(ε1)
( ˆ

Ω

updx
) p+1−N

p−N

+
(
A1CGN + A2c3

)(ˆ

Ω

updx
) p+1

p

+ A2c(ε2)
( ˆ

Ω

updx
)b

, t ∈ (0, Tmax),

which can be rewritten as

Ψ′(t) ≤ B1Ψ(t) + B2Ψ
p+1

p (t) + B3Ψ
p+1−N

p−N (t) + B4Ψb(t), t ∈ (0, Tmax). (3.27)

Integrating (3.27) from 0 to Tmax, we arrive at the desired lower bound (1.11) with γ1 := p+1
p ,

γ2 := p+1−N
p−N and γ3 := b. �
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Remark 3.1. Since Ψ(t) blows up at finite time Tmax, there exists a time t1 ∈ (0, Tmax) such that
Ψ(t) ≥ Ψ(0) = Ψ0 for all t > t1. Thus, since 1 < p+1−N

p−N < p+1
p < b, we have

Ψ(t) ≤ Ψb(t)Ψ1−b
0 ,

Ψ
p+1−N

p−N (t) ≤ Ψb(t)Ψ
p+1−N

p−N −b

0 ,

Ψ
p+1

p (t) ≤ Ψb(t)Ψ
p+1

p −b

0 ,

from which we obtain

Ψ′(t) ≤ KΨb(t), (3.28)

with K = (p−1)(pΨ0)1−b+A1c(ε1)(pΨ0)
p+1−N

p−N −b+
(
A1CGN +A2c3

)
(pΨ0)

p+1
p −b+A2c(ε2)pb. Integrating

(3.28) from 0 to t we arrive at

Ψ1−b(t) − Ψ1−b
0 ≥ −K(b − 1)t.

If t → Tmax, then Ψ1−b(t) → 0 and we get the following explicit lower bound of Tmax:

Tmax ≥ Ψ1−b
0

(b − 1)K
=: T.
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