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Blow-up in a degenerate attraction-repulsion chemotaxis system with flux limitation
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Abstract. In this paper we consider radially symmetric solutions of the cross-diffusion system with flux limitation,

o uVu o uV(xv — &w)
w=v (\/u2+|Vu|2) v ((1+|W\2+|vw|2)q)’

0= Av+ au— P,

0=Aw+yu — dw

in Q x (0,00), with Q a ball in R, N > 1 under no flux boundary conditions and positive initial data. If N > 3, under
conditions on the data, we prove that the solution blows up in L°°-norm at finite time T},q2. Moreover for all p > N we
prove that the solution blows up also in LP-norm and a lower bound of blow-up time is derived.
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1. Introduction

Chemotaxis refers to the movement of cells or organisms in response to chemical stimuli. This phenom-
enon plays a crucial role in biological processes such as immune response, wound healing, and bacterial
aggregation. Cells typically migrate toward higher concentrations of attractant chemicals or away from re-
pellents, enabling them to navigate complex environments. In 1970, Keller and Segel in [7] introduced the
following foundational mathematical model for chemotaxis which describes the dynamics of cell density
u(x,t) and chemical concentration v(z,t),

{utzAu—xv~(qu), z €N, t>0,

(1.1)
Tvr = Av + au — [, reQ, t>0.

Originally formulated to capture the aggregation behavior of slime molds, this system has a cornerstone
in the study of nonlinear partial differential equations and pattern formation in biological systems. At its
core, the Keller—Segel model couples the dynamics of cell density with the concentration of a chemoattrac-
tant, leading to rich phenomena such as blow-up, travelling waves, and spatial clustering. These models
help researchers to understand pattern formation, population dynamics, and the conditions under which
cells aggregate or disperse.

Recent interdisciplinary research has begun to explore the relevance of chemotactic models like Keller—
Segel in the context of neurodegenerative diseases, particularly Alzheimer’s disease. In Alzheimer’s pathol-
ogy, microglial cells (immune cells of the brain) exhibit chemotactic behavior as they respond to amyloid-
beta plaques. By adapting the Keller—Segel framework to describe microglial migration and interaction
with neurotoxic agents, researchers can gain insight into the spatial-temporal dynamics of inflammation
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and plaque formation. This mathematical perspective offers a promising avenue for understanding disease
progression and potentially guiding therapeutic strategies.

In 2003, Luca et al. in [11] introduced the following attraction-repulsion system to model the clustering
behavior of microglial cells u(z,t) observed in Alzheimer’s disease,

ur = Au— xV - (uVv) + &V - (uVw), x€eQ, t>0,
T = Av + au — fv, reQ, t>0, (1.2)
Twy = Aw + yu — dw, z e, t>0.

In this framework, microglial migration is influenced by competing chemical signals—chemoattractants like
[B-amyloid and chemorepellents such as TNF-« (here represented by the functions v(z,t) and w(z,t)).
Over the past few years, the problem (1.2) has attracted considerable attention and has been the
subject of extensive mathematical and biological analysis. In [17], Tao-Wang considered the system (1.2)
and studied the global solvability, boundedness, blow-up, existence of non-trivial stationary solutions and
asymptotic behavior of the system on various parameter regimes. Particularly, in the two-dimensional
setting, they proved that the system with 7 = 0 is globally well-posed in high dimensions if repulsion
prevails over attraction in the sense that ya — &y < 0, and that the system with 7 = 1 is globally well-
posed in two dimensions if repulsion dominates over attraction in the sense that ya — &y < 0 and g8 = 4.
Moreover they derived finite-time blow-up under the conditions that f uo(z)|x — z0|* do is sufficiently

small for o € Q and xya — &y > 0, § = 3 and fuo dx > Flnlte—tlme blow-up in the system

xa E’y
with 7 = 1 was established by Lankeit [8] even in the case § # 4. In [10], Li-Li extended Tao—Wang’s

blow up result to the conditions ya — &y > 0, § > [ and fuo )dx > Xasf& or yad —&vB > 0,6 <

and f uo(z) de > n [5], Chiyo et al. analyzed, in a ball Q@ C RN, N > 3, finite-time blow-up

Xa5 5 B*
behav1or of the attraction-repulsion chemotaxis system (1.2) by incorporating logistic degradation and
established a lower bound for the blow-up time.

Mathematical models of chemotaxis with flux-limited diffusion arise naturally in the description of
tumor invasion processes, in particular glioblastoma progression, where cancer cells migrate under the
combined influence of biochemical cues and interactions with the surrounding tissue, leading to the
formation of structured invasion fronts whose dynamics require saturated flux mechanisms to ensure
finite propagation speed (see, e.g., Conte, Casas-Tinto and Soler [6]). In this framework, the cell density
evolves under the interplay of chemoattractant and chemorepellent signals, giving rise to complex pattern
formation phenomena. Such modeling approaches can be viewed as extensions of the Keller—Segel model;
recent contributions include Xu [19], who investigated asymptotic behavior and pattern formation in
flux-limited settings, and Zhigun [20], who established existence of global entropy solutions for degenerate
chemotaxis systems with saturated diffusion.

Inspired by the interesting applications in the medical field, this paper aims to study the behavior in
time of solutions to the following variant of attraction—repulsion model (1.2):

uVu uV(xv — &w
=V (Zar) v (o) 7S >0
0= Av+ au — fv, re, t>0,
0= Aw+ yu — dw, zeQ, t>0, (1.3)
ugl‘ :@:87“}:07 € o0, t>0,
VuZ+|Vul2  Ov Ov
u(z,0) = up(x), x €
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in  x (0,00), with Q a ball in R, N > 1, where x, &, a, 3, v, § are positive, and ¢ is nonnegative. The
initial data wuq satisfies

ug € C?(), radially symmetric and positive in Q. (1.4)

The novelty of this model is the presence not only of the flux limitation in the drift term but also the
presence of the flux diffusion term. The choice to study such type problem with flux limitation term is
due to the fact that these terms assume particles follow preferred paths (like cell boundaries) rather than
diffusing randomly. This approach removes non-physical diffusion, ensuring finite-speed propagation, a
core feature of the model (cf. [4]).

Originally, these flux limitation terms were introduced by Bellomo—Winkler in [1] and [2] where, by
introducing the model

uVu uVv
ut:V~<\/W)—X (W), xreN, t>0,
0=Av—mg+u, e, t>0, (15)
(wi‘f&up - X\/ﬂ;w) =0, T €A, t>0,
u(z,0) = up(z), x €
inaball Q C RN, N > 1, mg := ﬁs{uo, under some conditions on xy > 0 and gfluo, they showed local

existence with extensibility criterion and global existence of bounded radial solutions in [1], and in [2]
the authors established the existence of an initial datum such that the corresponding solution blows up
in finite time. Thereafter, in [15] Mizukami et al. analyzed the more general problem

uPVu utVu
wy = (\/W), (W), T€Q, t>0,
0=Av—mg+u, €N, t>0,
(1.6)
(\/;:V‘gu‘z _ X\/fjrlvvvvlz) v=0, red, t>0,
u(,0) = ug(a), veq

with p,q > 1, and established local existence and extensibility criterion ruling out gradient blow-up when
p,q > 1, and moreover derived global existence and boundedness of solutions when p > q+ 1 — %
Chiyoda et al. in [3] considered the problem (1.6) and extended the result of [2] by proving the existence
of blow-up solutions under some conditions on x and ug with 1 < p < q.

The principal purpose of the present work is to investigate on the blow-up phenomenon for the solution
of (1.3).

The main results are summarized as follows.

Theorem 1.1. (Finite-time blow-up in L>®-norm) Let @ = Br(0) ¢ RN, N > 3, R > 0 and let
o, B, 0, v, x, &€ >0. Assume that

xa—&y>0 and 0<¢g<

N-1
Then for all m > 0 and my € (0,m) we can find r1 € (0,R) such that:
if ug complies with (1.4) and

/uo dr =m, (1.7)

Q
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but
/ ug dx > my, (1.8)
Br, (0)

there exist Tpnar < 00 and a classical solution (u,v,w) of (1.8),

(TS 02’1(§ X [Omiaw))a
v,W € 02’0(5 X [O7Tmax))a

which blows up at Trnar in the sense that

lim sup [[u(-, t)|| oo (@) = 00, (1.9)

where C** means C? in v and C* int (k=0,1).

Remark 1.1. Compared to the blow-up results for (1.5) and (1.6), the ideal exponent for ¢ in the main
results should be 1/2; which however can not be covered in the main results.

Theorem 1.2. (Finite-time blow-up in LP-norm) Let = Br(0) € RN, N > 3 and R > 0. Then, a
classical solution (u,v,w) of (1.3), provided by Theorem 1.1, is such that for all p > N,

1imsup ||U('at)HLP(Q) = 0.

Trmaz

The analysis of blow-up solutions for the system (1.3) proceeds by examining the behavior of solutions
as they approach the blow-up time T},,,. The principal aim is to establish a guaranteed interval (0,7,
(T < Thnas), of existence of the solutions to (1.3); to this end, we define, for all p > 1, the auxiliary
function

1 . 1
U(t) := ];||u(~,t)||’£p(m with Wy :=¥(0) = ;B||uo||1£p(m7 (1.10)
and we determine a lower estimate of the blow-up time T}, -

Theorem 1.3. (A lower bound of the blow-up time Ty,q,) Let Q@ = Br(0) CRY, N >3, R > 0 and let
U be defined in (1.10). Then, for all p > N and some positive constants By, By, Bs, By, the blow-up time
Tonaz for (1.3), provided by Theorem 1.2, satisfies the estimate

oo

dn
Tm(zfc > T := 5 1.11
/ Bin + Ban" + Ban2 + Byns (L11)
Yo
. . p+l _ ptl-N . (+D[(p+1+e1)=N(1+er)]
with 1 = pp o 2= pp—N E p?p+1+i1)—Nl(1+61)(p+11)’ 1> 0.

When ¢ = 0, the problem (1.3) simplifies and Theorems 1.1, 1.2 and 1.3 remain valid as detailed in
the corollary that follows.

Corollary 1.1. Let Q = Br(0) CRN, N >3, R >0 and let a, 3, 9, v, X, &€ > 0. Assume that

xa — &y > 0.
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Then Theorems 1.1, 1.2 and 1.3 hold for

utzv-(%)—Xv-(qu)—F{V-(qu), reQ, t>0,
0= Av+ au — v, reQ, t>0,
0 = Aw + vyu — dw, e, t>0, (1.12)
B _ v _ow_g €oN, t>0
[u2+|Vu2  Ov  ov T T ) )
U(LE,O) ZUO(I)7 z e Q.

By setting w = 0 in (1.3), the problem is reduced to a problem of two equations and Theorems 1.1,
1.2 and 1.3 are preserved as stated in the following corollary.

Corollary 1.2. Let Q = Br(0) CRN, N >3, R >0 and let a, 3, J, v, x > 0. Assume that

0<¢g< .
<q N_1

Then Theorems 1.1, 1.2 and 1.3 hold for

uVu uVu

Uy =V (—/0)mMm//—— )| — xV | —=———), 2€Q, t>0,

' ( u? + |Vu\2) ((1 + IWI2)q)

0= Av+ au — (v, reQ, t>0,

o , (1.13)
uu
e %, zed, t>0,
u? +|Vul2 v
u(z,0) = ug(), z €.

This paper is organized as follows. In Sect.2 we give the proof of finite-time blow-up in L°°-norm
(Theorem 1.1) by using a moment-like functional. Finite-time blow-up in LP-norm (Theorem 1.2) and
lower bound of the blow-up time T},q, (Theorem 1.3) are established in Sect. 3.

2. Blow-up in L°°

The central goal of this section is to prove that the solution of (1.3) blows up in finite time in L°°(£2)-norm.
Firstly we state the following basic lemma for the local existence.

Lemma 2.1. Let Q = Br(0) € RN, N > 3 and R > 0, ¢ > 0. Assume that uy complies (1.4) and
(1.7). Then there exist Tyae € (0,00] and a triplet (u,v,w) of positive radially symmetric functions
u € CEHQ % [0, Thnaz)) and v,w € C%O0(Q x [0, Trnax)) which solve (1.8) classically in Q x (0, Truaz), and
moreover u satisfies that

if Trmae <00, then limsup ||u(-,t)|| L) = oc.
t/‘TIYLa(E

Proof. The claim can be proved by a pointwise lower estimate for u and by a uniform estimate for |Vu|
almost in the same way as in [15]. O
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In order to study the blow up phenomena of the solution to (1.3) we introduce radial coordinates with
s=1N€[0,RN], t €[0,T}4z) defining the functions

Us,t) == [ p™V " tu(p,t)dp, (2.1)

O\E\H

Thus we have

1 1
Us(s,t) = Nu(s%,t) >0, Uss(s,t)= Ws%_lur(s%,t), (2.2)
1 1 1 1 _q 1
Vi(s, t) = NU(SN,t) >0, Vis(s,t)= msN v (8N, 1),
1 1 1 1 _q 1
Ws(s,t) = ﬁw(sN,t) >0, Wes(s,t)= WSN w,(sN,t).
From the second and third Egs. in (1.3) we deduce
1
TN—l (TN_LUT(T? t))r = —au(n t) + ﬁ'[)(’l", t)v (23)

1
N1 (P o (r, t), = —yu(r,t) + dw(r,t)

and by integrating (2.3) and using (2.1) (with s = 7%) we obtain

T T

N1y, = —a/pN_ludp + ﬁ/pN_lvdp = —aU (N, t) + BV (N, 1), (2.4)
0 0

rN =y, = —”y/prludp + §/pN71wdp = UM, t) + oW (N b)
0 0

for all r € (0, R), and t € (0, T)qz). The radial version of the first Eq. in (1.3) is

Ui(s,t) Ny (r, t)dr

@ Springer



ZAMP Blow-up in a degenerate attraction-repulsion. .. Page 7 of 26 256

By using (2.2) and (2.3) we obtain
N2s2~ ¥ U,Usq
JU2 + N2 R0,

Ut(S, t) =

[X(=aU + BV) — £(=AU + 6W)]
T(1+ 5% 2[(—aU + V)2 + (—U + 6W)?])"

N22-% U, U,
\/Ug + N2s2- % U2,

uu,
(1+ s¥=2([~aU + BV)2 + (—U + §W)2))*

+ N(xa—&7)

VU,
(1+ s¥2[(—aU + BV)2 + (—U + sW)2))*

—xNpB

WUs

e (14 s%2[(—alU + BV)2 + (—yU + 6W)2))*

In order to obtain our blow-up result we derive a basic differential inequality describing the evolution of
the following moment-like functional ¢ with so € (0, RY) and a € (0, 1):

S0

o(t) == /sfa(so —8)U(s,t)ds, t€[0,Tmaz)- (2.6)

0

To this end we start with the following lemma.

Lemma 2.2. Let N > 3, R > 0 and assume that uy satisfies (1.4). Then for any choice a € (0,1 — %)
and sg € (0, RN), the function ¢ : [0, Tynaz) — R defined in (2.6) belongs to CO([0, Tmaz)) NCH((0, Taz))
and satisfies
S50 S0
¢'(t) > —Nsg / sTNTUds + N(xa — f’y)C’/s*aH?*%)q(so —5)UUsds (2.7)
0 0
S0
—xNpBsp(a+1) / s~ VUds,
0
with C' = L

(RQN_2+ZTN[Q2+72])q .

Proof. Since u € C°(Q x [0, Ty4z)) and u; € CO(Q x (0, Tpnaz)), a standard argument based on the
dominated convergence theorem ensures that indeed ¢ belongs to C°([0, Thnaz)) and to C1((0, Trnaz))-
Following the step in [18] (and [5]), differentiating ¢(¢) in ¢ and using the Eq. (2.5), we have

S0

(L) = /sfa(so — 5)U(s,t)ds (2.8)

0
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2.2-2
= /sfa(so —5) Ns UsUss ds
) VU2 + N2 R0,

s0 B UU,
+N(xa - &) 0/5 o (1+s¥~2([(—al + BV)2 + (—U + 5W>2qu8

VU

1+ s¥2[(—alU + V)2 + (—U + 5W)2])qd8

o o=

50

—1—/87"(30 —8)ENS

0

WU
(1+s¥2[(—aU + BV)2 + (—U + 6W)2])*

ds

for all ¢ € (0, Tjnaz)- Neglecting the positive fourth term on the right-hand side of (2.8) and noting that
N2327%U5USS > _Nsl

1 .
= ~ U, we obtain
U24+N2s*~ N U2,

a—{/ (so — $) U, ds
M LT (ol + V)R (U + oW )

VU,
2-27(_ 2 _ 2 qu
(1+s [(—aU + BV)2 + (U + 6W)?))

—XNB [ s7%(s0—s)
/

=1+ 1+ Is.

In Iy, noting that 1 — % —a > 0 because a € (0,1 — %), we integrate by parts to derive

I, = —N/sl_%_a(so —$)Ugds (2.10)
S0
= —N[sl_%_a(so —s)UJg° + N/ %(51_%_“(30 —5))Uds
0
s0 50
=N(1- % —a) /s_%_“(so —s)Uds — N/Sl_%_“Uds
0
s0 50
> —N/ 1_*_“Uds> Nso/s_%_aUds.
0 0
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To estimate I3 we firstly take into account that ( L < 1 and then we

145 ¥ 2 [(—alU+BV)2+(—yU+5W)?])"
integrate by parts, with some € > 0, to have

I3 > XNB/ (so — s)VUsds (2.11)

= XNﬁlim(i)rJrlf[e_“(so —e)V(e, t)Ul(g,t)]

S0

S0
— XNBa/s_“_l(so —$)VUds — XNﬁ/s_“VUds
0

XNﬁ/ “(sp — s)VsUds

50

S0
> —XNﬁaSO/s_“_1VUdS—XNﬁ/s_“VUds
0

> —xNfBso(a+ 1)/8_‘1_1VUd3,
0
due to the fact that U, V and V; are all nonnegative. To estimate the term Iy in (2.8) we observe that
1

(1+ s¥2[(—aU + BV)2 + (—U + 6W)2))*
(s2- %)
- (RzN—2 + ﬂ;(QZ _‘_72))‘1
In fact, from the second and third Egs. in

= (s %),

) we can deduce that

(1.3)
Q/ ot g! Q/uodx - %m, (2.12)
/ t)dx =

/ /uodx = %m.
Q
Since u, v and w are nonnegative, for all s € (0, RV) and t € (0, T}42) we have

cwq
wq

Q Q

1
0< U(s,t) <U(RN,t) = /u(.,t)dx:ﬁ, (2.13)
WN WN
Q
1 am
0<V7t<VRN,t:—/ L tyde = :
< V(s t) <V( ) wNQv()w Fom

0 < W(s ) < W(RN, 1) = i/w(.,t)dx _am

w

2
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By using (2.13) we can see that —a— < —aU < —aU + pV < gV < 04— and —y - < —yU <
—~U + W < oW < ’y—N and thus,
2 2
(—aU +pV)? < an—g, (—U +0W)* < nym—Q. (2.14)
Wy W
From (2.14), since s < RN, we arrive at
1
; - (2.15)
(1+ sv2[(—aU + V)2 + (—U + 6W)?))
1
> 2 2 q
(14 sv 22 [a? +~2])
N
5(2_%)‘1
(s2~% +m [a2 +~2))¢
22
s( ZN)q - C’S(Q*%)q
(RQN 2_’_;7172[052_’_7 ])
N
To estimate I we apply (2.15) to obtain
UUs;
I = N(xa — &) /s (so — s) ds (2.16)
J (1+ s¥2([—aU + BV)2 + (—U + 6W)32))*
S0
> N(xo — f’y)C‘/s*aHQ*%)q(so —s)UUsds.
0
By substituting (2.10), (2.11) and (2.16) into (2.8) we obtain (2.7). O
We reduce each term on the right-hand side of (2.7) to powers of
S0 1
P(t) = /57‘”9(80 —s)U(s,t)Us(s,t)ds, 6 := 2(1 - N)q (2.17)

0

To control the first and third terms of (2.7) we use the following lemmata.

Lemma 2.3. Let v, € (1,2) and 2 € (0,1). Then there exists C = C(y1,72) such that if sop > 0 then

s S0
/ / £ M (s0 — §) dgdo < Csg s for all s € (0, 50). (2.18)

0 o

For the proof see Lemma 4.6 in [18].

Lemma 2.4. Let N >3, R> 0, a € (0,2) and 0 < 0 < a such that

2 1 1 0
2 (1-=) - = 2.1
<9+1( N) NO+1 (2.19)

Then there exists C1 = C1(R,m,a,0,wy) > 0, such that if uy fulfils (1.4) with m = [wuo, then for
Q
So € (OaRN)’
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S0 S0
—a—L1 a—6—1 1
S0 / sTOTNU(s, t)ds < 015(2) AN {/57‘”0(50 - s)UUsds} o (2.20)
0 0
for allt € (0, Trnaz)-
Proof. Following the steps of [16, Lemma 4.4], for s € (0, so] we introduce the function ¥(s) := H%s“”‘e

(50 — 8)p?*2(s) with 6 € [0,a), p € C([0, so]) is nonnegative, ©(0) = 0 and ¢'(s) > 0 for all s € (0, s¢).
We have

S S

U(s) = /\I/’(o)do < /o_“+9(so —0)? (o) (0)do.
0 0
From the definition of ¥ we obtain

S
0 1

a—~0 642

o(s) < (0+ 2)9%259” (so — s)_ﬁ { /U_a+0(80 - 0’)(,09+1(0')Lpl<0')d0'} (2.21)
0
By using this inequality with ¢(s) = U(s,t) and U(s,?) < ¢1 := - we obtain
50
S0 / sfafﬁU(s, t)ds
0
, 50 50 N
< s0c! (0 + 2)& /s_a_%‘*‘%(so — 8)_971-2ds . {/37‘”0(30 — S)UUst} o
0 0
50 )
= Clsi_a_%—kaﬁrgl { / 5790 (59 — s)UUsds}m,
0
where C] = cf% 0+ 2)91?B and B=B(l—a—++ ‘g;?, 1-— ﬁ) is the Euler’s beta function. We note
that B < oo because a satisfies (2.19) and 1 — 9_%2 > 0. O

Lemma 2.5. Let N >3, R>0,a€ (0,1— %) and 0 < 0 < a such that
0 - 2
0+2 N’
Then there exists Cy = Ca(R,m,a,0) > 0 such that for all ug fulfilling (1.4) and each sy € (0, RN) we
have

(a+2) (2.22)

S0

so/s*a*IUVds (2.23)
0

1+%7a

1+l_a+M S0 0 9732
< Cys + Casy otz {/ 5700 (59 — s)UUsds} )
0

Proof. For the proof we follow the step in the proof of Lemmas 4.8 and 4.9 in [16].
Since V' < G2, from (2.4) we can write

N7
rN=ly, = faU(rN,t) + ,BV(TN,t) > faU(rN,t),
thus

PNy, = —aU N, t) + BV (N, ) < BV (rV,t) < 2¢y = awﬁ,
N
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and
C2

oir t) < p2 N __——=_
() < 2N
and consequently, since s¥ = r
2
(s, t) < Es¥ T,

with é; = +25. Taking into account of (2.2) and v, (sV,t) > —as~1U(s,t), we have

1 1 1 a2
Vis(s,t) = ﬁsN 1fur(sN,t) > fﬁsN 2U(s,t),
and hence
S0 S0
1 1 « 2 _9
Vi(s,t) = Vi(s0,t) — | Vis(o,t)do < Nv(sév,t) + N2 o N "*U(o,t)do,

with so € (0, RY). According to the latest estimates and v < és¥ 1, we find that

s s So

V(s,1) :/Vs(a,t)dag %so . //5 20 (¢, t)dedo.

0
In the last term we apply the inequality (2.21) with ¢ = U to get

Co 2 _
Vs, t) < %sév 's

S0 1 S So
r / S sy — )Uds} / / X2 (5 — &)~ dedo
0 0 o

S0

Gy 2 _ . a =
< CNQSON 18 + ¢35, 9+2s%+ 2] { /5_a+0(80 — S)UUSdS} 9+2,
0
where in the last step we have used (2.18) with v, = —% +2 — m € (1,2) and o = ‘9_%2 € (0,1) and

with é3 = {=C(a,0,N).
Considering the last inequality and applying inequality (2.21) twice with ¢ = U, we get

S0

S0 / s lUVds

0
~ S0 1
Gy 2 o 1
< NQSdV/ “Uds—l—c;;s / *a*H%*WgUds /s*“Jre so — s)UU; ds} -
0 0 0
o 2 - 2aoon) (o0 2
< stdv / “*Uds + ¢3Bs, FRmat {/ 5710 (59 — s)UUSd5}9+2,
0
0

where B := B(—a + 2+ (9a+29) 11— 9+2) < 0o by virtue of (2.22).

Finally, in view of (2.13) and since a < 1 we obtain (2.23). O
By replacing (2.20) and (2.23) in (2.7) with (2 — £ )g = 0 we obtain

S0

1 a—0—1 _1
#(t)> ~NCysg ¥ T / 57 (50— 5)UTds } (2.24)
0
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+ N(xa — 57)0/57‘”9(50 —8)UUgds — xNp(a + 1)Cgs(l)+%7a
0

2

2 2(a—6-1) S0 2
—xNp(a+ 1)023(1)+N ot { / 5790 (59 — s)UUsds} o
0
We are ready to write a first order differential inequality for ¢.
Lemma 2.6. Let N >3, x, &, a,0,7,0 > 0 and assume that xa — &y > 0. If

2
0<0< —
SU< N’
then there exists a € (0,1 — 37) satisfying a > 0, (2.19) and (2.22) such that for all m > 0 there eist
dy, dy > 0 such that whenever ug fulfills (1.4), (1.7), for any so € (0, RN) the function ¢ satisfies the
differential inequality

& (1) > dyst@D=OD 042y 4NN ol t € (0, Thnas)- (2.25)

Proof. We observe that if 0 < 0 < % and N >3 then 0 <1— % and we can take 0 < a <1 — % Thus
we easily get (2.19). In fact, we have (1 — %) — [9—3_1(1 - %) - %gfo_l] = 9_%1[0 — (1= %)] < 0. Moreover
we can choose a satisfying (2.22). In fact, 6 < %% —2 implies NO? +2(N —-1) -4 < 0ie. 0<0 < %
Back to (2.24), and ¢ defined in (2.17), we can write

¢'(t) > N(xa — £y)C(t) — NClsff%*”%wﬁ(t)

1+%_a+2(a—9—1)

~XNB(a+1)Cos 2yt (1) - YN B(a+ 1)Casi ¥

Since 0 < 0 < %,Weobservethat 1—|—%—a<2—%—a+“gigl and 1+%—a< 1+%—a+%.

Thus we can write

&(t) > N(xa — £)Cy(t) — NCsg ¥ 777 yotar) (2.26)
2 _, 2(a—60—1) P 2 _,
— XNB(a+1)Casy ¥ T yata (1) — NB(a+ 1)Casy ¥

> [N(xa —&7)C — e — e]t(t)
2 _gq ~oary (2N—4-30 2 _9)2
=50 ¥ fe(e)sd ™ T e (e)s YT 4N Bl + 1C
1+2—a
> A(t) — Agsy ¥
with
Ay, = N(xa —&7)C — €1 — € (2.27)
As = () R0 BN 4730 40y () RE=INE 1 YN B(a + 1)Cs,

where in (2.26) we used Young inequality and then sy < RY.
By choosing ¢; and ey such that N(ya —&7)C — e — e = Ag > 0 and with Ay(R, N, 6) defined in
(2.27) with €; and ey fixed, we arrive at the differential inequality

(1) > Agth(t) — Agsy 7. (2.28)
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By using [16, Lemma 4.5] (since (2.19) holds, we have also a < 1+9) we can estimate ¢(t) = [ s7%(so—
s)U(s,t)ds as

a—60—-1
—ot Ty

1
olt) < C; s b7 (1)
with C3 = C3(R,m, N, 6,a) > 0. This implies that
B(t) > CyslHO=0734042(4), (2.29)
By replacing (2.29) in (2.28) we have
& (1) > AgCyst@HI=03) go+2 () 7A28(1)+%—a.
Thus we arrive at the desired inequality with d; := C3A4, and dy := As. O
We are ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. We note that 0 < ¢ < {5 implies 0 < 6 = 2(1 — )q < % Hence by Lemma 2.6
we can take a € (0,1 — ) such that for all sg e (O RN),

O(1) 2 disg TG ) — dyey I
Next we let

o= ()~ € (0,R)

and suppose (1.8).
We show that Th0z < % by contradiction. Assume that Th,qz > . Then, by (1.8) for all my € (0,m)
0

we have U(s,0) > U(%,0) > 2L s € (5, RY). This yields

S0
S0 2
¢(0) = /s‘“(so —s)U(s,0)ds > /s_a(so —$)U(s,0)ds (2.30)
0 S0
4
s0
2
S0\—aSo M1 3M1 o4
> — — —ds =27
_/(2) 2 wn WNSO ’
Ey

and hence for sy sufficiently small we obtain

— 2
g T G02(0) a0 Dy 20N 1

2 =
1+W_a 2d2w9+2

Then it follows that

a(l+0)—(0+ 0+2 + —a d a(l+0)—(0+3 0+2
Hence by (he ODE COI’HI)aI‘j.SOIl7

di 4 _
0'(t) 2 s TG (1) for all ¢ € (0, Tona),

from which we obtain
9(3-a)(0+1)+1,,0+1
(0 + 1)dymi™!

Therefore we conclude that Th,q. < %, which contradicts the assumptions. The blow-up property imme-
diately results from Lemma 2.1. O

1-6
Eh) <

NN
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3. Blow-up in L? and lower bound of blow-up time

The first aim of this section is to prove, by contradiction, that if u(z, ) blows up in L% (Q)-norm then it
blows up also in L?(Q)-norm for all p > N.

Lemma 3.1. Let Q C RN, N > 3 be a bounded and smooth domain. Let (u,v,w) be a classical solution
of system (1.3). Then if there exists C' > 0 such that for some py > N,

”U(a t) ||LPO(Q) < 07

then, for some C>0,

[u(, )l oo () < €
for any t € (0, Thnaz)-

Proof. Let us consider the LP-norm of u(-,t) in (1.3) for all p > max{pg, 2N}. Using the first equation of
(1.3) and then integrating by parts, we obtain

1d
pdt/updac—/up_lutdx

Q Q

Vu uVo
= [ vl g /v Pl d
/ R PR B RN R T
Q Q

uVw

_ \v4 p—1 d
5/ A VR V)

P=1I\y|? .
/ u”_ [Vl dz + x(p /u” ! Vu-Vu dx
Q
d

Vu? + |Vul|? (14 |Vo|2 + |[Vwl|?)?

Vu - Vw
_ -1 p—1
< >/“ A+ Vol + V) @

We use the following inequality proved in [1, Lemma 6.1]:

p—1 \V4 2
/up*1|Vu|dx§/udx+ uPdx.
u? + |Vul?
Q Q Q

Thus we have

1
f% uPde < —(p — 1)/up_1|Vu|dx—|— (p— 1)/updx +1, (3.1)
b Q Q Q
for all t € (0, Thnax), where
Vu - Vv Vu-Vw
I=x(p-1 p-1 dz — —1/1’*1
x(p )/“ Ar v vee ™ =D [ G s wap

Q Q

Integrating by parts and using the boundary conditions and the second equation of (1.3), we obtain

-1 Vu?P -V VuP -V
I:Xp /( “ Y |2)qu§(p1)/( “ v dx (3.2)
Q Q

p 1+ |Voul2 4+ [Vw 1+ Vo2 + |[Vw|?)4
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Pl [ gL [ T VI
<

=X, 1+ Vo2 + |[Vw|2) (1 + [Vof2 + |[Vw[2)a+]
p—1 uP Aw p71/ Vw - V(|Vv|? + |[Vwl|?)
d _ p

v ] A+ Vol + [Veo)r ™~ % AV Ve

p—1 uP (v — au) p—1 / Vo - V(|Vo]? + [Vwl|?)
X / 1+ [VoP + V) T S A VR Ve
+£p71/ uP (6w — yu) _qul/upr.V(|Vv|2+|Vw|2) .

D (14 |Vv|]2 + |Vw|?) (14 |Vv|2 + |[Vw|?)et!

p—1 p—1 Vo - V(|Vu2 + |[Vwl|?)
< (ya— )Pt [urrig /p d
<@ furttasad S [wto e e
Q Q

p—1 » 3 p—l/ o Vw - V(|[Vo> + [Vw]?)
—|—§57p /u wdx — g€ » U A+ Vo + \Vw\z)q“dx

= I+ 1o+ I3+ Ia,

where in the last step we neglected the negative term — Gy 2 f de and used the inequality
Q

1 5
o vepy < 1asa> 0.

To estimate Iy and Iy of (3.2) we consider the radial coordinates and we have

p—1 Vo - V(|Vo|? + |Vwl|?)
I = P d
2= X /“ (1+ [Vol2 + |[Vw[2)e+!

R

p—1 V20, N1
=2y ——w uP T r dr
" N/ (1 + 02 + w2)etl

0

R

-1
+2qXLwN/up
P 0

UTwTwTT
(o2 + )

rNoldr

=:Ip1 + Ioo

and

_ , 2 2
P 1/upr V(|Vv]* + |Vw|?) (3.4)

1+ [Vo2 + [Vw[2)e ™"

R

p—1 W2w,, N_1
= —2q§—— p z d
i€ [ C+oz+wst 7
0
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R

p— 1 Vr Wy Vpy N—1
— 2¢6—— u? r dr
< “’N/ (1+02 +w2)et!

0

= Iq + Iyo.
In I5; of (3.3), noting that v, = —au+ Bv — N:lvr < Ao+ a5t [ pN~Tudp and
0
have
1 R 0?[pv+alF pr Ludp)
r—1 P PN-1
b = 2ax D wN/u (1+ v? + wg)qﬂ dr
R
-1
< QQﬂXLwN/uperfldr
b 0
1 1 A
+2anpT(N_ 1)WN/UP;(/,0N_1udp)dr.
Q 0
In I;; of (3.4), we similarly see that w,., = —yu + dw — N;lw,. > —yu—§ T;1
W <1 to obtain
R
wgwrr

rN=ldr

p—1
Iy = —2¢¢P—= P
o 4% D WN/U (14 02 4+ w2)at!
0

T
B w?lyu+ 035t [ pNlwdp)

p—1 0 N-1
< 2¢E—— P d
=2y WNO/U Aoz tutyert Y

R
-1
< 2q§’yp7p wN/up“rN*ldr
0

R r
-1 1
+2q§(5L(N — 1)wN/up(f /pN_lwdp)dr.
r
b 0 0
From (3.5) and (3.6), we can write
R
p—1 N-1
Iy + 14 < 2(15XTWN uPor™ " dr
0

T

-1 1
+2qaxL(Nf 1)wN/up7(/pN*1udp>dr
P T

Q 0

W

<1, we

(3.6)
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R
—1
+2q§'yp—wN/u”“rN’1dr
p
0

T

R
+2q§5E(N— 1)wN/up(1/pN_1wdp)dr
P r
0

0
—1 —1
= QqQXPT/upvda:—&—qu’ypT/upde
Q Q

+2qaxp;1(N - l)wN/upl(/prludp>dr
b a o
R r
+2q§5E(N7 l)wN/u”(l/prlwdp)dr.
P 0 "
now estimate Iog + I49:
R

Iog + Iy = 2‘17WN X —&) /Up
0

Uy Wy Wy

N-1
T dr
1+ 02 +w?)att

[vrwrwyr|

5 5 rN=ldr
v+ wy

R
—1
<2 oyl -l [ v
p
0
-1 B
quTWN‘X_£|/up|wrr‘rN 1d7’
R
Ele/up(
0
R T
1
/ p“dm—&-qé/u’"wdm—i—cw -1) wN/up f/p udp
r
Q

0
R 1 T
+ & 6(N — l)wN/up<f/p"_1wdp)dr
r
0 0

T

f N-1
p”_ludp—i—éi]v/,0”_1wdp>rN_1dr
r

IN

(=)
(=)

with ¢; = q%|x—§\.

Following (4.6) in [12], we can write

r

R
wN/up%(/prludp)dr

0 0
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_p_ 1 P B P 7 1+te
< (i> Hl(/ up“dx) p+1w?(/ upH“rN’ldr) e (/r;NTIf_ldr) S
—\V
Q 0 0
1 _
_ Cl(/Uerldx) P+ (/Up+1+61dl'> PFifer
Q Q
for all e, > 0 and ¢; = ¢1(€e1, N, p). By using the Young inequality we obtain
R r
1
wN/up;(/prludp)dr (3.9)
0 0
1 it
< P+l 4 O (/ pHite g )P <
_clp+163/u 2+ C1(e3) U h
Q Q
_1
with €3 > 0 and Cy(e3) = 1 #63 ? Similarly we infer that
R r
1
wN/upf(/pN_lwdp)dr
r
0 0
R 1 T » s
SWN/UP*(/pN_ldp> + (/ p+1pN 1dp) Bape
0 0
1\ p51 i
< (N)p ' (/wp+1dl‘ w;\’fi/uprpﬂ
Q 0
. . R R e
< (l)ﬁ</ wp-de)ﬁ /u ptltes, N— 1d P+1+62 / P+1+fz
—\N
Q 0 0
_1
=cy /wp+1dx)p ' (/u”+1+62d) +1+€2,
Q Q
with €y > 0, co = CQ(EQ,N,p).
Taking into account that, from the third and fourth equations, we obtain
p+1
/Up+1dl‘ < (%) /UerldI, (3.10)
Q Q
p+1
/wp+1dm < (%) /up+1dx (3.11)
Q Q
(in fact, & [wPtldzr — v [uwPde = [wPAwdz < 0, and thus § [wPtldz < v [wwPdx
Q Q Q Q Q

< ’y(fupﬂd:r)"%(pr“dx)#).
Q Q

@ Springer



256 Page 20 of 26 M. Marras, S. Vernier-Piro and T. Yokota ZAMP

Hence we invoke (3.11) and the Young inequality to see that

R T

wN/up%</pN_1wdp>dT (3.12)

0 0

1

< CQg( / upﬂdx) ( / up+1+62dx)ﬁ

Q Q

1 ~y s
< A p+1d C ( p+1+62d ) 2
_02p+1645/u z+ Coles)| [ uw T ;
Q Q

_1
for all e4 > 0 and Cs(eq) := @ﬁg "% (we can choose €4 = €3).

n_ 1
Also we observe from the Hélder inequality that [ uPvdz < (f up“dx) P (f Up+1dx) P from
Q Q Q
(3.10) we arrive at
«@ 1
/upvdm < B/up dz. (3.13)
Q Q
Similarly we estimate the term [ uPwdx:
Q
/upwdx < %/u”“dm. (3.14)
Q Q
By using the estimates (3.9), (3.12), (3.13) and (3.14) in (3.7) and (3.8) we have
-1 -1
Iy + 14 < QQQXL /upﬂda: + 2q£’yL/u”+1d:ﬂ (3.15)
p A p
+2qxap;1(]v - 1){0 1 eg/ul’+1dm+0 (63)(/up+1+€1d{1;) pffllq}
p 'p+1 '
Q
p—1 +1 +14e T
+2q§67(N—1)[02 +1645 uP dx+02(64)( uP 2d ) ]
Q Q
and
Ioo 4+ 140 < 2517/up+1da: (3.16)
Q
A 1 +1 +14€ pfl—:'l‘l
+ay(N —-1) {cl 16 uPT i dx + 01(63)( uP 1d3:> ]
p

Q Q

C _ L 1 p+1 p+1+4es pfltrlez
+ 6N —1) [Cgp+1€45 /u dac+C’2(e4)( U daj) ]
Q Q
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Combining (3.3)—(3.6), (3.15) and (3.16) with (3.2) in (3.1), we arrive at

1d
~ uPdr < —(p— 1)/up71|Vu\dx—|—( - 1)/updx+A1/up+1dx (3.17)
b Q Q
o4l pt1
+A2 /up+1+e1d ptite; +[13(/up+1+62dx) ptltes
Q Q

—1
S = |[VuP|dz + (p— 1) /updx + Ay /up+1da:
Py ) Q

_p+l

I+
+A2 / p+1+61d P 61’
Q

where we have chosen ¢; = €1 and

—1 N -1
Ay = pT [Xa + 28y + 2qxa + QQ(p ) ) (axcies + 750264)} (3.18)

+1

N
+2¢17 + Cl“/(p (e3c1 + €aca),

-1
Ay = QanpT(N —1)C1(e3) + e1vCy (e3),

~ —1
Az = 2(]56%(]\[ — 1)02(64) + 51502(64),

A2 = AQ + Ag.
Sy
In order to estimate [wPdz, [uP*'dr and (fup+1+€1dx) "7 we use the version of the Gagliardo-
O o O

Nirenberg inequality proved by Li-Lankeit (see Lemma 2.3 in [9]), where, compared to the standard
version, the authors include the possibility that the exponent can be less than 1 (here we used the
exponent 3). We have

_ 0 1-6
[ s =10 l1sg0) < Can IVl @y 157+ Conlla?l, (3.19)
Q
bN2
< 65/|Vup|dx+c(65)</u§dx) ,
Q Q
where 0 := NLH € (0,1) and €5 > 0 to be chosen later. Similarly,
1 el pEL(1_§) Pl
[t =1 < Conl DR ) 0 Conlel T G20)
A (©)
, . \2E , 2
< 66/|Vup|dx+c(€6)</u§daj) +CGN(/u5d$) ,
Q Q Q
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where 0 := 1;:_?1 = (Nﬁ%?ﬁn € (0,1) and eg > 0 to be chosen later. We observe that, since p >
max{po, 2N} we get p#@ ;\Eg\eifg € (0,1), p;gl(l —0) = §(+]\1,+1) € (0,1). Finally, for sufficiently small
€1 > 0
H7 il
(/Up+1+eld$)p = ||up|| I;+1+€1 (321)
L 7 (Q)
Q
< Con IVl Eaylla?ll 7 " + Con ),
L) 5(@) L2(@)
P P i
< @/\Vul"d:r—i—c(eﬁ(/u?dx —i—CGN / 2d
Q Q Q
5 14t N(p+2+261) 2(p+1)[(p+1—N)—(N—1)e1]
where 6 := lfg - = ot € (0.1), 0 = oo am (v —npren)e and €7 > 0 to be chosen

later. We observe that, since p > max{py, 2N} we have éprl € (0,1), and (1 — é)p# € (0,1). Replacing
(3.19), (3.20) and (3.21) in (3.17) and noticing 2 < 2E51 < 2228 < o, we have

1d p—1
Pde < —(—— — (p—1)es — — p .
ot uPdx ( , (p—1)es — Aseg A267)/\Vu |da (3.22)
Q Q
p 2 p a
+c1(65,e6,e7)(/u5dx) +CQ(65,66,67)(/u5dx) )
Q Q

By choosing €5, €5, €7 small enough and noting from (3.19) that

. 2
/\Vup|dxZél/upd:rf@(/u?dz) ,
Q

Q Q

—/updx+/updx<clp</u2dx) +02p(/u2dx) .

Q Q Q

we arrive at

The proof is completed by applying a standard Moser iteration argument (see e.g. [13, Theorem 1.2],
hence if [[u(-,2)||Lro () < C for some pg > N, then also ||u(-, )| 1 (q) is bounded. O

Proof of Theorem 1.2. Thanks to Lemma 3.1, we infer that if ||u(-,t)[|1ro(q) < C for some py > N,
then [lu(:,t)[|L~(q) is bounded. We have a contradiction since Theorem1.1 holds. Hence limsup, .
lu(-, )| Lr (@) = oo for all p > N.

The next aim is to prove Theorem 1.3. Following the steps in [14], assume that Theorem 1.2 holds.
We want to obtain a safe interval [0, T of existence of the solution to (1.3), with 7" a lower bound of the
blow-up time T}, 4.

Proof of Theorem 1.3. We differentiate ¥ () and recall (3.17):
-1
U'(t) < —pT/|Vup|d:c+ (p— 1)/u”dx—|— Ay /upde (3.23)
Q

Q Q
p+1
o [ a)
Q
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for all t € (0, Tqz), with Ay and A, defined in (3.18). In (3.23) we reduce [wP*'dz and [wPT!Te1dz in
Q Q
term of [wPdx. To this end, under the condition p > N, firstly we use the Gagliardo—Nirenberg inequality,
Q

and then we apply the Young inequality. For the term [u?*'dz we have
Q

p+1 2 =y P 56 2 B (1=01) p 2
W = o)y < ConIV g Ity + ol ) (3.24)
Q
el N Bfl
< 61/\Vup|dx+c(61)</updx> v +CGN</updx) "
Q Q Q
where 01 := % € (0,1) and £; > 0 to be fixed later. We proceed in the same way to estimate the term
[ uPtiterdy and we arrive at
Q
([urreeran) ™ = o e (3.29
L » (Q)
Q
6, 2L (1—y) 2L
< CGN”vupH;&) ||up||L1(Qz) "+ Ceonllu” || 1)’
where 6y := pflf;l) € (0,1) and 92”1%1 € (0,1) for all p > N and sufficiently small ¢; > 0.

The application of the Young inequality in (3.25) leads to
+1

(/up+1+eldw)pfl++lel < 52/|Vup|dx+c(€2)(/updac)b +E3(/Upd9€>pT (3.26)

Q Q Q Q

with b := ;Izz_i)l[_(‘_pe T)ljﬁ()llfl()l(x_ll))] > pp# and g2 > 0 to be fixed later. Substituting (3.24) and (3.26) into

(3.23), we obtain

-1
U'(t) < —<7 — Aieq — AQEQ) /|Vup|dx +(p— 1)/updx
Q

p
Q
pHLoN et
+A16(€1)(/upd$) ? + (A10GN+A263>(/updx) ?
Q Q
b
—|—Agc(€2)(/u”d$) , t € (0, Thaz)-
Q
To eliminate the first term we choose €1 and €5 small and we arrive at
p+1—N
\I//(t) < (p — 1) /upd.r +A16(€1)(/updx) p—N + (AloGN —|—AQC3 /updﬂf
Q Q Q
b
+Agc(€2)</upd:v> , t€(0,Thaz),
Q
which can be rewritten as
U/ (t) < BiU(t) + BoU's (t) + BsW s~ () + ByUP(t), t € (0, Tas). (3.27)
Integrating (3.27) from 0 to Tyuaq, we arrive at the desired lower bound (1.11) with v := p%,
ngf&and’ygfb O
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Remark 3.1. Since U(¢) blows up at finite time Ty,q., there exists a time t1 € (0,Tjnqz) such that
U(t) > ¥(0) = Uy for all ¢ > t1. Thus, since 1 < p;i;NN < pp# < b, we have

W(t) < W)y,

pt1-N pH1-N

U r (1) <V (w, "N

pt1 2l _p

U () S () W,T
from which we obtain
V(1) < KUb(t), (3.28)

p+1—N p+1

with K = (p—1)(pWo)' P+ Asc(e)) (p¥o) 7~ O+ (A10GN+A263) (pWo) > U+ Agc(es)p®. Integrating
(3.28) from 0 to t we arrive at

b)) —wh b > —K(b—1)t.
If t — T)paz, then W1=0(t) — 0 and we get the following explicit lower bound of T4z

\Ijéib =T.

Tma:v Z 71 a7
b 1K
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