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1 Introduction

Nonlocal quantum gravity is a perturbative quantum field theory of the gravitational force
where both the classical and quantum dynamics of the graviton are characterized by nonlocal
form factors, operators with infinitely many derivatives [1-5]. Nonlocality is a classical
fundamental feature instead of an emerging one at the quantum level. Matter fields can be
introduced separately with a minimal coupling through the spacetime measure weight /|g],



where g is the determinant of the metric g,,. This theory has received a lot of attention
in the last decade thanks to its rigor and conceptual simplicity (it is based on traditional
techniques of quantum fields) [6] and its applications to black holes [7] and cosmology [8, 9],
with a promise of more phenomenology.

Recently, a new version of the theory has been proposed where gravity and matter are
nonminimally coupled while keeping intact all the good ultraviolet (UV) properties of the
original formulation [10-14]. The theory unifies matter and gravity in an action principle
strongly constrained according to four consistency requirements: (i) all the classical solutions
of Einstein’s theory coupled to matter are also solutions of the nonlocal theory; (ii) such
solutions have the same stability properties at the linear and nonlinear level; (iii) the tree-
level scattering amplitudes are the same as in Einstein’s gravity; (iv) macrocausality is not
violated. The advantages of this new version of the theory are that, on one hand, it delivers
predictions testable in the very near future [14] and, on the other hand, it accounts for
matter fields in a natural way in contrast with the minimally coupled versions. In fact, while
the nonminimally coupled version implements a property (recovery of covariant Einstein’s
equations as a sub-case of the full equations of motion) that shapes the nonminimal coupling
in a rather rigid way and imposes the same type of form factors in all sectors, in the case
of the minimally coupled versions matter fields are freely added by hand and their form
factors are specified ad hoc, independently of those in the gravitational sector. By unifying
the gravitational and matter sectors in such a manner, one is widening the interesting
but limited realm of quantum gravity to a theory of everything, thus moving towards the
amplitude of scope of supergravity or string theory.

In this paper, we use the power counting of divergences in Feynman diagrams to
show that nonminimally coupled nonlocal gravity is super-renormalizable (i.e., superficially
divergent diagrams are finite in number [15-17])! or finite (no divergent diagrams), thus
fulfilling the expectations advanced in [10]. After presenting the classical and quantum
theory in section 2, we introduce a simplified model where the only matter field is a real
scalar. The most general scalar-tensor action of this model is discussed in section 3, while
we systematically develop the power counting in section 4. The general renormalizability
properties of the theory for any matter content are stated in section 5. Finiteness is discussed
in section 6, while conclusions are in section 7. Appendices contain some accessory material.

2 Overview of the theory

In this section, we shortly recall the theory proposed in [10, 11, 13] as a UV completion
of the Standard Model of particle physics coupled to gravity. We also elaborate on the
asymptotic limit of the action in the UV limit, and the general structure of vertices. Finally,
we present the explicit form of the UV action in the case of gravity coupled to a scalar

!This definition [15-17] applies also to the case of gravity after noting that, when written in terms of
the graviton h,,, instead of a finite number of divergent diagrams we have a finite number of families of
divergent diagrams [17], which (owing to locality and covariance) result in a finite number of covariant
divergent terms in the effective action.



field, which is the fundamental element for the renormalizability considerations of the
next sections.
2.1 Classical theory

The classical action S of the theory is constructed as a nonlocal and nonminimal extension
of a subsidiary local action Sjo. as follows [10]:

/dD »Cloc + E F ](A)E]} y (21)
Sloc = /dD ’£10C7 (22)
'Cloc = ?R"i‘ Em(guuv(vaaAu)7 (23)
5Sloc
() = 22 4
El(x) 5@7/(.@), (2 )
_ 0B(x) 52 Soc A <D
A k ~ eH(AA*)
20 F75(A) = THO) L, (2.6)
]

where D is the number of spacetime topological dimensions (D = 4 in the physical case),
k? = 167G, G is Newton’s constant, 67 (z,y) = 6P (xz — y)/\/|g(x)] is the covariant delta
function, ®° = (g, @, 1, A*) is the set of all fields (metrlc scalars, fermions, gauge ﬁelds)
Fil is a symmetrlc tensorial entire function whose argument is the Hessian operator AU,
and H(A A,) is an entire analytic function whose argument is the dimensionless Hessian
(An )iy = —20 (2.7)
(A, )[A,J]
In the above formula, A, is the nonlocality scale with mass (energy) dimensionality. We
use i = ¢ = 1 units and the notation [X] indicates the dimensionality of the quantity
X in powers of mass units, i.e., X scales as (mass)X]. In particular, [A,] = 1 and the

dimensionality of the component (i, ;) of the Hessian is
[Ay] = D — [@] - [#7]. (2.8)

A detailed dimensional analysis of the model is carried out in appendix A.

The form factor F(A) is defined in terms of an entire function exp H of the Hessian
operator which does not have any poles or zeros in the whole complex plane at finite distance.
This type of nonlocality is called weak in contrast with strong nonlocality where nonlocal
operators have poles or zeros, such as inverse powers of A. Note that F vanishes in the
infrared (IR) local limit A, — oo, where H(A ) — H(0) and one recovers the underlying
local theory. In (2.6), H(A,.) is a special function called complementary exponential
integral [18, formula 6.2.3], an entire analytic function with asymptotic logarithmic behavior:

p(2) —ew
H) = [7 dw =S = s+ T00,p(2)) + Inp(a) (29)



where 7g is the Euler-Mascheroni constant and p(z) is a generic polynomial of degree n + 1
in the variable z, namely

p(z) =ao+a1z+agz+--+ any12" a; € R. (2.10)

Notice that the function H(z) is defined both for Rep(z) > 0 and Rep(z) < 0. Moreover,
the following identity is true in the complex z plane:

M) = e AT0L()] () | HO) — g g1t (0:00) (2.11)
Let us now study the UV limit of exp H(z). For large z, the form factor (2.11) simplifies to
a polynomial,

)~ eMp(z) for z>1. (2.12)

More precisely,

M) {eH(Z) _ e“/Ep(Z)} + e"p(z)

e PA) [p() 1]

~ e’YEp(Z) {6 p(2)2 — 1} + QWEp(z) = eVEp(z) + eVEe_p(z) +..., (2.13)

where the second term in the last equality in (2.13) provides the leading correction to the
asymptotic polynomial limit of the form factor exp H(z). On the other hand, for small
z the analyticity of the form factor provides an IR expansion of the action in higher-
derivative operators.

To complete this short review on the classical theory, let us also recall that the nonlocal
equations of motion are at least linear in E; [10],

[eH(AM}h E;+O(E*) =0, (2.14)
J

which implies that all the solutions of the local equations of motion F; = 0 of the associated
local system are also solutions of the nonlocal one. It is then not difficult to show that
these solutions have the same stability properties as in the subsidiary local theory (e.g.,
Einstein’s gravity with matter), so that a stable solution in the local theory is also stable in
the nonlocal one [12].

2.2 Unitarity

Moving on to the quantum theory, the unitarity issue has already been tackled in general
analytic or weakly nonlocal quantum field theories in [12] at tree-level and in [19] at any
perturbative order. Indeed, the tree-level unitarity of the theory is guaranteed by the fact
that its tree-level scattering amplitudes are the same of the associated local system (this is
due to the structure of the nonlocal equations of motion (2.14)), or, equivalently, by the
structure of the propagator [3], which is the same as in the local theory up to analytic
nonlocal functions that do not include extra poles. Indeed, the structure of the equations of
motion (2.14) implies that the tree-level scattering amplitudes are the same of the underling
local theory if the background is an exact solution of the local theory itself [12].



On the other hand, unitarity at all perturbative orders in the loop expansion can be
checked via the Cutkosky rules adapting the same procedure of [19] to the action (2.1). The
proof provided in [19] is valid for all weakly nonlocal field theories with or without gauge
symmetry. A detailed analysis has been given in [20] for the case of gauge theories. The
generalization to gravity, also discussed in [20], is more tedious but equally straightforward
once the Cutkosky rules are derived.

2.3 Structure of nonlocal vertices

In this section, we show that the nonlocal analytic theory (2.1) has the same divergences of
an asymptotic polynomial higher-derivative theory that will be defined at the end of this
section. The latter statement requires to study the general analytic structure of the vertices
in presence of matter. In other words, we here extend the result in [21].

Let us focus on the nonlocal operator

V09l EiFiEj (2.15)

and consider a vertex with N+ N + N” external legs including the graviton and any matter
field. Here with N’ we indicate the legs of the vertex coming from the Taylor expansion of
the first operator on the left, i.e. /]g| E;, by N” we mean the legs of the vertex resulting
from the expansion of E; on the right, and by /N the number of legs of the Taylor expansion

of the form factor
—+oc0

Fi(A) =" (A7) (2.16)

r=0

Explicitly, the variation with respect to any field ®;, namely
0Fij =Y cx6(A7)y, (2.17)
T
contains expressions like
(AF iia [T 1o (AG) iz [T s (AG s - - - (DG )i [T i (AG )i

l +1
R lHﬂmk)] I A . (@), (2.18)
k=1 n=1

117212381 J14+1 (J1=4, 4141=7)
=i, =

where Z(™i) i the nondiagonal m;-legged piece of the operator Z = A-A ©® and Ay = A ®

is the Hessian operator evaluated on the backgrounds <I>Z(-0) , namely,

glg(]y) = 1N and the matter fields are zero or constant. (2.19)

The exponents m; sum to the total number N of perturbations coming from the expansion
of (2.16), namely
mi+mo+---+m <N. (2.20)

By the arrow — in (2.18), we mean transformation to momentum space. As we will
see below, each operator Aq yields a factor @2, where @, is the sum of all the momenta



appearing on the right of any given Agznin(Qn), as evident from the first line of (2.18).
Since the legs of any vertex are finite in number in perturbation theory, so is the number of
momenta in each @,. In fact, according to (2.20), the number of field-dependent functions
Z(mi) is finite and equals ¢ because we expand F to a finite order N in the fields. From
each Z0U™)  we get m; external legs that collect to N consistently with (2.20) because we
have a total finite number of insertions Z(™). In the last product in (2.18), we defined
j1 =i and i;41 = j. Finally, the operator AO,jnin (Qn) is diagonal (see [22] where several
examples of Hessians have been computed explicitly for gravity, fermions, scalar fields, and
Abelian gauge fields). However, the eigenvalues depend on the kind of matter with respect

to which we are differentiating. Hence, in short,
A 2 0
Ao i (@n) = (CPQ2+C) 65, (221)

where C’i(f) and C’Z-(S) are constants. As explicit examples, Q1 = k1 + ko + - - + k11,
Q2 =ko+ -+ k1, ..., Q1 = ki1, where k; is the sum of the momenta for the m;
legs emanating from Z(mi) . Given the above expression (2.21), we can implement the same
formula derived in [21] paying attention to replace Q? with C'Z-(Q)Ql2 + C’Z-(O) for each fixed
string of indices i1l2i27j3 . .. 4j;+1 in (2.18). Therefore, for each i, and j, pair, we can focus

on
00 +1 00 I+1 @ (0)\Pr
doeed [T AL @)= 1 (Cin QO+ G, )
r=l  {pp}n=1 r=l  {pp}n=1
3 F(CQ3 + L)) 0.2)
T (G Q@2 +C) = (202 + )]
which depends on ¢1,...,%011.
Using now the identity
N . H(Ay,) H(AA,) _ pvmp(A N
oA FFi(A) = | S 1] =€ AN | 4 (A, )ij,  (2.23)
eH(O) eH(O) .. \—\,—/*
ij ij

(2AFP°1Y)Z.J.

(QAFconv)ij

and applying the general result (2.22) to the first operator in square brackets, one can figure
out that such operator does not contribute to one-loop divergences because the high-energy
scaling of F™ is at most 1/Q? or even more decreasing. Notice that, in the vertices, F
is evaluated on the background <I>i0 and, hence, it is a simple analytic function of Q2.

Therefore, in the rest of the paper we will focus on the asymptotic polynomial form
factor FPOY,

2.4 Asymptotically polynomial regime

Making use of the property (2.13) of the nonlocal form factor and given the above consider-
ations, one can see that in the UV limit the theory (2.1) reduces to a local higher-derivative
theory whose action reads

Suv = /dDa:\/@

(AR)Y
)

- j 2.24
(A [Al]] J|> ( )

n
k=0



where a = e H0) /2 In particular, in D = 4 dimensions the action (2.24) can be
regarded as a generalization of Stelle’s gravity [23] in which both gravity and matter obey
higher-derivative equations of motion; Stelle’s gravity is recovered for n = 0. In what
follows, we shall discuss two examples, namely, the cases of pure gravity and, in the next
section, of gravity coupled to a scalar field.

If matter fields are switched off, the UV action (2.24) is equivalent to a polynomial-
derivative gravity model, which is renormalizable in D = 4 dimensions if n = 0 [23], or
super-renormalizable, if n > 1 [24]. The result on power-counting renormalizability can
be easily sketched in the case of pure gravity. To this end, let us omit coefficients and
tensorial indices. Since we are interested in the UV regime, we focus on the operators with
the maximum number of derivatives. The scaling of the graviton propagator in the large-k?
limit is

1

ey (2.25)

Dy(k) o
Although we have many different vertices, we concentrate on those with the maximum
number of derivatives, which equals the one present in the propagators. Therefore, we can
estimate the maximum degree of divergence of a general amplitude A% with L loops, I
internal lines and V' vertices [not to be confused with the potential V(¢) introduced later]
as

I
(L) o g4(K) AZVED 4y, on+4\V
A o 54 [t (k% +4> (k2r+)

5 2n L—1) d4 L=
k2n+4

— §Y(K )AML D (A9, (@) =4—2n(L 1), (2.26)

where ¢%(K) symbolizes the Dirac delta for momentum conservation, we used the topological
relation V =1+ 1— L, and Ayy is a UV cutoff. This simple power counting shows that, for
n large enough, we have divergences only at one loop and the maximal divergences have
dimension four.

For pure gravity, in the background-field method, the structure of the counterterms
is fully fixed by the number of derivatives therein, thanks to general covariance and the
uniqueness of the Riemann tensor. Therefore, the theory is renormalizable if all the possible
operators of dimension up to four are present in eq. (2.1), being super-renormalizable if

> 1. However, the same does not apply when one also has a scalar or other matter fields,
in which case one needs to consider in detail the structure of the vertices. This will be our
task for the rest of the paper.

3 Scalar-tensor model: action

In order to study the renormalizability of the model (2.24) in the presence of matter, in
what follows we consider in full detail the case of gravity coupled to a scalar field. The



starting point is the subsidiary local action of a scalar field minimally coupled?® to gravity,

Soc = [ @72/lgl | 55 B 5(V0)* = V(o). (3.1)

The ingredients to construct the UV action (2.24) resulting from the nonlocal model (2.1)
with fields ®° = (g,,,,, ) are the extremals E; (i.e., the left-hand side of the local equations
of motion E; = 0 of the associated local system),

HY = O — [ —RM 4 —gH (UM A 1% 2t v
BH 3G ,12( R+ 59 R>+2(V PV ) = 19" (Vo) = 59"V (p), (3:2)
Etp = 5?::(: = D(p — V/(go), (33)

and the Hessian Aij, whose explicit expression can be found in appendix C. Since the
action (3.1) describes a two-derivative system, the maximal number of derivatives in the
Hessian components is two. Moreover, the terms containing two derivatives can only depend
on the field ¢ through its derivatives (see egs. (C.2)—(C.5)), because the system is minimally
coupled. This is a crucial element in the proof of the power-counting renormalizability of
the general model (2.24), as we discuss in section 4.

Before studying the most general scenario in which the UV action (2.24) contains a
form factor given by an arbitrary power n of the Hessian, let us first present the model
with n = 0. This example is not only the simplest one, but it is also of utmost importance
because, as we show in section 4, this is the part of the UV action (2.24) that renormalizes

in D = 4 dimensions. In this case, since

(Ax*)ij = 5t (3.4)
where the identity in the space of fields reads
A 1
5i = < i 1) | 08 = 5 (9308 + 807 (3.5)
the UV action (2.24) reduces to
StV = /dD [ﬁloc AO;EWE“” + X}E@E@} . (3.6)

It is worthwhile mentioning that a generalization of the model can generate more
structures in the UV action. This is achieved if the summation over the repeated field-space

2As discussed in appendix B, if the local subsidiary action Siec is nonmimally coupled, then the resultant
UV model based on Syv in (2.24) is nonrenormalizable. Notice, however, that this statement is not in
conflict with the well-established results regarding the renormalizability of scalar fields coupled to gravity,
which do require certain nonminimal structures (see, e.g., [17] for an introduction). In our case, the required
nonminimal terms are generated in Suy by the construction of the nonlocal model, even if they are not
present in Sioc (see, e.g., eq. (3.21) below).



indices 4, j in (2.24) is performed with a nontrivial field-space metric %;;, instead of the
identity (3.5). Here we define %;; such that the line element ds in the space of fields is

ds? = /dD$\/E%j AU (z)dW (z), AP’ = (kdgu, dy). (3.7)

In particular, this means that, in our conventions, the field space metric %;; is dimensionless.
For a metric-scalar theory, %;; has the general form

9 = (?uufj e W) el 25,5008 g g, (3:8)
Y49 5
where, in general, 4; = 7;(¢). Here we assume that 4; are constants, otherwise the power-
counting renormalization properties of the model would change.? Moreover, we assume
1,95 # 0, so that the propagator of the resultant model (2.24) has a homogeneous behavior
both in the gravitational and the scalar sector.
Accordingly, the contravariant field-space metric 4% is defined as its inverse,

G g™ = 67 . (3.9)
Using (3.8) and (3.9), we find
@i — gpu,aﬁ V3 Guv @ — S
= s wva = Y10uv,aB + V290908, (3-10)
Y49aB V5
where
1 Y3Y4 — V2 Vs5 3 Y4 Y1 + Dys
71 ’71 ) Y2 ’71X P 3 X ) Y4 X ) 5 X ( )
and
X = (71 + D¥2)75 — DY3%a. (3.12)

The restrictions on the coefficients 4; for the existence of the inverse of the field-space metric
are, therefore, 41 # 0 (which we also assumed as definition) and X # 0. Also, using (3.11)
and (3.12) it is straightforward to verify that

m+Dw=§#07 (3.13)

where we used that 45 # 0 by definition. Notice that, if the field-space metric is diagonal,
i.e., 73 =44 = 0, then we have v3 = v4 =0, 75 = 1/75 and
g2
(51 + DA2)

such that, in this case, gﬂy}aﬂguv,aﬁ = 52“5, as expected for a block-diagonal matrix.

3In fact, if the coefficients 5; are functions of the scalar field ¢, then the field-space metric can generate
vertices similar to the ones described in appendix B.



In the generalized model which uses the field-space metric (3.10) to contract the indices,
we have

Ei(A} VB = EE = E9E;

s

= E"Y, 0 E? + 13 E" g, Ep + 1aEpgapE®? + 5B, E,,  (3.14)

and for n = 0 the UV action becomes

UV = /dD Eloc + a1 B, EM + agE“E” + agE“E +ay B } (3.15)
where
o «o « o
a1 = @'}’17 Qg = @’m, a3 = T% (73 +74), Q4 = E%' (3.16)

Notice that the UV action (3.6) is the particular case of (3.15) for 74 = 5 = 1 and
Y2 = 0 = 3 + 74. Thus, for the sake of generality, in the following we work with the action
n (3.15).

Performing the explicit calculation of each term in (3.15), we get

| L, (D—4
Ey,yEu = E |:R/JZ/RM + ( 4 )R2:|

- [(557) RO+ 0T + (257 ) VOR

F e+ (2 v<so><w>2 + V), (317)
EHEV_/3'4 (D2_2 R2—1[ (P)2+D(D2_2)V((p)R

— 2

+(252) vy + 4) Ve Dvie). e
BB, = |[(252) oo - (252) ViIR| - (P2 (10w

+(E) VIOV - ZV)0e + VOV (), (319)
E,E, = (Op)* = 2V'(p)0p + V>(p) (3.20)

where we used the simplified notations (V)% = (V,0)(VFp) and (V) = [(V,0)(VFe)]2
Therefore, by using integration by parts and discarding boundary terms, it is possible
to cast (3.15) in the form
Sl = /d 21/9] [a1 Ruvap R**? + ag Ry R* + a3R? + as(9)R

+b1(0p)? + b2(V)*O + b3 (Vo) + ba(0)(Vep)? + bs ()
+ a1 R(Ve)? + 2R (V) (Vo) + csROgp) (3.21)

~10 -



a1 =0, (3.22a)

= —a, (3.22b)

az = % [al <D4_4> + (D2—2>2] , (3.22¢)

1 D—2 D(D— D—-2\_,

as(p) =—— [041 (2> V(p)+as ( 5 ) V(e)+as (2> V'(p)— 1] . (3.22d)
bi=ou, (3.22¢)
by =—a3 <D4_2) ; (3.22f)
b3 :Oq%—i-ag (l)4_2>2, (3.22g)

o) =ar (272) Vo) +aa 282 )+ as (222) i)+ 2009 5,
(3.22h)

2

bs() = al% V2(p) +az%V2(s0) + ang(sO)V’(w) +aV(p) = V(p), (3.22i)
1 D—4 D—2\?2 ,
cl1= —? |ﬁél (4) + o <2) ] , (3.22])
C2 = —% aq, (3.22k)
C3 = % a3 <l)2_2> . (3221)

It is important to mention that an action of the form (3.21), with coefficients depending
on ¢, represents the most general fourth-derivative system of a scalar coupled to gravity.
In fact, as shown in [25], any other structure not explicitly written in (3.21) can differ
from that action only by total derivatives. In our case, however, only the coefficients of
the terms with zero and two derivatives are functions of the scalar field, i.e., as(p), ba(p)
and b5(p), while all the others are constant. This difference with respect to [25] is simply
due to the fact that, while the goal of [25] was to consider the most general four-derivative
scalar-tensor action, our model is constructed from the recipe above and, in this way, only
some coefficients happen to depend on ¢.

A comment regarding the coefficient a; is also in order. Since the dependence of the
extremals E; (2.4) on the metric curvature is only via R, and R, the term quadratic in the
Riemann tensor appears in (3.21) with a null coefficient. In D = 4, however, the absence of
this term in the action is not so critical, because its renormalization is equivalent to the
one of the Gauss-Bonnet term, Lgg = Rimﬁ — 4wa + R?, which is topological and does
not affect the equations of motion, similarly to the omitted superficial terms.

Finally, with the action in the form (3.21), we can discuss one of the main differences
between the models (3.6) and (3.15). In the former, we have a3 = 0, which yields by = c3 =0
in (3.21); this means that the fourth-derivative terms with an odd number of fields ¢, namely,

- 11 -



(V)2Op and ROy, are not present in (3.6). As a result, if the scalar potential V(i) is
an even function, the action (3.6) is also even in . This feature is not exclusive to the
action (3.6); indeed, it happens if the field-space metric (3.8) has 43 + 94 = 0 (in particular,
this is true for a diagonal metric).* Nevertheless, as we discuss in the following section, the
specific form of the field-space metric does not affect the power-counting renormalizability
of the model.

4 Scalar-tensor model: power counting

In this section, we investigate the structure of divergences of the quantum effective action
associated with the general model (2.24) with fields ®* = (g, ), presented in the previous
section. The power-counting analysis based on Feynman diagrams in flat spacetime is
efficient in this case since, in the framework of the background-field method using dimensional
regularization (assumed here), divergences are covariant and, moreover, there are theorems
which guarantee that they are local (see, e.g., [26] and references therein for a detailed
discussion on the gauge-invariant renormalization of quantum gravity, and [27-30] for
explicit calculations). These results, guaranteed to hold here because the UV limit of the
theory is local, significantly constrain the form of the counterterms and, by evaluating
the number of derivatives acting in the external lines of a given diagram, one can start to
classify the possible structure of divergences associated.

The main elements to employ in the power-counting analysis are the scaling of the
propagators and the structure of the interaction vertices. In what concerns the former, we
recall that for the model (2.24) with local subsidiary action (3.1) the propagators of the
gravitational and scalar sectors are homogeneous and scale like 1/k%"*4. The propagators
of the Faddeev-Popov ghosts can have this same behavior by introducing an appropriate
weight operator, in a similar way as done in [3] (see also the discussion in [26]).

Regarding the interaction vertices, the number of scalar legs in a given vertex is limited
by the form of the potential V' (¢) and the power n of the Hessian in the UV action (2.24). On
the other hand, the number of gravitational legs is unrestricted, as they are originated from
the expansion of the nonlocal action in terms of the metric fluctuation around Minkowski
spacetime, through g,, = 1., + hu,. Even though this expansion produces an infinite
number of vertices, the number of derivatives in such vertices is always bounded by 2n + 4;
in other words, these vertices can have 0,2,4,...,2n + 4 derivatives distributed among
matter, gravity and ghost legs, depending on the vertex.

4.1 Casen=0,D =14

It is instructive to begin with the simple case n = 0 in D = 4 dimensions, based on
the action (3.15). In the following sections, we generalize the discussion for the case of
arbitrary n and higher spacetime dimensions. When n = 0 and D = 4, the propagators
scale homogeneously as 1/k* and the number of derivatives in the vertices are either 4,
2 or 0, which can be distributed among matter, gravity and ghost legs. For instance,

4The same property regarding the parity of the UV action on ¢ is also true for the model with n > 0
based on a diagonal field-space metric; see section 4.3.
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pure-gravity and graviton-scalar vertices with 4 derivatives are originated from the terms
in the action (3.15) with the coefficients aj, as, as, b1, ba, b3, c1, co and c3, vertices with
2 derivatives come from the terms with a4 and b4 and, finally, vertices without derivative
come from the term with bs.

Taking all these results into consideration, the superficial degree of divergence w(G)
of a given diagram G with a number L of loops, I internal lines, Vo vertices with 2N
derivatives (N = 2,1,0), and d derivatives in the external lines can be expressed in the
simple formula,

w(G) = AL — AT + 4V, +2Vs — d, (4.1)

regardless of the exact types of internal lines or vertices in G. The central argument is that
each loop contributes a factor k*, each internal line a factor k%, while the contribution of
vertices depends on the number of derivatives they have. Using the topological relation

L=1-V,-Voa-W+1, (4.2)
we obtain
w(@G)=4—-2Vo—4Vy —d. (4.3)
The formula (4.3) means that:
(i) All diagrams with more than 1 vertex without derivative (Vp > 1) are finite.
(ii) All diagrams with more than 2 vertices with 2 derivatives (V2 > 2) are finite.

(iii) The number of vertices with 4 derivatives does not affect the superficial degree of
divergence, since (4.3) does not depend on Vj.

(iv) Logarithmically divergent diagrams (w = 0) can be classified by the number d of
derivatives in the external lines:

(a) If d = 4, the diagrams must have V) = Vo = 0;
(b) If d = 2, the diagrams must have V5 = 0 and Vo = 1;
(c) If d =0, the diagrams must have either Vo =0, Va =2 or Vp =1, Vo = 0.

In all these situations, Vj is arbitrary.

Note that, for diagrams containing only gravity lines, the estimate (4.3) of the superficial
degree of divergence reproduces the well-known result of pure Stelle gravity [23]. In fact,
as mentioned before, the theory (3.15) in D = 4 dimensions can be regarded as Stelle
gravity coupled to a fourth-derivative scalar field; thus, they coincide when the scalar field
is switched off.

Before considering each of the cases in item (iv) separately, an observation concerning
the vertices with four derivatives is in order. Since all the coefficients aq, as, as, b1, ba, b3,
c1, c2 and c3 of the terms in the action (3.15) that generate such vertices do not depend on
, the only dependence these terms can have on the scalar field is through its derivative,
V. Thus, it is immediate to see that there will always be at least one derivative associated
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to each scalar line in the vertices with four derivatives.® In particular, an external scalar line
originated from a vertex of this type will always contribute to the number d of derivatives
in the external lines. The situation is analogous to the one considered in [23] in the
context of four-derivative gravity, in which there is a linkage between derivatives and the
lines corresponding to scalar and ghost fields. Therefore, although formula (4.3) does not
explicitly depend on Vj, the increase on the number of external scalar lines originated from
these vertices can only reduce w(G), thus improving the convergence of the loop integrals.

In order to keep track of the powers of ¢ that can appear in the counterterms, let us
assume that the potential has the form of a monomial,

V(p) = A" (4.4)

We can now continue the analysis of the structure of divergences, expanding the cases (a)-(c)
of the above item (iv):

(a) The divergences involve terms with d = 4 derivatives. In what concerns the pure
gravity sector, they correspond to the curvature-squared terms in (3.21). Regarding
the scalar field, notice that since Vj = Vo = 0, all vertices in such diagrams have four
derivatives and, according to the above observation, there will always be at least one
derivative acting upon each scalar line. Therefore, the divergences can be at most
quartic in Vi or quadratic in Oy, corresponding to the structures in (3.21) with
coefficients b1 23 and c1 23 (apart from topological and boundary terms).

Depending on the form of the field-space metric, less diverging structures can occur.
For instance, the divergences with four derivatives and an odd number of ¢, namely,
proportional to /[g]RO¢ and +/]g[(V)?Oep, can only be generated if the field-space
metric is such that 43 + 44 # 0. To prove this statement, notice that the coefficients
by and c3 of these terms in the action (3.21) are proportional to a3 —which, in turn,
vanishes if and only if 43 + 74 = 0 (see egs. (3.11) and (3.16)). Hence, if a3 = 0 the
model has no four-derivative vertices with an odd number of scalar legs. Now, the
number &, of external scalar lines in any diagram is given by

Vo+Va+Vy

Eo= > v -2, (4.5)
k=1

where v}, is the number of scalar legs in the k-th vertex and I, is the number of internal
scalar lines in the diagram. Since Vj = V5 = 0 for the case under consideration, it
follows that, if v, is even for all k (as it is if az = 0), then &, is also even, proving
that divergences with an odd number of ¢ can only occur if ag # 0.

(b) In the case of d = 2, the only possible forms for the logarithmic divergences are the

Vg R, Jlgle (Ve)?. (4.6)

5This result is true even upon integration by parts in the classical action, since vertices are defined as

two-derivative operators

higher-order functional derivatives and are invariant under this operation.
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with & € N. Moreover, they are originated from diagrams containing an arbitrary
number of vertices with 4 derivatives and only one vertex with 2 derivatives, which is
related to the terms \/[glas() R and /[g[bs()(V)? (see eq. (3.21)), namely, to the

structures

(a1 + 4a2)y/ |9l R, as\/lgle" 'R,

(o1 +4a2)\/19le" (Vo) as\/lgle" (Ve)®,  asy/lgle’ (V)

VIgl(Ve)?, (4.7)

where we used (4.4) and reintroduced the coefficients «; (see eqgs. (3.22d) and (3.22h))
to keep track of how they are originated, depending on the metric on the space of
fields. Since these terms can have up to ¢ + 2 scalar legs —of which at most ¢ are
without derivatives (and since all the scalars attached to four-derivative vertices carry
derivatives), the maximal number of external lines without derivatives is ¢, whence
k < £. This result guarantees that the counterterms related to the divergences with
d = 2 are in a finite number. Yet, it is possible to develop a more detailed analysis of
the possible values for k (of course, according to power-counting arguments), as we
show in what follows.

To this end, recall that the action (3.21) generates vertices with four derivatives
and an odd number of scalar fields if, and only if, a3 # 0. In particular, in this
circumstance there are graviton-scalar vertices with only one scalar, and it is possible
to have logarithmically diverging diagrams formed by connecting scalar legs of a
vertex originated from (4.7) to internal graviton or scalar lines in vertices with four
derivatives and only one ¢. Since a1 +4as # 0 (see eq. (3.13)), the term with maximal
power k = ¢ will always be present and the outcome is that, if ag # 0, the divergences
have the form (4.6) with k € {¢,¢ —1,¢/—2,...,0}. On the other hand, if a3 = 0,
then we have k € {{,¢{ —2,0—4,...,0}.

Finally, the divergences with d = 0 can only take the general form

9" (4.8)

There are two classes of diagrams that contribute to this type of divergences, namely,
the ones with Vy = 0, V5 = 2 and the ones with V5 = 1 and V5 = 0; in both cases, V}
is arbitrary. In what follows we show that k < 2/, ensuring that these counterterms
are in limited number.

First, let us consider the case Vo = 2, which is very similar to the case (b) just
discussed above. Again, each of these two-derivative vertices have up to £ + 2 scalar
legs, of which at most ¢ are without derivatives. Since in these divergent diagrams all
the derivatives must be in the internal lines, the maximal number of external lines
without derivatives is £Vo = 2¢, whence k < 2/.
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Second, for the case Vj = 1, the vertices without derivatives are originated from the
terms in the action (see eqgs. (3.21) and (3.22h))

(a1 +4aa)\/lgle®,  asy/lgle® ™", au/lgle® % y/lglet (4.9)

Since the maximal number of external lines without derivatives is 2¢, it follows that
k < 2¢ also for this type of diagram.

The exact possible values of k, by power-counting arguments, can be deduced by a
reasoning similar to the one used in item (b). To summarize the results, if a3 # 0
there will be divergences of the type (4.8) with k € {2¢,2¢ —1,2¢ —2,...,0}, whereas
ke{20,20—2,...,0yU{l,0—2,0—4,...,0} if ag = 0. The former case is immediate;
as for the latter, recall that there is no four-derivative vertex with and odd number of
scalars if a3 = 0. In this case, any logarithmically diverging diagram formed by an
arbitrary number of four-derivative vertices and only one vertex with no derivative
coming from the first and third terms in (4.9) must have an even number of external
scalar legs (apply, e.g., eq. (4.5)). Therefore, the first and third terms in (4.9) generate
divergences of the type (4.8) with k € {2¢,2¢—2,...,0}, while the fourth term (which
comes from Lo in (2.1)) will generate divergences with k € {¢,{ — 2,4 —4,...}. The
same consideration applies, mutatis mutandis, to the diagrams with two two-derivative
vertices originated from (4.7). In particular, if £ is even and a3 = 0, all the divergences
of this type have an even number of scalars —this is indeed expected, since diagrams
with an odd number of external scalar legs can only occur if the model has vertices

with an odd number of scalars; see eq. (4.5).

Note that, in the case of pure gravity, there would still be diagrams falling into the above
three categories, corresponding to the renormalization of the fourth-derivative terms, the
Einstein-Hilbert term, and the cosmological constant.

The conclusion is that the counterterms are in finite number, regardless of the choice
for the field-space metric (3.8), and the model is power-counting renormalizable. Moreover,
powers of ¢ higher than the ones already present in (3.15) do not occur in the counterterms
and a general model defined by the action (3.21) in D = 4 dimensions with independent
couplings is multiplicatively renormalizable (up to boundary and topological terms) if the
potential has the form V(p) = Zi:o Ak for a certain £. In the case of the specific model
considered here, the coefficients a1 234, b1,2345 and ¢ 23 of the UV action (3.21) are not
independent (they depend on only a few free parameters o 23.4; see (3.15)). Therefore,
although the model is power-counting renormalizable, it may not be multiplicatively
renormalizable because the number of divergences is bigger than the one of free parameters
in the action. This problem can be solved in the models with n > 0, which, as we show
in section 4.3, are power-counting super-renormalizable and can be made finite by the
introduction of appropriate killer operators (see the discussion in section 6). Alternatively,
another possible solution might be to apply the technique used for nonlocal theories
in [3, 31, 35|, as discussed in section 6.4.

One of the central arguments in the proof of the power-counting renormalizability is
the fact that the terms in the action that generate vertices with four derivatives cannot
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yield external scalar legs without derivatives. This hypothesis is true provided that the local
subsidiary action does not have nonminimal terms. However, if nonminimal terms are present
in Lo, the hypothesis is violated and the theory is not power-counting renormalizable; see
appendix B. The theory studied in [13, 14] does not have any such nonminimal terms in
Lioc; at the same time, the full nonlocal action of the model generates the nonminimal terms
required for renormalization, as it can be seen from eq. (3.21) and the above discussion.

4.2 General case

We now consider the general theory with UV-limit action (2.24), i.e., the case with n > 0
and D arbitrary. It is useful to define

Ni=n+2, (4.10)

such that the operators in the action have either 0, 2, 4, ..., 2N derivatives, and no term with
more than 2N derivatives. Note that, as in the case of section 4.1, the terms with maximal
number of derivatives 2N can only depend on the scalar field through its derivatives V.
This happens because® the terms with maximal number of derivatives in the extremals (3.2)
and (3.3) and in the Hessian (C.1) can depend only on V¢, and also because we assumed
that the metric in the space of fields (3.8) does not depend on ¢.
In a D-dimensional spacetime, the superficial degree of divergence of a diagram G is
given by
N
w(G) =DL —2NI+> 2kVy —d, (4.11)
k=0

where Vb is the number of vertices with 2k derivatives. Using the topological relation

N
L=1-) Vy+1, (4.12)
k=0
we obtain
N
w(G) =D — (2N —D)(L—1)=> 2k Vyn_g) —d. (4.13)
k=1

This means that:

(I) A requirement for power-counting super-renormalizability is

D—4
2N > D, = n>—. (4.14)

(IT) Ome-loop divergences are always present. Indeed for L = 1, we get

N
w(GP) =D — > "2k Vyy_py —d. (4.15)
k=1

SFor a more explicit proof of this statement, see the discussion related to eq. (4.29) below.
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(I11)

Now, if eq. (4.14) holds true, we can rewrite the above equation as

2] N
W(GMP) =D = > 2k Vo — > 2k Vay_gy —d, (4.16)
k=1 k=2 ]+1

where |z] is the floor function, i.e.,

D
5 if D is even,

D
bJ = (4.17)
D-1 . .
—5 if D is odd.

Thus, every diagram with at least one vertex with k € {| 2|+ 1,[2]+2,....N —
1, N} is already superficially finite (w < 0). The only diagrams that have logarithmic
divergences are those such that the number of vertices Vo is arbitrary and

12
d=D = 2k Von_p) - (4.18)
k=1

Therefore, the one-loop logarithmic divergences have up to D derivatives and they are
in a finite number because, as before, all scalar legs in the vertices with 2N derivatives
carry at least one derivative.

Since higher loops improve the convergence of the diagram when 2N > D, in this
case, the set of possible vertices in divergent diagrams is smaller at each order of
the loop expansion. For instance, diagrams with L = 2 with any number of vertices
VQ( N-| D)) are already superficially finite (there may be still divergent subdiagrams).
Moreover, if N > D, then only the one-loop divergences remain.

Finally, if 2N = D, the term (2N — D)(L — 1) in (4.13) vanishes and the model can
be strictly renormalizable by power counting, generalizing the n = 0 and D = 4 result
of section 4.1. In this case, we have

13

w(G) =D =Y 2k Vony_p) —d, (4.19)
k=1

even for multi-loop diagrams (compare with eq. (4.18)). Hence, the number of
counterterms at any loop order is finite also in this case, and the logarithmic divergences
must have a total number of derivatives given by

12
d=D = 2kVyn_p)- (4.20)
k=1
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4.3 Casen>0,D =14

Particularizing the above discussion for D = 4 and n > 0, we notice that only the diagrams
containing vertices with 2N, 2N — 2 and 2N — 4 derivatives can generate logarithmic
divergences. Power-counting super-renormalizability can be achieved if

N >2. (4.21)

In this case, the relation (4.18) satisfied by the one-loop logarithmically divergent diagrams
reads
d=4—-2Von_o —4Von_4, (4.22)

with Von arbitrary. As mentioned in item (III), if N > 2, diagrams with higher loops cannot
generate other types of divergences, thus making it sufficient to perform the analysis of
these one-loop diagrams. Therefore, once more, one can classify the possible forms of the
counterterms by their number of derivatives d:

A) d = 4 with an arbitrary number Vo of 2N-derivative vertices and Voy_o = Von_—4 = 0.
In this case, the counterterms have four derivatives and all the dependence on the scalar
field is through V¢ or Oy. They have the same structure as the terms proportional
to a3, b1,273 and C1,2,3 in (3.21), namely,

VIgIRwR™,  \/Ig|R?, 19|(0¢)?, 19|(V)?Oep,

Vidvert,  JlelRve? gl R (V) (Ve lglROp.  (4.23)

The term proportional to ay, i.e., the Riemann-squared term, might also be present.
However, in D = 4, the renormalization of waaﬂ is equivalent to the renormalization
of the topological Gauss-Bonnet term [27]; which can be included in the action (2.1)
without changing its equations of motion (2.14) (the same applies to the superficial
terms with four derivatives, such as [JR and others).

B) d = 2, with Vo arbitrary, Voy_2 = 1 and Voy_4 = 0. The general structure of the
divergences are

Vglds@R  and  /lgIBi(e)(Ve)*. (4.24)

C) d = 0; again, in this case we have two possibilities: Vay_o = 2, Voy_4 = 0 or
Von_o =0, Voy_4 = 1. In both cases Vo is arbitrary. The counterterms have the
form

\/@Bs)(w) : (4.25)

The structure of the counterterms (4.24) and (4.25) is similar to egs. (4.6) and (4.8)
of the case n = 0, as the former are the generalization of the latter ones. Like we did in
section 4.1, in order to identify the bounds on the form of A4(¢) and By s(¢p) it is necessary
to check the exact structure of the higher-derivative sector of the action (2.24), namely,

N—-2 . )
> EI(AR)E. (4.26)
k=0
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After inspecting the structure of the Hessian (see appendix C), a moment’s reflection shows
that (AN=2);; can be written as a combination of terms of the type (in schematic form
omitting the indices)

V2 (Vo) VI (V20) " (V) (Vo)) RE V(o) V(o) VI8(0),  (4.27)
constrained by

8
> li=N-2. (4.28)
=1

We use the notation RY for a product of a number ¢ of curvature tensors.

The terms in (4.26) with the highest number of derivatives 2N are originated from
the terms (4.27) with g = {7 = fg = 0 and the two-derivative terms coming from the
extremals (3.2) and (3.3). They have the form

2N -2 2N -2
Vgl(vPR:) TT (VRe)™,  p+2g+ Y krp=2N. (4.29)
k=1 k=1
Hence, ¢ in such terms always occurs with at least one derivative, which means that each
external scalar leg originated from these vertices contributes at least one derivative to the
number d of derivatives in the external lines.

On the other hand, the terms in eq. (4.26) with 2N — 2 derivatives may contain
structures without derivatives acting on . Let us assume, again, a potential of the form
V(p) x ¢!, Then, the terms of this type with mazimal number of scalars without derivative
have the form

2N— 2N -2
19|V () (VPRY) H Q)% p+2q+ > krg=2N-2. (4.30)
k=1 k=1
Likewise, the terms with 2N — 4 derivatives and maximal number of scalars without
derivative are of the type

2N—4 2N—4
VIgV2 (@) (VPR T (VFe)™,  p+2¢+ > krp=2N—4. (4.31)
k=1 k=1

As discussed above, the analysis of these three types of terms (4.29)—(4.31) is sufficient
for studying the possible counterterms in (4.24) and (4.25). Let us start with the latter.
Since diagrams formed exclusively by vertices with 2N derivatives always carry at least
one derivative in each external scalar leg, these diagrams do not contribute to Bs(¢). The
logarithmically diverging diagrams with Von arbitrary and Vony_o = 2, on the other hand,
can have at most 2¢ external scalar legs without derivatives (since each vertex contributes
with at most ¢ external scalar legs of this type; see (4.30)). The same happens with the
logarithmically diverging diagrams with Van arbitrary and Vony_4 = 1. Therefore, B;s(p)
has the general form

20
=" Mol (4.32)
k=0
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Similarly, A4(¢) and By(p) in (4.24) are bounded by the terms in the action with
2N — 2 derivatives. So, for V() o< ¢ we have

J4
As(@) =D ¥, Balp) = Aol (4.33)
k=0

This means that there are no counterterms of these forms with powers of ¢ higher than
those present in the classical action.

Last but not least, we remark that if the metric (3.8) in the space of fields is diagonal,
i.e., 43 = A4 = 0, then the action (2.24) does not contain terms with maximal number
of derivatives and an odd number of ¢. This can be proved by noticing that only the
off-diagonal components (A and Ag;) of the Hessian (C.1) contain such terms, whereas
the terms in E*” with derivatives are even in ¢, and those in F, are odd; see egs. (3.2)
and (3.3). Therefore, if 43 = 44 = 0, the quantity EZ(Ak)UE] (for any k) cannot contain
terms with maximal number of derivatives and an odd number of ¢. If, in addition, the
potential V' (¢) is even, all the terms in the UV action are even in ¢, which means that all
the diagrams have an even number of external scalar lines. In particular, if 43 = 44 = 0,
then the divergences of the type /[g](Vy)?Oy and /[g]|ROp cannot be generated, which
generalizes a similar statement made in section 4.1 regarding the case n = 0.

5 General renormalizability statements

Based on the above outcomes, in this section we state general renormalizability properties
that apply to the theory (2.1) with any content of matter. In particular, we can make two
statements providing necessary conditions for super-renormalizability, namely, to have a
finite number of divergences (excluding possible divergent subdiagrams and taking on board
the caveat for gravity mentioned in footnote 1).

Statement 1. In order to have only a finite number of superficially divergent diagrams, in
all operators having the higher number of derivatives (the same number as in the kinetic
operator), any matter field must carry at least one derivative.

Also, in the power-counting analysis we had to assume that the potential be polynomial,
and it turned out that, in general, all its monomial were renormalized. Therefore, one might
be tempted to state a second necessary condition:

Statement 2 (too strong). In order to have only a finite number of superficially divergent
diagrams, all operators must contain a finite number of matter fields. In particular, the
potential for the scalar field has to be polynomial, it cannot be an analytic nonpolynomial
function (like the Starobinsky potential) because it will produce an infinite number of

counter-terms.

However, this statement turns out to be too strong and can be relaxed. Although the
analysis reported in the previous sections about the number of divergences is correct, it
provides an overestimation of their number. As we will show with several explicit examples,
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Statement 3. Once (i) the requirement 1 is secured, (ii) the number of derivatives in the
vertices is less than in the propagator, and (iii) the theory has divergences only at one loop,
then the number of divergent one-loop diagrams is finite, regardless of the type of potential.

In other words, theories satisfying the condition 1 and having a sufficiently high number
of derivatives in the kinetic term are super-renormalizable, independently of whether the
scalar potential is a polynomial or a nontrivial analytic function with infinitely many terms.

In sections 5.1-5.3, we illustrate these features in three examples of scalar fields living
on Minkowski spacetime.

5.1 Two-derivative scalar field theory with polynomial potential

As a first simple example, one can consider a two-derivative scalar field theory in D =4
dimensions with the polynomial potential

N
Vig) =3 V(o). (5.1)
n=3
in which any term in the above sum is a monomial V(")  ¢™. The complete action reads:

1 N
S = / d*x [—2%0 o — > e,V (p)]. (5.2)

n=3

At first, one could be induced to claim that the number of one-loop divergent diagrams
is larger than N and infinite if N = +o0, thus confirming statement 2. Indeed, if we focus
on the bubble diagram, each term of the sum (5.1) gives the following divergent diagram:

[ @V V@) x Sr D), (53)

where (-), denote the Feynman contraction of two fields in a vertex with two fields in the
other, and we used dimensional regularization and € = (D — 4)/2. Moreover, for n # m, we
can have other divergences involving different terms in the sum (5.1),

[ERVO@VE) x VDV D), atme (54)

For each term n in the sum (5.1), there are no other bubble divergences in D = 4
dimensions. In fact, the diagrams with three external legs are convergent because we have

three propagators and no derivatives in the vertices,

1 3
[ TOEVOEVO) x [akVED VDV dp) (5) <o, (55

Finally, the tadpole divergence reads
1
/ d'% (V™)) o OV (). (5.6)

Therefore, if we increase the number N of monomials V(™ we get more and more divergences
at one loop. In particular, if we consider N = oo, which is the case of an analytic potential
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such as, for example, the one in Starobinsky’s theory [32-34], then one is led to conclude
that the theory has an infinite number of divergences.

However, the last statement is not correct. We show this by evaluating the one-loop
quantum effective action built on the Hessian of the theory in the background-field method.
We introduce the background field ® and the perturbation ¢,

p=0+9. (5.7)
The Hessian of the theory is
S gy (5.8)
02 — 5¢ 5¢ o - ) .

so that the one-loop quantum effective action is (notice that we here consider the whole
potential, not each of its constituent monomials)

. . . 1 ; ; 1
ng) = %Trln Apz = %Trln {D <1 + V”Dﬂ = %Trln[l + %Trln (1 + VND) (5.9)

:;ﬂmD+;Tﬂwé—;;H(W@”Wé>+;?}OWéV@ﬂﬂé)+nw
where the dots stand for higher-order terms in the Taylor expansion of the logarithm. Since
this example is in the absence of gravity, the first trace is just a constant. Then, only
the second and third terms in (5.9) are divergent, while the forth is convergent because
proportional to [d*k k~®. Hence, we do not have an infinite number of divergences but
only the following two divergent contributions to the quantum effective action:

L1 1
Iﬂmwzg&/ﬂ%mvw+gm/ﬁ%wwvﬁ (5.10)

Therefore, contrary to what claimed in statement 2, a more careful analysis shows that
we do not have an infinite number of divergences at one-loop. The explicit computation of
the effective action based on the Hessian of the theory provides only the two divergences
in (5.10).

Notice that the model (5.2) is nonrenormalizable because (V”)? is not present in the
classical action unless N < 4. In fact, for general n, (V)% oc (V"~2)2 is a polynomial in ¢
of degree higher than the potential present in the classical action. The higher monomial in
(V)2 and in the potential V are ¢?"~* and ¢ respectively. Only if N < 4 is the theory
renormalizable, since all the monomials of (V”)? are already present in the classical action
(we do not consider the boundary term). Nevertheless, the main concern in this section was
not about the renormalizability problem, but on the number of divergences at one loop.
Therefore, according to the above example, we realize that, in general, statement 2 is too
strong and model-dependent.

5.2 Toy model for Stelle gravity

Let us now go to four derivatives and consider a scalar toy model for Stelle’s theory of
gravity [23]. The action is defined following the recipe (2.1) with form factor F = 1
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and reads’

Sos = /d4 { O = V(p)+ A [Op = V'(p)] [Op - V’(s@)]}, (5.11)
where we can take the potential to be again (5.1). The coupling A has dimensionality
[A] = =2, while [V] =4, [V'] =3, [V"] =2, [V"] =2, and [¢] = 1. In order to isolate the
vertices form the kinetic term, we rewrite the action as

o= [ At | 5000+ 3020 - Ve) - ADRV(0) + W @V'()] . (512)

If we Taylor expand at the second order in the perturbation ¢ defined in (5.7), we get

(2)_1 4 52554 _1 4 ~
834—2/dw¢(5¢5¢ ¢ZO)¢—2/dx¢Aa4¢, (5.13)

where the Hessian is

Aps =0 —V"(®) +2X0° — 4 [V”(@)D + ;V”’(@)(D@)}

+ 20V (®)V"(®) + 22V (D)V" (D) . (5.14)

The quantum effective action is

~.

i) = §Tr1n Aps = L Tvin (O + 2200?)

2
2Ty m{ [v” (v”( )0 ;v"’(cp)(m)) + AV (@)Y (D)
" "
FVI@V(®)] 5 |
- %Tr In (0 + 220°%)
i 1 1
e {14 V(@) — L v (@) ———
T3 n{ * [V @) g ~ N OB g m
oL om / 1 1
DGV (@)(OB) =5 + 2V @V(@) g
1

The first trace is a constant, so that we can focus on the second and expand the logarithm
in Taylor’s series,

(1) " " 1
I _fT P)—— — V(D) O———
o4 =3 {V( T e - MY ONETm
1 1 1
— IAZV"(@®)(OD) =———— + 22V (®)V"(D) ————
V@O g VOV g
1
2 //@ //@
VARV )D+2)\D2
_lig {16)\2V”(<I>)D1 "(®) S S (5.16)
22 O+ 2A02 O+2x02) "7 '

According to the recipe (2.1) with F' = 1, the toy model in this section is inspired by Stelle’s gravitational
theory for a particular choice of the front coefficients for the operators R? and Ric?, namely, the quadratic
part of the action is G, G*".
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where the ellipsis stand for convergent contributions. Since the theory is only four derivatives,
in order to figure out the kind of UV divergent contributions to the quantum effective action
it is sufficient to expand the propagator for large [] and retain only the leading term:

1 1 ( 1 > ( 1 >
= 1-— +0|(=]. (5.17)
2 4
)\m (1 2){ ) 22 22 Il

Replacing the above expansion in (5.16), we get

(1) 1 1 1 " 1 ( 1 )
L) = 2T V(@) =g — AV (@) —— (1 —
o=y |V s N 200
V) L@y L E v
1 1
i4)\7 ///@ D@i 2)\ ,(I) ///@7
5V (@)(O0) 55 2V @V (@) 5 55m
%V“/(@)(be) %V/(@)V///((b)
VOV p——
O+ 202
Lr@v@)
ESA 16)\2V”(<I>)D¥ V”(@)D# N (5.18)
22 O + 2\[12 O+ 2N 2 .

Ly (@)yvr (@)

Denoting as ¢; the coefficients, the above explicit computation provides the following result
for the divergent part of the effective action:

1 1
ry) = c /d4$ [)\C1V” + 0V + c3V"'O® + e,V V" + s VIV (5.19)

Again, we have a finite number of divergences. Moreover, if the potential is a polynomial
all the above terms (5.19) are already present in the action (5.12) and the theory is
renormalizable. On the other hand, if the potential is a nonlinear analytic function such as
Starobinsky’s potential, the theory is not renormalizable because we have to redefine an
infinite number of coefficients. This issue can be avoided in super-renormalizable theories,

as we will show in the next subsection.

5.3 Higher derivatives toy model

Let us now consider a model that includes derivatives in the vertices:

Soy= [ '] 3e00- V(@) +A Oe V()] o [Oo-V'(0)] }

= [ad* 1D ADW 1% 2\ (0 va’ AV D7V’ 5.20
—/ TI5¢ p+ YAz P () —2A( @)ﬁ (0)+ (@)ﬁ (0)|, (5.20)

— 95—



where v € N. The first two operators in (5.20) define the higher derivative free theory, while
the others are interaction vertices. With the decomposition (5.7), the Hessian is

(2)_}/4 %S5y
Sy = 3 dw(aqxsgb

1 N
o=5 [dwdlo, o,
L)oo

R +2 [+t [+
Ap, = |O+2) —V"(®) —4\V" (D) — 2V 1

A2y A2y
—2\V" <gv’(¢>))] oz —y)
+ 2>\V”(<I>)§:; V(@5 )] . (5.21)

The quantum effective action for the model (5.20) is

; . ; +2
ng) = %Trln ANpy = %Trln <D + 2)\AQV>

—V"(®) — ANV (D) O v (T
AZY AZY

1 %Trln <1+

—2A V" (DW V’(@))] v
+2
A2 O+ 2055

19

+{2AV"<<I>>V"<¢>>AD; FONV(@) [V (@)] = 50

o1 1
+2)\V”(<b) [DV”(CD)] + ... } ) , (5.22)
A2v O+ 2)\‘]/;*;;2

where the dots are other derivative terms of the product V" (®)d*(z — ) in (5.21) that

do not contribute to the divergent part of the quantum effective action. Expanding the
logarithm at second order and omitting convergent terms, we end up with

; [v+2
ry) = %Tr In (D + 2/\>

A%y
i p+1 o+ =l
. §Tr { l—V”(‘I)) _ a4 V//((I)) A 22V ( G (I)) — 22V (AQVV/((I)))
g 0
LAV (@)V(®) 55 + 20V () (V" (@) ="
+2\V7(@) (OV"(2)) S :
AY | O+ 2282
1 Do+ 1 o+ _ 1
i ) "o " 2
= r[GAV( ) A%y D+2)\‘:‘/’X77;72 ( ) A2y D+2>\EX2:2 + (5 3)

Distributing the propagator at the right side of each vertex, the only divergent contributions
are the second in the second line of (5.23), the first in the third line, and the one in the
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last line:

1 _ 3 . " O+t 1 " " B;
Foy = 5T |=AVI®) T 57 2202 VAV g 5y 2\
14 v+ 1 v+ 1
— ——Tr 16X V(P V(@
22 @) 3 O+ 2255 (®) 3z D+2ADA”;2]
1
== /d% [b:0V"(®) + b V" (@)V"(®)] (5.24)

where b; and by are two dimensionless constants. Contrary to the toy model (5.11) for
Stelle’s theory, the two operators (5.24) are not present in the classical action. However, the
model (5.20) can be made super-renormalizable if we add the operators (5.24) into (5.20).
Indeed, such operators do not change the above derivation because they cannot give rise to
extra divergences.

Moreover, the potential does not need to be polynomial, but can also be a generic
analytic function of the scalar field. In fact, for this toy example the renormalization
procedure involves only a finite number of functional derivatives of the potential and not
all the Taylor’s coefficients of V(). In other words, one has to renormalize a function or
the finite number of functions in (5.24). This is neither new nor unconventional, since it
is what we actually have in gravity where we do not renormalize each coefficient in the
Taylor’s expansion of R? or Ric? in powers of the graviton Py, but we simply renormalize
multiplicatively such operators as single quantities when seen as functions of h,,. Hence,
there is not conceptual difference among R? or Ric? and V", V' V" or V' V", ..., in the

multiplicative renormalization, as evident from the comparison

(Zyr =)WV, [ Zyme—1V"V", .. similarto (Zg—1)R, (Zgic—1)Ric*. (5.25)

6 Finite quantum gravity

Having established under which conditions the theory is super-renormalizable and thus has
only a finite number of divergent diagrams (excluding divergent subdiagrams, if any), we
are now ready to investigate the possibility of removing all divergences at all loop orders
and ending up with a finite quantum theory. In the following, we consider the versions of
the theory which are one-loop super-renormalizable, i.e., that have divergences only at the
one-loop level.

6.1 Finiteness in odd dimensions

If the topological dimension D is odd, then the theory is not just one-loop super-
renormalizable but actually finite. In fact, since the form factor is asymptotically polynomial,
the UV behavior of one-loop integrals has the general structure

@2m)P (k2 +C)*  oDg% r(2)r(s)

/de G P(r+3)r(s-r-%) CFtrs (6.1)
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where C depends on the external momenta. The integral (6.1) is convergent in odd
dimensions because the gamma function

F(s—r—?) (6.2)

————
semi-integer

has no poles if » and s are both integer, which is the present case. As a consequence, we do
not have one-loop divergences and, due to the absence of divergences also at L > 1, the
theory is finite.

6.2 Killers

When D is even, one-loop divergences persist and we have to remove them modifying
the theory. For this purpose, we have to include in the bare action other operators that
do not get renormalized (i.e., we do not get quantum divergences proportional to such
operators) and do not contribute to the propagator on Minkowski background. Such
operators, introduced for the first time in [35, 36] (see also [37]), are named killers because
they “kill” all the quantum divergences, i.e., they make all S-functions zero. Killers must
be at least cubic in the extremals E; (this request ensures the stability properties reviewed
in section 2; see also the next subsection) and have the same number of derivatives of the
quadratic operators in E; present in (2.24). Examples of killers quartic in the extremals are

WEE'O"2E,E7, b E;E; 0" ?E'E7 b3 BB 0" 3V, E;VFEY
b4E;E;0" 2V, E'VIE bs BB 0"V, E;,OVIEY
beFE; B;0" 4V, E'OVIE7 N (6.3)

where [ must respect all the symmetries of the theory. The operators in (6.3) are quartic
in the extremals in order to contribute linearly in the front coefficients b; to the quadratic
(in E;) divergent part of the action, that is to say, to the S-functions. Notice that increasing
the integer n makes the number of potential killers increase, although it does not necessarily
imply that the number of independent divergent terms also increases.

6.3 Mimetic killers

The operators introduced in the previous subsection are sufficient to make the purely
gravitational theory finite, but they are not enough if we also have matter field. Indeed, at
the classical level we would like to preserve the nonlocal equations of motion (2.14), which
ensures the perturbative stability of the solutions of Einstein’s theory and the Standard
Model of particle physics. However, to achieve finiteness, we will need not only operators
at least cubic in the extremals preserving (2.14), but also, as we will see below, operators
quadratic in the extremals that spoil such classical property. In order to solve this problem,
we generalize the argument of the entire function H, replacing the polynomial (2.10) inside
the Hessian operator with a more general one including other curvature invariants, namely
(in D dimensions)

A

p(Ax) = A |an 1 A" + @, AV 4 ag + (Z cr0r> D"21 . n=2,  (64)
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where a, = a,/ ALA]n and we set ag = 0. In dimension D, n must be greater than two
because of super-renormalizability. Notice that, in order to safeguard (2.14) and the stability
properties of the theory, only the first operator A in the polynomial (6.4) needs to be
the Hessian of the local underlying theory. All the others can simply be gauge-invariant
d’Alembertian operators in curved spacetime. To achieve finiteness, the operators O, must
include at least all possible one-loop counterterms (at most four-derivative) that are listed
in (4.23), (4.24), and (4.25) for the D = 4 case. We name these operators O, mimetic killers
since, contrary to the killers (6.3) that appear explicitly in the Lagrangian, they mimetize
inside the form factor.

When we replace the polynomial (6.4) in the leading contributions to the La-
grangian (2.1) in the UV regime [large z in (2.13)], we get

Luy = B (A1 p);,E;

)

=€ B |G A" 4+ an AV -+ a1+ (Z c,,(’)r> m"—?] E;, (6.5
'

where in the last two terms the indices ij are attached to 1;; = d;; and the O operator
should preserve all the symmetries of the theory and be compatible with any chosen metric
background. Let us now focus on the last operators in (6.5). For the sake of simplicity, we
can assume the sum on the indices 7, j to be proportional to the identity in the space of
fields (in general, we can introduce a field-dependent and nondiagonal metric such as (3.10)).
Then, we get

E; (Z cT(’)T> ;0" °E; = (Z cT(’)T> E;0"2E;
~ (Z ¢ [(V20)%, (VO)!, (VD). })

T

x [(00 4. o0+, (6.6)

where ® can be any field including the graviton and in the first square brackets we
schematically indicate a linear combination of different operators for each of the O, terms. In
order to prove finiteness, we have to consider the second-order variation of the operator (6.6).
The other leading operator in the UV regime is the first term in (6.5), that we can compactly
write as

i1 Bi(A™) i Bj ~ 1 [(82®) + ... |0 [(0%®) +...], (6.7)

where we omitted terms without derivatives and 9°® means fields with two derivatives,
regardless of how these are contracted. Notice that, contrary to matter, only the graviton
field h,, can appear in any self-interaction power and without derivatives attached to its
legs. The latter is a property of our theory, in agreement with the general renormalizability
statement 1.

If we Taylor expand the second operator E;[1" 2E; in (6.6) with respect to ®;, the
one-loop integrals can produce divergences proportional to ¢, O,. Consider a generic diagram
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with only one vertex. In D = 4 dimensions and in dimensional regularization, schematically
(see [38] for a similar notation)

&0, / A%k (6E; K" 6E}) = ¢,0, / A4k k2 K20 B2 (B,

1
k2n+4

4
—cr(’)/dk—cr e (6.8)

where, like in section 5.1, the angular brackets (-), denote the Feynman contraction (i.e.,

~ O, / d*k k? K2 E2n 4

the propagator) of two fields, in this case coming form the expansion of the two operators
0F and with an r-dependence signalled with the subscript r:

&y 1

(Pi®j)r = br T p2ntd T p2ntd

(6.9)

where b, is an r-dependent coefficient. Here and in the following formulee, the symbol
~ means omission of this coefficient b, and of the Kronecker delta d;; (here §; = 1 but
it is nontrivial in the case of mixed field products with i # j). Notice that, in order to
be logarithmically divergent, in the above integral each of the two expansions § F; should
contain at least two derivatives acting on the contracted field, otherwise the integral is
convergent. Other divergences can be originated by the contraction of a field in d F; with
another field in O,

e+ E; / Ak (5O 4 6E) = ¢, E; (0°®; ... ®; / d4kk2k2”‘4k2<<bi<1>i>r

( )
~ ¢ F; (82@2 . (I)])/ S i k2n+4
( )

;... P; /d4

= o (0°®;. ..<1>]) - (6.10)

where we assumed that O, contains four derivatives, but at most two can act on a single
field. This is a characteristic of the counterterms in (4.23)—(4.25) with (4.32) and (4.33).
However, if O, happens to have, for example, four derivatives on a field and zero on the
others, we can get up to two more counterterms in the action (proportional to 1/¢),

¢ (82Ei) O;, ¢ (OF;) (09;) (6.11)

which are equivalent to (6.10) up to total derivatives. Indeed, we also get the following
extra divergences besides (6.10):

B / 'k (GO0 k"B = ¢, By (07 @, / d4kk4k2”_4k2(¢>i¢>i>

_ 0 4 4 12n—4 1.2
=By (000, 0) [ d'kkt ek o
=c.E; (0°9;. /d4 k;2 1
1
~ e, (82 )<1> + ¢ (0F;) (99) (6.12)

— 30 —



where by (0°®;...®;) we mean no derivatives on any field (which can be more than one),
but the operator O, studied in (6.12) has in total four derivatives, namely it is one of the
operators in (4.23) after integration by parts and discarding boundary terms. The boundary
terms will be consider later in this section.

On the other hand, if O, has a total number of two derivatives (see the second operator
n (4.24)), then the most divergent integral reads

) / d'k (50, K" 5 Ey) = ¢.; (0 / d4l<:— = ¢, (0°0;...0;)

™ | =

(6.13)

Conversely, no divergences result from the contraction of two fields in the operator
O, because O, contains at most four derivatives, while the denominator contains 2n + 4
derivatives. Indeed,

¢ B;O"2E; / dk (00,) = ¢, ;0" 2F; / d*k k* K*(D,®,),

n—2 4 212
~ ¢ ED E/dkkkk2+4

= ¢, EO"%E; /d‘% — < +00. (6.14)

Moreover, divergences can only be linearly proportional to the coefficients ¢, because one-
loop integrals with a number of vertices > 2 are convergent if no more than two derivatives
act on any single field in the operator O,. For two vertices,

¢ s O, B / Ak (50, k274 §E,) (5E, k2" 5 E;),

= ¢, c5 O, F O;k/ Ak k2 K2 (B K2 @) s K2 K2 (D K21 D),

1
4 212 1.2n—4 212 1.2n—4
NCTCSOTEjO;’k/d L e Ty e
A%
= Cr Cg Or Ej Os,k F < +00. (615)

The above integral is convergent also if, in the operator O,, four derivatives act on a single
field, since [ d*k/k® < +oco. Similarly, performing contractions only between the tensors E;
in the two vertices, we obtain

e ey O, 0, / Ak (5B, k24 5 E;), (6B, k" §E,),
= ¢ c5 0, O / Ak k2 K2 (@ kP D), KRR (D K2 )

1
2 1.2 1.2n—4
k2 n-+4 LAl k‘2n+4

~ ¢y cs O, Os/d% k2 k2 g2t

d*k
:CTCSOTOS\/F < 4+00. (616)
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Finally, we consider the contraction of a mimetic killer with the operator E;00"F;
in (6.7). For the case of two vertices, the divergent one-loop integral is

O, / Ak (SE; k24 6E,), (SE; k*" 6E;)

1 1
~ Cp Or/d4k kz W k2n_4 k2 k'2 W k‘2n k,2

4
:cr(’)r/d}ﬂf :cr(’)yé, (6.17)
which is the same kind of divergence of (6.8). Notice that, in order to be divergent,
the variation 6F; must provide a k? contribution in the internal loop momentum to the
integral (6.17). Therefore, only Oy and Ry, can give a divergent contribution (see the
equations of motion for the scalar field as an example, but the result is general because
E; are the equations of motion of a local two-derivative subsidiary theory). In both cases,
the resummation of all the divergences for an arbitrary large number of external legs will
reconstruct the measure weight /[g]. This resummation of divergences is more evident
when the background-field method is properly implemented. Let us expand on this issue.

The path integral for the full theory, including gravity and matter, the gauge-fixing
operators, and the BRST-ghosts action reads

Z[®;] = / [17@: [] De; ¢i(S+Ser+San) (6.18)

? J

where 7 labels all the fields in the theory and j all the BRST ghost fields.
As we saw above in this section, in the background-field method one splits the fields in
a background plus a fluctuation,

;= D, + ;. (6.19)

function as a product of functional determinants:

N

Hence, at one loop we can evaluate the functional integral explicitly and express the partition
: §3(S[@ Sep|®
2] = 50 { Det [ (S[% + 6] + See[i + 6x)

56100, @ZJ }

x (Det M) (Det )2 J[(Det MY™M), (6.20)

where M and C are the quadratic operators for the BRST ghosts of the gravitational sector,
while M;( M is the quadratic operator for the BRST ghosts of the gauge fields. Moreover,
by S[®j] we mean the classical action of the theory for the background fields ®y.

Therefore, in order to get the one-loop effective action, we need to expand the action
including the gauge-fixing term to the second order in the quantum fluctuation ¢;. The
result in D = 4 dimensions is

1 y s 02(S+S
(525': §/d4x\/m¢iA]¢ja AY = EW(ﬁgf) . (6'21)
T g=0
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Following [24], we can recast the minimal Hessian in (6.21) in the compact and general form

ij _ sijmn+2 4,514 A ,
A" = 4§Y01 + Yt g N,

02d;
+ Wi i2nt1 Vi, - vi2n+1 + [FHds1 . i2n Vi, Vi, + O(v%*l)
9(029;) (0%2®;)(0%9;,)
— [nt2 g4 + \VADZTHCTES A v v 1 + WHAi2nt1 N7, ...V, 1
- \ , vVl 12n+42 Dn+2 \ , V1 2n+1 Dn+2
92d; 0(92d;)
R B 1
F U iy Vi g OV ) (6.22)

(029;)(5%9;)

When the background-field method is implemented and the second functional derivative
taken, the mimetic killers contribute only to the operator U, if in the mimetic killers at
most 2n — 2 derivatives act on the quantum field ¢ and 2 on any other field. Mimetic killers
can also contribute to the matrix V if we include boundary terms or, equivalently, operators
in which three or four derivatives act on a single field in some O,. These operators will be
studied later in more detail.

Therefore, the contribution of the operator E;[1" 2E; in the Taylor expansion of (6.6)
to the second-order variation giving rise to a divergence is proportional to

(V20)2+ ... | V™0, (6.23)

which gives a contribution to U according to the definition (6.22) (fourth term after the
first equality). If a boundary term among the O, is added to the list of mimetic killers (6.6),
the variation (6.23) turns into

(Vie+...)ovo. (6.24)

In addition, we can vary the boundary operator O,, which can now provide also terms with
three or four derivatives on a single field after explicit evaluation of the total derivative.
Therefore, we get contributions also to the matrix V,

(V00) (Vi) + .. | (V2o) V225 (6.25)
After integration by parts, we get
(V'D)p+ ... | (V2O)VIV26 = [(VOD)(V2D) + ... | oV 2"+ 2p. (6.26)

The latter operator can contribute linearly in its front coefficient to any divergence with
four derivatives, but it will contribute quadratically in the front coefficient only to operators
having up two derivatives on a single field and two fields with two derivatives each, namely,

écf(VZtI))(V%I)) . (6.27)
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However, the above divergences have two derivatives on a single field and, thus, they
contribute to the [-functions that can be made to vanish by a proper choice of other
constants ¢, according to (6.8).

Coming back to the term (§E; k*" § E;) in the first line of (6.17), it can only be originated
by a nonminimal term in the Hessian in (6.22), so that

AZ] _ 6ian+2 + V(O)i,j,i1...i2n+4 vil A v + Vi,j7i1~-~i2n+2 vil A v

12n+4 12n+42
oV, 02d;
+ Wij,il...i2n+1 Vil . Vi2n+1 + Ui,j,i1...i2n vil .. vizn + O(V2n_1) . (6.28)
0(92®;) (02®;)(029;)

Indeed, the term proportional to V() has 2n + 4 derivatives like the inverse propagator
and, when we take the trace of the Hessian, among all the divergences we also find one
proportional to

1
12n+2 [(Jn+2

1

(0),4,1 . i2nta . ,
V n V’Ll LR V12n+4 Dn+2 9

Tr Vi,j,il...i2n+2vi1 A VA (6.29)
which is exactly (6.17). However, by a proper gauge choice we can always turn v =9
even in the presence of matter and, a posteriori, we see that we can avoid (6.17) and such
an infinite number of divergent contributions to the quantum effective action.

Finally, for completeness the one-loop effective action reads:
rV[®;] = —iln Z[®;]

= S[®;] + %m Det(A) — iInDet(M) — %m Det(C) —i» InDet(M)™), (6.30)
q

which can be obtained employing the universal trace formulae of Barvinsky and Vilko-
visky [39].

Therefore, if we introduce a sufficient number of mimetic killers (6.6) in the theory
in order to get extra divergences proportional to the operators in (4.23) and (4.24), but
linearly proportional to the front coefficients ¢, then we can always solve the vanishing
equations for all the S-functions. Such solutions for real coefficients ¢, always exist and are
real since the system of equations is linear. In this way, all S-functions are zero and we
achieve UV finiteness.

Finally, we comment about boundary terms. In order to achieve conformal invariance
at the quantum level, we need to cancel all divergences that can potentially contribute
to the trace anomaly (see section 6.5 for more details). This issue can be addressed by
including other operators O, to the sum in (6.4) that display fields with also three or four
derivatives acting on them. Indeed, any four-derivative boundary term can be expanded
into several operators having from one to four derivatives on a single field. Hence, we have
mimetic killers with three or four derivatives on a single field in O,., but still a total number
of four derivatives, i.e.,

O, : (V30)(VD)(...), (Vi®)(...) (6.31)
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where by dots we mean other fields (if any) without derivatives. This in turn will be
equivalent to remove divergences proportional to total derivatives after integration by parts.
In other words, we can extend the list in (4.23) to all possible operators having also three
or four derivatives on a single field. According to the simplified analysis in (6.8), we get
divergent contributions proportional to (6.31) and linear in the front coefficient ¢;.

Following the example (6.12), other divergences can be originated by the contraction of
a field in 0 F; with another field in O,.,

cr B / d*k (60, K*"6E;) = ¢, E; 80@1- / d4kk4k2"*4k2<<1>2-<1>2->

—cTE, a” / d*k kA 2t 2

1
_ 4 2
= ¢, E; a q>i /d kK

k2n+4

~ e (a?g:i) <1>%+cr (OF;) (acp) to i(a%i)é (6.32)

The first two operators in (6.32) also contribute to counterterms with three and four
derivatives on a single field, but still linearly in the front coefficient c¢,.. Hence, they are not
a problem to achieve full finiteness.

However, divergences resulting from the mimetic killers that include (6.31) can also
contribute quadratically in ¢, to one-loop integrals. For two vertices,

¢ ¢s E; B / AUk (60, K24 5 E,) (60, k24 6 )

= Cp Cg EZ. E/ d4k k4 k2 <<I’r k2n74 (I)z‘> k4 k2 <‘I’s k2n74 ® >
= ¢ ey B By | dk K2 2 32 24
cres B E; [ 'k et
1

d*k
— Cr Cg E E; / — Cp Cg Ez' Ejg . (6.33)

The above divergences will contribute to the S-functions of the counterterms having only at
most two derivatives on a single field. Such g-functions can be made to vanish thanks to
other contributions that are certainly linear in the front coefficients according to (6.8). Hence,
the divergences (6.33) do not spoil the finiteness. On the other hand, if three derivatives
act on a single field, integrals similar to (6.33) and quadratic in ¢, are convergent.

Let us also remark that, as long as it is finite, the number N of divergences in the theory
does not modify the killing procedure. Given N operators X; associated with quantum
divergences (e.g., X1 = R, R, X9 = R?, X3 = (Op)?, X4, = ROy, and so on), one can
construct N killers of the form s; X;(0" 2R?, where s; are coupling constants. All these
operators contribute linearly to the respective beta functions, so that one must solve a
system of IV linear equations in the N variables s;. For the above operators, one can show
that such a system always admits a nontrivial set of solutions.

6.4 Multiplicative renormalizability in even dimensions

Power counting does just what its name says: it counts the number of divergences in a
given theory. However, it does not establish whether these divergences can actually be
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reabsorbed in counterterms reflecting the original structure of the bare action. If this
happens, the theory is said to be multiplicatively renormalizable [17]. In other words, given
a bare Lagrangian made of n operators O;,

L= 0;, (6.34)

the theory is multiplicatively renormalizable if the counterterms are of the form
n
L= ciO;, (6.35)
i=1

for some coefficients ¢;. In previous sections, we have seen that nonminimally coupled
nonlocal quantum gravity is at least power-counting super-renormalizable, so that the
number of superficial divergences is finite. However, due to the very rigid structure of
the action as the sum of the square of the extremals E;, the coefficients in front of O(R?)
operators in the bare action are not mutually independent, which may lead to the conclusion
that the theory has fewer free parameters in the classical action than divergences and,
therefore, is not multiplicatively renormalizable.

Let us illustrate the above issue in a higher-derivative nonunitary gravitational model
with curvature square sector G, G*, which mimicks the theory E,, F'(A)E* for F =1
and in the absence of matter. The GG model is special in the same sense of EFE because
the operators R, RF” and R? do not have arbitrary coefficients like in Stelle gravity. The
full Lagrangian in D = 4 dimensions is

1 1
= Hv e 1224
L e (R+2A) + oG G T6nC (R+2A) + aR,, R*™. (6.36)

This model is a sort of overconstrained Stelle gravity with only one independent coefficient «
in the quadratic sector and, thus, the masses of the ghost and the scalar are not independent.
In order to better understand this, recall that Stelle’s Lagrangian is [23]

1
Lstelle = W(R +2A) + aR,, R* + o R?, (6.37)

and the graviton propagator for Stelle gravity (6.37) and the model (6.36) (when ¢ = 0) on
Minkowski spacetime (A = 0) and with the minimal gauge choice is

P p)
O k) = - +
k2[(167G)~! — ak?] = 2k%2[(167G)~1 + k2(30 + 2a)] lo=0
P2 PO

T k2[(167G) T — ak?] * 2k2[(167G) 1 + 2ak?]

(6.38)

Moreover, the theory (6.36) has the same power-counting divergences of Stelle gravity
because vertices and kinetic terms have the same number of derivatives, if o # 0.

At the quantum level, Stelle theory (6.37) is renormalizable and we get divergences
proportional to the operators already present in the classical action (up to topological and
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superficial terms that we do not discuss here). Focusing on the higher-derivative part only,
a power-counting analysis shows that the counterterms have the following form:

Loy = —Laiw = ﬁ (BaRuw R + B B?) = (Zo — R R™ + (Z, = 1)o R, (6.39)
where Z, , are the renormalization constants for the coupling parameters and [, , are
the beta functions for the two operators we are investigating. Note that the last equality
holds only if the theory is multiplicatively renormalizable. The renormalized Lagrangian is
given by

Lien = ‘C(U) + Let, (6'40)

where the classical Lagrangian £(p) = Lstene(t) depends on the renormalization scale
1 because the coupling constants a and ¢ both depend on the energy scale . Now we
introduce the bare parameters ap and op in order to show that the quadratic part £4ad of
the Lagrangian L., takes on the appearance of the classical Lagrangian (6.37), namely

£ — agR,, R* + opR?. (6.41)

Indeed, comparing (6.40) with (6.41) and ignoring the running of the Newton’s and
cosmological constants because it does not affect the issue considered here [40], we get

aZy =ap, 0Zy=0R, (6.42)

where the last equation is absent for the model (6.36). However, for the model (6.36) we
meet a problem. At one loop, we get a divergent contribution oc R? because 3, # 0 [17, 23],
while in the classical action this operator is absent. Therefore, we cannot redefine any
coupling to absorb such a divergence without avoiding the contradiction

Bs

= 3272

0=o0p:=(Zy—1)o #0. (6.43)

Therefore, the last equality in (6.39) does not hold for the local G, G* model (6.36)
and the latter is not multiplicatively renormalizable; this is exactly what happens also for
the nonlocal model (3.6) and its more general version (3.21). In the latter case, since the
coefficients a7 and ap in (3.16) are independent when the general internal-space metric (3.8)
is adopted, the two structures E,,, E* and EfE} are able to reabsorb the two covariant
divergences proportional to R, R"” and R? (in D = 4 dimensions) in a pure-gravity
scenario with no matter fields. Therefore, in pure gravity the general metric (3.8) fixes
the problem since we have as many operators with independent coefficients as the number
of counterterms.

However, as soon as we switch on matter fields, we have fewer free parameters in the
classical action than divergences and the model is not multiplicatively (super-)renormalizable.
In particular, in D = 4 dimensions the divergences repeat the form of the action (3.21);
we have in this case 11 types of divergences (not considering topological and superficial
terms) and only 4 free parameters given in (3.16), so that it is not possible to satisfy all the
renormalization group equations. In D > 4 dimensions, the situation is even worse because
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new divergences pop up and their number increases with the dimension; in particular, the
purely gravitational divergences with the maximum number of derivatives are not in the
quadratic form R, R* and R? (e.g., in D = 6 dimensions, they are cubic in the curvatures).

There are three ways to solve this problem. The first and most intuitive way is to
consider the finite version of the theory, discussed above in this section 6. Indeed, if the
theory is finite (D odd, or D even plus killer operators), there are no divergences at any
loop order and we do not need to invoke any multiplicative renormalizability.

The second option is a partial application of what is spelled out above: One cancels
only a subset of divergences by means of killers in order to make the number of free
couplings equal to the number of divergences. Afterwards, one applies the multiplicative
renormalization scheme.

The third way, first discussed in [3, 31, 35], is to take advantage of renormalization-
group (RG) invariance and impose a particular initial condition on the RG flow. In fact,
the definition of multiplicative renormalizability is somehow incomplete because, in the first
place, it does not consider the quantum effective action, which is the actual physical quantity
we have to use to compute the quantum equations of motion and the quantum tree-level
scattering amplitudes; and, second, it does not take into account the initial conditions of
the RG equations. About the former point, it deserves to be stressed that, in general, the
running of the coupling constants is only an indication of how the quantum action looks like,
but it is not fully reliable. This problem is already evident in the case of the cosmological
constant, where the running does not correspond to any logarithmic contribution to the
quantum effective action [41].

The definition of renormalizability is not simply based on introducing all possible
operators consistent with the power counting, but on having a theory in which divergences
correspond to the introduction of a finite number of counterterms at the quantum level
and, therefore, of a finite number of parameters to be measured experimentally. What
is crucial for renormalizability is that the number of divergences be finite. Only in this
case is the quantum effective action uniquely specified by a finite number of new extra
parameters (with respect to the classical theory), although it might not contain all possible
operators as required by the definition of multiplicative renormalizability. On the other
hand, if the number of counterterms is infinite, then we have to make an infinite number of
measurements and the theory is nonpredictive. Consider, for instance, the extreme case of
a finite theory devoid of divergences. In this case, the quantum effective action in some
models may contain an infinite number of parameters, but they are all referable to the
parameters present in the classical theory.

To extend the discussion in [35] and fully illustrate the RG-based procedure avoiding
the problem posed by multiplicative renormalizability, let us go back to Stelle gravity. Here
we limit the discussion to D = 4 dimensions, but we expect the scheme below to work also
in higher dimensions. The theory (6.37) is power-counting renormalizable and the one-loop
RG equations for a and o at high energies are approximately [40, 42]

do do 1

— ~ Ba, — =~ B, 1=

I
In — 6.44
= n (6.44)

— 38 —



equivalent to

() = alpo) + oL ol) 2 oluo) + 7 (6.45)

where pg is an initial condition for the RG evolution. These equations also hold for the
model (6.36) as soon as we recognize that we can select a renormalization scale p such
that o = 0 (but with different beta functions, since vertices and propagator are affected by
the absence of the R? contribution). Such a value can be seen as a particular choice of
the initial condition for the second equation in (6.45) made in order to keep the classical
spectrum unchanged at the quantum level, independently of whether it contains ghosts or
not. In fact, while perturbative unitarity (or its lack) is proved via the Cutkosky cutting
rules derived at this particular scale [19], RG invariance ensures that the spectrum is not
affected by the running of the couplings. RG invariance states that the quantum effective
action I' has the same form at any RG scale u, at any loop order:

P(1) = T(po) (6.46)
Using (6.45), it is easy to check (6.46) at one loop in Stelle gravity, focusing on the quadratic
part of the one-loop effective Lagrangian:
L aad () = L9y 4 Log + Laiy + Lenite (1) = L% (1) + Lenite (1)
= a(u)Ruw R"™ + o (p) R?

/BOI _D g ﬂo‘ _|:|
+ 32772R“” In 2 RHY 4 327r2Rln 2 R
504 M:| |: Bo M 2
- In -~ | R, R" In 2=
a(po) + 162 nMO Ry R + |o(po) + 162 nuo R
Ba -0 Bo -
e poIn——RMW In—
+327r2R“ n ,uQR +32W2Rn M2R
= a(po) Ry R* + o (110) R?
BOI 7|:| uv BO’(,LLO) 7D
+ 327r2R“” In 2 RM 4 3972 Rln 2 R
= Mavad), 0y (6.47)

Hence, if one derives the spectrum (or checks perturbative unitarity) at a scale pu, its
properties are preserved at any energy scale. From here, it follows that the case of the
GG model (6.36) is obtained simply by a choice of initial RG scale. In fact, consider the
RG-invariant scale

= ,ue_lga o(p) (649 140 e_lga g(”o). (6.48)

The invariance is manifest on the right-hand side since pg is a constant. If one assumes the

initial condition o(pp) = 0 in the RG flow, then

[= fio - (6.49)

In other words, the choice o(up) = 0 is equivalent to a particular selection of the RG-invariant
scale.
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As a double-check of our findings, we now show that the very same quantum effective
action (6.47) with o(ug) = 0 can be directly obtained starting from the G, G*” model (6.36).
Again, we concentrate on the quadratic part. Let us first generalize (6.40) as

Loeg = L) + L (6.50)

This definition of a regularized one-loop Lagrangian is valid for any theory but only for
renormalizable ones we can say that this Lagrangian is renormalized, L;eg = Lren. The one-
loop quantum effective action coming from (6.50) is augmented by the divergent operators
(which cancel the counterterms by construction) and a finite part. The quadratic part of
the Lagrangian reads

L (o) = L399 4 Lo + Lanite (o) = L3 (110) + Lemite (120)

, B -0_,,  Br -0
= a(po) Ry R + 32;21%#” In N—%RM + 3Tfjr2mn /T?)R
1) quad
— rMa (“O)IU(HO):O’ (6.51)

identical with the last equality in (6.47) with o(ug) = 0, where Br2z = By |o=0-

To summarize, the model (6.36) is singular in the space of parameters because the
coefficient of the local operator R? vanishes. On the other hand, if the coefficients o and o
are both nonzero, it is clear that the theory is renormalizable in a conventional manner. In
the classical theory, a and ¢ must have a fixed value corresponding to what is measured
experimentally at a specific energy scale. The only theoretical assumption is that the theory
must have a particular spectrum (or to be unitary, if this is the case). Hence, if the action
is nonsingular in the space of parameters and o # 0 # o, then their classical values can
only be the initial conditions of the RG equations that define the quantum effective action.
In other words, the statement that the parameters in the classical action must be general
in order to renormalize the theory should be replaced by the fact that they must have a
specific value, which is the observed one. The spectrum (or perturbative unitarity, in the
case of the nonlocal theory) and the Cutkosky rules are calculated at the specific scale
o in which we define the classical theory [19], but they are secured at any scale by RG
invariance. Indeed, the spectrum (perturbative unitarity) cannot be affected by perturbative
quantum corrections.

Let us move to super-renormalizable local higher-derivative and nonlocal theories,
in which only a finite number of counterterms must be added. Following the previous
example, we can reintroduce all such terms into the classical action simply assuming that
the initial condition of the RG equations are the ones in which the coupling constants take
specific constant values including zero. Exactly like for local quadratic gravity, the class
of theories (2.1) has singular points in the modular space of couplings because some of
them are zero in the classical action on which unitarity and other properties are based on.
The case where some of the coupling constants are nonzero but have specific values (for
instance, a fixed value for the ratio of two or more couplings) is nothing new. Indeed, in
any quantum field theory (including standard QED and QCD) the classical value for the
couplings corresponds to the asymptotic value of the RG equations (in QED, for example,
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the asymptotic value for the fine structure constant e?/4r is 1/137). The fact that this
value in the IR is nonzero can be explained by electron mass threshold phenomena, not by
initial RG conditions (there is no non-Gaussian IR fixed point in QED) [43]. However, the
asymptotic conditions to be used to get the IR values of couplings are not very different
from initial conditions. Aside from this analogy, the main difference with respect to higher-
derivative and nonlocal gravitational or gauge theories is the crucial role played by the
coupling constants in the unitarity issue. One can appreciate this in as simple an example as
the six-derivative kinetic operator [J(1 + 7[J2), where the relative coefficient 7 is important
to determine the presence or absence of real ghosts (ghosts with real mass square) versus
complex ghosts (ghosts with complex mass square).

Similarly, in nonlocal theories the structure of the nonlocal terms is crucial to avoid
extra degrees of freedom including ghosts. For instance, in the case of the minimal purely
gravitational theory

1 17
L= 2 R+ G, FOR"™, (6.52)

the coefficients in front of R,zw and R? are 1 and —1/2, consistently with ghost freedom
for one suitable form factor F common for both terms. Such coefficients define the initial
condition of the RG equations and they are exactly the analog of 1/137 in QED. Also in
QED the coupling is relevant for unitarity: by a proper redefinition of the photon field, the
kinetic operator turns into —F?/(4e?) and an opposite choice of the initial condition for
e?, namely e? o< —1/137 would change the photon into a ghost. Notice that the nature of
the photon would not change in perturbative quantum field theory, consistently with the
Cutkosky rules.

We do not have to repeat the same calculation above in pure nonlocal gravity, since the
counterterms are still the same, oc R,,, R* and R? (up to topological and superficial terms).
Since these terms do not appear with nonzero coefficients in the original classical Lagrangian
L, in order to compensate the one-loop divergences with two independent counterterms it
is sufficient to add to the classical Lagrangian the quadratic terms

Lauad = (@ — &) R, R™ + (0 — 5)R?, (6.53)

which are subject to quantum renormalization. At the classical level, we choose @ = & and
o = ¢ and then the Lagrangian £ + Lquaq reduces to the original unitary theory. At the
quantum level, we face two possibilities. If the theory is finite and all the beta functions
vanish (odd spacetime dimensions or even spacetime dimensions with killers), we have
scale invariance and the above classical identification is valid also at the quantum level.
Instead, if the theory has one-loop divergences (even spacetime dimensions without killers),
then the parameters & and & are just the initial conditions for the RG equations of the
running coupling constants. At the quantum level, the couplings a(u) and o(u) run with
the renormalization energy scale p1, and so does Lquaq. However, these contributions can be
absorbed in the finite part of the one-loop quantum effective action, which involves the same
operators as in Lquaq with insertions of In(—0/u?) in between. This is a simple consequence
of RG invariance, as shown above. A notable difference with respect to Stelle gravity is
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that the running equations (6.44) and (6.45) are exact in nonlocal quantum gravity, so that
the RG equations

Ba H Bo I

a(p) = aluo) + (4m)? In e o(u) = o(po) + ()2 In o (6.54)

are valid at all scales, not just in the UV.

Since the RG flow and its initial conditions can be formulated in a very general way
on curved spacetimes and for almost any quantum field theory with any matter content,
the same mechanism applies, mutatis mutandi, to nonminimally coupled nonlocal quantum
gravity with matter.

The ultimate message of this “third solution” to the multiplicative renormalizability
problem is that what really matters is the number of counterterms rather than the number
of operators in the classical action. If two theories have the same divergences, the same
power counting, and a sufficiently high number of derivatives so that the beta functions do
not depend on the running couplings, but one of them has less operators in the classical
action, then their quantum behavior is the same. Hence, it is sufficient to select the classical
couplings as initial conditions for the RG equations.

6.5 Finiteness and conformal invariance

It is well-known that any classical gravitational theory, local or nonlocal, can be made
conformally invariant [44, 45]. Indeed, in a purely gravitational theory (no matter) one can
make the following replacement of the metric g, ,

_4
Juv = g,uu(ﬁbygw/) = ¢D729;w, (6.55)

in which ¢ is a real scalar field called dilaton, and the action

S19,¢1 = Sl9ll g0 (6.56)

turns out to be trivially invariant under the conformal transformation
. N _D=2
g,lw = Guv ¢ =Q""72 ¢, (6.57)

where Q(x) is an arbitrary function of spacetime coordinates. Hence the tensor g, is
conformally invariant, g/’w = g,w- The above replacement (6.55) is sufficient for a purely
gravitational theory, while in the presence of matter we must also introduce a proper power
of the dilaton for each field in the action. Calling, as before, ®; the collection of all fields
including the spacetime metric,

Qi € {gulﬁ@’qjuAlJ»}v <658)

in order to make explicit the hidden conformal symmetry of the theory (2.1) we can make
the replacement
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where A; is the conformal weight of the field. For example, in D = 4 dimensions,
0 .
3 A,u = Au . (660)
¢2

All the fields g, o, 0, fl# are rescaled by ¢ in such a way that the combined terms take
invariant forms under Weyl transformations when ¢ is treated like a scalar, as in (6.57).

gul/:¢2g/ﬂ/a o = , U=

|

Once the fields (6.59) are replaced in the action (2.1), all the mass scales disappear upon a
redefinition of ¢, which acquires canonical dimension [¢] = (D — 2)/2.

In many quantum field theories, conformal invariance is a symmetry valid at the tree
level, but broken at the quantum level, since the coefficients of the operators appearing in
the conformal anomaly are proportional to the nonzero S-functions of the theory. However,
in finite theories where the S-functions all vanish, conformal symmetry is preserved at the
quantum level.

Let us elaborate this feature for super-renormalizable or finite theories in general and,
in particular, for those studied in this paper. For the sake of simplicity, we here consider a
purely gravitational theory. In the presence of divergences, the quantum effective action
consists of the classical (bare) action S¢, a divergent part, and a finite contribution Igpje.
Since the dimensional regularization scheme breaks conformal invariance, we have to split
the divergent from the finite part in the quantum effective action. For this purpose, we
evaluate all the operators in D = 4 — 2¢ and, afterwards, take the limit € — 0. Therefore,
the one-loop quantum effective action reads

r_g +125./d4*2€x0( ) + Tting 12 . (AUV>2 (6.61)
cl - i 7 i\gd finite » c 4*D_ [ ; .

Oi(g) € {\/@DR7 \/@pramev \/@R27 \/@RWRW’ \/HR’ \/E} ‘gzy(qb,ﬁ)’

D=4—2¢
(6.62)

where Ayy is the UV cutoff in the cutoff regularization scheme and p is the renormalization
scale. Each operator has a different S-function §; in front. Clearly, the replacement (6.55)
in (6.62) produce several terms proportional to € that contribute to the finite part of the
quantum effective action when replaced in the second term of T in (6.61). Such terms are
independent of €. The extra 1/e terms define the divergent part of the quantum effective
action. As a particular example, let us consider the metric density /[g], i.e., the last
operator in (6.62), which is also present in all the others. Call 8, the coefficient associated
to it in the divergent part of (6.61). When the metric (6.55) with D = 4 — 2¢ is plugged
into 1/]g[, the determinant of the metric produces a factor ¢*:

(Visl) ot flgl =0 ot lal = o /lal. (6.63)
D=4-2¢ ~——

conf. inv.

where we approximated for small €. On the other hand, the above operator contributes
to (6.61) linearly as o e, since

%5/@25\/@ = éﬁA[l +2eln¢+ 0(52)]\/@ = éﬁA\/E"i‘ 264 1n<75\/@+ O(e).  (6.64)
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Hence, the divergent contribution is Sj+/|g|/e, while the second term is finite and vio-
lates conformal invariance. In general, one gets the following anomalous contributions to

the action:
lim 7 62201(6%g:¢) = lim (1 + 2c 10 0) 016241 )
e—0 ¢ ! ’ e—=0 ¢ ! ’
= lin 2 0(6%5) + B.0:(¢%) + 266 0($%),  (6.65)

where O;(4%§) is the finite contribution to lim. o O;(¢?§;€)/e. The first term can be
eliminated by adding a counterterm with opposite sign, while the last two contributions
in (6.65) are finite (independent of ¢) and explicitly violate conformal invariance. Therefore,
a nonfinite gravitational theory can be conformally invariant at the classical level but not
at the quantum level.

However, conformal invariance is preserved if the theory is finite, as is the case of
minimally coupled nonlocal quantum gravity [46] and of the nonlocal theory presented
here with killer operators, as explicitly shown in section 6. All the operators in egs. (6.62)
and (6.65) have vanishing coefficients 8; = 0 from the start and we can take the limit € — 0
consistently with conformal invariance. This result is not a fine tuning but, actually, is
one-loop exact because the theory has no divergences for L > 1. The physical consequences
of conformal invariance for the theory (2.1) with the unit field-space metric (3.5) are explored
in [13, 14].

7 Conclusions

In this paper, we have studied the power-counting renormalizability of the nonlocal field
theory (2.1)—(2.6) where gravity and matter are nonminimally coupled. We found that
the theory may be super-renormalizable in D = 4 dimensions and that it can easily be
rendered finite. More precisely, for the theory (2.1) with local action (3.1) the number
of UV divergences is infinite but the theory is strictly renormalizable if n = (D —4)/2
(eq. (4.19)), while it is finite and the theory is super-renormalizable if n > (D — 4)/2
(eq. (4.14)), where n + 1 is the degree of the polynomial p(z) in the nonlocal form factor H.
Therefore, in four-dimensional spacetime, the model is power-counting renormalizable if
n = 0 and super-renormalizable if n > 0. Finally, if the summation over the field indices is
performed with the delta (3.10), the UV action does not possess terms with an odd number
of fields ¢ provided that the potential V(¢) is an even function. In this case, divergences
with an odd number of ¢ are not generated.

We conclude that the nonlocal proposal (2.1), which is also unitary, could serve not just
as a quantum gravity, but also as a “theory of everything” where all fields are quantized in
the same way. Although there is no unification in the sense of supersymmetric multiplets
or of particle modes arising from the vibrations of a string, and despite the fact that the
choice of nonlocal form factors is restricted but not quite unique, the attractiveness of this
proposal might lie in its simplicity: it is just a perturbative QFT of point particles, with no

extra symmetries or extra dimensions.
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In its finite version, however, conformal invariance does appear as an added symmetry
and this has momentous consequences for cosmology. Indeed, the theory is conformally
invariant thanks to finiteness and, because of that, one can dispense with inflation to solve
the problems of the hot-big-bang scenario and to subsequently generate the primordial
tensor and scalar spectra in a natural way [13]. In particular, the primordial tensor spectrum
is blue-tilted and there is a relatively large lower bound on its amplitude. This prediction
can be tested within the next five years, thus allowing us to either detect a signature of
quantum gravity or to rule out the theory in the very near future [14]. The results of the
present work put this phenomenology on a firm theoretical ground.
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A Dimensional analysis of the theory

Let us consider the general model (2.1) with fields ® with dimensionality [®?]. Since the
functional derivative is defined by

S[® + 50] — S[®] = / Pz /|g(2)] 55%) 5% (z)

o ff dedDy\/rgm)g(y)\Mﬂ(x)W(;f@mmy)+..., (A1)

the extremals F; (see (2.4)) of the underlying local model have the dimension

[Ei] = D —[@], (A.2)
while for the components of the Hessian (2.5) we have
[Aij(w,y)] = 2D — [@7] — [@7]. (A.3)

Notice that the components of the Hessian have different dimensions if the dimensions of
the fields ®° are not the same.

It is useful to define the operator Aij through
Nij(z,y) = Ay 6P (z,y). (A.4)

Therefore,
[Aij] = D = [9] — [#7] (A.5)
and we can factorize the dimension of the covariant delta ([6”(x,y)] = D). The main reason

for doing this is because the dimension of the delta is always compensated by an integration,
when the operator is applied on a field.
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Hence, from (2.1) and (A.2), we have
[F9(A)] =[] + [®7] - D = —[Ay], (A.6)

in agreement with formula (2.6). In the definition of the form factor, we introduce the scale
of nonlocality A, with [A,] =1 and define (2.7), so that

~

[(An.)i] =0. (A7)

In the generalized model with the contravariant field space metric 4% (defined in
eq. (3.10)), one can define the Hessian with mixed position of the indices ¢ and j:

(Ar)j =™ (A )y - (A.8)
Since 9% is dimensionless in our convention, [¢%] = 0, it follows that
[(Ax,)'1=0. (A.9)

Then, it is natural to consider arbitrary powers of this operator, given explicitly by (with
standard matrix multiplication and contraction of dummy indices)

(ALY = ot (AL, = (Ap)Y, (A.10)
(AR = (AN i (Aa) 1y o (Ap )Py, 2 (A.11)

Thus,
[(AR,)";]=0. (A.12)

In the UV, according to eq. (2.12), the function eH(®) tends to a polynomial p(z) of
degree n + 1 (with n > 0). Therefore,
o n AZ i
Fij(A) ~ QZM, (A.13)
[Ag]
=0 (A*) ’
where a = e"e 1) /2 and [a] = 0. Using the above formula, we obtain the UV action (2.24).
Notice that

INSE A A
[/ de\/@Ei((AI;[*A):]Ej = =D+ [E] + [Ej] + [(A},)y] — [Ai]

=D +2D —[0'] - [®/] + 0 (D — ['] - [&7])
o, (A.14)

as it should be.
In the explicit example of section 3, i.e., in the model based in the local action (3.1)
with fields ® = (g, ¢), the dimensions of the fields are®

D -2

[g,uz/] =0, [o] = Ty (A.15)

8The metric guv can be kept dimensionless in arbitrary D dimensions by changing the dimension of .
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,Cloc AD AD A* [ ]

and for n = 0 we get
EE]

UV _/dD
(A.16)

where the coefficients 7, depend on the contravariant field-space metric 4%, i.e., ni = 1 (;)

EE+ H
A

with [ng] = 0; see eq. (3.15). In particular, for D = 4 the above formula gives the result

4 m 2 v T4
UV —/d |:EIOC+A4E/“/ A4E“E ASE“E +A2E E:| (A].?)

B Effect of a nonminimal term in £,

In section 4.1, we showed that even with a minimally coupled local subsidiary Lagrangian
Lioc, the resultant UV action (2.24) of the nonlocal model can contain the nonminimal
terms necessary for renormalization. Here we show that, on the other hand, if the local
Lagrangian Lj,. possesses a nonminimal (NM) term, additional structures are generated in
the nonlocal action, which may cause the model to become nonrenormalizable. To this end,
let us consider the nonminimal extension of the local action (3.1)

SO g & / Pz /19|0*R, (B.1)

where Sjoc is given by (3.1). The presence of the term Ry? modifies the extremals (3.2)
and (3.3) as

Eawy = B &20 (R“” — ;9“”R> +€g" [¢Op + (Ve)?]
— {p(VIVYp) + (V) (V7)) (B.2)
EM = B, — ¢pR. (B.3)

Notice that, because of the nonminimal term, now the extremals have terms with maximal
number of derivatives that depend on ¢, instead of V¢ only. Therefore, the extension of
the action (3.15) will also contain this type of terms. In fact, the action still has the form
of (3.21), but instead of the coefficients (3.22a)—(3.221), more coefficients become functions
of ¢. For example, instead of (3.22b) and (3.22c) we now have

2
az(p) = a1 (1 - 5902) , (B.4)

as(p) = i |@1(D = 4) + as(D - 2)?| (1 _ fg)

K2

—as (252 (1 - 59”) £+ sty (B5)

The nontrivial dependence of the above coefficients in ¢ introduces in the model new
vertices with the maximal number of derivatives. Indeed, because of (B.4) and (B.5), the
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list of terms that generate vertices with four derivatives is now augmented by

\/@@23,3,}, \/@gflwa, \/QQ0R2, \/@@2]‘22, \/@gogRZ, \/E¢4R2. (B.6)

All these new vertices can yield an external scalar leg without derivative. Thus, the model
based on a nonminimal local action has new diagrams formed by the substitution of an
arbitrary number of the “old” four-derivative vertices originated from (3.21) by the “new”
vertices associated with (B.6) —with up to four external scalar legs without derivatives,
per vertex. These diagrams will have the same superficial degree of divergence of the
original ones. Since there are logarithmically diverging diagrams with Vj arbitrary, we can
use the vertices from (B.6) to construct divergent diagrams with internal graviton lines
and an arbitrary number of scalar external legs without derivatives, which would call for
counterterms in the form of eq. (3.21) with the coefficients being of the type 352, Ar¢".
Note that this result is independent of the potential V(¢) and of the choice of the metric in
the space of fields.

The considerations above can be easily extended to the more general case in which
n > 0and D > 4 in eq. (2.24), with a similar conclusion: The nonminimal term in Lo
will generate terms with maximal number of derivatives which depend not only on Ve,
but also on . Since vertices originated from these terms can occur in arbitrary number
in logarithmically diverging diagrams (see the general discussion in section 4.2, and in
section 4.3 for the particular case D = 4), the number of counterterms are infinite and the
nonlocal theory with the nonminimal term in (B.1) is not power-counting renormalizable in
the usual sense.

C Hessian
For the two-derivative local action (3.1), the Hessian is given by

523 623 N uy7aﬁ N 7%

. — | 990809gur 6¥Oguy | _ Ap Alz) p

AZ] — 05'823“ 52; - ( Aaﬁ A 6 (377y)7 (Cl)
09apdp  dpdp 21 22

where

A 11 1 1
A;ﬁu,aﬂ _ ? [26uu,aﬂm _ igw/gaﬁlj + i(gw/vavﬁ + ga,@vuvu)

1
= g7V + g VIV 4 gV 4 g VIV | TR (C2)

A 1

Ay = 290" (Va9) V- — 50"V (9). (C.3)
A af, T 1 o

A = =27 (Vo) Ve + (VaVee)] = 56°°V'(9), (C4)
Agy =0 -V"(¢), (C.5)

9Beside these, there might be other terms with four derivatives that can contribute external scalar legs
without derivatives, such as 1/|g|p>R(V¥)?, \/|gl? R (Vu0)(Vup), \/|glp? ROp, and /|g|¢?(O¢)?2.
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where we defined the tensorial objects
gé“”aﬁ = (6“” B _ 2g’“’go‘ﬁ) (C.6)

and

1

8.
TIHv FUQ

1 1
povf | propf | pubva | puppa _ 1 (wpaB | af ppv
{4(1{ + RrouB 4 pubve | R ) 2(9 R 4+ g*PR )
1 v,a
+ 1 (g“aR”fB + g"“RMP 4 g"P RV 4 g”ﬁR“a) -9 ﬁR]
1 vV, V,x 1 v v
+ 3G (Vo) + GV () + 1 [ (VIR)(VPP) + g7 (V) (V)]

— 1 [T TP) + g (V) (VO) + (V) (V) + g (V) (V).
(C.7)

Note that the Hessian is self-adjoint, i.e., given a generic field ® = (huv, ), where hy,
and ¢ are, respectively, an arbitrary symmetric rank-2 tensor and a scalar field, the inner

product
(@, Ad) /cb Ay, (C.8)
satisfies
(®,Ad) = (AD, ®). (C.9)
Or, explicitly,
/qﬂ'Aijqﬂ' = /@jAﬁ-qﬂ', (C.10)

where in the above formule we omitted the integration measure and there is no summation
on repeated indices. Indeed, using (C.3) and (C.4), after integrating by parts, one can
directly verify that, e.g.,

/ a0z /|g| b Al o = / Pz /|g| oA . (C.11)
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