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Abstract

A doubly periodic geometric transformation is applied to the problem of out of
plane shear wave propagation in a doubly periodic perforated elastic medium. The
technique leads to the design of a system of radially anisotropic and inhomogeneous
shells surrounding the void inclusions, that can be tuned to give the desired filtering
properties.

For a regular transformation, the transformed elastic system displays the same
dispersion properties than the original homogeneous one, but for overlapping and
unfolding transformations new filtering properties can be obtained, which include
anomalous resonances at zero and finite frequencies. Low-frequency homogenisa-
tion reveals how it is possible to tune the phase and group velocity in the long-
wave limit at any value, or to obtain a zero frequency band gap for Neumann
boundary conditions. The dispersion properties of the medium are studied both
semi-analytically by the multipole expansion and numerically by the finite element
methods.

Several applications are shown, including the transmission problem throughout
a grating of void inclusions and an interface in a waveguide, where the capability of
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the proposed model is quantitatively demonstrated by computing the transmitted
power flow. Finally, we gave a demonstration of defect modes in a waveguide and
of tuning the transformation for the research of Dirac points.

Keywords: metamaterials, geometric transformation, periodic cloaking, mul-
tipole expansion method, homogenisation, high reflectivity, anomalous resonance.

1 Introduction

Artificial made media, known as metamaterials, are well known
nowadays for their exotic capabilities to manipulate wave prop-
agation [16, 20, 83], including negative refraction [74, 94], spon-
taneous emission control [4, 67] and anomalous tunneling effects
[19, 85]. Probably, the most famous application consists in the
possibility to make an object invisible to an impinging wave, by
placing it in a cloak having the capability to cancel the scattering
induced by the object itself. The research of invisibility dates back
to previous centuries [31, 34, 46] and interesting models were also
proposed in elasticity, including a coated elastic hole that, under
specific external loads, does not perturb the static field [44], the
coated sphere assemblage for hydrostatic loads [30, 43] and the
energetically neutral inclusion covered by a structural interface
[7].

Nevertheless, it was with the advent of metamaterials that the
attention on the topic reached a vast community. Active and
passive cloaks are applied to hide an object. An active cloak
consists of a set of discrete multipole sources distributed in space
to destructively interfere with an incident time-harmonic waves so
as to nullify the total field in some finite domain and ensure that,
in the far field, only the incident wave is present. The idea, which
takes inspiration from active control of sound [42, 62], was applied
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to electromagnetism [91, 92], acoustics [69, 93], vector elasticity
[70] and flexural waves in thin plates [73].

Passive systems are based on geometric transformation tech-
niques, where a simply connected region, most often a circle, is
mapped into a multiply connected one (an annulus). In the past
conformal mappings, which are locally non deviatoric transforma-
tions, were frequently used to solve plane problems of mechanics
[36, 60], with the possibility to take advantage of the properties of
complex variable. Greenleaf, Lassas an Uhlmann [28, 29] showed
that singular transformations could lead to cloaking for conduc-
tivity, while [76] and [37] made the key observation that singular
transformations could be used to achieve cloaking of electromag-
netic waves. A regular transformation was proposed in [15, 35]
where a small, but finite central simply connected domain is trans-
formed into a larger one. The theory for acoustic cloaking is
presented in [68], where, instead of the differential geometry for-
malism, a formulation adapted from the theory of finite elasticity
was adopted. For problems governed by the Helmholtz equation
the transformed equation can be associated to an inhomogeneous
and anisotropic material.

In vector elasticity, the wave equations are not invariant under
a general mapping [10, 52, 71], since either non-symmetric stress
or tensorial density are required. In this case, it was shown that
the modified Newton’s second law [55] remains invariant under
specific conditions. The biharmonic equation for flexural wave
propagation in Kirchhoff plates is transformed into an equation
of an inhomogeneous and anisotropic plate in presence of in-plane
stress [9, 14] usually studied in problems of static buckling of
plates.
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Cloaking of a finite number of inclusions were considered in
[3, 56] for the electromagnetic and flexural wave propagation, re-
spectively.

Extended reviews on transformation optics in metamaterials in
different fields, with a focus on experimental results, can be found
in [24, 32, 82].

In this work, transformation optics techniques are applied pe-
riodically on a periodic system. Propagation of out of plane shear
waves in linear elastodynamics is considered. An illustrative ex-
ample in Figure 1 shows the capability of the system to cloak
multiple void inclusions of relatively large size. By making use of
the periodicity it is possible to cloak not only a single inclusion but
a grating and, in addition, high reflective systems and multiple
anomalous localised resonances [54, 64–66] can be obtained.

The focus is initially on the comparative analysis of dispersive
properties of the transformed and original systems. To analyse the
dispersive properties, we implemented both finite element codes
and the semi-analytical multipole expansion method. Concerning
the multipole expansion method, the solution of the incident and
scattered fields for a single obstacle can be found in [72], while dis-
persion properties in an infinite one-dimensional array and doubly
periodic arrays of circular scatterers were carried out in [96] for
out of plane shear waves and in [47, 59, 78, 79] for flexural waves
in Kirchhoff plates. Arbitrarily shaped obstacles were considered
in [87, 88].

The paper is organized as follows. In Section 2 we present initial
and transformed equations of motion and corresponding bound-
ary conditions, describing the periodic locally radial geometric
transformation. In Section 3 we report the comparative analysis
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Figure 1: Wave transmission of a Gaussian beam throughout a slab of void inclusions. Each void is
surrounded by a cloaking interface. Displacement distribution is shown, details on the computation are
reported in Section 4.1. (For interpretation of the references to colour, the reader is referred to the web
version of this article.)

of dispersion properties and briefly describe the applied multipole
expansion method. In particular, we focus our attention on classi-
cal, overlapping and unfolding transformations by also performing
a low-frequency, long wavelength homogenisation. In Section 4 we
show several applications including a transmission problems in a
continuum and in a waveguide, the detection of defect modes and
the design of the transformation for the existence of Dirac points.
Final consideration are given in last Section.

2 Out of plane shear waves in a doubly periodic
medium

We consider the doubly periodic medium shown in Figure 2a, it
consists of a square distribution of cylindrical holes of radius R1.
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The centers of the holes in each unit cell have the position

Yh = h1a1 + h2a2, a1 =


d

0
0

 , a2 =


0
d

0

 , (1)

where d is the dimension of the edge of the unit cell and h =
(h1, h2)T , with h1, h2 ∈ Z, a multi-index.

2.1 Governing equations

We analyze wave propagation in the time-harmonic regime, the
time dependence e−iωt, with ω the radian frequency and t the
time, is not indicated for ease of notation. We focus on out of
plane shear waves, the displacement is

U =


0
0

U(X)

 , (2)

where X = (X1 X2 0)T is the position vector.
Wave propagation in a linear elastic medium is governed by the

Helmholtz equation [27]

∇X · C(0)∇XU(X) + ρ0ω
2U(X) = 0, for X ∈ ΩR1,d, (3)

where C(0) is the second-order stiffness tensor for out of plane
motion1, ρ0 the density and ∇X the gradient operator in the
original domain. The domain

ΩR1,d = R2 \ Ω′
R1,d, (4)

1With respect to the full fourth-order stiffness tensor C(0), we have C
(0)
ij = 2 C(0)

i3j3, where i, j = 1, 2
in cartesian coordinates and i, j = R, Θ in cylindrical ones.
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where the complement

Ω′
R,d =

+∞⋃
h1,h2=−∞

S(Yh, R), with S(Yh, R) = {X : |X − Yh| < R}.

(5)
For later use we also define

Q(Yh, d) = {X : 0 ≤ X1 − Y1
h ≤ d, 0 ≤ X2 − Y2

h ≤ d}, (6)

so that the domain of the generic unit cell is

Ωh
R1,d = Q(Yh, d) \ S(Yh, R1), (7)

where the bar indicates the closure.
The linear momentum balance (3) is complemented by either

Neumann or Dirichlet boundary conditions on ∂ΩR1,d, namely

C(0)∇XU(X) · n = 0 or U(X) = 0 . (8)

For an isotropic medium, eqn. (3) reduces to the classical
Helmholtz equation

∆XU(X) + β2U(X) = 0, X ∈ ΩR1,d, (9)

with β = ω/c0 the frequency parameter, c0 =
√

µ0/ρ0 the phase
velocity, µ0 the shear modulus and ∆X the Laplacian operator in
the original domain. The associated Neumann boundary condi-
tions are

µ0∇XU(X) · n = 0 on ∂ΩR1,d , (10)

while Dirichlet conditions remain as in (8).

2.2 Transformed Geometry

A radial geometric transformation is applied in each unit cell: the
shell centred at Yh, with internal and external radii R1 and R0,
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Figure 2: (a) Original and (b) transformed doubly periodic perforated domains. (c) Unit cells. The
linear isotropic and homogeneous elastic material in the shell R1 < R < R0 is transformed into the
linear anisotropic and inhomogeneous elastic material in the region R2 < r < R0.

respectively, is mapped into the shell centred at yh = Yh, with
internal and external radii R2 and R0, respectively (see Figure 2c).
The linear radial mapping x = F(X), for X ∈ Ω′

R0,d \ Ω′
R1,d, in

each cell is 
rh = g(Rh) = R0 + α1(Rh − R0),
θh = Θh,

(11)

where
α1 = R0 − R2

R0 − R1
,

and

Rh = |X − Yh|, Θh = 2 arctan
 X2 − Y h

2
X1 − Y h

1 + Rh

 ,

rh = |x − yh|, θh = 2 arctan
 x2 − yh

2
x1 − yh

1 + rh

 . (12)
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We stress that the transformed geometry maintains the same pe-
riodicity as the original one, but it can be easily expanded to
non-periodic transformations. The inverse transformation X =
F−1(x), for x ∈ Ω′

R0,d \ Ω′
R2,d, is

Rh = G(rh) = g−1(rh) = R0 + rh − R0
α1

,

Θh = θh .

(13)

2.3 Transformed equation of motion

Restricting the attention to the cell identified by h1 = h2 = 0,
with Y0 = y0 = 0, the governing eqn. (3) is transformed into

∇ · C∇u(x) + ρ ω2u(x) = 0, (14)

where u(x) is the transformed displacement, that we assume equal
to U(X). In addition, ∇ is the gradient operator in the trans-
formed domain and ρ and C the transformed density and stiffness
tensor, respectively [15, 68]. They can be given in terms of the
Jacobian of the transformation, which can be expressed in cylin-
drical coordinates as

F(X) =
 g′(R) 0

0 g(R)
R

 =


1
G′(r) 0

0 r
G(r)

 , (15)

where the superscript 0 will not be indicated in the following for
ease of notation. Thus,

C = 1
J

F C(0) FT , ρ = ρ0
J

, (16)

with
J = det F = g′(R) g(R)

R
= r

G(r)G′(r). (17)
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The transformed Helmholtz eqn. (14) represents a linear anisotropic
and inhomogeneous material. If C(0) is isotropic, under transfor-
mation (11) the transformed material is radially anisotropic and
the governing equation (14) takes the form

∂2u

∂r2 + G′(r)
G(r)

∂u

∂r
+

G′(r)
G(r)


2

∂2u

∂θ2 + [G′(r)β]2u = 0, (18)

where
G′(r)
G(r) = R0 − R1

R0(R1 − R2) + r(R0 − R1)
, G′(r) = 1

α1
= R0 − R1

R0 − R2
.

(19)
Note that, in the untransformed domain

G′(r)
G(r) = 1

r
, G′(r) = 1. (20)

3 Dispersion properties

Here, we analyze dispersion properties for both original and trans-
formed geometries. The dispersion properties have been com-
puted both numerically, using the finite element package Comsol
Multiphysics 5.3, and semi-analytically, implementing the mul-
tipole expansion method. The semi-analytical approach, while of
more difficult implementation, shows in closed form the relation-
ship between the dispersion properties of the original and trans-
formed geometries and is used to obtain Dirac points through a
recursive algorithm.

The multipole expansion method is fully detailed in [47, 79, 89].
For completeness, we briefly present the method in the following
together with the application to the case of transformed geometry.
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3.1 Multipole expansion method

The displacement is expressed by separation of variables. In the
transformed geometry, the problem is governed by the equation
of motion (18), and the displacement can be given by

u(r, θ) =



∞∑
n=−∞

[
As

nJn(β G(r)) + Bs
nH(1)

n (β G(r))
]
einθ , in Ω′

R0,d \ Ω′
R2,d ,

∞∑
n=−∞

[
Am

n Jn(β r) + Bm
n H(1)

n (β r)
]
einθ, in ΩR0,d .

(21)
In the shell domains Ω′

R0,d \Ω′
R2,d, G(r) is as in eqn. (13). In (21)

H(1)
n = Jn + iYn is the Hankel function, Jn,Yn are the Bessel func-

tions of the first and second kind [1] and the unknown coefficients
As,m

n , Bs,m
n must be determined from the boundary and interface

conditions. The superscripts m and s indicate the matrix and the
shell domains.

The interface boundary conditions on ∂ΩR0,d (r = R0), impos-
ing continuity of displacements and shear tractions between the
anisotropic shells and the isotropic matrix, imply that

Am
n = As

n, Bm
n = Bs

n, n ∈ Z. (22)

Neumann boundary conditions on ∂ΩR2,d (r = R2, see Figure
2c) impose that

As
n = −H ′(1)

n (βG(R2))
J ′

n(βG(R2))
Bs

n, n ∈ Z , (23)

while quasi-periodicity conditions have been obtained from a Rayleigh
identity [59, 81], giving

As
n =

∞∑
l=−∞

(−1)l−nSH
l−n(β, k)Bs

n, n ∈ Z . (24)
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In eqn. (24), SH
l−n(β, k) = −δl,0 + iSY

l (β, k) is the lattice sum [6,
13, 21, 79], with δ the Kronecker delta and k = |k| the magnitude
of the Bloch vector. In [58] different ways of evaluating the non-
trivial lattice sum are reviewed. Here, we adopt the representation
given by Chin et al. [13], obtained by repeated integration to
accelerate convergence

SY
l (β, k) = − 1

Jl+q(βλ)


Yq(βλ) + 1

π

q∑
n=1

(q − n)!
(n − 1)!

( 2
βλ

)q−2n+2
δl,0 +

+4il
+∞∑

h1,h2=−∞
h̸=0

(βd

Qh

)q Jl+q(Qhλ)
Q2

h − (βd)2eilηh

(25)

where Qh = (k1d+2πh1, k2d+2πh2) and ηh = arctan(Qh). The
parameter λ is arbitrary and taken equal to d, the acceleration
parameter q is typically chosen between 3 and 7 and, as shown in
[59], increasing it makes the series converge more rapidly for large
Qh, but delays the onset of rapide convergence; for our case, we
took q = 3.

Notice that the singularities Q2
h − β2 = 0 correspond to the

dispersion equation of a homogeneous square array.
Eqns. (23) and (24) lead to the following system ∞∑

l=−∞
(−1)l−nSH

l−n(β, k)J ′
n(βG(R2)) + H ′(1)

n (βG(R2))
Bs

n = 0.

(26)
The system (26) has infinite dimension and is truncated at N to
give the finite system

M(β, k)B = 0, (27)

having dimension (2N + 1, 2N + 1). The dispersion relation is
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the characteristic equation

det[M(β, k)] = 0. (28)

of the spectral problem (27).
For Dirichlet boundary conditions on ∂ΩR2,d, first derivatives

J ′
n and H ′(1)

n are substituted by Jn and H(1)
n in eqns. (23) and

(26).
In the original geometry, where the problem is governed by the

equation of motion (9), the displacement is given in the form

U(R, Θ) =
∞∑

n=−∞

[
AnJn(βR) + BnH(1)

n (βR)
]
einΘ. (29)

The dispersion relation (28) is obtained following the procedure
detailed in eqns. (23-28), where G(R2) is replaced by R1 and As

n

and Bs
n by An and Bn, respectively.

Dispersion surfaces have been computed fixing the wave vec-
tor k and searching for the frequencies satisfying the dispersion
relation. A comparison between results obtained implementing
the multipole expansion method and Comsol Multiphysics is re-
ported in Appendix A.

3.2 Dispersion properties of transformed and untransformed
domains

The dispersion properties of untransformed and transformed ge-
ometries are analysed here. In Figure 3, we compare the dispersion
diagrams for the case in which R0/d < 0.5. In the transformed
geometry R0/d = 0.45, R1/d = 0.005, R2/d = 0.4. In the
untransformed geometry, with homogeneous matrix, the internal
relative radii of the holes are R1/d = 0.4 and R1/d = 0.005,
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Figure 3: Dispersion diagrams. Results correspond to Dirichlet (a)-(b) and Neumann (d)-(e) boundary
conditions in the central inclusions. (c) Homogeneous untransformed domains with internal radii R1/d =
0.4 (left), R1/d = 0.005 (right) and inhomogeneous transformed domain, with R0/d = 0.45, R2/d = 0.4,
R1/d = 0.005 (center). In the diagrams, grey continuous lines indicate untransformed geometries,
dashed lines the transformed ones.

respectively. Both Neumann and Dirichlet boundary conditions
are considered at the internal void boundaries. Following [45],
the usual path in the reciprocal space is taken, where Γ = (0, 0),
X = (π/d, 0), M = (π/d, π/d).

It is evident that the dispersion properties for untransformed
and transformed geometries with the same voids’ radii R1/d = 0.4
and R2/d = 0.4, respectively, are strongly different. This is
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Figure 4: Band distribution of the periodic system as a function of the radius R1/d. Grey regions are
the pass bands along (a) ΓX, (b) XM , (c) MΓ in the reciprocal space, in (d) the band distribution in
the first Brillouin zone is reported. In the computation R0/d = 0.45, R2/d = 0.4. Some Dirac points are
indicated in parts (a) and (c) with circles. The inset in part (a) shows a magnification with the Dirac
point at R1/d = 0.489726 and βd = 6.43503. Dot-dashed lines indicate the cases R1/d = 0.005, 0.4.
Video 1 in the supplementary material shows the evolution of the dispersion diagram as a function of
R1/d.

clearly associated to the distribution of the mechanical proper-
ties in the non-homogeneous shells (R2 ≤ r ≤ R0). On the
contrary, we show on the right column the perfect match between
the dispersion diagrams of the transformed geometry and the un-
transformed one with hole’s radius R1/d = 0.005. The agreement
between dispersion curves for the transformed geometry and the
untransformed one with R1/d = 0.005 can be explained by con-
sidering the interface conditions at r = R0 satisfied by the equal-
ities (22) and that, in eqn. (23), G(R2) = R1, as imposed by the
mapping (13).

Thus, we have shown that, implementing the geometric trans-
formation detailed in Section 2.2, it is possible to mimic the dis-
persion properties of a periodic system with homogeneous matrix
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Figure 5: Overlapping transformation, R0 > 0.5 d. (a) Original and transformed geometries. In the
inset the direct (11) and inverse (13) mappings of the boundaries of the central unit cell are shown in
dashed and dashed-dotted lines, respectively. Dispersion diagrams for untransformed (grey lines) and
transformed (black dashed lines) geometries: (b) R0 = 0.564 d > 0.5 d, R1 = 0.4 d < 0.5 d, R2 = 0.1 d.
(c) R0 = 0.6 d > 0.5 d, R1 = 0.55 d > 0.5 d, R2 = 0.1 d.

having holes of internal radius R1, with a periodic system with
non-homogeneous shells with internal radius R2.

In the second part of the work, we are going to show several
applications. In particular, in Figure 4, we report the band dis-
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Figure 6: Effective properties in the quasi-static limit as a function of the radius R1 (Figure 2). The
effective density and shear moduli are given for the untransformed (ρ̃0 and µ̃0) and transformed (ρ̃
and µ̃) domains, together with the effective low-frequency phase velocities c̃ and c̃0. The geometrical
parameters R0 = 0.6 d > 0.5 d, R2 = 0.3 d are considered.

tribution, along the paths ΓX (a), XM (b) and MΓ (c) and in
the full first Brillouin zone (d) for Neumann boundary conditions
at the voids. From the Figure we can see that, by modulating the
transformation by changing the initial radius R1, it is possible to
obtain the desired filtering properties increasing the reflectance or
the transmittance in a broadband frequency interval. In particu-
lar, increasing R1 partial and full band gaps of increasing size are
generated, while the second pass band for propagation along ΓX

is shifted to higher frequencies when R1/d > 0.4 . In Section 4.1,
we will show the transmitted power flow throughout an interface
for two values of R1, describing in Figure 11 different filtering ef-
fects. The dependence of the dispersion diagram on the radius R1
can be also appreciated in Video 1 in the supplementary material.

3.2.1 The case R0 > 0.5 d. Overlapping transformations

In Figure 5 we show the comparisons between initial and trans-
formed geometries in the case where the external radius R0 >

19



0.5 d. Two different initial geometries are considered: in part (b)
R1 = 0.4 d < 0.5 d, in part (c) R1 = 0.55 d > 0.5 d. In the
transformed geometries R2 = 0.1 d. It is evident that the disper-
sion diagrams show differences; this is due to the fact that the
inhomogeneous shell R2 < r < R0 intersects the boundary of the
unit cell and quasi-periodicity conditions are applied on two sets
which are not mapped by the transformations (11) or (13). In the
bottom of part (a) of Figure 5, it is possible to see the direct and
inverse mapping of the boundary of the unit cell. We note from
Figure 5 part (c) that, even in the case where the solid phase in the
original geometry is not connected (R1 > 0.5 d), the dispersion
properties of the transformed geometry maintain the ‘classical’
structure with stop and pass band of finite size. In particular, the
local mechanical properties in the orthotropic domains are

µr = Crr = G(r)
G′(r)rµ0 = r(R0 − R1) + R0(R1 − R2)

r(R0 − R1)
µ0,

µθ = Cθθ = G′(r)r
G(r) µ0 = r(R0 − R1)

r(R0 − R1) + R0(R1 − R2)
µ0, (30)

and

ρ = G′(r)G(r)
r

ρ0 = r(R0 − R1) + R0(R1 − R2)
r(R0 − R2)2 (R0 − R1)ρ0.

(31)
From eqns. (30) and (31), since min(R2, R0) ≤ r ≤ max(R2, R0)
and min(R1, R0) ≤ G(r) ≤ max(R1, R0), r and G(r) are always
positive quantities. Thus, the positiveness of µr, µθ and ρ are
governed by the factor G′(r) = α−1

1 = (R0 − R1)/(R0 − R2),
which is also a positive quantity in the present and previous cases
.
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We also note the interesting relation µ0 = √
µrµθ, which is

mathematically analogous to the exact result µ̃ = √
µ1µ2 for the

effective shear modulus µ̃ of an isotropic bi-phase composite, with
phase shear moduli µ1 and µ2, having material symmetry as, for
example, a checkerboard structure. This was shown by Dykhne
[18] for the conductivity problem, by making use of the ‘phase
interchange’ relation [23, 33]. The same relation holds for the
effective shear modulus of a macroscopically isotropic polycrys-
tal, with periodically or randomly distributed microstructure, in
which each anisotropic phase has principal shear moduli µ1 and
µ2.

The effective properties in the quasi-static limit are shown
in Figure 6. For the antiplane shear problem, the behavior is
isotropic. The effective mass densities in the untransformed and
transformed domains are

ρ̃0 = 1
|Ω(0,0)

R1,d|

∫
Ω(0,0)

R1,d

ρ0 dA, ρ̃ = 1
|Ω(0,0)

R2,d|

∫
Ω(0,0)

R2,d

ρ dA. (32)

The effective shear moduli have been computed by applying
affine Dirichlet boundary conditions on the unit cell associated to
a macroscopic strain ε̃13 and evaluating the macroscopic stress

σ̃13 = 1
|Ω(0,0)

Ri,d
|

∫
Ω(0,0)

Ri,d

σ13 dA, (33)

with i = 1, 2 in the original and transformed domains, respec-
tively. Then,

µ̂ = σ̃13
ε̃13

(34)

where µ̂ is µ̃0 or µ̃. The effective shear modulus can be com-
puted numerically or semi-analytically following the homogenisa-
tion scheme detailed in [11, 90].
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As expected, the effective properties are not negative; ρ̃ > ρ̃0
and µ̃ > µ̃0 (ρ̃ < ρ̃0 and µ̃ < µ̃0) for R1 > R2 (R1 < R2). When
R1/d > 0.5, µ̃0 = 0, since the homogeneous solid phase is not
connected.

The results on the transformed geometry show how it is possi-
ble to easily tune, at least in the quasi-static regime, the effective
mechanical properties of the periodic system. If we compare two
periodic systems with the same internal radius R2, the first with
a homogeneous solid phase and the second with a functionally
graded material interface designed following the geometric trans-
formation (13), we see that by tuning the geometrical parameter of
the transformation and, in particular R1, we can stiffen the com-
posite (R1 < R2) or soften it (R1 > R2) up to the limit R1 → R0,
when the transformation (11) is singular and the group and phase
velocities approach zero in the quasi-static limit.

3.2.2 The case R1 > R0. Unfolding transformation

We consider now an unfolding transformation corresponding to
R1 > R0 > R2. The initial and transformed geometries are shown
in Figure 7, part (a), when R1/d < 0.5. In the unit cell, the solid
phase in the transformed geometry is homogenous for r > R0 and
inhomogeneous in the shell R2 ≤ r ≤ R0, with local properties
defined as in eqns. (30) and (31). Since G′(r) is now negative, the
density and shear modulus are negative in the shell. The reader
can now argue if it makes physical sense to have negative proper-
ties. In order to answer this question, we first follow the Veselago
approach, who proposed in 1968 a theoretical model concerning
the electrodynamics properties of materials with simultaneously
negative dielectric permittivity and magnetic permeability [94].
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Figure 7: Unfolding transformation. Comparisons of dispersion diagrams for untransformed (grey
lines) and transformed (black dashed lines) domains. (a) R1 = 0.4 d < 0.5 d, R0 = 0.2 d, R2 = 0.1 d.
(b) R1 = 0.564 d > 0.5 d, R0 = 0.4 d, R2 = 0.1 d. Three eigenmodes are also shown in part (a). (For
interpretation of the references to colour, the reader is referred to the web version of this article.)

Nevertheless, negative index materials addressed as left-handed
material, backward-wave media, double negative metamaterials
were proposed only after three decades [20, 75, 84]. In general rel-
ativity, the concept of negative inertial and gravitational masses
is known [8]. In Newtonian mechanics a negative stiffness can
be found in the incremental behavior of a nonlinear system: the
snap-through mechanism is probably the simplest example of a
multi-stable structural system that, due to geometric nonlinearity,
may show an incremental negative stiffness in a specific range of
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deformation. Alternatively, by structuring the microstructure on
a scale which is small compared to the wavelength, it is possible to
obtain negative properties on the mesoscale, in particular, in the
dynamic regimes where internal resonances can occur [17, 39, 41].

In Figure 7 we compare the dispersion diagrams for untrans-
formed and transformed domains. In part (a) the case R1 < 0.5 d

is reported; we note that the periodic system with inhomoge-
neous solid phase is capable to reproduce the same dispersion
curves as the untransformed one, plus some additional ones. In
the considered example, the additional curves are at βd = 0 and
at the finite frequency βd = 6.95. Some of the eigenmodes at
k = (0, 0) are also shown in Figure 7a. The two eigenmodes at
βd = 5.10 have the same displacement distribution in the region
r > R0. In addition, for the transformed case, u(rA) = u(rB),
when R2 ≤ rA = g(rB) ≤ R0.

The eigenmode on the bottom right of Figure 7a is associated
to the two additional dispersion curves at βd ≃ 6.95. It repre-
sents an anomalous localised resonance, which can be interpreted
as the phononic analogous of the plasmonic resonance in electro-
magnetism [80]. They have been studied in electromagnetism in
the quasi-static limit for a single coated inclusion [66], a square
array of coated cylinders [65] and regular and disordered arrange-
ments of coated cylinders and spheres [63]. In the quasi-static
limit, Milton et al. [53, 54] have shown that the resonant field
generated by a polarizable line or point dipole acts back on the
polarizable line or point dipole and effectively cancels the field
acting on it from outside sources. The dispersion curves for the
transformed case at βd ≃ 0 confirm the quasi-static results in the
literature. The analysis has been extended to consider the effect of
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a finite wavelength for a single coated inclusion with homogeneous
shell in [64] and numerical analyses at finite frequencies for differ-
ent geometric transformations are given in [40]. In the following,
we report the result of a semi-analytical approach. In order to
better evidence the anomalous resonance effect, we consider the
unfolding transformation on a single inclusion.

Anomalous localized resonance. A single hole of radius
R2 in a infinite domain is considered. The hole is surrounded
by a non-homogeneous shell with internal radius R2 and external
one R0. The external matrix (r > R0) is homogeneous. The
matrix has shear modulus µ0 and density ρ0, the shear modulus
and the density in the shell are given by eqns. (30) and (31),
with R2/R0 = 0.5 and R1/R0 = 1.35 > 1. A concentrated load

Figure 8: Anomalous localised resonance as a result of the unfolding transformation. (a) Contour plot
of the displacement u is given for R2/R0 = 0.5 and R1/R0 = 1.35. (b) Displacement distribution along
the dashed line indicated in part (a). (c) Displacement amplitude in the point xP as a function of the
ratio R1/R0. (For interpretation of the references to colour, the reader is referred to the web version of
this article.)

is applied at xF , where xF = (rF , θF ), with rF = 3R0/2 and
θF = π/4, in cylindrical coordinates. The Green’s function for
Helmholtz equation describing the out of plane shear problem is

F (r̂) = − i

4H
(1)
0 (βr̂), (35)
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where r̂ = |x − xF |. The general solution is
us(r, θ) =

∞∑
n=−∞

[
As

nJn(β G(r)) + Bs
nH(1)

n (β G(r))
]
einθ , for r < R0 ,

um(r, θ) =
∞∑

n=−∞

[
Am

n Jn(βr) + Bm
n H(1)

n (β r)
]
einθ, for r > R0 .

(36)
Using the Graf’s addition theorem [1], the Hankel function in

eqn. (35) can be expressed as

H
(1)
0 (βr̂) =

∞∑
n=−∞

H
(1)
0 (βrF )Jn(βr)ein(π−θ+θF ), (37)

for r < rF , leading to

Am
n = 0.25 i (−1)n+1H(1)

n (βrF )e−inθF . (38)

The remaining coefficients are obtained from the interface condi-
tions

um(R0, θ) = us(R0, θ), µ0
∂um

∂r

∣∣∣∣∣∣
r=R0

= µ
∂us

∂r

∣∣∣∣∣∣
r=R0

, (39)

and the Neumann boundary condition

µ
∂us

∂r

∣∣∣∣∣∣
r=R2

= 0. (40)

They have the following expressions

As
n = 0.25 i (−1)n+1 H(1)

n (βrF )e−inθF ,

Bs
n = Bm

n = − Jn+1(βR1) − Jn−1(βR1)
H

(1)
n+1(βR1) − H

(1)
n−1(βR1)

As
n.

(41)

The real part of the displacement u(r, θ) is shown in Figure 8.
In the computation, the sums in the representation (36) have been
truncated at N = 30 and βrF = 6. The amplitude amplification
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in the neighborhood of the interface between the shell and the
external matrix (r = R0) is fully visible both from the contour
plot in part (a) and the displacement distribution in part (b),
shown along the radial line indicated in part (a) of Figure 8. In
order to show the effect of unfolding in part (c) of the figure,
the displacement amplitude in the point xP = (R0, 0) indicated
in part (a), is given as a function of the initial radius R1. We
remember that unfolding corresponds to R1/R0 > 1. The results,
in logarithmic scale, indicated an amplification on the shell-matrix
interface when R1/R0 ≳ 1.3. We obtained an amplification at
approximately the same threshold also for βrF = 12 and βrF =
30.

Figure 9: Low-frequency effective shear modulus and density as a function of the radius R1. Results
are given for R0 = 0.4 d, R2 = 0.1 d. Solid and dashed lines correspond to relative effective shear
modulus µ̃/µ0 and density ρ̃/ρ0, respectively. Scaled curves are given at the bottom. The dispersion
diagrams in the neighborhood of Γ are given in the four insets indicated with roman numbers I, II, III
and IV; the corresponding values of R1/d are also reported with dashed-dotted lines in the µ̃/µ0, ρ̃/ρ0
vs R1/d plots.
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The case R1 > d/2 > R0. The dispersion diagrams for
the case of unfolding transformation, where the initial radius R1
is greater than the half-dimension d/2 of the unit cell, is shown
in Figure 7b. As for the case of regular transformation reported
in Figure 5b, the dispersion diagrams before and after transfor-
mation are strongly different. In this case, there are additional
interesting features at low-frequency. First of all, some of the
branches intersect the zero frequency axis βd = 0 at finite ampli-
tudes of the wavenumber k within the irreducible Brillouin zone.
In prestressed flexural beams or plates such points indicate static
buckling [97]; here, they are associated to anomalous internal res-
onance at zero frequency.

In addition, it appears that changing the initial radius R1, it
is possible to modulate the phase and group velocity in the low-
frequency βd → 0, low wavenumber k → 0 limit. In this regime,
the homogenised shear modulus µ̃ and density ρ̃ are shown in Fig-
ure 9 as a function of the initial radius R1, where R0 = 0.4 d and
R2 = 0.1 d. They have been computed following the procedure
detailed at the end of Section 3.2.1, eqns. (32.2) and (34). In
particular, when R0 < d/2,

ρ̃ = ρ0

1 − πR2
1

d2

 . (42)

The results show that both µ̃ and ρ̃ can change in sign. Thus,
there is the possibility to have propagation, when µ̃/ρ̃ > 0, or
no propagation, when µ̃/ρ̃ < 0. Note that negative values of µ̃

and ρ̃ have been associated to a negative refractive index [86].
Different cases are shown in the four insets in Figure 9, indicated
with the roman numbers I, II, III and IV. The dispersion curves
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correspond to the different values of R1/d, indicated with dashed-
dotted lines, labelled with the same roman numbers in the effective
properties plots of Figure 9. At R1/d = 0.45 (case I) and R1/d =
0.61 (case III), there are locally linear dispersion curves departing
from Γ at βd = 0, with phase and group velocity c̃ =

√
µ̃/ρ̃,

since in case I both µ̃ and ρ̃ are positive and in case III both
properties are negative. At R1/d = 0.54 (case II) and R1/d =
0.64 (case IV), a low-frequency finite stop band is present in the
neighborhood of Γ, since µ̃ ≶ 0 and ρ̃ ≷ 0 in cases II and IV,
respectively. Note also that a zero frequency curve is present when
µ̃ < 0 or ρ̃ < 0.

Finally, we stress that the initial radius R1 can be used as a
design parameter in order to modulate the low-frequency phase
and group velocities in the neighborhood of Γ, ranging from low
or zero values when µ̃ → 0 to large or unbounded ones when
ρ̃ → 0.

4 Numerical Results

In this Section, we show possible implementations of the proposed
design based on periodic transformation.

4.1 Transmission problem in an infinite medium

The transmission problem for a slab composed of three layers
of inclusions surrounded by non-homogeneous shells is analysed
numerically. The computational domain is shown in Figure 10a.
The incident wave has the angle of incidence θI = π/6, while
the mechanical properties of the shells are designed following the
transformation (11). In part (c) the parameters are R1/d = 2.22̄ ·
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Figure 10: Transmission problem. (a) Computational domain for an oblique incident wave with angle
of incidence θI . The interface is composed of three layers of inclusions surrounded by non-homogeneous
shells. The power flux has been computed along the edges ∂Ω1, ∂Ω2, ∂Ω3 and ∂Ω4 of the rectangle
ABCD. (b) Displacement generated by Gaussian beam in a homogeneous domain (see eqn. (43)). (c),
(d) Displacement generated by a Gaussian beam interfering with the slab. The shells parameters are: (c)
R1/d = 2.22̄ · 10−4, R2/d = 0.222̄, R0/d = 0.444̄, (d) R1/d = 0.444̄, R2/d = 9.88 · 10−3, R0/d = 0.494 .
The size of the computational domain is (12d × 10d). (For interpretation of the references to colour,
the reader is referred to the web version of this article.)

10−4, R2/d = 0.222̄, R0/4 = 0.444̄, while in part (d) R1/d =
0.444̄, R2/d = 9.88 · 10−3, R0/d = 0.494 .

The numerical models have been implemented in Comsol Mul-
tiphysics 5.3. Details on the implementation of the numerical
code are reported in Appendix B. We applied an incident Gaus-
sian beam uI and computed the scattered field uS; the total field
u = uI + uS is shown in Figure 10 parts (b), (c) and (d) and Fig-
ure 1, with βd = 17.2 . Non-scattering boundary conditions are
imposed on the external boundary of the computational domain.
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The Gaussian beam in cartesian coordinates is given by

uI(x1, x2) =
(
1 + ξ2

)−1
4 exp

− x2
2

b2
0(1 + ξ2)

 exp
−i

βx1 + β
x2

2
2χ

− arctan ξ

2




(43)
where χ = x1(1 + ξ−2) is the radius of curvature of the beam’s
wavefront at x1, ξ = x1/x0, x0 = β b2

0/2, with b0 the beam or
waist radius. In the computations, we assumed b0 = 1.25d. The
propagation of a Gaussian beam in a homogeneous medium is
reported in Figure 10b.

In Figure 10c we show the results where the interface is an array
of holes of finite size R2/d = 0.222̄. The comparative results with
the homogeneous case in Figure 10b show a negligible scattering
produced by the interface associated to nearly full transmission.
On the contrary in Figure 10d we show the results where the
interface is an array of holes of negligibly small size R2/d = 9.88 ·
10−3. In such case, as a result of the design introduced by the
geometric transformation, the interface is capable to reflect the
incoming wave to a large extent. Thus, the slab can be designed
in order to cloak the array of holes or as a full reflecting interface.

In Figure 1 we show that it is possible to obtain practically full
transmission, also in the extreme case of very large holes, where
R2/d = 0.444̄, with R1/d = 2.47 · 10−4 and R0/d = 0.494 . In
the inset of the figure, it is possible to recognize from the contour
plot of the displacement distribution, that the Gaussian beam can
propagate in the homogeneous part of the slab practically undis-
torted, while in the transformed shells around each void inclusion
u(x) = u(F(X)).
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4.1.1 Power flow

The performance in term of transmission and reflection has been
assessed quantitatively by determining the power flow of the me-
chanical wave throughout the boundaries ∂Ωi (i = 1, · · · , 4) of
the rectangular domain ABCD, indicated in Figure 10a. The
time-averaged (over a period T = 2π/ω) rate of energy flux pass-
ing through a surface, with local outward normal n, in a position
x, is [2]

P (x) = 1
2Re[τ3jnju̇

∗], j = 1, 2 , (44)

where τ3j = µ∂u/∂xj are the out of plane shear stress compo-
nents, u̇∗ the complex conjugate of velocity and nj the compo-
nents of the normal to the surface. Then, the power flow (per unit
thickness) across each boundary ∂Ωi (i = 1, · · · , 4), is calculated
integrating the local flow per unit area as follows

Pi =
∫
∂Ωi

Pds, (45)

where s is a local curvilinear coordinate defined in each boundary
∂Ωi. All the fluxes have been normalised by the power flow across
∂Ω3 in the homogenous case PH

3 (see Figure 10b), therefore

P̂i = Pi

PH
3

. (46)

The power flow PH
3 can be easily computed for a propagating

Gaussian beam from the expression (43); the length of the bound-
ary ∂Ω3 have been fixed in order to have a difference less than
1% with respect to a straight boundary ∂Ω∞

3 ⊃ ∂Ω3 of infinite
length. In the following, when this condition is not satisfied, re-
sults will not be shown. The normals ni to ∂Ωi (i = 1, · · · , 4)
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are as follows

n1,3 = (∓ cos θI , ± sin θI)T , n2,4 = (∓ sin θI , ∓ cos θI)T .

(47)

Figure 11: Rate of transmitted energy P̂3 across ∂Ω3 as a function of the normalised frequency βd.
Black dots correspond to Figure 10c, blue dots to Figure 10d, green dots to the same parameter of
Figure 10d except for R1/d = 0.484. The dash-dotted line corresponds to the frequency βd = 17.2
adopted in Figure 10. Thick black and grey lines at the bottom indicate the partial stop band intervals.
(For interpretation of the references to colour, the reader is referred to the web version of this article.)

We identify with P̂3 the transmitted power flow, while P̂2 and
P̂4 give an indication of the energy radiated into the interface. The
transmitted power flow P̂3 is shown in Figure 11 as a function of
the normalised frequency βd. From the black points, we note that
when the small void inclusions of radius R1/d = 2.22̄ · 10−4 are
mapped to the larger inclusions of radius R2/d = 0.222̄ the trans-
mitted flow P̂3 ≃ 1 at all frequencies, meaning that the Gaussian
beam can propagate within the slab practically unperturbed, in
the all frequency spectrum that we have considered. On the con-
trary, when initial relatively large voids of radius R1/d = 0.444̄
are mapped into the small voids of radius R2/d = 9.88 · 10−3

(blue dots in Figure 11), high reflectance is generated. The re-

33



flection is maximized in the frequency intervals corresponding to
the stop bands of the periodic structure for propagation along the
direction determined by the angle θI of the incident wave. They
roughly correspond to the frequencies where P̂3 ≃ 0. In any case,
in the considered frequency spectrum, P̂3 < 0.5 . By varying
the initial radius R1, it is possible to modulate the amount of
reflection; in Figure 11 we have shown in green dots the results
for the case where the final geometry is the same, but the prop-
erties of the shells surrounding the voids are designed from the
different initial radius R1/d = 0.484. As a results, it is possi-
ble to decrease the amount of transmission with respect to the
previous case (see βd = 8.2), to increase the frequency interval
corresponding to negligible transmission (see 1.6 < βd < 4.9),
but also to shift such frequency interval (see 16.8 < βd < 17.6
and 19.6 < βd < 20.9).

In all the performed computations P̂2 and P̂4 are negligible,
their moduli being always less than 10−5. While they cancel each
other when there is high transmission, namely P̂4 ≃ −P̂2, they
are both positive when there is high reflection indicating, albeit
small, some radiation into the interface.

4.2 Waveguides

In this Section, we consider out of plane elastic waves propagating
along the longitudinal direction x1 in a two dimensional waveguide
of width d. The upper and lower boundaries at x2 = ±d/2 are
clamped.

The propagating wave in the homogeneous waveguide has the
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Figure 12: Wave propagation in a waveguide throughout a five units interface. (a) Dispersion relations
for propagation along direction x1. (b) Transmitted power flow P̄T = Pd/(c0µ0) as a function of the
normalised frequency βd. (c), (d) Out of plane displacement field for an incident wave uI = Re[u1] (see
eqn.(48)), with βd = 12. Black dashed lines and part (c) correspond to R1/d = 0.005, R2/d = 0.4 and
R0/d = 0.45, blue lines and part (d) to R1/d = 0.4, R2/d = 0.005 and R0/d = 0.45 and the gray line
in part (b) to the homogeneous waveguide. (For interpretation of the references to colour, the reader is
referred to the web version of this article.)

form [51]
un(x1, x2) = eik1x1fn(x2) , (48)

where the real wavenumber

k1 =
√

β2 − n2π2/d2, n ∈ N , (49)

and

f2m−1(x2) = cos
(2m − 1)πx2

d

 , f2m(x2) = sin
2mπx2

d

 , m = 1, 2, · · · .

(50)
We introduce into the waveguide a 5 units interface. Each

unit has a void inclusion surrounded by a shell having mate-
rial parameters defined by means of the geometric transforma-
tion (11). On the void inclusion Neumann boundary conditions
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are applied, while on the upper and lower boundaries of each cell
(where n = (0, ±1)) Dirichlet boundary conditions are imposed.

The numerical computations have been performed in Comsol
Multiphysics 5.3, with non reflecting boundary conditions im-
posed on the left and right boundaries (where n = (±1, 0)) for
the transmission problem.

In Figure 12c, we consider large voids of radius R2/d = 0.4.
The dispersion diagram, shown in black dashed lines in part (a),
approaches the dispersion diagram for a homogeneous waveguide,
for which the dispersion relation satisfies eqn. (49).

For the transmission problem, we consider the incident wave

uI = u1 = eik1x1 cos
(πx2

d

)
, (51)

with k1 =
√

β2 − π2/d2. Again, the wave propagates through-
out the interface without any evident perturbation, showing full
transmission with the shells acting as cloaking interfaces. The full
transmission is detailed in Figure 12b, where the curve showing
transmitted power flow in the waveguide with large voids (dashed
black line) is practically coincident with the transmitted power
flow in a homogeneous waveguide (grey line). In the homoge-
neous waveguide, following the eqns. (45) and (46), the transmit-
ted power flow throughout a generic cross-section x1 = const, is
2

P = µ0 c0
4d

Re[βd
√

(βd)2 − π2], (52)

which is positive above the cutoff frequency βd = π.
The opposite behavior is retrieved in Figure 12d, where the

case of small voids of radius R2/d = 0.005 is studied. The dis-
2In this case, we preferred not to show the normalised values, since in the homogenous case the

power flow can be zero.
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persion properties, shown in blue lines in part (a), evidence large
stop bands separated by tiny pass bands, characterised by nearly
horizontal dispersion curves. The transmission problem in part
(d) evidences the capability of the interface to reflect the incident
wave. In Figure 12b we show (in blue lines) that the reflection
is maximised in the full frequency interval and to a much larger
amount with respect to the continuous case analysed in Section
4.1.1. In the insets of Figure 12b, we also detailed the typical
Fabry-Perot [77] resonance oscillations in correspondence of the
tiny pass bands and the transmitted flow in the neighborhood of
the cutoff frequency.

4.2.1 Defect modes

Here, we consider the same infinite waveguide with small voids as
in Figure 12d, with an interface with units obtained employing
the transformation (11), with R1/d = 0.4, R2/d = 0.005 and
R0/d = 0.45. With respect to the previous case, we do not
introduce the central unit, so that the waveguide is homogeneous
in the domain (x1, x2) ∈ (−d/2, d/2) × (−d/2, d/2).

Figure 13: Defect modes in an infinite waveguide. The modes correspond to (a) βd = 3.38, (b)
βd = 4.40, (c) βd = 6.47 and (d) βd = 7.09.

The infinite waveguide present a set of distinct internal res-
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onance or defect modes, some of which, symmetric and skew-
symmetric about the x1 and x2 axes, are shown in Figure 13.

These modes are generated by the inhomogeneous and anisotropic
distribution of mechanical parameters designed following (11),
since in a homogeneous waveguide, with the same four voids, these
defect modes are not present, at last in the broad frequency in-
terval 0 ≤ βd ≤ 15.

4.3 Dirac Points

The dispersion diagrams for the periodic system may evidence
Dirac points [38], where the system (27) displays degeneracies.
From Dirac points at least two dispersion surfaces emerge as Dirac
cones or Dirac-like cones [49], with finite group velocities at their
vertices. The case of multiple Dirac-like cones at one Dirac point
has been shown in [48]. Wave transmission at Dirac points has
been associated to perfect transmission and cloaking in [5], while
one-way interfacial and edge modes have been generated in elas-
tic lattices by introducing gyroscopic spinners, which modify the
topology of the dispersion diagram of the medium in correspon-
dence of the Dirac points [25, 26]. Unidirectionally propagating
waves immune to backscattering have been studied both in the
frequency domain [25] and in the transient regime [26]. The dy-
namic behavior in the vicinity of Dirac points for elastic lattices
and the associated topological phases have been recently discussed
in [12, 61, 95].

In Figure 14 a Dirac point is shown. The presence of these
points is associated with particular values of the initial radius
R1; the existence and the emergence of these points can be also
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retrieved from the Video 1 in the Supplementary material.
Here, fixing the final geometry (R2/d = 0.375, R0/d = 0.4),

we search for the properties in the shells R2 ≤ r ≤ R0 leading to
Dirac points by changing the parameter R1.

Figure 14: (a) First three dispersion surfaces with a Dirac cone at M and βd = 3.79409. (b) Dispersion
diagram with Dirac point (red point). The initial radius is R1/d = 0.305318. In the insets of part (a)
cross sections of the dispersion surfaces are shown.

In this respect, it was convenient to make use of the multipole
expansion method together with the Meylan approach [50] to find
the targeted values of R1. Dirac points are located at Γ and M in
the reciprocal space. Fixing the position in the reciprocal space,
we started with small values of R1/d = 0.005, iterating on R1 up
to the values at which multiple eigenfrequencies were found. The
coincidence of eigenfrequencies was checked up to the first 7 digits.
The multipole expansion method was implemented with N = 15,
while the Meylan method was considered by imposing close paths
in the complex plane of the frequency β, centred on the positive
real axis. We also checked some of the solutions obtained with
the multipole expansion method with a similar implementation in
Comsol Multiphysics; we found the same values, but we report
that, in the second case, it was not always possible to find all the
eigenfrequencies implementing an iterative procedure. In partic-
ular, we found that, depending on the number of eigenfrequencies
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searched, the FEM package could miss some low-frequency eigen-
solutions.

In Figure 14b we report the dispersion diagram for R1/d =
0.305318, where we indicate with a red dot the Dirac-like point
at M and βd = 3.794098. A triple root of the dispersion relation
(28) was found in the Dirac-like point. In part (a) of Figure 14 the
first three dispersion surfaces are shown together with dispersion
curves in the neighborhood of M as a function of k1 for k2 = π

and k2 = k1, respectively. The Dirac-like cones are evident.
R1 kd βd RM

0.211357 Γ ≡ (0, 0) 5.835796 3
0.305318 M ≡ (π, π) 3.794098 3
0.489726 M ≡ (π, π) 5.429890 2
0.489726 Γ ≡ (0, 0) 6.435974 3

Table 1: Degeneracies of the system (27). Initial radius R1, normalised position in the reciprocal
space kd, normalised frequency βd and root multiplicity RM.

Finally, in Table 1 we report the values of R1, the position in
the reciprocal space, the frequencies and the multiplicity of the
root solving the dispersion relation (28). Triple roots correspond
to the Dirac-like points indicated in Figure 4 parts (a) and (c).
At the double root at βd = 5.429890, two dispersion surfaces are
tangent in a local minimum for both surfaces. Again, we stress
that the transformation (11) can be tuned in order to obtain the
Dirac points.

5 Conclusions

In this work we have proposed the design of a non-homogeneous
periodic system derived from a periodic geometric transforma-
tion. The elastic phononic crystal merges the properties of single
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inclusion cloaks via transformation optics with those of periodic
systems.

Due to periodicity, it is possible to cloak an arbitrarily large
region with multiple large holes, but also to obtain a highly re-
flective system with holes of negligible size.

The analysis of dispersive properties, typical of periodic sys-
tems, is used to quantitatively assess the dynamic properties of
the elastic system after transformation. In particular, cloaking
and broadband high reflection has been linked to the invariance
of dispersion surfaces after transformation. The predictions based
on the analysis of dispersion properties are fully confirmed by the
numerical analyses for transmission problems in a continuum and
in a waveguide.

Geometric transformations have been used as a design tool to
determine the distribution of the mechanical parameters in the
anisotropic and inhomogeneous phases of the solid as a function
of the geometric parameters R0, R1 and R2. For overlapping
and folding transformations dispersive properties are not invari-
ant under transformation, but lead to novel effects. Overlapping
transformation can be implemented with the purpose to increase
the transmission in presence of large voids, while unfolding trans-
formations give rise to localised resonances. The low-frequency
homogenisation has shown the variety of elastic behaviors that
can be attained in the long wavelength regime, with the possibil-
ity to tune the effective phase and group velocities.

Final additional applications were given regarding multiple de-
fect modes in an infinite waveguide and the tuning of transforma-
tion for the existence of Dirac points.

The transformed system is passive and does not require any ac-
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tive control as in [92, 93]. In the implementation a regular trans-
formation is used, where the initial inclusions have always a finite
size and all mechanical properties are bounded. The anisotropic
and inhomogeneous properties can be obtained from a lattice mi-
crostructure [14, 15] or a multilayered one [22, 57].
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[19] Edwards, B., Alù, A., Young, M., Silveirinha, M., and En-
gheta, N. (2008). Experimental verification of epsilon-near-zero
metamaterial coupling and energy squeezing using a microwave
waveguide. Physical Review Letters, 100(3):033903.

[20] Engheta, N. and Ziolkowski, R. (2006). Metamaterials:
Physics and Engineering Explorations. Wiley & Sons.

44

https://doi.org/10.1103/PhysRevE.49.4590
https://doi.org/10.1103/PhysRevE.49.4590
https://doi.org/10.1016/j.jmps.2014.07.014
https://doi.org/10.1016/j.jmps.2014.07.014
https://doi.org/10.1098/rspa.2013.0218
https://doi.org/10.1098/rspa.2013.0218
https://doi.org/10.1007/978-94-007-4813-2
https://doi.org/10.1007/978-94-007-4813-2
https://doi.org/10.1103/PhysRevLett.99.093904
https://doi.org/10.1103/PhysRevLett.99.093904
http://freescb.info/sites/freescb.info/files/dykhne_conductivity_of_two-dimensional_two-phase_system.pdf
http://freescb.info/sites/freescb.info/files/dykhne_conductivity_of_two-dimensional_two-phase_system.pdf
https://doi.org/10.1103/PHYSREVLETT.100.033903
https://doi.org/10.1103/PHYSREVLETT.100.033903
https://doi.org/10.1103/PHYSREVLETT.100.033903
https://ieeexplore.ieee.org/book/5236499
https://ieeexplore.ieee.org/book/5236499


[21] Ewald, P. (1921). Die Berechnung optischer und elektrostatis-
cher Gitterpotentiale (Evaluation of optical and electrostatic
lattice potentials). Annalen der Physik (Leipzig), 369(3):253–
287.

[22] Farhat, M., Guenneau, S., and Enoch, S. (2009). Ultrabroad-
band elastic cloaking in thin plates. Physical Review Letters,
103(2):024301.

[23] Flaherty, J. and Keller, J. (1973). Elastic behavior of com-
posite media. Communications in Pure and Applied Mathe-
matics, 26(4):565–580.
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Appendix A. Comparison between multipole expan-
sion method and finite element simulations

To determine the dispersion surfaces, we fixed the wave vector k
and we searched for the frequency β satisfying the dispersion re-
lation (28). In the multipole expansion method, we implemented
the Meylan approach [50], searching for the number of roots within
a closed path in the complex plane of β. The paths are centred
on the positive real axis and in the analysis we have found only
real values.

A comparison between the frequencies computed in Comsol
Multiphisics and the semi-analytical multipole expansion approach
is reported in Table 2. In the computations N is the truncation

54

https://doi.org/10.1070/PU1968v010n04ABEH003699
https://doi.org/10.1070/PU1968v010n04ABEH003699
https://www.sciencedirect.com/science/article/pii/S0022509618304782?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0022509618304782?via%3Dihub
https://www.sciencedirect.com/science/article/pii/S0022509618304782?via%3Dihub
https://doi.org/10.1098/rspa.2001.0948
https://doi.org/10.1098/rspa.2001.0948
https://doi.org/10.1016/S0065-2156(08)70376-4


number adopted for the finite system (27), approximating the in-
finite sum in (26), which we have taken equal to the truncation
number for the sum in h1 and h2 in (25).

kd FEM ME (N = 2) ME (N = 5) ME (N = 10)

(
π
2 , 0

)
1.356952
4.526865
6.257810
6.559204
7.929420
8.037572

1.358036
4.532874

–
6.849747
7.938114
8.136470

1.356951
4.526868
6.257825
6.559220
7.929743
8.037584

1.356952
4.526865
6.257810
6.559201
7.929421
8.037570

(
π, π

2

)
2.714203
3.754604
5.127843
7.348258
7.989113
8.804243

2.714191
3.773696
5.204680
7.369042

–
8.383524

2.714200
3.754605
5.127832
7.348285
7.989165
8.804280

2.714203
3.754604
5.127841
7.348258
7.989111
8.804240

(
π
2 , π

2

)
1.948120
4.337816
5.378690
7.539204
7.544650
8.435667

1.948065
4.343927
5.498149
7.588725
7.854300
8.574477

1.948119
4.337814
5.378691
7.539273
7.545151
8.435700

1.948120
4.337816
5.378688
7.539201
7.544664
8.435666

Table 2: Comparison between numerical (FEM) and multipole expansion (ME) methods. The first
6 eigenfrequencies βd have been computed at three different points in the reciprocal space. Values
correspond to a transformed geometry with R0/d = 0.4, R1/d = 0.3, R2/d = 0.375 (α1 = 0.25).
Neumann boundary conditions are applied at r = R2. In the multipole expansion method the system
(26) and the sum in h1 and h2 in (25) have been truncated at N = 2, N = 5 and N = 10, respectively.

Appendix B. Finite element implementation of the
transmission problem

Details on the implementation of the finite element simulation are
given here. The most problematic numerical computation was
the one reported in Figure 10d, where R1/d = 0.444̄, R2/d =
9.88 · 10−3, R0/d = 0.494 . Around each void of radius R2 we
built three shell domains, with external radii 2R2, 10R2 and R0,
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respectively. In each domain, from the inner to the outer, we set
the maximum element size sE/d equal to 1.23 · 10−4, 2.47 · 10−3

and 9.88 · 10−3, respectively, while in the external matrix the
limiting element size is sE/d = 1.23 · 10−2. The mesh consists
of 9.2 · 106 linear triangular elements corresponding to 64.5 · 106

degrees of freedom. The computation was performed on a 2xXeon
E5-2600v4 workstation with 192 GB RAM in 57 min.

56


	Introduction
	Out of plane shear waves in a doubly periodic medium
	Governing equations
	Transformed Geometry
	Transformed equation of motion

	Dispersion properties
	Multipole expansion method
	Dispersion properties of transformed and untransformed domains
	The case R0>0.5d. Overlapping transformations
	The case R1>R0. Unfolding transformation


	Numerical Results
	Transmission problem in an infinite medium
	Power flow

	Waveguides
	Defect modes

	Dirac Points

	Conclusions

