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Abstract: We formulate a series of strong ellipticity inequalities for equilibrium equations of the

gradient elasticity up to the Nth order. Within this model of a continuum, there exists a deformation

energy introduced as an objective function of deformation gradients up to the Nth order. As a

result, the equilibrium equations constitute a system of 2N-order nonlinear partial differential

equations (PDEs). Using these inequalities for a boundary-value problem with the Dirichlet boundary

conditions, we prove the positive definiteness of the second variation of the functional of the total

energy. In other words, we establish sufficient conditions for infinitesimal instability. Here, we restrict

ourselves to a particular class of deformations which includes affine deformations.

Keywords: strong ellipticity; strain gradient elasticity; infinitesimal stability; gradient elasticity of

the Nth order; Dirichlet boundary conditions
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1. Introduction

Among various generalized models of continua, the strain gradient elasticity can be
treated as a straightforward extension of the classic elasticity. Although invented together
with the classic elasticity, see [1–3] for historical developments in the field, the model did
not find essential applications. Nowadays, the situation has completely changed. Indeed, a
significant extension of the application of continuum and structural mechanics to various
scales including micro- and nanometre scales and to the modelling of new materials has
resulted in the extensive use of the strain gradient elasticity for the description of material
behaviour at small scales [4–7] as well as in the mechanics of composite materials with
a high contrast in the properties of their components [8–11]; see also [12,13] and the
references therein. The key idea of the strain gradient elasticity approach is based on the
consideration of higher-order deformation gradients as arguments of a deformation energy
density. Therefore, one can classify these models according to a maximal order of the
considered deformation gradient. As a result, the classic elasticity [14–16] could be treated
as a model of the first order, where the models by Toupin [17,18] and by Mindlin [19,20]
can be considered as a strain gradient elasticity of the second order. In addition to these
models, in the literature, a third-order strain gradient elasticity was used [13,21–23]. A
general Nth-order gradient elasticity was discussed in [24]; see also [12,13]. From the
physical point of view, the increase of the maximal order of deformation gradient serves as
a better description of so-called long-range interactions between material particles in solids
and fluids. From the mathematical point of view, the Nth-order gradient elasticity results
in a system of linear or nonlinear partial differential equations (PDEs) of the 2Nth order.
Their properties such as the existence and regularity of solutions could be studied using
the general theory of PDEs [25–28].
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Considering systems of PDEs, one can distinguish elliptic, parabolic, hyperbolic or
more general types of equations. Here, we consider strongly elliptic systems of PDEs using
the definition given by Vishik [29]; see also [30]. Note that ellipticity could be considered
as a natural property of statics. The strong ellipticity (SE) condition is closely related to
the infinitesimal stability of solutions. For example, in nonlinear elasticity, it was shown
that the SE condition implies the infinitesimal stability of an affine deformation for the
Dirichlet boundary conditions, whereas infinitesimal stability results in a weak form of the
SE conditions, called the Hadamard inequality [14–16]. In the case of higher-order models,
the relations between the SE and infinitesimal instability is less straightforward, see [31–33]
for the case of second- and third-order models.

The aim of this paper was to discuss the relations between the SE conditions and the
infinitesimal stability for the general case, i.e., for the strain gradient elasticity of the Nth
order. Here, we restricted ourselves to the first boundary-value problem, i.e., a problem
with the Dirichlet boundary conditions assumed on the whole boundary. From the physical
point of view, the infinitesimal instability for the first boundary-value problem could be
treated as a certain material instability; see [14–16] for the classic elasticity. Indeed, in this
case, an infinitesimal instability relates only to the material response as no external loadings
are presumed.

The paper is organized as follows. First, in Section 2, we introduce the governing
equations of the Nth-order gradient elasticity including the SE conditions. In Section 3, we
discuss a hierarchical series of constitutive equations of mth-order strain gradient materials,
m = 1, . . . , N, and formulate the corresponding SE conditions called the SEm conditions.
Finally, in the following sections, we establish the relations between the SE conditions and
the stability. In Section 4, we introduce the second variation of the total energy. In Section 5,
we discuss affine deformations, i.e., deformations with a constant deformation gradient.
Finally, in Section 6, we show that the SEm conditions are sufficient for the infinitesimal
stability of an affine deformation. On the other hand, similar to the classic elasticity, stability
implies only a weak form of the SEN condition, which plays the role of the Hadamard
inequality for the Nth-order strain gradient elasticity.

2. Governing Equations

Let B be an elastic solid body occupying in a reference placement κ a volume V ⊂ R
3

with a smooth enough boundary S = ∂V. A deformation of B is introduced as a smooth
invertible mapping from reference placement κ into a current placement χ as follows:

x = x(X), (1)

where x and X are position vectors in χ and κ, respectively.
Within the Nth-order strain gradient elasticity there exists a deformation energy W

introduced as a function of deformation gradients up to the Nth order [24]

W = W(F1, F2, . . . , FN), (2)

where F1 ≡ F = ∇x is the deformation gradient and Fi+1 = ∇Fi = ∇
i+1x, ∇i = ∇∇ . . .∇︸ ︷︷ ︸

i times

,

i = 1, . . . , N − 1 are deformation gradients of a higher order, and ∇ is the 3D nabla
operator [14,34]. In what follows, we assume that W is a twice continuously differentiable
function.

Applying to (2) the principle of the material frame indifference [16], we get the follow-
ing form of W

W = W(C, K1, . . . , KN−1), (3)

where C = F · FT is the Cauchy–Green strain measure, Ki = ∇Fi · F
T , i = 1, . . . , N − 1 are

other Lagrangian strain measures, and · stands for the dot product [34].
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In what follows, we restrict ourselves to the first boundary-value problem, i.e., we
assume on S the Dirichlet boundary conditions

x

∣∣∣∣
S

= x0,
∂x

∂n

∣∣∣∣
S

= x1,
∂2x

∂n2

∣∣∣∣
S

= x2, . . . ,
∂Nx

∂nN

∣∣∣∣
S

= xN , (4)

where xi, i = 1, . . . , N are given on S functions and ∂/∂n is the normal derivative.
The total energy takes the form

E =
∫∫∫

V

W dV −
∫∫

S

ρf · u dS, (5)

where f is a mass force vector, ρ is a mass density in κ, and u = x− X is the displacement
vector. Note that hereinafter, we assume a dead loading, so f does not depend on u and
its gradients.

Using the Lagrange variational principle, from the variational equation

δE = 0, (6)

we get the equilibrium equation
∇ · T + ρf = 0, (7)

where T is the total stress tensor of the first Piola–Kirchhoff type given by the formulae

T =P1 −∇ · P2 +∇ · (∇ · P3)− . . . + (−1)N−1∇ · (∇ · . . . (∇ · PN))

=P1 +
N

∑
i=2

(−1)i−1(∇ · . . . (∇·︸ ︷︷ ︸
i times

Pi) . . .)), (8)

Pi =
∂W

∂Fi
, i = 1, . . . , N. (9)

Here, Pi is the first Piola–Kirchhoff type hyperstress tensors of the (i + 1)th order.
Obviously, Equation (7) constitutes a system of PDEs of the 2Nth order, in general.

The strong ellipticity condition of (7) takes the form

(k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
N times

⊗a) •
∂2W

∂F2
N

• (k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
N times

⊗a) ≥ C|k|2N |a|2, (10)

where k and a are arbitrary constant vectors, C is a positive constant independent on k

and a, |k|2 = k · k, |a|2 = a · a, and ⊗ and • are dyadic and full products, respectively. For
polyadics, the full product is defined as follows:

(a1 ⊗ a2 ⊗ . . .⊗ an) • (b1 ⊗ b2 ⊗ . . .⊗ bm)

=





n

∑
i=1

(ai · bi)bn+1 ⊗ . . .⊗ bm, n < m

m

∑
i=1

(an−m+i · bi)a1 ⊗ . . .⊗ an−m, n > m

n

∑
i=1

(ai · bi), m = n

, (11)

where ai and bj are arbitrary vectors. By linearity, this definition of the full product could
be extended for tensors of any order; see [34] for more details.

Using the objective representation (3) of W, we can reformulate (10) as follows

(k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
N times

⊗F · a) •
∂2W

∂K2
N−1

• (k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
N times

⊗F · a) ≥ C|k|2N |a|2. (12)
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Here, we have used the formula

∂W

∂FN
=

∂W

∂KN−1
· FT ,

see [34] for more details on the calculation of derivatives of scalar- and tensor-valued
functions of tensorial arguments. Note that (12) coincides with (10) up to some notations
and the replacement a←→ F · a.

Inequality (10) can also be written as a certain convexity-type condition with respect
to the highest-order deformation gradient

d2

dε2
W


F, F2, . . . , FN−1, FN + ε k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸

N times

⊗a



∣∣∣∣∣∣
ε=0

≥ C|k|2N |a|2. (13)

One can see that any form of the SE conditions affects only the dependence of W on the
highest-order deformation gradient.

3. Series of Gradient Models and Their Ellipticity

In addition to (2), let us consider a series of constitutive equations for strain gradient
materials of order m, 1 ≤ m < N. For each material, we introduce a deformation energy
density as a reduction of (2)

Wm =Wm(F, F2, . . . , Fm) ≡W(F, F2, . . . , FN)

∣∣∣∣
Fm+1=0,...,FN=0

. (14)

Hereinafter, 0 means a zero tensor of any order.
Moreover, we normalize Wm as follows

W1 =W1(F) ≡W(F, F2, . . . , FN)

∣∣∣∣
F2=0,...,FN=0

, (15)

W2 =W2(F, F2) ≡W(F, F2, . . . , FN)

∣∣∣∣
F3=0,...,FN=0

−W1(F), (16)

Wm =Wm(F, F2, . . . , Fm) ≡W(F, F2, . . . , FN)

∣∣∣∣
Fm+1=0,...,FN=0

−Wm−1(F, F2, . . . , Fm−1), m = 2, . . . , N. (17)

As a result, we get

Wm(F, F2, . . . , Fm)

∣∣∣∣
Fm=0

= 0, m = 2, . . . , N, (18)

Wm =
m

∑
i=1

Wi, Pm =
N

∑
k=m

∂Wk

∂Fm
, m = 1, . . . , N. (19)

In addition, let us assume that

Pm

∣∣∣∣
Fm=0

= 0, m = 2, . . . , N. (20)

Thus, we assume that hyperstress tensor Pm vanishes simultaneously with the mth defor-
mation gradient. Let us note that this assumption seems to be natural as Pm is energetically
dual to Fm. For example, (20) is fulfilled if κ is a natural reference placement, i.e., without
initial stresses and hyperstresses.
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The strong ellipticity conditions related to these constitutive equations are given by

(k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
m times

⊗a) •
∂2Wm

∂F2
m
• (k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸

m times

⊗a) ≥ Cm|k|
2m|a|2, (21)

where Cm is a positive constant independent on k and a. In what follows, for brevity, we
call Equation (21) the SE condition of the mth order or simply the SEm condition.

4. Infinitesimal Stability

Let x̃ be a known solution of (4) and (7). Following [14,15], we call it stable if the
second variation of E is positive, δ2E > 0, for any small nonzero kinematically admissible
deformations. If for a certain perturbation, δ2E = 0, we say that x̃ relates to a neutral
equilibrium. For the derivation of δ2E, we use the following standard procedure. Let

x = x̃ + εv (22)

be a perturbed deformation, where ε is a small positive number and v is a vector of addi-
tional displacement (perturbation). As x satisfies (4) we have the homogeneous Dirichlet
boundary conditions for v

v

∣∣∣∣
S

= 0,
∂v

∂n

∣∣∣∣
S

= 0,
∂2v

∂n2

∣∣∣∣
S

= 0, . . . ,
∂Nv

∂nN

∣∣∣∣
S

= 0. (23)

Substituting (22) into (5), we get

E[x] = E[x̃] + εδE[x̃, v] + ε2δ2E[x̃, v] + o(ε2), (24)

where

δE[x̃, v] =
d

dε
E[x̃ + εv]

∣∣∣∣
ε=0

, δ2E[x̃, v] =
d2

dε2
E[x̃ + εv]

∣∣∣∣
ε=0

(25)

are the first and second Gateaux differentials, respectively.
Since x̃ is a stationary point of E, the first variation of E vanishes. Therefore, we come

to the formula
E[x̃ + εv]− E[x̃] = ε2δ2E[x̃, v] + o(ε2), (26)

where δ2E[x̃, v] takes the form

δ2E[x̃, v] =
1

2

∫∫∫

V

d2

dε2
W(F̃ + ε∇v, F̃2 + ε∇∇v, . . . , F̃N + ε∇Nv) dV

∣∣∣∣
ε=0

=
1

2

N

∑
i,j=1

∫∫∫

V

∇jv •
∂2W

∂Fj∂Fi
(F̃, F̃2, . . . , F̃N) • ∇

iv dV, (27)

where F̃i = ∇
i x̃.

For a neutral equilibrium, we have that δ2E[x̃, v] ≥ 0 and there exists v∗ such that
δ2E[x̃, v∗] = 0. As in [14], we can show that v∗ satisfies the linearized equilibrium equation

N

∑
i,j=1

(−1)j∇ · . . . (∇ ·︸ ︷︷ ︸
j times

(
∂2W

∂Fj∂Fi
• ∇iv

)
. . .

)
= 0 (28)

and boundary conditions (23).
Let us show that the infinitesimal stability, i.e., the inequality

δ2E[x̃, v] > 0, ∀ v 6= 0, (29)
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implies the weak form of (10), that is,

H(k, a; X) ≡ (k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
N times

⊗a) •
∂2W

∂F2
N

[X] • (k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
N times

⊗a) ≥ 0, (30)

for any vectors k and a and for any point X ∈ V. Hereinafter, for brevity, we use the
notation

∂2W

∂Fj∂Fi
[X] =

∂2W

∂Fj∂Fi
(F̃(X), F̃2(X), . . . , F̃N(X)).

Relation (30) is similar to the Hadamard inequality in nonlinear elasticity [14–16]. In order
to prove (30), we use the partition of unity technique [25]. Let us consider a vector-function
vε with finite support, supp vε = Vε ≡ {X : |X − P| ≤ ε}, where ε is a small positive
number and P is a position vector of a point in V, P ∈ V, P /∈ S. We introduce vε as follows

vε = f (y1) f (y2) f (y3), y =
1

ε
(X− P), (31)

where a is a constant vector and f is an even function such that f ∈ C∞
0 [−1, 1] and

1∫

−1

f (y) dy = 1, f (±1) = 0, f ′(±1) = 0, . . . , f (N)(±1) = 0.

As an example, the bump function could be used as f which is defined by

f (y) =

{
exp

(
1

y2−1

)
, |y| ≤ 1,

0, |y| > 1.

Substituting vε into (29) and changing the variables X → y, so ∇y = ε∇, dVy = ε3dV,
we get

δ2E[x̃, vε] =
1

2

N

∑
i,j=1

∫∫∫

Vε

∇jvε •
∂2W

∂Fj∂Fi
[X] • ∇ivε dV

=
1

2

N

∑
i,j=1

∫∫∫

Ṽ

ε−j∇
j
yṽ •

∂2W

∂Fj∂Fi
[εy + P] • ε−i∇i

yṽ ε3 dVy, (32)

where ṽ = vε

∣∣
ε=1

, Ṽ = Vε

∣∣
ε=1

, dVy = dy1dy2dy3. Thus, we get that

δ2E[x̃, vε] = ε3−2N
[

J̃N + O(ε)
]
, J̃N =

1

2

∫∫∫

Ṽ

∇N
y ṽ •

∂2W

∂Fj∂Fi
[P] • ∇i

yṽ dVy. (33)

Therefore, we can conclude that the term with higher-order gradients in (27) should be at
least non-negative, otherwise (29) is violated. As a result, we get the inequality

JN [v] =
1

2

∫∫∫

V

∇Nv •
∂2W

∂FN∂FN
[P] • ∇Nv dV ≥ 0, (34)

for all v and for any point in V.
Finally, let us demonstrate that (34) implies (30). Let us assume the opposite, i.e., that

there exist a point P∗ and a vector k∗ such that H(k∗, a; P∗) < 0. As ∂2W
∂Fj∂Fi

[X] is continuous,

there is a neighbourhood V∗ε = {X : |X − P∗| ≤ ε} for a small enough number ε > 0,
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such that for all X ∈ V∗ε , we have H(k∗, a; X) < 0. Now, let us consider v as an oscillating
function with finite support such that

v = cos[λk∗ · (X− P∗)]ϕ(X)a, (35)

where ϕ ∈ C∞
0 is a function with finite support, suppϕ ⊂ V∗ε , a is a constant vector, and λ

is a positive number. For v, we have the formulae

∇v =− λ sin[λk∗ · (X− P∗)]ϕ(X)k∗ ⊗ a + O(1),

∇2v =− λ2 cos[λk∗ · (X− P∗)]ϕ(X)k∗ ⊗ k∗ ⊗ a + O(λ),

∇3v =λ3 sin[λk∗ · (X− P∗)]ϕ(X)k∗ ⊗ k∗ ⊗ k∗ ⊗ a + O(λ2),

. . .

so JN [v] takes the form

JN [v] =
1

2

∫∫∫

V∗ε

λ2N(k∗ ⊗ . . .⊗ k∗︸ ︷︷ ︸
N times

⊗a) •
∂2W

∂FN∂FN
[P∗] • (k∗ ⊗ . . .⊗ k∗︸ ︷︷ ︸

N times

⊗a) dV + O(λ2N−1)

=λ2N H(k∗, a; P∗)B∗ + O(λ2N−1), (36)

B∗ =





∫∫∫

V∗ε

cos2[λk∗ · (X− P∗)]ϕ2(X) dV, N = 2k,

∫∫∫

V∗ε

sin2[λk∗ · (X− P∗)]ϕ2(X) dV, N = 2k− 1.

Considering a la rge enough λ, we can conclude that JN < 0, which contradicts (34). Thus,
the assumption was wrong and we came to (30).

5. Affine Deformations and Linearized Equations

For the first boundary-value problem in nonlinear elasticity of simple materials, it
was established that the SE condition implied the infinitesimal stability of affine deforma-
tions [14,15]. By an affine deformation, we mean such a deformation that C or F is constant.
For the Toupin–Mindlin strain gradient elasticity, it was shown in [31,32] that it was not the
case, in general. The sufficient conditions for the strain gradient elasticity of the third order
were established in [33].

Let us consider the infinitesimal stability of an affine deformation within the Nth-order
gradient elasticity. As F is a constant tensor, we have that all higher-order deformation
gradients vanish,

F2 = 0, . . . , FN = 0.

Using (20) we also get that the hyperstresses vanish too,

P2 = 0, . . . , PN = 0.

With (18) and (20), we can prove that the second variation and the equilibrium equations
take the simpler form

δ2E[x̃, v] =
1

2

N

∑
i=1

∫∫∫

V

∇iv •Di • ∇
iv dV, (37)

N

∑
i=1

(−1)i∇ · . . . (∇ ·︸ ︷︷ ︸
i times

(
Di • ∇

iv
)

. . .
)
= 0 (38)

Di =
∂2W

∂Fi∂Fi
(F̃, 0, . . . , 0).
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Note that the tangent moduli tensors Di are constant, so (38) is a system of PDEs with
constant coefficients. The SEm conditions take the form

(k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
m times

⊗a) •Dm • (k⊗ k⊗ . . .⊗ k︸ ︷︷ ︸
m times

⊗a) ≥ Cm|k|
2m|a|2, m = 1, . . . , N. (39)

6. Stability of Affine Deformation

Let us show that (39) are the sufficient conditions for infinitesimal stability. In what
follows, we use the proof of the Gårding inequality; see e.g., [25]. As v satisfies (23), we can
extend it to the whole space as follows

w(X) =

{
v(X), X ∈ V;
0, X ∈ R

3\V.
(40)

Let ŵ(k) be the Fourier transform of w(X); therefore, we have formulae

ŵ(k) =
1

(2π)3/2

∫∫∫

R3

e−k·Xw(X) dX1 dX2 dX3,

w(X) =
1

(2π)3/2

∫∫∫

R3

ek·Xŵ(k) dk1 dk2 dk3,

where i is the imaginary unit, i2 = −1, and dV = dX1 dX2 dX3.
Using the Plancherel theorem [35], we can transform δ2E as follows

δ2E =
1

2

N

∑
i=1

∫∫∫

R3

(k⊗ . . .⊗ k︸ ︷︷ ︸
i times

⊗ŵ) •Di • (k⊗ . . .⊗ k︸ ︷︷ ︸
i times

⊗ŵ) dk1 dk2 dk3. (41)

Here, the overbar denotes the complex conjugate. Let us recall that the Plancherel theorem
states that ∫

R

f (X)h(X) dX =
∫

R

f̂ (k)ĥ(k) dk.

for any two functions f (X), h(X) ∈ L2(R) ∩ L1(R), where L1 and L2 are Lebesgue
spaces [36].

Using the SEm conditions, we get that

δ2E ≥
1

2

N

∑
i=1

∫∫∫

R3

Ci(k⊗ . . .⊗ k︸ ︷︷ ︸
i times

⊗ŵ) • (k⊗ . . .⊗ k︸ ︷︷ ︸
i times

⊗ŵ) dk1 dk2 dk3

=
1

2

N

∑
i=1

∫∫∫

R3

Ci∇
iw • ∇iw dX1 dX2 dX3

=
1

2

N

∑
i=1

∫∫∫

V

Ci∇
iv • ∇iv dV > 0, ∀ v 6= 0. (42)

Thus, the SEm conditions are sufficient for infinitesimal stability. Obviously, they are not
necessary, in general; see [31,32]. In particular, for the linear Toupin–Mindlin strain gradient
elasticity it was shown that for uniqueness, one could assume SE2 whereas SE1 could be
relaxed [32].

Summarizing the previous results, we can formulate the following theorem.

Theorem 1. Let W be a twice continuously differentiable functions of deformation gradients up to
the Nth order. Then, infinitesimal stability, i.e., the positive definiteness of the second variation of
the total energy functional, implies the weak form of the strong ellipticity condition given by (30).
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All SEm inequalities, m = 1, . . . , N, result in the stability of the affine deformations for the first
boundary-value problem.

7. Conclusions

Following the general definition of strong ellipticity [29], we introduced the strong
ellipticity (SE) condition within the Nth-order strain gradient elasticity and discussed its
relation to the infinitesimal stability of an affine deformation for the first boundary-value
problem. Let us note that affine deformations play an important role in the mechanics of
materials as they can be used for experimental studies of materials. Among them there
are tension/compression tests, pure shear, etc. Unlike the nonlinear elasticity of simple
materials [14,15], we demonstrated that the SE condition alone was insufficient for stability.
Thus, we formulated a series of SE conditions for the models with a reduced order of
deformation gradient starting from the SE condition for a simple material. The latter
material was introduced as a reduction of the Nth-order gradient material. In a similar
way, we introduced a series of hierarchical models of the mth order, m = 1, . . . , N. One
can treat the mth-order model as a gradient regularization of the (m− 1)th model. Such a
regularization keeps the ellipticity even if the previous material loses it; see [37] for more
details. These SEm conditions are sufficient for infinitesimal stability but not necessary, in
general.

Let us note that in nonlinear elasticity, the Hadamard inequality plays the role of a
so-called constitutive inequality [14–16], i.e., an additional condition applied to the form
of constitutive equations and to deformations of an elastic material. Thus, in the strain
gradient elasticity of the Nth order, a similar inequality as (30) could also be treated as a
constitutive inequality.
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