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Distributed tracking of graph parameters in anonymous networks with
time-varying topology

D. Deplano, Member, IEEE, M. Franceschelli, Member, IEEE, and A. Giua, Fellow, IEEE

Abstract—In this paper, we propose a distributed protocol
for multi-agent systems to estimate and track changes to
the diameter, and radius of a network with time-varying
topology, as well as the eccentricity of each agent within it.
The main strengths of the proposed protocol are its finite-time
convergence and robustness to re-initialization, i.e., if there are
changes in the network topology or in the agents’ states during
the protocol execution then it does not need to be re-initialized
to converge to the correct estimation at the steady-state. The
expected estimation error of the protocol can be traded-off by
increasing the size of locally exchanged messages. We provide
a theoretical characterization of the expected steady-state error
and some numerical simulations.

I. INTRODUCTION

In networks of collaborating agents, the properties of their
communication network topology are crucial. An effective
model of the network is drawn by graph theory: each agent is
modeled as a node and the interaction between two agents is
modeled as an edge, thus constituting a graph. The properties
of the graph modeling the communication network highly
influences the behavior and the performance of almost any
distributed algorithm executed by the network. Examples of
distributed algorithms which estimate the spectrum and other
graph properties such as controllability, observability, and the
Fiedler vector can be found in [1]-[3].

Among the many metrics that have been proposed to
characterize the influence of the agents in the network [4],
[5], one of particular significance is the eccentricity of a
node, which is defined as the maximum distance to any
other node in the graph. This metric allows to easily define
two important features of the graph, namely the diameter
and radius of the network, which are formally equivalent
to the maximum and minimum eccentricities among all
nodes, respectively. Possible applications of such metrics are
straightforward, such as selection of agents for maximizing
the spread of influence in social networks [6], optimal coor-
dination of cellular networks [7], efficiency maintenance in
wireless networks [8], implementation of a stopping criterion
in distributed algorithms [9], and many others.

In the literature, much effort has been spent going beyond
centralized approaches [10] by focusing on the design of par-
allel [11] and distributed computation of these graph parame-
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ters, by means of flooding techniques [12], [13] and resorting
to max-consensus protocols [14], [15]. The latter approach
is particularly interesting since it allows to compute the
desired parameters without the need of disclosing the identity
of the agents within the networks, a framework known as
anonymous networks [16]. However, these algorithms inherit
the main drawback of max-consensus protocols: they cannot
be applied to networks with time-varying topology. In fact,
if a change of the topology occurs then a variation of the
quantity of interest will arise, which in turn entails the need
of re-initializing the algorithm in the whole network, an
unsuitable feature for large scale networks.

The main contribution of this paper the first distributed
protocol for anonymous multi-agent networks which esti-
mates and tracks the eccentricity of each node, along with
the diameter and radius of the graph modeling the time-
varying topology of the network. Our protocol exploits only
anonymous local interactions among agents and is robust
to re-initialization, thus it is suitable to be implemented in
large time-varying networks. We characterize the steady-state
estimation error and the algorithm convergence time.

The main novelty with respect to the current literature is
the ability of the protocol to track changes in the graph pa-
rameters without the need to be re-initialized in the network.
In fact, in the current literature there are no other protocols
available to solve the same problem, and thus we can not
provide a comparison with existing approaches.

This paper is organized as follows. In Section III we
formulate the graph parameters tracking problem along with
some working assumptions, then we present the proposed
protocol and discuss it in plain words. In Section IV we
characterize the steady-state estimation error. Numerical sim-
ulations are presented in Section V and concluding remarks
are given in Section VI.

II. NOTATION AND PRELIMINARIES

We denote with R and N the sets of real and natural
numbers respectively. Moreover, we denote with R and N
their restriction to strictly positive numbers.

A. Multi-Agent systems

A multi-agent system (MAS) consists of a network of
agents modeled as dynamical systems interacting among
each other. The network is modeled by an undirected graph
G(k) = (V, E(k)) which represents the pattern of interac-
tions among the agents at time k£ € N: V' C N is the set of
nodes modeling the agents, and E(k) C V x V is the set
of edges modeling interactions at time k between them. The



total number of nodes in the network is constant and equal
to n = |V, where | - | denotes the cardinality of a set.

A path between two nodes ¢ and j in a graph is a sequence
of consecutive edges m;; = (i,p), (P, q),---,(r,$),(s,7)
where each successive edge shares a node with its prede-
cessor. An undirected graph G(k) is said to be connected if
there exists a path 7;; between any pair of nodes i,j € V.
The distance between two nodes i, 7 € V at time k is denoted
by dist;; (k) and it is defined as the length (number of edges)
of the shortest path between nodes 7 and j.

The eccentricity e;(k) of node ¢ € V at time k is defined
as the maximal distance from ¢ of any other node,

i(k) = dist;; (k).
e:(k) = maedist ()

The diameter d(k) of graph G(k) at time k is defined as the
maximal eccentricity among the nodes,

d(k) = max ei(k).

The radius r(k) of graph G(k) at time k is defined as the
minimal eccentricity among the nodes,

r(k) = Izrél‘l/l e (k).

Agents ¢ and j are said to be neighbors at time k if
there exists an edge between ¢ and j, i.e., (¢,j) € E(k)
or equivalently (j,4) € FE(k). At any time k, the set
of neighbors of the i-th agent is denoted by N;(k) =
{j € V:(i,j) € E(k)}: it represents the agents in the graph
sharing a point-to-point communication channel with agent
¢ and interacting with it at time k. For sake of simplicity, we
denote N7 (k) = N;(k) U {i}. Similarly, the set of h-hops
neighbors at time k is denoted by N/ (k) and it comprises
the set of agents j which share a path m;; between ¢ and j
and dist;; = h. Furthermore, N"(k) = {i € V : e;(k) = h}
denotes the set of all nodes with eccentricity equal to h.

B. Static and dynamic max-consensus protocols

Consider a MAS wherein each agent 7 € V with state
si(k) € R has access to the reference signal v;(k) € R.

The max-consensus problem consists of the design of a
local interaction rule enabling the agents’ state to converge
to the maximum among the reference signals. If the ref-
erence signals are assumed to be constant over time, i.e.,
v(k) =v(0) for all k¥ € N4, the problem is solved by the
max-consensus protocol

si(k) = max{s;(k—1)},  s(0)=2:(0), (D)
JEN? = -

which has been proved to converge in finite-time and with

zero error [17]-[20]. On the other hand, if the reference

signals are assumed to be time-varying, the problem can

be approximately solved by the dynamic max-consensus

protocol presented by Deplano et al. [21], [22],

si(k) = {sj(k—1) —a,vi(k)}. (2)

max
FEN? (k—1)

where o« > 0 is a design parameter, which has been proved
to converge in finite-time and with bounded error.

III. DISTRIBUTED TRACKING OF GRAPH PARAMETERS
A. Problem statement

We consider a network of n agents that synchronously
gather state information from their neighbors and update
their state at discrete instants of time, indexed by the positive
integer k£ € N_. At each iteration k the pattern of commu-
nication among the agents may change but the set of agents
does not change (see Remark 1). Thus, the network of agents
can be effectively represented by a graph G(k) = (V, E(k))
where V' is the time-invariant set of nodes, representing the
n = |V] agents, and E(k) C {V x V} is the time-varying
set of edges, representing the interactions among agents.

Assumption 1 There exists a minimum dwell time T € N
between two consecutive changes of the graph G(k).

The problem addressed in this paper is the on of dynam-
ically tracking the diameter d(k), the radius r(k) of the
network, as well as the eccentricities e;(k) of the agents,
which are time-varying parameters. We propose a local
interaction rule that we call the Eccentricity-Diameter-Radius
(EDR) Protocol, to distributedly solve this problem within
the framework of anonymous networks, i.e., networks where
the identity of the agents must be kept hidden.

Remark 1 The protocol proposed in this paper can also be
employed if the number of nodes is time-varying. However,
in this case the analysis become more subtle and several
issues arise, among them is the design of a proper join/leave
logic for the agents that avoids the degradation of the per-
formance. We postpone such analysis to further publication.

B. Proposed estimation protocol

The proposed estimation methodology is detailed in the
EDR Protocol, which envisages three operations/steps de-
scribed next. In the remainder of this section, we use the
notation a — b to denote that a tracks the value b.

1) Initialization (lines 1 — 6): The i-th agent selects
L € N random numbers u;¢(0) € [0,1] with £ =1,...,L
with uniform distribution and initialize its state variables'
Tie, Yie, zie € R according to

230(0) = u3(0),  yie(0) = u(0),

2) Execution - Distances tracking (lines 8 —16): This step
makes use of an ingenious combination of static and dynamic
max-consensus protocols in eq. (1)-(2). The following expla-
nation has to be intended for each £/ =1, ..., L.

Each variable z;; € R runs the max-consensus protocol
in eq. (1) over the set [ug,...,u,¢] and thus it tracks the
maximum of the set with zero error,

Tip — MaX Ujp = ’u,j;g,
eV -

where
Jr = argmax w;j. 3)
jev
INote that each variable ¢, y;¢, 2, wWith ¢ € V and € = 1,... L,

plays the same role of the state variable s; of Section II-B.



Assuming no quantization of the real numbers, the maxi-
mum number w;¢ is ensured to be unique with probability
one by the continuity of the distribution. Thus, the update
law in line 12 of EDR Protocol ensures that the signals ;¢
will eventually be set to —oo, unless ¢ = j*.

Each variable y;; € R runs the dynamic max-consensus
protocol in eq. (2) over the set of numbers [uig,. .., U]
and thus it tracks the maximum u;;, up to an error, which
is characterized in Lemma 2 in Section IV,

Yiv — Ujrg — Q- diStijz.
The agent ¢ can now infer its distance dist;;; to the node j;
attaining the maximum value by

. T30 — yiel
Ep = —

— diStijz .

Each variable z;; € R runs the dynamic max-consensus
protocol in eq. (2) over the set of reference signals
[€1¢, - - -, €ne], whose maximum tracks the maximum distance
from agent j; to all other agents in the network, in fact,

max €;¢ — maxdist; ;= = dist;» ;= 4
eV T ey i tede @
with
iy = argmax dist; ;. (5)
3%

Therefore, variable z;, tracks the value in eq. (4) up to an
error, which is characterized in Lemma 2 in Section IV,

Zie — diStizj; - Q- diSti;i

In other words, the variable z;, tracks the maximum dis-
tance from any node in the network and the node attaining the
maximum value, up to an error proportional to its distance
to the node attaining such maximum distance.

3) Execution - Parameters inference (lines 17—20): Agent
1 considers as an estimation of its eccentricity the maximum
distance between itself and any agent attaining a maximum,

é; =  Jhax gi(k) —  Jhax dist

i35

Then, by assuming the parameter o € R, to be small
enough, it considers as an estimation of the network diameter
the maximum distance of any agent in the network to all
agents attaining a maximum,

d; = max |zj| — max dist;;
¢ =i =1,...L

o=1,...L edi
Finally, it considers as an estimation of the network radius
the minimum distance of any agent in the network to all
agents attaining a maximum,

7; = min |z, | — min dist;s;-.
‘ 5:1,...,L[l] =1, ‘ede

IV. CONVERGENCE ANALYSIS OF THE EDR PROTOCOL

Before providing the characterization of the expected
estimation error provided by the EDR Protocol, we need two
preliminary lemmas. The first lemma concerns the specific
steady-state reached by a network running the dynamic max-
consensus protocol in eq. (2) with constant reference signals.

EDR Protocol : Distributed tracking of Eccentrici-
ties, Diameter, and Radius (EDR) in networks with
time-varying topology

(Input): Tuning parameters o € Ry and L € N
(Olltpllt): éz(k), d,(k), fz(k) ceRforieV.

1 (Initialization): for / = 1,..., L each node i does
2 Select numbers with uniform distribution

3 u0(0) ~U(0,1)

4 Initialize state variables according to

s | 2ie(0) = ui(0),  wie(0) = ui(0), 234(0) =0
6 Send x;¢(0), y:¢(0), z;(0) to its neighbors

7 (Execution): for £ = 1,2,3,... each node i does
8 for / =1,...,L it does

9 Gather xjg(k‘ -1, ng(k -1, ng(k‘ —1),
from its neighbors j € N;(k — 1)
10 Update its state variables according to
w(k) = (b —1
i wie(k) = _max ek = 1)}
‘ -0 if zio(k) > xi(k—1)
1 uie(k) = ue(k — 1) otherwise
(k) = je(k—1) — a,up(k
13 yie(k) je/{f%%?q) {w;e( ) — o, uie(k) }
(k) — yie(k
w || g = ) —veto)
o
(k) = ik —1) — o, ek
15 zielk) = max {zie(k = 1) =, cie(k) }
16 Send x0(k), yie(k), zie(k) to its neighbors
jeN;k)
17 Estimate the graph parameters according to
18 éi(k) = ZE’?%L gie(k)

v | di(k) = dnax [230(k)]
20 | (k) = ,min [2i0(k)]

.

Lemma 1 Consider a network of n agents, each of which
has access to a constant v; € R and updates its state s;(k)
according to the dynamic max-consensus protocol in eq. (2)
and let ky € N be a generic instant of time.

If graph G is time-invariant, then there exists a conver-
gence time T, € N such that

T. < d—l—max{d?maxsj(ko)

JjEV (07

y
— max < } (6)
jeV «
so that each agent reaches an equilibrium state for
k > ko + T, such that

Sz(k’) > Vj= (]{3) — Q- diStZ‘j*, (7
where
Jj* = argmaxwv;. (8)
JeEV

Moreover; if vj« —v; > - disty;« holds for all i # j*, then
the inequality holds strictly.



Proof: Let ky € N be a generic instant of time.
By [22],[21, Theorem 1], there exists a time

(k ,
T* < max {d, max M — max UJ} 9)
Jjev. « JEV «

such that agent j* as in eq. (8) satisfies

Sj* (k‘) = Ujx, k > k’o + Tc- (10)

and s;- (k) is the maximum among all agents at time F,
sj- (k) = s5(k), vjieV. 1D

At time k* = ko+T1™ we define the set of one-hop neighbors
of agent j*, formally

Vi={ieV:(ij") € E}.

The dynamic max-consensus protocol in eq. (2) at k* 41 for
the agents belonging to this set reduces to

si(k* + 1) = max{vj» —a,v;}, Vie W,

since they have state as in eq. (11) and agent j* as a neighbor
with state as in eq. (10). By induction, define the sets

-1
Ve = {ieV:(i,j) €E,je Uvs}, (=1,2,....
s=0
It can be noticed that the parameter ¢ denotes the distance
dist;;- of agent i € Vy \ V,_1 to agent j*. Since the longest
shortest path between two nodes in a connected graph is at
most equal to its diameter d, then it holds that V; = V and
thus for £ > k* +d = kg + T + d it holds

si(k) = max{v;» — o - dist;j=, v; }, Vie V.

This proves that: the convergence time 7, = T + d is upper
bounded as in eq. (6) due to eq. (9); the steady-state reached
by the network is lower bounded as in eq. (7) since the
maximum of two values is greater or equal than one of them.
Moreover, if v; < vj« —a-dist;;« for all ¢ # j* then it exactly
holds Si(k’) = VUj» (k‘) - Q- diStZ‘j* (k‘) |

The second lemma concerns the specific steady-state
reached by a network running the EDR Protocol. We recall
that for each ¢, the agents run two instances of the dynamic
max-consensus protocol, respectively at variables y;¢ and z;¢
for i« € V, and we denote by T.(y,¢) and T.(z,¢) their
convergence time. More precisely, given a generic initial
instant of time ky € N, the convergence times are bounded
as in eq. (6) in Lemma 1,

T.(y,£) < d+ max {d, max yje(ko) ~ max wje(ko) } (12)
«

JeEV (% JeEV

T.(2,£) < d + max {d, max zje(ko) _ max je(ko) } (13)
J

« JjeVv «

Lemma 2 Consider a network that implements the EDR
Protocol under Assumption 1 and let ko € N be a generic
instant of time. If the tuning parameter o € R satisfies

a<1/d, (14

and if the dwell time Y is greater than the convergence time
T. of all dynamic max-consensus protocols, i.e.,

T> max (L0 T(= 0} =T, (15)

with T.(y,¢) and T.(z,£) given in eq. (12)-(13), respectively,
then for k € [ko + T., ko + Y] it holds

éi (k) = Z:Hll,aX,L diStij; (ko), (16)
d,j (k’) = ZZnﬁ&XyL diStisz (ko), (17)
7 (k‘) = ezl’{lin . diStisz (ko) (18)

3oy

Proof: For each £ € [0, L], each node i € V runs at
variable z;, the popular (static) max-consensus protocol in
eq. (1), and thus is a standard result (cfr. [17]) that

xze(k) = uj'gg(k), ke [k‘o +d, ko + T],

with j; as in eq. (3). For each ¢ € [0, L], each node i € V
runs at variable y;, the dynamic max-consensus protocol in
eq. (2) with reference signals u;¢. By the update rule of wy is
straightforward to conclude that for k£ > kg + d all numbers
are eventually set to —oo, unless the unique maximum?, i.e.,

u.jge(k) = uj;g(k‘o), A\ ?é JZ

Since the distance w;;¢(k) —u;¢(k) is infinite, then Lemma 1
holds strictly and for k € [ko + Tc(y, ), ko + Y] it follows

ylg(k‘) = Uj;g(k) - Q- diStijZ (k) = :Clg(k) - Q- distijz (k)

(k) = —o0,

Therefore, the estimation of the eccentricity converges to
lyie(k) — mi(K)|

Gl = apax, el = o, g
= [ErllaXL diStijZ (k), Vk € [ko+ Te(y, L), ko + Y],

thus proving the veracity of eq. (16). For each ¢ € [0, L], each

node ¢ € V runs at variable z;, the dynamic max-consensus

protocol in eq. (2). The variable z;, tracks the value
1’}?&(8%(16) = rlnezgc diStij; (k‘) = diStizjg (k)

with ¢} as in eq. (5). Thus, by Lemma 1, for k € [ko +

max{T.(y,?),Te(z,0)}, ko + Y] it holds

le(k}) > diStizjlf (]f) —Q- diStijz (k)

By eq. (14), it holds [—a - disty;x (ko)| = 0 and [zie(k)] =
dist;; ;= (k). Thus, the diameter estimation converges to

dl(k) = E:Hll?_).(,L (sz(k)—‘ = 52111172.1.)'(711 diSti;ij (k)
and the radius estimation converges to

’I%(k) = E:r?i..r.lL (ZZ[(]C)] = ezl{linLdiStizjg (k),

.....

thus proving eq. (17)-(18). The above considerations are true
if T > max{T.(y,),T.(z,¢)}, completing the proof. M

2 Assuming no quantization of the real numbers, the maximum is unique
with probability one, by the continuity of the distribution.



Remark 2 We point out that the previous Lemma 2 im-
plicitly proves the robustness to re-initialization of the EDR
Protocol. In fact, each time a change in the network occurs,
the network is able to reach a new steady-state characterized
in eqs. 16-18 without the need of being re-initialized.

Next, we derive the steady-state expected estimation error
of the eccentricities, diameter, and radius between any two
consecutive changes of the network topology. We consider
time windows [ko, ko + Y] such that T > T/ where ko € N
is a generic initial time at which the network changes, T
is the convergence time of the protocol as in eq. (15) and
T is the dwell time before a new change may occur. The
parameters of interest are constant over these time windows
and this allows providing a precise characterization of the
expected errors in the next theorem.

Theorem 1 Consider the scenario of Lemma 2. Then, for
all k € [ko + T., ko + Y] the expected estimation errors of
the EDR protocol are:

e e; h L
it - e =3 (1- 2= )

e=1

d d h L
Eld(k) — di(k)] = 3 (1—W) 20)

p h L
ST R

1

p=r

Sketch of the Proof: We provide next a sketch of the
proof for the expected error on the eccentricities. First of
all, one needs to compute the probability that the esti-
mated eccentricity greater or equal than a certain threshold
e €{l,...,e;}, which is given by

N )
i)
The expected error value can be calculated by multiplying

each of the possible outcomes by the probability each
outcome will occur and then summing all of those values,

P[éi>a]:1—<1—

]E[Gi — éz] = €; — ]E[éz] = €; — ZE . ]P)[éz = E].

e=1
The probability of the event é; = ¢ can be computed
by computing the probability of event é; > ¢ and then

~ 0 |
— Eld—d)]
° d—d; 1
— E[fi —r] 101
o Ti—r

(¢}
| | | o

1 1
0 50 100 150 200 250 300

1072

L

Fig. 1. Expected error and actual error for increasing values of L in a
random network of n = 300 nodes.

subtracting the probability of event é; > ¢ + 1. This is
possible since the events é; = ¢ for any ¢ € {1,...,e;}
are independent, and thus one can write

E[ei —éi] = €; —iE'(P[éi > 8] —P[él > 8+1]),
e=1

from which eq. (19) follows, as well as the other proofs. B

The above characterization shows that the quality of the
estimates heavily depends not only on the specific topology
of the network, but also on the choice of the parameter L. In
particular, for L. — oo the expected errors go to zero, while
the decaying of each term is geometrical in L.

Since the parameter L also determines the number of
selected numbers and therefore the number of agents’ state
variables which have to be exchanged among neighbours,
the design of the parameter L trades-off memory burden and
communication complexity with the estimation accuracy. If
alternative approaches exploiting flooding techniques usually
require a number of exchanged messages which is equal
to the number of nodes n in the network [12], [13], our
approach allows to choose a smaller number L. < n of
exchanged messages, at the expense of a worse estimation
accuracy. In large-scale networks this is a useful fact, since if
n is too large flooding techniques become infeasible, while
our approach can still be employed.

V. SIMULATION RESULTS

In the first simulation, we consider 10 random graphs
with n = 300 nodes, diameter d = 9 and radius » = 5. For
each graph, and for all choices of the parameter L = 1,...,n
we compute the expected errors on the diameter, and on the
radius according to eq. (20)-(21). Then, we also compute
the average error made by executing the EDR Protocol for
10 times. The results of the simulation, which are given in
Fig. 1, corroborates the theoretical results in the sense that
the average actual error made by the proposed protocol is
exactly the expected error given in Theorem 1.

As discussed in Section IV, the expected errors decay
exponentially with L. In particular, while each term in
the summation of eq. (20)-(21) decays exponentially, the
convergence rate is determined by the largest addend in
the summation, which by definition has always magnitude
strictly less than one. It is also interesting to notice that it

10
— d(k) I
di(k) © R N |
— (k) 4 NI N |
#i(k)
2, -
0

1 1 1 1
0 100 200 300 400 500
k

Fig. 2. Dynamic tracking of diameter, and radius in a random network of
|V'| = 300 nodes.



is possible to identify a threshold value, which in our case
is L* ~ 50, after which the decay is almost exponential. A
pragmatic choice of the parameter L could be around such
pivot point L* ~ 50 in the decaying curve, which ensures
that both expected errors are lesser or equal than 1.

As a second simulation, we consider a random graph with
the same number of n = |V| = 300 nodes but with time-
varying topology, thus allowing fluctuations in the values of
the radius and diameter. Changes in the network occur every
T = 100 iterations and the agents execute the EDR Protocol
without the need of being re-initialized.

The estimations d;(k), #;(k) with the choice of a = 0.1
and L = L* = 50, the value suggested by the above analysis,
are plotted in Fig. 2. Every time a change in the topology
occurs, both the diameter and radius estimation show a
transient behavior leading all agents to a new steady-state,
thus validating the use of the proposed protocol in networks
with time-varying topology, theoretically characterized in
terms of steady-state in Lemma 2 and in terms of expected
error in Theorem 1. It is worth mentioning that due to the
rounding up operation implemented by the EDR Protocol
at lines 19-20, one could mistake the transient behavior of
the estimation for a systematic delay, which is not the case.
Moreover, it can be noticed that at the end of each time
window of length T = 100 the estimation error is not greater
than 1, in accordance to the expected error analysis.

VI. CONCLUSION

This paper solves the problem of distributed tracking of
important graph parameters in networks with time-varying
topology, namely the eccentricities of the nodes, the diam-
eter, and radius. The proposed approach consists of a dis-
tributed estimation protocol that exploits static and dynamic
max-consensus protocols as subroutines. Its main advantage
is the possibility to be implemented on networks with time-
varying topology without the need of being re-initialized
after a change of the graph parameters.Moreover, the pro-
posed estimation protocol is developed within the framework
of anonymous networks, wherein agents’ identity must not
be disclosed. As future work we aim to characterize and
extend the current approach to open multi-agent networks,
i.e., networks where agents can join or leave the network.
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