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ARTICLE INFO ABSTRACT

Keywords: Recently a new relativistic model of polyatomic gases has been proposed, by Arima-Carrisi-
Relativistic extended thermodynamics Pennisi-Ruggeri (2022), in the context of Rational Extended Thermodynamics. It is based on a
Rarefied polyatomic gas hierarchy of 15 moments of the Boltzmann—-Chernikov equation that appropriately takes into

Causal theories
Relativistic fluids
Monatomic limit

account the non-linear contribution of the microscopic total energy of the molecule (the sum of
the rest energy and of the energy of the molecular internal modes). In this paper, in the singular
limit, under initial conditions compatible with monatomic gases, we prove that the 15-moments
model for polyatomic gases leads, to the well-known 14-moments model of monatomic gases.

1. Introduction

The dynamics of relativistic gases are integral to understanding a wide range of physical phenomena, from astrophysical
events to high-energy particle collisions. Theoretical frameworks for describing these dynamics have been proposed using causal
thermodynamic theories or kinetic theories. A pivotal development in this field is Rational Extended Thermodynamics (RET) [1,2],
which has undergone significant advancements in recent years. RET serves as a bridge between the kinetic description of gases and
the macroscopic fluid-dynamical description. Importantly, this theory provides a hyperbolic system of differential field equations,
and, in the coarse-graining limit, converges to the well-established Eckart theory (or the Navier-Stokes—Fourier theory in the classical
non-relativistic framework).

The theoretical foundation of the RET model for relativistic gases was formulated by Liu, Miiller and Ruggeri [3]. In the paper,
the theory of field equations for 14 fields (RETﬁM , with the superscript R signifying a theory for relativistic gases and M denoting
a theory for monatomic gases) was derived in closed form through a phenomenological approach using the following universal
principles: the objectivity principle, the entropy principle, and the principle of causality and stability. The 14 fields are the number
density, four-velocity, energy density, dynamic pressure (nonequilibrium part of pressure), shear stress and heat flux. This model is
supported by the moment equations based on the Boltzmann-Chernikov relativistic equation [4-6] and the closure is determined by
using the maximum entropy principle (MEP) [7] (see, for example, [1]). The MEP was introduced first for moments by Kogan [8]
and later in [9,10] in the classical framework. In paper [11], it is proved that, in the limit to classical gases, RETﬁM converges to
the classical theory with 14 moments for rarefied monatomic gases [12] (RETICA;M where the superscript C represents a theory for
classical gases).
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For many years, RET has been applied to monatomic gases, and several attempts to extend its validity to polyatomic gases have
been made. A new sophisticated model in the classical framework has been constructed for the description of polyatomic gases
with 14 variables (RET1C4) based on the binary hierarchy structures of the field equations [13] that differ from the single hierarchy
structure for monatomic gases [1]. From the microscopic viewpoint, this model takes into account the internal structure such as
molecular rotational and vibrational modes which manifest macroscopically as bulk viscosity and dynamic pressure that underlies
the origin of the bulk viscosity. The RETlc4 model has, as a singular limit to monatomic gases [14], the RET theory with 13 variables
without the dynamic pressure (RET1C3'M ) which is equivalent to the well-known Grad’s 13 moments system [15]. This new model
leads to satisfactory results in many fields like the study of wave propagation such as sound waves [16], shock waves [17], heat
conduction [18], nozzle flow [19] and oscillating gas bubbles [20], or the study of biological problems [21], and can be hopefully
applied in many other fields that involve highly non-equilibrium processes like astrophysics or nuclear physics. It is also worth
mentioning that RETlc4 includes the simplest nonequilibrium hyperbolic system, namely, the 6-moments model (RETGC) [22] as a
principal subsystem in the sense of the definition of paper [23]. Although the RET:,Jj model ignores the shear stress and heat flux, it
is the simplest model able to describe the nonequilibrium process due to the dynamic pressure [24].

In the relativistic regime, in 2017, Pennisi and Ruggeri [25] first constructed a relativistic theory of polyatomic gases in the
context of RET (see also [26,27]). They achieved this by incorporating the microscopic internal structure into the Boltzmann-
Chernikov equation through the distribution function, and as a result, accounted for the dynamic pressure. The physical background
for considering relativistic polyatomic gases lies in scenarios with temperatures high enough for relativistic effects to be significant,
yet not disruptive to the formation and stability of polyatomic molecules. Therefore, the RET model is crucial for understanding
relativistic gas dynamics, such as those observed in heavy-ion collisions. Additionally, when dealing with large length-scale gas
dynamics such as in cosmological problems [28,29], the model accommodates small length-scale structure manifesting as non-zero
bulk viscosity.

In spite of the successful development of the relativistic RET model of polyatomic gases, an issue remains that the definition of
moments incorporates quantities that lack clear physical interpretation. A recent proposal by Arima, Carrisi, Pennisi and Ruggeri [30]
has addressed this issue based on a model of moments that incorporates physically appropriate moments with respect to microscopic
energy [31,32]. As its particular case, the model predicts the 15 fields equations (RET{‘S) with an additional scalar nonequilibrium
variable which plays a role in characterizing the polyatomic gases although it is absent in the previous study [25]. In [30], by
using the technique of MEP, it was proved that the closure gives a symmetric hyperbolic system; the authors have been able
to express all the tensors appearing in the system in terms of 15 independent variables, near the equilibrium state. Moreover,
the authors determined, in [26], the expression of the production tensor by adopting a variant of the BGK model appropriate for
polyatomic gases [31] and, by using Maxwellian iteration [33], they obtained explicit values of the phenomenological coefficients
(heat conductivity, shear viscosity and bulk viscosity) [27,30]. It is noteworthy to mention the principal subsystem of RETfS. There
exist two principal subsystems: the 14-moment model (RETﬁ), which differs from the system proposed in [25], and the 6-moment
model (RETX). It is also confirmed in [30] that, in the classical limit, RET{‘5 converges to the corresponding model with 15 moments
(RETICS) [34] which includes RET1C4 as a principal subsystem. The classical limit of RET{‘4 also converges to RET1C4, and the one of
RETX converges to RET.

Similar to the classical case, in the relativistic case, there are structural differences between the theories of monatomic and
polyatomic gases. The points that until now have not been completely clarified in the new relativistic RET theory are the limiting
process from polyatomic to monatomic gases and which polyatomic models correspond to which monatomic models in their
limits. The aim of this paper is to elucidate these points. Through this analysis, as shown in Fig. 1, it is possible to clarify the
interrelationships among the models derived from RET{‘5 categorizing gases into four types depending on whether they are in the
relativistic or classical regime, and whether the gases under consideration are polyatomic or monatomic.

Specifically, this paper seeks to demonstrate how the additional scalar field of RET{‘5 vanishes for compatible initial data in the
limit of monatomic gases and to prove the convergence of RET‘F5 to RETﬁM , as already shown in Fig. 1. Furthermore, it aims to
prove that RETﬁM and the monatomic Euler theory emerge as the monatomic limits of RET{‘4 and RETé‘. The limits of RET{‘5 and
RETg are singular in the sense that the system for rarefied polyatomic gases with 15 and 6 independent variables, respectively,
converge to the system with only 14 and 5 independent variables for monatomic gases.

The organization of the present paper is as follows. In Section 2, we introduce the moment equations for monatomic and
polyatomic gases, which are discussed above, particularly focusing on the difference of the microscopic energy included as internal
variable in the definition of the moments. In Section 3, we provide a brief but necessary introduction to the relativistic model for
polyatomic gases. Then, in Section 4, we calculate the monatomic limit of the polyatomic model, particularly investigating how the
system of field equations transforms under a condition compatible with monatomic gases. We remark that, in the present paper, we
focus on considering polytropic polyatomic gases. In Section 5, we also examine the monatomic limit of two principal subsystems
of RETR.

2. Relativistic moment equations of polyatomic gases

As discussed in the Introduction, the definitions of moments for monatomic and polyatomic gases differ. In this section, we will
explicitly present these definitions.

The first tentative of the RET model for relativistic monatomic gases, proposed by Liu, Miiller and Ruggeri [3], i.e., RETﬁM s
consists in the following set of balance equations

0,A"=0, 0,A® =0,  0,AP" = [, (a,ﬂ,y =0, 1,2,3). 1))
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Fig. 1. Relation among hyperbolic theories in relativistic or classical regimes for monatomic or polyatomic gases. The subscript in RET indicates the number
of variables, while the superscript indicates whether the theory is relativistic (R) or classical (C), and/or monatomic gases (M). The hollow arrow represents
the correspondence of theories in the non-relativistic limit (y — co where y is the relativistic coldness defined in (11)) proved in [30] for polyatomic gases and
in [11] for monatomic gases. The filled arrow represents the monatomic limit when D — 3 where D is the degrees of freedom of a molecule introduced in
(25). The limit in the relativistic regime is proved in the present paper and the one in the classical regime is proved in [30] for RET’f5 and in [14] for RET,
and RET. The nested structure indicates principal subsystems. For example, the (relativistic) Euler theory for polyatomic gases [35] is included as a principal
subsystem of both RET{ and RETF,.

The tensors A* = V* and A*Y = T/ represent, respectively, the particle number vector and the energy-momentum tensor, d, = d/dx*
where x? are the space-time coordinates. A% is a symmetric third-order tensor of fluxes whose explicit expression is shown below.
The right-hand sides are the production terms which are zero in the first two equations because they represent the conservation
laws of the particle number and of the energy—-momentum.

Such equations, as usual in RET, have been justified by the moment equations associated with the Boltzmann—Chernikov equation:
p“d,f = Q. The distribution function f depends on (x%,p?), where p* is the four-momentum and Q is the collisional term. The
moments

- /m Fpep* - pn dP, o = /R2 Qp®t - p™ dP, ®)

A%y —
mn—1

mh

satisfy the infinite hierarchy of balance laws

0 A% = [ % with n=0,1, ..., 3)

1 2 1,3
where ¢ denotes the light speed, m is the particle mass in the rest frame and d P = 424 97"

System (1) is a particular case of (3), truncated at n = 2. Because of the definiti(p)n (2) of the moments, the following trace
conditions hold

A = APy =y, 1% =1"g;, =0, Q)

where g%/ = diag(1, —1, —1, —1) is the metric tensor. Therefore, the scalar equation 0aA“ﬂ 5= 0 in (1) is not independent from the
other equations and the system (1) has 14 independent equations for 14 variables. The closed system of RET®™ was obtained in [3].
The tentative model of the relativistic polyatomic gases by Pennisi and Ruggeri [25] considers the following moment equations

for 14 fields:
()aAa =0, aaAaﬂ =0, aaAUt(ﬂV) — I(ﬂ}’)7 5)

where (---) denotes the traceless part of a tensor. In this theory, the moments are defined in a different way by taking into account
the contribution of the energy due to the internal structure of a molecule. By analogy with the non-relativistic kinetic model
of polyatomic gases, that is, the Borgnakke-Larsen model [36,37], the distribution function of polyatomic gases f(x%,p’,I) also
depends on the microscopic internal energy 7 as an extra variable, and the moments of the distribution function are defined as
follows:

+00
Aceray = L / / F PPt e pn (mc2 +nI) H(D)dTdP,
r3 Jo
0

m"c
1 ) (6)
— / [ 0p ey (e 40T ) $(D)dT P,

R3 JO
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where ¢(7) is the state density of the internal mode, and the collision integral Q takes into account the influence of the internal
degrees of freedom through the collisional cross-section. With this definition, the moments do not satisfy the trace conditions (4)
which characterize the model for monatomic gases. Although the definitions of moments of RET theories for monatomic gases and
for polyatomic gases are different due to the existence of the microscopic energy 7, it has been shown in [38] that the system (5)
with (6) contains the system of RETﬁM in the monatomic limit.

The refined model of relativistic polyatomic gases, proposed by Arima, Carrisi, Pennisi and Ruggeri, is RET{‘5 [30]. In this model,
instead of the moments (6) with an unphysical element in their definition, i.e., the quantity nT of which »n was necessary to recover

the RET1C4 model in the classical limit, a more physical definition of moments is considered

1 \2n-1 +oo n
—) / fpp™ - p™ (mc2 +1) H(I)dIdP,
me r? Jo

Ial...unz(iy”f‘/} /+°°Q,,a1 woptn (me? + 1) gD dT P,
R JO

which preserves the microscopic full energy (the sum of the rest frame energy and the energy of internal modes). This definition of
moments includes the non-linear contribution of the energy of internal mode by increasing tensorial order n whereas the expressions
(6) only take into account up to first-order terms with respect to 7 in the binomial expansion of (7). The moments (7) satisfy the
system (3). The system with n = 0, 1,2, i.e., the system (1) with the third-order tensor including the trace part, which differs from
the case represented by (5), incorporates 15 independent fields because the trace conditions are not satisfied also in this case. The
result of the closure for this RET{*5 model is shown in the subsequent section.

Avaay
< 7)

3. Brief summary of relativistic RET of polyatomic gases

Before discussing the monatomic limit of RET theory, a brief survey on the RETlR5 model based on (1) with (7) is exhibited.

As usual in RET, the system of balance equations that constitutes the model has more variables than equations, so it is necessary
to close it by choosing which fields are the independent variables and expressing the remaining tensors in terms of them. For RET{‘S,
in paper [30], the 15 independent quantities have been identified with the traditional 14 physical variables:

» p =nm (mass density, with the particle number density n),

+ T (absolute temperature),

» U* (4-velocity in the Eckart frame),

 IT (dynamic pressure),

* ¢* =—hoU,T* (heat flux), where heb = %ﬁlﬁ — g is the projector tensor,

o flaB)s = Ty (hth — %h”’ﬂ h ”V) (deviatoric shear viscous stress tensor),
and an additional scalar field:

c A = % U,U,U, (A"ﬁV - A"ﬂVIE), where the index E represents the value of the tensor calculated at thermodynamic
equilibrium.

The above quantities are subjected to the following constraints:
U'u,=c*  ¢"U,=0, Py, =0, A, =0

With these choices and by using the MEP technique, the expression of the tensors appearing in system (1) has been determined in
terms of the 15 independent variables [30], as follows

Ve =,0", T = % UU” + (p + ™ + %(U”qﬂ +UPg%) + 18P |
c c
1 3 N4 NT 3N 3 N3
AP = (pOy, + — A) vtvtur + < O, = —A4-3—"— n) ey + = 2 geybyn 4 2 2L p@bgn
(” 027 e Pet2T 42 D, D, 2D, 5D, " ¢ ®
+ 3C5t(<‘1/3>3 uv,
where the pressure p and the energy e appearing in the expression of 7% are functions of (p, T)
k .
p= 73 T, e=pctw(y) with o@)=106), 9)
being kp the Boltzmann constant. The coefficients 6, ; including 6, 6,, and 6, , are given by
+oo 1\
0 1 <j+1> b J2*k+2,j+l—2k (1+m) d(Dd1 (10)
kj = - ’
2k+1 \ 2k /0*""’ T3 ¢Dd1
and are dimensionless functions depending only on
2
y = me” 11
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Here, we have introduced the following quantities:

+o00
y* = y(l n ﬁ) 0= D), Jon(y) = / ™7 <OhS Ginh™ s cosh” s d s .
0

Regarding J,, ,, we have the following recurrence relation [3,25]:

Ins2nV) = T2 (V) = T n (V) 5 12)

valid also for J . The other coefficients present in the expression (8) of A%Pr | whose explicit forms are needed in the proof of the

monatomic limit in the subsequent section, are defined only by using 6, ; in [30] as follows:

1 1
90,0 90,1 90,2 3 0, 2 90,0 90,1 9052 3 0, 2
1
001 Gop 003 5013 60,1 6o 603 5013
D, = NT =_ .
o2 o3 Oo4 10 O14 6o 603 6.4 0 014
6 Lo Lo ) 6 Lo L g Lo
1 3% 03 503 302 %3 [lia 504
1
o0 0.1 0o 3012
1
0o,1 6o, % g 013
N4 = R 13)
6 Lo Lo 29
o 3%2 gtz 503
1 1 1 1
3012 5013 s 5024
01 012 | 01 012 0 02 1 04
D,;: X s N3:§ . R N31: nggg— (14)
012 3013 05 5014 50,5 3054 >

By adopting a variant of the BGK model with a relaxation time r appropriate for polyatomic gases [31], in paper [30], the following

explicit expression of the production term was also obtained:

177 = BAAUPUY + (B2 A + B IDWPY + BYUY gV + B'#07)3, (15)
with
4 n 0 N
BIA=—L, 4 = 1 N_, £7=1N_ quL(ﬁ_zi)’ B'=—1C5. (16)
dett 4c2t Dy t Dy 2t 912 Dy T

With these fields, we can write explicitly the closed system of differential equations that models the thermodynamics of a
relativistic polyatomic gas. Let us introduce the relativistic material derivative of a generic tensor w1 "% i.e., the derivative with

respect to the proper time 7 along the path of the particle, denoted by a dot on a quantity, as follows:

aay--ay, aay--ay, .
yon oy o W YT AL g e g g e = g e, a7

v a7 dr dr

where I is the Lorentz factor, U* = % = (I'c, I'tY) and v/ is the velocity. Since we can observe that any balance laws can be

written with the material derivative as follows:

Jety _ gy g _ o g guireeiy — (4 VU 5 gty _ U jomen, _ g gar, a8
=0, =8, 9 =Tt —7)% =2 a9 ‘

5
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the closed set of equations for 15 fields; {p,U;, T, II, Hap)ys D50 A} are evaluated in [30]':

p+p0, U =0,
e+p+1II . 1 5 B 1

- ciz ¢ 0,U" = W 1 9, 191 =0,

&) 1 5 1 5
= #2930, = 9, (p+ IT) - C—zq“ a,U

U
é+ 2c—;qa + (e+p+I0,U" — h*0,q" =P 9,U, =0,

4 o - N. N .
_<p629]2_iN_4_3N_H)+1(2_3 i)q U
© 4c2 Dy D, 2\"Dy D3 J7

1 5 1 N4 N1 N3

+5(—— 0, + — A+—H)a U“’—“a( )

3PC 127 75 D4 D, q D,
A I

1 N N H)

31 (u 3
gy gt +2C5 % 0 UV=——<——
wud 3 K 7 \4c2 Dy D4

Dy )3
) . Ny 1 Ny
o) 2 (2
Cs yis hpysot™™2 + 1), Cs + 3 <D3 * 35D, >‘7<a ”s

1 1 N4 N7 u
+2(-zpP00+ — — A4+ —=x) hht 0,U"
< 3PCTR T 4o D, D, ”> 707 ps (19)

2 " N3, 2 N3 u v
+5 (461, ) 0 (D_3> 5 D, (6t ) +

+Cs [1<5ﬁ> 0, U + 21450, s hs. 0, U ] = ——C5 Hopys -
hys U (pﬁozc +§pc 912+41CZA— z—lczjg— —2—H)+hﬂ5_q _‘75(];2).+
+2C51, U7 =120, (30601 — 7 Jg—jA ]1\]):] <)
(5 + 5 50) (0 +aa07)
A+, (o) L (- B,
<p90$zc4 + éll A>‘ +0,U0%- (p00'2c4+ %pc“@,vz +iA %Jg—j A—- 2ND—Z Hc2>

Ny N; , |
-3 U=, <D_30 ¢") - 2G50, U, = - = 4.

In [30], it has been also shown that, as the result of the first iteration of the Maxwellian iteration procedure [33], the closed set
of the 15 field equations include, as its parabolic limit, the Eckart theory for 5 fields in which the closed field equations are given
by the conservation laws (19); , ; and the remaining equations reduce to

T
ap =z h [0,T - c—zuf‘auua] .
I =-vo,U", (20)
_ H
Hpsyy = 21 Py 150Uy
As the result of this iterative procedure, it is possible to find the relationship between the phenomenological coefficients, that are,
the heat conductivity %, the shear viscosity y and the bulk viscosity v, and the relaxation time 7 as follows:

2pc
¥ ==3per [3902 +0,,(01-wy)],
0 A ‘A
pc? 2 12 N4 /2 0,2
=- 20 -—+3—(-9 -—) , 21
v 3357 {3 12 ya' D, \3 1.2 ya' } (21)
2
pe
H=o3p e
where 91’”. = d:ky /. and, as it has been proved in [32], we have
j+2-2k
0//(,]. = a)&k’j - jTGkJ_H. (22)

1 Some typos in the expression of the closed field equations are corrected comparing to the ones shown in [30]
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Furthermore, although A does not appear in the closed field equations of the Eckart theory, we obtain its expression in the parabolic

limit as follows:

0/
0.2 ) (23)

. P (2
A=00,U" with o= —(—91’2— o

Bi\3
4. Singular limit to monatomic gas

The monatomic limit of the relativistic model for polyatomic gases presented in the previous section is delicate. This is because
the relativistic monatomic gases can be modeled by using 14 independent variables, as described by the RETﬁM model [3] while the
corresponding model for polyatomic gases, RETIRS, instead, has 15 independent variables. Consequently, at the monatomic limit under
an appropriate initial condition compatible with the monatomic gases, one of the independent variables is no longer independent
from the other fields.

To study the limit to monatomic gases, we introduce a particular expression of the function ¢(7) which appears in the definition

of the moments (7). In paper [25], the following expression has been found:
o(I) =1°, 24)

where a = ? is constant and D = 3 + f; is related to the degrees of freedom of the molecule, given by the sum of the space
dimensions 3 for the translational motion and the contribution of the internal degrees of freedom f; > 0 related to molecular
rotation and vibration. This expression is introduced in order to recover the polytropic caloric equation of state in the classical limit
y — oo. In fact, by taking into account e = pc? + pe, where ¢ is the internal energy, the expression of the measure (24) ensures the
following caloric equation of state for polytropic gases holds

k
lim e = 2587 (25)
y—00 2 m

Monatomic gases, having only translational modes, are characterized by the number of degrees of freedom D = 3, which means
a = —1. For the proof, the limit is considered by taking that « is continuous and reduces to —1 as in the case of classical gases [14,39].
For this value of a for monatomic gases, the integral of moments is not convergent, so we have to calculate the limit and, thanks
to the above mentioned expression of ¢(7), it is possible to use some of the Lemmas proved in paper [38], where the monatomic
limit of the theory with previous moments (6) has been studied. However, compared to [38], due to the exponent in the moments
(7), we now need to take into account the non-linear contributions of 7.
For completeness, we report here the properties demonstrated in [38] we use in the sequel:

Lemma 1. We have:

+oo 1 y +oco |
* _ * +
/o LT ars Pl AR @0

and
+oo
. ./0 J;:l,n I*d1 Jm,n(y)
A PR AN
ol [y IT0dT Il
e 1 d 1 ~

lim ————— =0, (27)
—— +oo
a-l Py TedT
e 1 d 1
-l Py TedT

The convergence of the energy and pressure is the same of [38]. For completeness, we summarize these results. The energy of
polyatomic gas (9), converges, in the limit a - —1, to the corresponding monatomic expression, i.e., e = % pczjz—'z. We may recognize
2,1
it as the Synge energy

e = /)CZCOMO"O(}') with wMorm(y) =G - l’
14

where G = K;(y)/K,(y) being K, the modified Bessel function.
Similarly, the pressure of polyatomic gas (9), converges, in the limit @ — -1, to the corresponding monatomic expression,
ie,p= %pczj“—"’. As the proof was not explicitly shown in the previous study [38], we report it here for completeness. By using
E 2,1

Eq. (11), we have that p = pczi. Moreover, thanks to eq. (7.4)¢ of paper [30], we obtain
400 7
Ve (14 5 ) 1mdn

2 2
p=pcl =pc’ > s
3 I Iy 10d1

By using (27); ,, we have that the above expression converts into the corresponding one for monatomic gases.
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4.1. Monatomic limit of equilibrium variables

Due to the existence of the 15th variable 4 and of the non-linear contribution of 7 in the definition of the moments, the
coefficients of the closed system are different from the ones analyzed in [38]. Therefore, we study the monatomic limit of the
coefficients present in the closure of system (1) with (7), given by Egs. (8), (9) and (15).

We have the following theorem:

Theorem 1. The following limits hold:

. _ 170 2)
al—1>n—11p00'2 - Z(Cl +ms ),

2
: 29 _ (0 2
Jm 02012 = 5 (=)
: _acM
al—]>n—11 3Cs =3¢,

. N3
lim — =-5C;j,
D

a—-1

3
lim =L = _5¢;,
a—-1 3
17
im (-& M) _crm, (28)
a>-1\ ¢2 Dy+3N4 !

In the right-hand sides of the above equalities we use the notation of RETﬁ;M [3], in particular, we refer to eqs. (7.4) and (7.7).>

The proof of the theorem is shown in Appendix A.

Corollary 1. As a consequence of the above Theorem we have:

N3 Ny : . / /
lim 2= tim =L gim (9, -01,) =1 lim (6),-6],)=0. (29)

a——1 3 a—-—1 3 a——1

Proof. The first two relations derives immediately from the results of Theorem 1, while the third one can be proved with the
following procedure. From (22), we obtain

1
6= 01, = (60— 012) = (605~ 3015)-
With (27),; and (26), by taking into account (12), we can prove that
lim (B, — 0, ) = @™, lim (903 - Lp, 3) = Mo,
a—-1 g ’ ams—1\ 7 20
Then, the relation (29); is satisfied.

4.2. Monatomic limit of RETX,

Let us now investigate the monatomic limit (a — —1) of the system (19). By using the results of Theorem 1, we find a system of
15 equations of monatomic gas. However, we need to recall that monatomic gases must satisfy the trace conditions (4) according
to the kinetic theory. To prove that the trace conditions hold in the monatomic limit, we introduce the following balance equation

0, (A7 gy, — P V) =1Pg,, (30)
that is an identity if and only if the trace conditions (4) are satisfied.

Recalling (18), the above Eq. (30) can be rewritten with the material derivative as

U, .
17 gy, = 83,0, A" = 20,V = g, <c_g A" = i, Aaﬂ7> =2, V"

U,U U
_ b=y i 2
= (—hﬁy+c—2) (C—; APr — hgaMA”’/”) —-c 0aV"

U, UpU, (U, .
= hyoh,s8” (C—2 APY — pio, A“ﬁV> + % <c_; APY — pt o, A"ﬂV> — 2o,V (31)

We note that the above equation is the sum of (19),, (19); divided by ¢? and (19), multiplied by —c2. By introducing the variable

U D, +3N4 1
o o 1 2?00 43N (32)
D,

— af _ 4ap “a
Y(x,t)-(A A ﬁ|E) bt

2 The dimension of A*’ defined in [3] is same with the one defined in (7) divided by m. For this reason, here and hereafter, we refer to the coefficients of
monatomic case in [3] divided by m.
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we obtain that, in the limit of monatomic gas, i.e., a — —1, Eq. (31) becomes

YMDI‘IO + YMam)d U® = _lyMona (33)

. ,
T

where YMo"0 =lim,_,_, Y. Recalling (29),, we have that lim,_,_, A“ﬂﬂl £ = ¢V and therefore
Mono . af 2y a Utx
Y = lim (A -V )— (34)
i 2

In the limit from polyatomic gases to monatomic gases, it is natural to impose an initial condition compatible with the monatomic
gases in which the trace conditions are satisfied. Therefore, in this limit, we assume that A“ﬂﬂ = ¢2V*, which is equivalent to I ﬁﬂ =0,
is satisfied at the initial state, i.e.,

YMMO(X, 0) =0. (35)
With this initial condition and assuming the uniqueness of the solutions, we have that the only solution of (33) is
yMorox =0  for any 1. (36)

Therefore, under the initial condition (35), Y ™°" vanishes and moreover Eq. (30) is identically zero, then the trace conditions are
satisfied for any time.
We emphasize that we can interpret that Y is the part of 4 that characterizes polyatomic gases. In fact, from (32), we have
D n
A=4c?—4 < 3N n> (37)
D, +3NA4 D,
and, the remaining part of 4, represented by I7, persists in the monatomic limit. This indicates that the initial condition (35) implies
setting the part of the polyatomic gas effect in 4 to zero at the initial state. In the monatomic limit, since YM" is identically zero,
A is expressed as
. , NI 4 ~IT
A= lim (-12¢"———=1IT)=2c"C]" II, (38)
a—-1 D, +3N4
where we used Eq. (28). In this way, in the monatomic limit, 4 is expressed by IT and the number of independent fields is now 14.
With this singular limit, we can prove the convergence of the closure for A%/7,

Theorem 2. The triple tensor A%%Y converges to the corresponding tensor of RETﬁ;M when a - —1.
Proof. It is sufficient to use the results of Theorem 1 and Eq. (38) on Eq. (8) to prove that the triple tensor converges to that present
in eq. (4.3), of paper [3].

We show now that the 15 equations of RET{‘5 coincide with the 14 equations for {p, U%, e, II, £®/)3  4*} of RETﬁ;M . By inserting
(36), or (38), into system (19) it converts into

p+po, U*=0,
I . s
—#U lhrS @ + 1t<"°>3U _héua(p_,_ﬂ)_i H o Ué_iq ,U"* — hzhzaﬂt<aﬂ>3:0’
c

U,
¢+ 254" + (et p+ID0,U" = hyo,q" )3 9,U, =0,

G

2 . 2
S (P —mm? + cflir) + " 45 S () —mm + 11 ) 9, U"

2

~5¢"0,C;+5C3 h 9, ¢% —2cMo ¥ 9 U = -

> 27

cz o -

95 Upy, — ( —nm* + C[' 1) hy; h"p>3 0,U"
2 (q<5h”ﬂ>3) 9u €3 +265 ( r6h'p), 0 )

1
+ CMMO [t(éﬂ)3 aa U* + 2t</‘7>3hy<ﬂ h§)3v 0‘4 UV] =—- ; CSMMO 1<5ﬂ>3 5

cli,

CH" Ry hyy gt + 105, CHO%

. c 5 . . .
hgs Uﬁ(E (SCP+mm?) + 2] IT) = hys SCy 0 + 45 (5C; )+ 2CM 1, U7

o (< (e
% M(E( 1

1 03
- C3h5q"0,U, + hiyo, (Csj'l‘"'”‘f2 i a>3) =z ('5C3 - 2012)‘1"’ (39)

4
—m?) + Zcff H) +6C, (q" 9,U; + 450, U”‘)

that is exactly the system of RETﬁM , i.e. egs. (7.16) of [3] (where we used the values found in paper [38] for the coefficients in
the right-hands sides because they were not explicitly present in [3]).
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4.3. The phenomenological coefficients

Concerning the limit of the production term I?#, the values of the coefficients appearing in (15) are strictly related to the heat
conductivity and viscosities via Maxwellian iteration, in particular through Egs. (21). The explicit expression of such coefficients in
monatomic gases appeared for the first time in paper [27] and we refer to those results to make a comparison. Then, we have the
following theorem.

Theorem 3. The phenomenological coefficients, presented in Egs. (21), converge to the corresponding one of the monatomic theory when
a— —1.

The proof of the theorem is shown in Appendix B.

As we have seen in the previous section, the variable Y is the part of 4 characterizing polyatomic gases. In this sense, we may
adopt Y as an independent field instead of A. Then, in the parabolic limit by conducting the Maxwellian iteration, we can obtain
the expression of Y by inserting (20),, (21), and (23) into (32) as follows:

Y =679,U°,
where
2
y _ _¢p ’ ’
o = TW (90,2_0|,2)' (40)

In the monatomic limit, recalling (29);, we obtain

¥ =0. (41)
5. Monatomic limit of the principal subsystems

In RET the principal subsystems are models with fewer moments than the original system but that retain the properties of
convexity of the entropy and positivity of the entropy production. These subsystems can be obtained by eliminating some of the
balance equations and this procedure corresponds to considering some components of the main field as constant (see [23] for details).

In this section, we consider the monatomic limit of RETf4 and RETé‘ which are obtained as principle subsystems RETfS.

5.1. Monatomic limit of RETR,

As proved in paper [30], the principal subsystem with 14 moments is characterized by the following condition:

D™ 4 p*
409 = 4Na 2 g with Do _ 23 74
D

a D, D} +DP

that reduces the number of independent variables to 14. The symbol DZ represents the determinant of the matrix obtained by
eliminating the ith row and the jth column of D, defined in Eq. (13),.
The closure of this principal subsystem is given by

AP = po, 3 M 1 \ututur 29 3N{T1 ) U@hf» 42
= pol_c_zﬁ + | pc 12— Dr + (42)
1 1
3 N} (7P 3 N"il
+ =23 vPur 4+ 2 2L glepbn 4 3¢ ,((aﬁ>3UV),
2D, ! 5D, 7 5

¢ 3 3

and by the production term

3NT + N7 0 N
167 = _ i %HU“U” + CLT <ﬁ _ 2D_§> U - %CS () (43)
1 B
with
T T
ﬁz_lﬂ’ N1 Naya N =_ﬂ, N, = N4 4 N33,
DT~ 73D, D = D, \D, D,

and the other symbols defined in Eqgs. (13) and (14). The notation N4/ represents the determinant of the matrix obtained by
eliminating the ith row and the jth column of N4. By using the same technique adopted in Theorem 1, it is possible to prove that

e Cen lim Yo _ €&
a——1 Da 6
and, as a consequence, the monatomic limit of Eq. (42) corresponds to eq. (4.3), of paper [3] and the monatomic limit of Eq. (43)
gives the expression of the production term for monatomic gases obtained in paper [26].

The above results show that the present subsystem RETf4 has the same monatomic limit of the system of RETfS, that is, RETﬁM .

)i
cr,

10
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5.2. Monatomic limit of RETX

The principal subsystem RETé‘ is characterized by the following conditions [30]

D44 _ 3D43

— — 6) — »g.2_4 4

q‘u —0, t<ﬂv>3 —0, A =4c D34_3D33 .
4 4

The relation between 4 and 7 is different from the subsystem with 14 moments.
The closure of the principal subsystem with 6 moments is given by the following expressions of the tensors T/, A"ﬁﬂ and I ﬁﬂ:
A

T = C% Utu’ + (p + H)h"", A = {p Oy - 01+ A TTY U, 1Y = -, (44)

with
Di4 _ 3D33 _ 3NA34 4 9NA33

A1 = s (45)
34 33
D4 - 3D4

where all the elements of the matrices involved in the definition of A, are functions of w(y) (see [30] for details). We see that the
closure is determined in terms of 6, 6, , and A,. The field equation of IT is given by

(A1) + pc? (0(’,,2 —6’{,2>}>+A, 110,U° = —% A I (46)

It is important to note that the bulk viscosity, derived through Maxwellian iteration, is obtained as shown in [30], and, by employing
oY, as defined in (40), the bulk viscosity can be represented in a more compact form:

oY

V6 = —A—l. (47)
We remark that the expression of the bulk viscosity is different from the ones of RETfS, (21),, and of RET{‘4 [30].
In the monatomic limit, recalling (29),, the field equation of IT (46) is expressed as follows

(AYerorT)" + AMom 1T 9,U" = —1A{‘“"” m, (48)
T
where AM" =lim,_,_, A;. Utilizing (27), ,, it is determined that A}°" results in the indeterminate form 91. This form cannot be
resolved using the method employed in proving the last point of Theorem 1, as it leads to the same indeterminate form. Additionally,
substituting ®™°" into Eq. (45) does not offer a solution. It is observed that the w value for polyatomic gases differs from that of
monatomic gases, represented as w(y) = ®™°(y) + 5. To derive the monatomic value of w, we calculate the limit as § approaches
0. Through this limiting process and cumbersome calculations, it is shown that both the numerator and denominator of A, vary
linearly with §, resulting in
1 3ly + GG - Gy)l

AMonozl' A =30 —=+ 0. 49
i s 1 { v 5+2y[—sc+y(—1+c2)]}7E @

Similar to (33), (48) is a first-order partial differential equation in the variable A{” o0 IT. As an initial condition compatible with
monatomic gases, we assume that the trace conditions (4), AP

5= c2ve, is satisfied at the initial time. In other words, since we
have, from (44),,

lim A = (p? + AV T ) U = Ve + A U, (50)
a—>—

and therefore
U
Ao 1 = =2 fim (4% = ve), (1)
cs a——1

we consider as an initial data that
(AYer IT)(x,0) = 0. (52)

This condition also indicates that 1 ﬁﬁ = —%A;" om0 T = 0 is satisfied at the initial state. Then, the unique solution of (48) is

(AMom 1Ty(x,1) = 0, (53)

and the trace conditions are satisfied for any time in the monatomic limit. Since Ai” oo £ 0 (see Eq. (49)), the dynamic pressure
vanishes.

We note that, in the present subsystem, different from the case of RETfS, the characteristic features of polyatomic gases are
captured by IT, which tends to zero in the monatomic limit. Therefore, the initial condition (52) indicates that the gases initially
demonstrate monatomic gas behavior.

The system now comprises five independent fields, {p, U, y}, with their closed field equations converging to those of the Euler
system for a non-dissipative fluid. As indicated by (41) and (47), we observe that vy = 0 in this limit.

11
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6. Summary and concluding remarks

The present study demonstrated that the system of RET{‘5 converges to the system of RETﬁM under the singular limit of D
approaching 3. Furthermore, it was shown that RETﬁ, which is a principal subsystem of RET{‘S, also aligns with the same monatomic
theory, i.e., RET{E;M . On the other hand, RET(’f converges to the relativistic Euler theory for monatomic gases. As already shown in
Fig. 1, these findings have clarified the relationships between various RET theories for relativistic polyatomic and monatomic gases
that were previously unclear.

Finally, this paper has dealt with polytropic gases; however, the monatomic limit in non-polytropic gases remains an issue for
future work. Additionally, while beyond the scope of this paper, the following topics remain as open questions: (i) As seen in
Fig. 1, in the 14-variable model, the results differ depending on whether the monatomic limit or the classical limit is taken first.
However, the results obtained are tied to the principal subsystem. The difference is due to the dynamic pressure existing even
in relativistic monatomic gases, but a more detailed study is necessary. (ii) The phenomenological coefficients differ in RET{‘S,
RET]R4 and RET(’f (see [30] for details), while in the classical case, such differences do not appear. It is important to note that
the form of the phenomenological coefficients’ expression strongly depends on the collisional term. Further study is needed to
understand these differences, considering the general study of Maxwellian iteration [40]. Furthermore, although the dependence
of these coefficients on y is discussed in [30], to compare these coefficients with experimental data, it is necessary to evaluate
the undetermined relaxation time using different microscopic or mesoscopic theories. (iii) As argued in [41], including higher-
order moments allows for the construction of more detailed models. Although the classical case is discussed in [42], the model for
relativistic gases is not revealed.
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Appendix A. Proof of Theorem 1

The convergence of the coefficients in Theorem 1 is proved as follows.
» From Eq. (10) we have that

+00 i 2 400 i 1 1 +00 i 2
/i J,10dT+ = [T 1 d T + I 3,1 d1

0 (me?)?

902 = +00 .
A J310d1

By using (27), we deduce that

Jr3()
lim 6y, = — .
e AN

By using the recurrence relation (12) and egs. (7.4), 4 of [3], we prove the first point of the Theorem.

12
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» From Egs. (10) we have that

(mc?)?

+00 2 4o 1 1 Foo px 2
, o UL TdT+ S T T T+ Jo T IdT
12 = .

+00 4
Jo J310d1

By using (27), ,, we deduce that
S0

lim 6,,= =227

as=1 77 Jh 4(y)
By using egs. (7.4); 4 of [3] we prove the second point of the Theorem.

» From Eq. (14), and (10), we have
fore g, (1+m’7)4 1941
Jor 1041 J
lim Cs5 = lim —= = lim - _ Ja®)

a—-1 a==150,3 a—-1 Jore J§0(1+%)3I‘,“ Je0(r)
me

T 7%
/0 "2,1 19d1

where (27), , have been used in the last passage.
* From Eq. (14),,, (10) and by using (27),, we have

J, J,
lim D; = lim <91,1 . %9]3 —0,,- .9172) - ;2 J4,0(7) J4,1(7) ’
a—— a—>—
(12’1(1,)) b1 Jan()
J, J,
lim N = lim 1 [91,1 '291_4—91,2-91,3] . . > w00 )
a——1 a—>—1 2 5" <J21(y)) -14,2()/) J4,3(}’)
J4,0(7) J4,1(7)
N Jao(r)  Ju3(r)
Hence lim = = et 4Vl as in [3].
a>=1 Dy NIy Iy ()

Ju1 () T

+ From Eq. (14);, (10), by using (27), , and the recurrence relation (12), we have

Jao)  Jai ()
Ja2(r)  Ju3()

1

(12,1(7))2

lim Ny, = lim (9],, 30, —9]2-5923) =
a—s— ’

a—-1

Jao)  J41(r)
N. Ja2(r)  Ju3(r)

Hence lim = = a7 sl as in [3].
a>=1 Dj Jao)  J41 ()

Ju 1) Jun(y)
+ Let us recall (13). By using the definition (10), we see that the determinants D,, N4 and N/' are made of terms on which it is

possible to apply directly (27), ,, and calculate the limit of the individual elements. As a result, we obtain matrices in which
the fourth column is a combination of the third and of the first ones by means of the recurrence relation (12) and so they have

0 determinant, giving
. NI [0]
lim ————— ==
a=-1 ¢2Dy+3N4 0

In order to solve such an indeterminate form, we proceed by observing that with the previous approach (the use of (27),,)
we involve only the terms of order a with respect to Z, so we use now (26), in order to have higher order terms. By applying
(26) recursively, and with the use of (11), we obtain

+co +oo
/0 JZ.n+kI“+kd1=<a+1)<a+2)-~-(a+k><kBT>"/0 JonT0dT. (A

Let us transform the determinants D*, N4 and N/ in the limit that a — —1. We replace the fourth column of the determinant
with the result of subtracting the third column from the fourth column and then adding the first column. With the use of (12),

13
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(A.1) and finally (27),, we obtain
i) Jaa(r) Jas(r)

_ D, 1 Do) Ja3(r)  Jaa)
lim =

T () a0 a0 ) =

Jao) T () Ja2)

i) Jaa(r) Jas(r)

N4 1 Do) Jas3(r)  Joay)
lim - -
a——-1 a+1

2( Jzyl(y))“ Too®) Jaa() Jia()

1) Jaar)  Jas(y)
i N 1 J22()  Ja3() J2a()
m == -

T () @) B st

Jo1(r)  Jua(r)  Jas(y)

2 1
=70 7t

Y
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) (A.2)

2 3 2
—2h = dyg— =y
y 2,1 y2 2,0 73 2,-1

2
Y -
y 4l

v

2
—200 -

5
- = -

4

7
Jo i) a2 Jaz() —5-’4,0‘%-’4,—1—

5
Ry -
2041

3
Jy 9 —
274,-2 %

8
L
73720

2
=43

8
ST -
734,2

8
2T, =
y34~2

6
= J.
= 4,-3

6
=21

v

6
= Jy_
A 4,-3

For the last equation, by replacing the fourth row of the determinant with the result of subtracting the third row from the
fourth column, and then adding the first row, and by using again the recurrence relation (12), we obtain

Da@) o) Jas)

NI 1 Do) Da3(r) Jou(r)

lim =
a—-1 a+ 1

0 0 0

In order to calculate
Dy +3N4
a——1 a+1

’

2 3 2
2 ==J - =J,_
y 2,1 72 2,0 73 2,-1

4 8 6
—2 7 N § - 27
72 2,—-1 73 2,-2 7 2,-3

1

2
— 20— —=J,_
y 2,0 y2 2,-1

N 2 5 8 6
9(12’1(},)) Doz Jour)  Jp5(r) —;Jz,z - y_2J2,1 - ,—3-’2,0 - y—4~lz,—1

(A.3)

we observe that the matrices of D, and N4 have the first two rows in common and the third row of D, is the fourth row of
N4. We can change the sign of the third row of D, and then exchange its last two rows obtaining the same determinant

Iy (1)
Jrs(r)

D, +3N4
I _ 1 ) J10@)
a—-—1 a+1

By using the same procedure already used for N/, we obtain

1) Jaar) Jas(r)

D, +3N4 1 Do) Dos()  Jou)
im =
a=-l a+l 9(]2 1(7))4 J4,o(}’) -14,1(7’) J4,2(Y)
0 0 0

In such way, we conclude that

Jr(r)
12,3(7)

1)

4
9(1210)  |[Fa®)+Jaa)  —Dagn) +Jyo()

Jz,l(}’) Jz,z(?’) J2,3(7)
Do) Ja3() Jou)
. N . 6 NT  a+1 6 1123 Doa)  Jrs()
fim —2 N gim -8 __5
a>-1 ¢2 Dy+3N4 a>-1 c2a+1D,+3N4 NI () Taar)  drs@)
Do) Ja3() Jou()
J4,0(}’) J4,1(7’) J4,2(7)

14

2 1
Jz,3(}’) _;Jz,o - y_zJZ,—l
2 3 2
J24) PR LN Sl D LY Reli: LN
2 3 2
Jio () T LS Rl X P Rl B P
2 5 8
=Jo5(r) + Ju3(r) ;12,2 + y—sz,l + 712,0
6 2 5
tado1 = a0 = 24
8 6
R T Rl 2 L
1
=Ja-1
, - (A.4)
PR
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Using the recurrence relation on the last row of the denominator, changing the sign to the last row, and shifting the rows
down we obtain

J2,1(7’) Jz,z()’) J2,3(}’)
Jz,z(?’) J2,3(Y) J2,4(}’)
N1 _ 6 J2,3(7/) 12,4(7) -’2,5(}’)

lim —— —
am=l 2 Dy+3N4 2 L) S () Jan®)

12,1(7/) Jz,z(}’) J2,3(}’)
Jz,z(?’) 12,3(7) -’2,4(}’)

and the Theorem is proved.
Appendix B. Proof of Theorem 3

The convergence of the phenomenological coefficients in Theorem 3 is proved as follows.

» By using Eq. (21), (16) and Theorem 1, we prove that

. . nme?0) T 2 Ja
lim p= lim ———— = ~ =
a——1 a——1 3B 3C5 ono J2,1

as in paper [27].
» By using Eq. (21), (9), (10), (16) and Theorem 1 we prove that

2 _ 4 J. —e J.
lim = lim ——2 M [3902+012"—e] _— nme” © (2
a>toammt 3BC T Ly Too) Ty |) N P32

J4,2(7) Jus3(r)
J4,0(7’) J4,| )
S 1) Jan()

Jap

Ja1

as in paper [27].
+ By using Eq. (21), (9), (10), (16), (A.2), (A.3), (A.4), (29); and Theorem 1, we prove that

2 0 4 4

. . nmce 2 12 N4 /2 0,2
lim v= lim -2 ) 29 ——‘+3—(—0 -2
a—1>n;11 v a—1>n—1] 3357 {3 1.2 yao' D, \3 1.2 yo'

2 D D, +3NA4 0]
=M (im 24 (tim 22 gim ( 20,, - -2
3 a»-1 N a—-1 Dy a—>-1\3 7 yo'

Dy Dy+3N4
— —ope?| tim L || g e [[22a0 L p (T
gl P | Py TR | VAR I VA
a+1 a+l ’ ’

Do) Ji(r)  Jan(y)
J2,1(}’) Jz,z(}’) 12,3(7)
o 19220 Do3() Jo4®) [ 1 p Dz gy 214,1]
= —7 nmc —_ T(_ _> _
J2,1(}’) Jz,z()’) 12,3(7)

Joo(v)  Ja3(r)  Jau(r)
Jz,3()’) J2,4(7) Jz,s(J’)

as in paper [27].
In the second step, the equality y o’ = (%c is used, derived from Egs. (9) and (11).

References

[1] I. Miiller, T. Ruggeri, Rational Extended Thermodynamics, second ed., Springer, New York, NY, USA, 1998.

[2] T. Ruggeri, M. Sugiyama, Classical and Relativistic Rational Extended Thermodynamics of Gases, Springer Heidelberg New York Dordrecht London, ISBN:
978-3-030-59143-4, 2021.

[3] L-S. Liu, I. Miiller, T. Ruggeri, Ann. Physics 169 (1986) 191-219.

[4] N.A. Chernikov, Acta Phys. Polonica 27 (1964) 465-489.

[5] Synge J.L. and, The Relativistic Gas, Amsterdam North Holland, 1957.

[6] C. Cercignani, G.M. Kremer, The Relativistic Boltzmann Equation: Theory and Applications, Birkhduser Verlag, Basel-Boston, 2002.

[7]1 W. Dreyer, in: 1. Miiller, T. Ruggeri (Eds.), Maximisation of Entropy for Relativistic and Degenerate Gases in Non-Equilibrium, in: Kinetic Theory and
Extended Thermodynamics (Bologna 1987), Pitagora, 1987, pp. 107-123.

[8] M.N. Kogan, Rarefied Gas Dynamics, Vol. I, Academic Press, New York, 1967, pp. 359-368.

15


http://refhub.elsevier.com/S0003-4916(23)00378-0/sb1
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb2
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb2
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb2
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb3
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb4
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb5
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb6
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb7
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb7
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb7
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb8

T. Arima and M.C. Carrisi Annals of Physics 460 (2024) 169576

[9] W. Dreyer, J. Phys. A Math. Gen. 20 (1987) 6505-6517.
[10] I Miiller, T. Ruggeri, Extended Thermodynamic, first ed., in: Springer Tracts in Natural Philosophy, vol. 37, Springer-Verlag, New York, 1993.
[11] W. Dreyer, W. Weiss, Ann. Inst. Henri Poincaré 45 (1986) 401-418.
[12] G.M. Kremer, Ann. Inst. Henri. Poincaré 45 (1986) 419-440.
[13] T. Arima, S. Taniguchi, M. Sugiyama, T. Ruggeri, Contin. Mech. Thermodyn. 24 (2012) 271-292.
[14] T. Arima, S. Taniguchi, T. Ruggeri, M. Sugiyama, Phys. Lett. A 377 (2013) 2136-2140.
[15] H. Grad, Comm. Pure Appl. Math. 2 (1949) 331-407.
[16] T. Arima, S. Taniguchi, T. Ruggeri, M. Sugiyama, Contin. Mech. Thermodyn. 25 (2013) 727-737.
[17] S. Taniguchi, T. Arima, T. Ruggeri, M. Sugiyama, Phys. Rev. E 89 (2014) 013025.
[18] Arima T., Barbera E., Brini B., M. Sugiyama, Phys. Lett. A, 378 (2014) 2695-2700.
[19] Arima T., M. Sugiyama, Phys. Lett. A 476 (2023) 5.
[20] F. Brini, L. Seccia, Proc. R. Soc. A 478 (2267) (2022) 20220246.
[21] E. Barbera, A. Pollino, Mathematics 10 (16) (2022) 14.
[22] T. Arima, S. Taniguchi, T. Ruggeri, M. Sugiyama, Phys. Lett. A 376 (2012) 2799-2803.
[23] G. Boillat, T. Ruggeri, Arch. Ration. Mech. Anal. 137 (1997) 305-320.
[24] S. Taniguchi, T. Arima, T. Ruggeri, M. Sugiyama, Phys. Fluids 26 (2014) 016103.
[25] S. Pennisi, T. Ruggeri, Ann. Physics 377 (2017) 415-445.
[26] M.C. Carrisi, S. Pennisi, T. Ruggeri, Ann. Physics 405 (2019) 298-307.
[27] M.C. Carrisi, S. Pennisi, T. Ruggeri, Ann. Phys. 428 (2021) 168447.
[28] S. Weinberg, Agron. J. 168 (1971) 175-194.
[29] L. Rezzolla, O. Zanotti, Relativistic Hydrodynamics, Oxford University Press, USA, 2013.
[30] T. Arima, M.C. Carrisi, S. Pennisi, T. Ruggeri, Entropy 24 (1) (2022) 30.
[31] S. Pennisi, T. Ruggeri, J. Phys. Conf. Ser. 1035 (2018) 012005.
[32] S. Pennisi, J. Nat. Sci. Tech. 2 (2021) 12-21.
[33] E. Ikenberry, C. Truesdell, J. Ration. Mech. Anal. 5 (1956) 1-54.
[34] T. Arima, M.C. Carrisi, S. Pennisi, T. Ruggeri, Int. J. Non-Linear Mech 137 (2021) 11.
[35] S. Pennisi, T. Ruggeri, J. Math. Phys. 59 (2018) 043102.
[36] C. Borgnakke, P.S. Larsen, J. Comput. Phys. 18 (1975) 405-420.
[37] J.-F. Bourgat, L. Desvillettes, P. Le Tallec, B. Perthame, Eur. J. Mech. B Fluids 13 (1994) 237-254.
[38] M.C. Carrisi, S. Pennisi, T. Ruggeri, Contin. Mech. Thermodyn. 31 (2019) 401-412.
[39] T. Arima, T. Ruggeri, M. Sugiyam, S. Taniguchi, Ann. Physics 372 (2016) 83-109.
[40] T. Ruggeri, Phil. Trans. Roy. Soc. A 381 (2263) (2023) 20220371.
[41] G. Boillat, T. Ruggeri, Contin. Mech. Thermodyn. 9 (1997) 205-212.
[42] T. Arima, A. Mentrelli, T. Ruggeri, Ann. Physics 345 (2014) 111-140.

16


http://refhub.elsevier.com/S0003-4916(23)00378-0/sb9
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb10
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb11
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb12
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb13
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb14
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb15
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb16
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb17
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb18
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb19
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb20
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb21
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb22
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb23
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb24
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb25
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb26
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb27
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb28
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb29
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb30
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb31
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb32
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb33
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb34
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb35
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb36
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb37
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb38
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb39
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb40
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb41
http://refhub.elsevier.com/S0003-4916(23)00378-0/sb42

	Monatomic gas as a singular limit of relativistic theory of 15 moments with non-linear contribution of microscopic energy of molecular internal mode
	Introduction
	Relativistic moment equations of polyatomic gases
	Brief summary of relativistic RET of polyatomic gases
	Singular limit to monatomic gas
	Monatomic limit of equilibrium variables
	Monatomic limit of RET15R
	The phenomenological coefficients

	Monatomic limit of the principal subsystems
	Monatomic limit of RET14R
	Monatomic limit of RET6R

	Summary and concluding remarks
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgments
	Appendix A. Proof of Theorem 1
	Appendix B. Proof of Theorem 3
	References


