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Abstract: In this article the 15 moments model is found for polyatomic gases, expressed
in terms of the physical variables previousy used in the Landau-Lifshitz description for
monoatomic gases. It is also proved that the expression of the collision term () recently
proposed by Pennisi and Ruggeri as a variant of the Anderson and Witting model is equal,
up to first order with respect to equilibrium, to the original one proposed by Anderson and
Witting but which uses the four-veocity Uj in the Landau-Lifshitz description. The same
thing can be said for all the balance equations, so that the two approaches are equivalent but
only up to first order with respect to equilibrium.

Keywords: Rational Extended Thermodynamics; Rarefied Polyatomic Gases; Relativistic
Fluids

1 Introduction

The idea behind this article comes from a comparison of two different models for monoatomic
gases; one was presented in [1] and the other in [2]. The first one has been implemented in
[3] for polyatomic gases and the same thing is here obtained by implementing, in the next
section, the model of [2].

The principal difference between [1] and [2] is that they use different physical variables. In
fact, both of them use the field equations

D VE=0,0,T" =0, 9, A = ", (1)

The first one of these is the conservation law of mass, while the second one is the conservation
law of momentum-energy. In both models the independent variables are V* and 7%, but
they are decomposed in a different way. In fact, [1] uses the decomposition

e 2
Ve =mnU*, T = 3 U°U? + (p+m) h*? + 5 Uleq?) 4 t<ep>s (2)



where m is the rest mass of the particle, n is the particle number density, U® is the
four-velocity, e is the energy, ¢ the light speed, p the pressure, m the dynamical pres-
sure, h*? = — g + c% U~UP is the projector into the subspace orthogonal to U®, ¢*# =
diag(1, —1, —1, —1) the metric tensor, ¢* the heat flux, t<**>3 is the viscous deviatoric
stress and they are constraned by

U« Ua:CQ, qa Ua:(]’ t<aﬁ>3 Ua:O7 t<a’6>39aﬁ =0. (3)

On the other hand, [2] uses the decomposition

CK CK

‘/ = mn l? C C q , ! J— : l/ l] (p T )Aﬂ P< ,3>37

(See egs. (3)-(5) of cite2 )where we have substituted en with e“X and @ with 7% to compact
the notations of the two articles), where the suffix C'K has been introduced to distinguish
the variables in [1] from those in [2]. Moreover, A’ = ¢ — & U2U? is the projector into
the subspace orthogonal to Uf and the variables are constrained by

Up Upa = ¢*, ¢7" ULa = 0, P=%2 Upp = 0, P<*%% gy = 0, (5)

The transformation law between the two sets of variables isn’t linear, as we will see in section
3, while in the next section we will find the model in the Landau-Lifshitz description extending
the results of [2] to the case of polyatomic gases.

The physical meaning of the decomposition (2), (3) is self-evident, while that of (4), (5) can
be found in the Landau-Lifshitz book [4]. Tt is important because it implies automatically zero
production terms of mass and energy-momentum if the following model for the Boltzmann
equation is adopted

ULa Dar

AT

PP0af=Q, with Q=—

f = fe)- (6)

This model was proposed by Anderson and Witting [5], after having realized that the ex-
pression Q = — 2 (f — fg), previously proposed by Marle [6], implies a relaxation time 7
tending to infinity in the limiting case of particles with zero rest-mass.

Both the expressions of @) in [5] and [6] in the non relativistic limit lead to the so-called
BGK model which was formulated in [7] and [8] to simplify the structure of the collision term
which otherwise depends on the product of distribution functions.

On the other hand, the decomposition (2), (3) jointly with @) = — % (f — fg) doesn’t im-
ply automatically zero production terms of mass and energy-momentum; this isn’t due to the
presence of Up,, in (6) because f — fg is of first order so that, to have a first order expression
for (), we must calculate U, at equilibrium where it is equal to U,. So the problem is due
to the different definitions of the first order deviations from equilibrium. This problem has
been overcome in [9] by adding an extra term of @) in the framework of the Anderson-Witting
model, both in the monoatomic and in the polyatomic case. It was useful in [10] to find the
production term 177 of (1).



In [11] it has been shown how a similar result is obtained in the framework of the Marle
model. In sct. 4 we will prove that the expression (6) of @ in the Landau-Lifshitz descrip-
tion, if linearized with respect to equilibrium defined as in [3], gives the same expression
found in [9]. The same thing can be said for all eqs. (1) and this will be proved in sect. 5.

2 The extension of the model in the Landau-Lifshitz
description to the case of polyatomic gases.

Before going into this discussion, we want to take a look at the background in which it fits.
For many years the works in Extended Thermodynamics were referred to monatomic gases
and, for the case with an arbitrary but fixed number of moments in the classical context, the
equations were used

8tFi1---ir + aka’ler — Pil---ir’ (7)

where the moments F'“ % and their fluxes are expressed in terms of the distribution function

f by
Fritie N ffil .. .gir dg, (8)

Equation (7) with » = 0, 1 gives the conservation laws of mass and momentum, while that of
energy is the trace of (7) with r = 2-

Countless articles have been written in this context, as can be seen from the book [12] and
its bibliography.

An important step for the extension of the model to polyatomic gases was taken with the
article [13] where the authors assumed that the distribution function depends on the time
t, the space variables 2% , the microscopic velocity & and on a variable Z representing the
energy of the internal modes. This model led to the formulation of a generalized Boltzmann
equation in [14]. Between these two works and inspired by the first of them, the article [15]
was published; the idea developed there is that of two blocks of equations: In addition to the
aforementioned eq. (7) (which represents the block of mass), there is another another one
which represents the block of energy

DG 4 G = Qe )
Moreover, the moments and their fluxes are expressed in terms of the distribution function

J by

+ o0 .
Pt [ [ e o azad,
N3 J0 (10)

i1-ds oo i isg -
G —m/w/o fé & m¢(I)dId§.

In this way the conservation law of energy is no more the trace of (7) with » = 2, but eq. (9)
with s = 0.



These works gave a breakthrough to Extended Thermodynamics and gave way to many other
works some of which are summarized or cited in the book [16]. (See also [17] which describes
the results obtained in this context, also in the relativistic framework as in [3], and which
contains up to 539 references).

Working in this context and in particular in the relativistic context that has begun with
[3], we will prove now that the closure for the field equations (1) in the Landau-Lifshitz
description (which is different from that in [3]) is

A+ —7

NA N7
D D

«, (6% (0% A (0% (0%
A = A UeUPUY — 3 A9 AP 4 5 UUPU7 — 3A@Py) (

3 mn N;
C4€+p ng

(O‘UfUV) 1 mn &

L + g (& +p D3 A(aﬁqﬂ/) * 305 P(<a6>3Ug) ,

(11)

where A}, A%, D3 and Cj are the same of [3] and expressed in terms v = ;"C; (with 7" the
B
absolute temperature), v* =~y (1 + %) and of the functions

+o0o
I () = / sinh™ scosh” s e 7°%hs s
0

After that, the above expressions are

p= nmc2 o — nch f0+oo J2,2 ('7 + anz) (1 + m1;2) ¢(I) dl
v JF Js, 0(T) AT ’
(12)
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The new coefficents appearing in (11) are
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The scalars B... appearing in the above expressions are those of eqs. (A.6)-(A.9) of [3], i.e.,
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C
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where overlined terms denote thath they are multiplied by ¢(Z) and, after that, integrated
in dZ dP.

To prove this we note that some passages followed in [3] still hold also in the present case. For
example, the expression of the distribution function f in terms of the Lagrange multipliers

)\, )\5, )\g,y is
f=exp (—1 - l) (13)
ks

with
A 1 27
NmmAE (1 " m02> Ao+ m <1 - mcz) Gl

However, we want to consider here the case of the 15 moments model because as outlined in
[18] this case is physically more significant. In any case, for monoatomic gases the trace of
eq. (1) is (1); multiplied times a constant non zero coefficient; so the 15 moments model
reduces in the monoatomic limit to the models in [1] and [2]. More than that, if we assume
that the Lagrange multiplier \g, is traceless and take away the trace of (1)3, we obtain also
for polyatomic gases the model in [3]. Now eq. (13) at equilibrium reduces to

f et b ()]

By substituting this distribution function in the definitions

Ve = mC/%B /Omfp%(f) dPdT,
400 T .
70 = c/%S/O f (1 + @) p*p° #(T)dPdT, (14)

By ¢ I 27 o, By 5]
AP = — fl1+— | p"P"po(T)dPdT,
m Jys Jo mc

we obtain

400
ng = 47Tm3636_1_7’?>\/ Jo10(T)dL, Vg =mnUL,
, U (15)
Ty = —pA + SURUL, Ay = A URULUL — 343 AU

We note that these expressions are the same of (26), (41), (42), (48)-(50), jointly with (36),
of [3], excpt that now we have U¢ instead of U* and — A’ instead of h®. They are also
the extension of [2], at equiibrium, to the polyatomic case with 15 moments.

In order to obtain the first order deviation from equilibrium we have to consider the
following system

ULy

2
Ve = Ap) + T2 (AM _ T) AN, = B0

e+p

(0%
9

T
_ U
T

U k
TP (X — Ag) +m ASPH ( o= ﬂ) +m AN, = _EB (= m A 4 p=ef>s) o (16)

k
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where the new tensors appear

i ‘ +oo 7 \? L

A = — fep®p’p" (1 + —2> ¢(I)dPdT,
m Jes Jo mc

A = —2/ fep®p’p"p” (1 + —2) (1 ™ _2> $(I)dPdT, (17)
m R3 Jo mc mce

1 oo 27 =
AP = —— pPpptp” (14— ) ¢(Z)dPdT.
22 m5c3/§R3/0 prpppp(+mcg>¢()
Their expressions is reported in (A.6)-(A.8) of [3] and is

A" = By h*PUY) + BsUUP U,
1
AP — =B hePp) 2 By RPURUY) 4+ BsUUPUHUY (18)
10

Aggww — Bg hePpmv) + 3 B; WU UrUY) + BgUCUP UYURUY .
By comparing the system (16) with (54) of [3], we see that only the right hand sides are
different and this is due to the different definition of the non-equilibrium variables. This
system is useful to give the first order deviation from equilibrium of the Lagrange multipliers
in terms of physical variables. Since we are considering a 15 moments model, we have to take
another independent variable besides n. U2, v, 7, ¢®, P<®#>* and we assume that it is

1
A - g ULaULBUL'y (Aaﬁ’y - A%ﬁ’y) . (19)

If we contract (16); with Upq, (16)2 with U,Urg and A,g, (16)5 with UraUpgUL,, we obtain
0

AY A
nct(\ — \g) + % Uk <)\u — %) - El UMM N, — ﬁ AN, =0,

1
SR\ =Ap)+ B U (/\ U#) + Bt UMU™ N, — 3 B P AMN,, =0,
m

1 U 1 k
L= xp)+ §B4UL“ (A L“) - 332 ukrutey, — g DA N, =— L,

m T m2

? 4 ArrLp ULu LugrLy 1 Y kp

— (A= Ap) + By UM | Ay — =5 + Byt UM™U AW—§B7CA A== 5 A,
(20)

where the coefficients of the unknowns (A — \g), UL# ()\u — %), Utegtvx,,, — A* N, are

the same reported in [3]. We see that this system is the same as what would have been
obtained with the same calculations but using decomposition (2), (3) so also the value of the
above unknowns is the same and reads

kg [(Na Ny Ly U\ _ ks (Na Nyo
)\—>\E— mz(?ﬂ' A) U )\M—? = m2 D’]T DA

k N. N. k N. N.
LugrLy :__Bﬁ 43 v :_3_34 44
UB U, mz(DwaA) A mZ(DerA)

(21)



where D is the determinant (12); and N;; is the algebraic complement in D of its element in
the line ¢ and coulumn j.

We contract now (16); with A%, and (16)y with A2Ups; so we obtain

Y

P A5 ULu A?l B kgn P
SEYANGE IDY 2——= AU N, = — ————
m ( T)+ m S UL m (e +p)

1 U 2
534(;2 A%k ()\ 1{") +5Bc 2ARUY N, =0,

We see that this system isn’t the same as what would have been obtained with the same
calculations but using decomposition (2), (3) (the difference is present in the right hand
sides); in any case it gives the above unknowns and they are

Aéu( _%)__ng—nB C2q_6
p —

T 3m(e+p) ° D3’ (22)
P 1 kgn 2q‘S
A UL)\M,,ng 4C D,

where Dj is the above reported determinant (12)s.
We contract now (16), with A§5A2>3 ; SO we obtain

3 B, Au<5A¢>3u )\ kg P<6¢>3 _ Au<§A¢>3u )\ 15 kB

<bp>
15 m2 T 2B, m2P (2

We substitute now the Lagrange multipliers given by (21), (22), (23) in (16)3; so we obtain
the closure (11).

e The production terms.
Eq. (6)1 multiplied by mc¢(Z), ¢ (1+ %) p? ¢(Z), £ (1+ 25) p’ p? ¢(Z) and integrated
indZdP gives respectively

ULa ULa .
I=— ﬁ (Ve —Vg) = CQLT T::L_(‘; =0 (Mass production),
8 Ura af af ULa af <af> :
If=—-= (T ~Ts > == [ﬂ'A + P 3} = 0 (Momentum-energy production),
CcT & 7'
U N NT
By _ Lo ap afy) _ 8 By 2
IV__CQT (A v AEW>— o {AUU7 A7 ¢ (DA—FFW)—
2 mn &U L(3 'y) +C c P<5’Y>3 )
et p Ds

So the closure of (1) is completed.



3 The transformation law between the sets of variables
in the two descriptions,

Let us firstly see how to obtain the variables in [1] in terms those in the Landau-Lifshitz
description.

From (2); and (4); we have mnU® = mn®K U — % ¢ @; this equation, contracted
with itself gives

1

CK « 2

n=n% 1+ 4 9CK o ) (25)
2 (eCK + pCK)2

After that, the equation under consideration gives

CKa - CKa
e = (14 — L JcKe ve - L
N 2 (eCK 4 pCK)? L7 0K 4 yCK )
1
qCKO{QCKOc 2
2 (eCK + p(JK)2

N[

(26)

p=nKksgT (1 +

where the last equation is a consequence of p = nkgT. From (25) and (26) we see that
the transformation law between the sets of variables in the two descriptions is not linear.
Moreover, from (26) we can desume the expression of h%?; from (2), and (4), we have
€ rrarrs of 2 (a.B) <aB> et arrB CK CK\ Aaf <af>
SU U +(p+m)h™ + SUCQ7 + 457 = — UpU] — (p7F +7F) A+ peoi>e,
(27)
which, contracted with C%UQUB, hag, Ulh3, hghg — %haghws gives e, p + m, q%, t<9>3
respectively, in tems of the other variables. These expressions are not linear (for example,
¢ is a linear combination of U, ¢“% ¢ P<*/>3q,r 5 through non linear scalar coefficients).
For the sake of simplicity we will limit ourselves to write here only the linear parts with
respect to the equilibrium state defined in [2] and which we will denote with the suffix E to
distinguish it from that defined in [1] which we will denote with the suffix eq.
Well, egs. (25) and (26) give

CK «a
_ . CK . _ .CK o g0 4 .
n=n",p=p ", U"=U;] K 1 0K oK up to first order with respect to equilibrium .
(28)
1. UaUs hap -
After that, (27) contracted with —z” and ~5” gives
e=e"% 1 =7 up to first order with respect to equilibrium . (29)

Finally, (27) contracted with U,h}, and h$7 hy™* gives

CK
Q= eCKpW qCK7 157973 = p<19>3 up to first order with respect to equilibrium .

(30)



e Let us consider now the transformation in the inverse sense to find the variables of the
Landau-Lifshiz description in terms of the commonly used variables. To this end we note
that (4)y contracted with Urg gives

(Taﬁ _ eCKgocﬁ) Ups =0, (31)
i.e., e“% is an eigenvalue of T and Upg is a corresponding eigenvector. Since eigenvectors
are defined except for a coefficient of proportionality, this coefficient must be chosen in order

to satisfy the condition (5);.
Once UL is known, eq. (4); contacted with UL gives

CKa
q

GCK + pCK

n

_ o0 «
_UL nCKU’

n?® = — UM U,, and its remaining part gives
2

(32)
pCK — % ULa Ua;
C

where the third equation comes from p“% = n“® k5 T. (Note that ¢“%© plays a role in the
above equations only through % ).

After this, eq. (27) contracted with g, and A5 A65>3 gives respectively,

Utey, 1
WCK:p 1 - +7r+—(eCK—e),
02 3 (33)
P<’y§>3 — Az’y Ag>s t<aﬂ>3 + e + p2+ ™ A;»y A56>3 UaUﬁ )
C

e For example, at equilibrium defined as in [1], eq. (31) becomes

CK
€ — €gq -
— < yeU

Urg=0.
c Ls

(s

This has the eigenvalue egf( = e and the eigenvector Urg = Ug which satisfies also the
condition (5);. Eq. (32) gives

ne =n, p=p, =0,
Finally, eq. (33) gives

CK __ <y6>3 __
ey =0, P =0.

e Let us consider now the first order homogeneous part of our equations with
respect to equilibrium. Eq. (31) becomes

o o 1 o o ey
(Teqﬂ —eg 5) U]gﬁ)—l— (T A Teqﬁ — KW g 5) Ug=0 —

1 N



This equation contracted with U, gives

(e

q
e+p’

e“®M =0, and there remains h’ Urpay = —

There is still to impose the condition (5); which, at first order becomes U” U sy = 0.
Jointly with the previous result, this equation gives

(67

q
Uiy = ——.
G =5y
The first order part of eq. (32) gives
CK(1)« a
nCEQ) _ 0, pCK(l) —0, q _ ylWe _ a qCK(l)a — .
e+p e+p
The first order part of (33) is
7CKW) — 5 p<or>a(l) — y<dr>s
So we have obtained that, up to first order
nCK = pCK — p 7CK —  yle = pgo 4 q CeCK — o (OKa _ g

e+p (34)

P<5'y>3(1) — t<57>3 _

We note that these eqgs. are the inverse of (28)-(30) except for (30); and (34)s.

4 The linearization of () defined by (6) in the variables
(2), (3)-

We firstly see that UX® in (6) is multplied by a first order term f — fp with respect to
equilibrium. So in a linerized theory it can be replaced by U®. After that, we see that in
the expression of @) proposed in [9], there is too a factor f — f.,; so we evaluate now their
difference

(f=Te) = (f = feg) = feq (1 — ;—E) = foq (1 _ e—é[m(/\E—,\eq)+(1+ﬁ)(,\g_,\;q)pﬂ]) ‘

But A\g and A, are defined by

ck
- _ 1 n -t 1 n

e = = , e kp
41 m3c f0+ Js10(Z)dT

1 1



Since n°* and n are equal, up to first order with respect to equilibrium, we have also that
AE = A¢q up to the same order. So (35) becomes

(f - fE) - (f_ feq) = feq <1 — e_%@_,'_ﬁ)()\g_)\eﬁq)pﬁ) . (36)
Moreover, we have that
UL U U - U, q
E _ YLB eq _ Y8 E _ yeq _ “LB B _ B
=T T T A T T (e+p)T’

where in the last passage we have used (34)4. So eq. (36) becomes

1 (1+-Z_ M S
= d) = U= b= o (1= D o (1) G

where the last passage holds up to first order with respect to quilibrium. So we have obtained
that (6)s, up to first order with respect to quilibrium becomes

U pa 1 T a3 p°
=— — fe g — (1 : 37
@ T [f fq+qu:3 ( +m02> (e+p)T (37)
while in [9] it was proposed
U« Pa A qa pﬁ
- - - Je e 1 '

@ T [f Jeq +3 Jeq ( + mcg) Bym2c? (38)

To prove that (37) and (38) are equal, it suffices to prove that
mByy=3(e+p), ie., that (39)

00 7k 2 oo * *
I () DT [ (35 + ) (15 ) )z
™ T 0(@) dT ™ T30 0D dT

and this relation is identically satisfied because from (7.6)y of [1] we have

Y a1 () = = J20(7) +4J22(7) = Jao(v) +3)22(7)

where in the last passage we have used (7.6), of [1]. From this result it follows

yA * * *
v (1 + @) Ji1=Jio+ 3055

After this, it is easy to see that the above identity holds.

1 )



5 Comparison of the closures coming from the two ap-
proaches.

We have seen that the production terms coming from the two approaches are equal up to the
first order with respect to equilibrium. We prove now that also the left hand sides of (1) are
equal up to the first order with respect to equilibrium. To this end we note that, by using
Ule = e 4 gp, we have

1 q* q’ 2
Aaﬂ — 408 _ Ue + ) (Uﬂ + ) ~ — haﬁ _ U(oc 3) :
g 02( e+p e+p (e +p)c? a

where the second order term has been omitted. We have also

3
AP = A URULUY -3 A0, ACPUY A (U@Uﬁm o U(“Uﬁq”) +

3A0 6AO
+ it 5 h(aﬁq’Y) + 3A(1)1 h(oaﬂU'y) + 11 - U(aUﬁq’y) _
e+p (e +p)c
— AO UaUﬂU’Y + 3A0 h(aﬁU’Y) 4 3 AO + EAO U(aUﬁq'y) + %h(aﬁq’y) )
1 11 (6 + p) 1 C2 11 e+ D

(Here too, higher order terms have been omitted). This results shows that also the equilib-
rium term of A*?7 in the Landau-Lifshitz description produces a first order term when it is
converted in the usual variables. By substituting this expression in (11), we see that there
are now two terms in U®UP¢") and two terms in h(®%¢?). Consequently, we see that the two
linearized closures are equal if and only if the following two relations hold

— SN+ (A4 240) Dy = Ny(e+p),
— TTLTLNQ + 15A(1)1D3 :3N31 (€+p)

(40)

The first one of these can be written as

mn p 2A(1J1
c? m m
A+ 24AY 1By 2Bt =0,
e+p 1 2 2 2
=2 §B4C §B2C

and this is an identity because the second coulumn is equal to the first one multiplied by
kBm—T;Q. This is easy to verify for the first element and for the third one thanks to (39). To
prove that it holds also for the second element, let us consider the expression of By reported
in [3] and have that

v T T+ %) (1+25) ¢(T)dT

mc?

[ U5, 6(2)dT

’}/BQZH
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But, from (7.6), of [1] we have

Y Jap(y) = =2 J51(7) +5Ja3(7) = 2 Ja1(7) + 3J23(7)

where in the last passage we have used (7.6), of [1]. From this result it follows

I * * *
’}/ (1+W) (]472 :2<]4,1+3J273.
By using this, the above expression of v By becomes

P (Jr 4305 (1+ 2L #(T)dT
By = A 2Vt 8s) Ut ) ODAT 3 oy g0

U5 0(2)dT m

Thank to this result, also the second element in the first coulumn of the above matrix,

multiplied by kBWZ;CQ becomes equal to the corresponding one in the second coulumn.

The second equation of (40) can be written as

mn 2 —2‘;(1)1
15 A%, B, 2Bs | =0,
e+p sBic? 2By

and this is an identity because the second coulumn is equal to the first one multiplied by
k:;—QT. This is easy to verify for the first element and for the third one thanks to (39). To
prove that it holds also for the second element, let us consider the expression of By reported
in [3] and have that

AT (14 %) (14 ) oy az

S0 I 0(T)dT

v B =
But, from (7.6)2 of [1] we have

I * *
YJoo(v) =5Ju1(y) — 7 (1 + @) Joo=5J1-
By using this, the above expression of v B; becomes

o Jia (L 55) 6(@)dT 158

mc?
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[ s, 6(2)dT m

vBy=5nct

Thank to this result, also the second element in the first coulumn of the above matrix,

multiplied by kfl L becomes equal to the corresponding one in the second coulumn.
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Obviously, also the closure of the left hand sides of (1) 2 is the same up to first order terms.
In fact, we have

qO[
Vi=mnU; =mn (U* + —
" - ( 6+p)

q“ mn
Vazva+ Ve - V) = Ua_|_ _ o Ue .
B+ ( B)=mn < €+p) e+pq mn

and

(0% o 6 o e+p o th qﬁ (6%
TEﬁ:_pAﬁJFEULULﬁ: c2 (U +e+p) (UﬁJreij)_pgﬁz

2 2
~ TP (ags 4 2 pglag®) Z pgef = Speph 4o ppet 4 S d)
c? e+p 2 2

From this expression it follows
2
T8 — Tgﬂ N + pab>s % Ue s + (p—l—ﬂ') LB + _QU(a qﬁ) + y<aBb>s
c c

We concude with the closure of the right hand sides of (1).
e The production terms.

We conclude our proof by analizing the production term (24); and comparing it with its
expression which comes out with the usual variables. In the article for the 15 moments
obtained in the usual variables there is the variable A which we call now A5 and see that
A5 = cA, where A is the 15th variable in the present article. Moreover, in the calculations
with the usual variables there is a determinant D which we call now D;5 and see that the
third line of Dq5 is equal to the fourth line of the present D divided by %, while the fourth
line of Dy5 is equal to the third line of the present D. So we have D5 = — 1 D. By taking

C
into account these particulars, we see that the two expressions of 1?7 are equal if and only if

BQ N3 mn N1

By Ds (e+p)c2Ds’
By substituting here e + p from eq. (39), this condition becomes

2 A,

3l

3n
c2y

B, B¢t 2B;ct| =0,

1 1 2 2 2
0_234 §B4C §BQC

which surely holds because the second coulumn is equal to the first one multiplied by %04.
So our proof is complete.
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6 Conclusions

In this paper we have generalized the relativistic 14 moments model for polyatomic gases by
Pennisi and Ruggeri to a 15 moments model. This was necessary because the same authors
showed in a subsequent article that the 15 moments model is more suitable for describing such
gases. However, we have limited ourselves here to obtaining this result using the variables of
the Landau-Lifshitz description (used, for example, by Cercignani and Kremer) and which
are less intuitive than the usual one; the corresponding model that makes use of the usual
variables is left for further research and study which are now in progress jointly with prof.
Ruggeri and other possible cooperators. The transformation law between the two sets of
variables was also found here; this made it possible to compare the models that come out
with the two sets of variables and to deduce that they are practically the same as long as we
limit ourselves to the first order with respect to equilibrium; for this purpose it was necessary
to clarify what this ”first order with respect to equilibrium” means, since it is different in
the two descriptions. As a bonus we discovered that the expression proposed by Pennisi and
Ruggeri for the collisional term modifying a little that of Anderson-Witting, in reality doesnt
differ from the original unmodified one, but with the presence of the Landau-Lifshitz four
velocity U (Obviously, also this is valid within the approximation we talked about earlier).
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