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ABsTrACT. These notes aim to provide a deeper insight on the specifics of the paper “Refined criteria toward boundedness
in an attraction-repulsion chemotaxis system with nonlinear productions” by A. Columbu, S. Frassu and G. Viglialoro [Appl.
Anal. 2024, 103:2, 415-431].

1. AIM OF THE PAPER

In this report we focus on [1, Theorem 2.2] where an attraction-repulsion chemotaxis model is formulated as follow:

up = Au— xV - (uVv) + &V - (uVw) in Q x (0, Traz),

vy = Av — Bu + f(u) in Q x (0, Tnaz)s
(1) wy = Aw — dw + g(u) in Q x (0, Trhaz),

U, =v, =w, =0 on 90 x (0, Trax),

u(z,0) = uo(z), v(z,0) = vo(z), w(z,0) =wo(z) =z €.

Herein, Q of R™, with n > 2, is a bounded and smooth domain, x,&, 5,6 > 0, and f = f(s) and g = g(s) sufficiently regular
functions in their argument s > 0, essentially behaving as s* and s' for some k,l > 0. Moreover, further regular initial data
uo(x),vo(x), wo(x) > 0 are fixed, u, (and similarly v, and w,) indicates the outward normal derivative of v on 99, whereas
Tinae identifies the maximum time up to which solutions to the system can be extended.

Once these hypotheses are fixed

@) {f,g € C1([0,00)) with 0 < f(s) < as® and 70(17—1— s) < g(s) <m(1+s), for some a, k,1 > 0,71 > 70 > 0,
(ug,vo, wp) € (WH>(02))3, with ug, vy, we > 0 on Q,
[1, Theorem 2.2] establishes that problem (1) admits a unique global and uniformly bounded classical solution (i.e., Tyqz = 00
and there exists C' > 0 such that [[u(-,t)| g ) < C for all t € (0,00)) whenever
(i) I,k e (0,%];
(i) L e (l 1,2 )andke (O,%],orke (l Ly 2 )andle (O,ﬂ;

n’n n2+4 n’n n2+4
cee 1 1 2
(iii) I,k € (5, =+ m) .
From the one hand, we mention that the above conditions have been improved in the recent paper [2]; in the specific, [2,
Theorem 2.2] ensures boundedness under the more relaxed assumption k,! € (O, %) .
As to our contribution, we aim at providing a further scenario toward boundedness involving also coefficients connected
to g in (2); essentially we will show that

solutions to model (1) are uniformly bounded in time whenever k <l and under a largeness assumption on o.

Remark 1 (On the origins and the meaning of model (1)). The interested reader can find motivations connected to biological
phenomena described by system (1) exactly in [1], and references therein mentioned. Also known results in close contexts are
collected.
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2. PRESENTATION OF THE MAIN THEOREM

As an essential tool in order to mathematically formulate our main theorem, we have first to recall the following consequence
of Maximal Sobolev regularity results ([4] or [3, Theorem 2.3]):

Proposition 1. For n € N, let Q@ C R™ be a bounded domain with smooth boundary, p > 0 and ¢ > max{l, %} Then
there is C, = C,(Q,n,q) > 0 such that the following holds: Whenever T € (0,00], I = [0,T), h € LY(I;L%(Q)) and
Yo € WEI(Q) = {¢po € W4(Q) : 1o =0 on 9N}, every solution 1 € WEI(I; LI(Q)) N LL (I; W29(Q)) of

v

c loc
Ye=AYp—p+h in Qx(0,T); =0 on 2x(0,T); ¢(-,0)=vy on
satisfies

K s ’1/1(78) - K s
[ e [ (1weom oo+ X s v )as < zicy |l + [ [ ncospas| - oranee 01)

q

Proof. The proof is based on the classical result in [8]; for an appropriate adaptation to our case see details, for instance, in
[5]- |

Remark 2 (On the constant C, and the norm |[[¢g]|, ;1 in Proposition 1). The key role of Proposition 1 is the existence
’ q

of the constant C,, which remains defined once n,§ and q are set. In particular (see [8, Theorem 2.5]), C, does not depend
on the initial configuration 1y and the source h.

As to H’(/J()”q,l_%, it represents the norm of 1 in the interpolation space (L1(Q), W%q(m)l_%’q. (See, for instance, [7, §1].)

Exactly in view of what said, we can now give the claim of our

Theorem 2.1. Forn € N, let Q be a bounded domain of R™ with smooth boundary, 0 < k <1, é,a,8 > 0 and

(3) pzmax{Z,k(é—1),1(;—1)}-1—1.

Additionally, let us set
_ptl-1)+p p+1
4 A = 2 p+1 - .
W (rre5m0)
Then there exists C = C(n,Q, 1, k,0,8) > 0 such that if C < A, it is possible to find ~1,~v0 > 0 fulfilling
(5) =7 > A Cn

and with this property: Whenever f, g, uo,vo,wo are taken as in (2), problem (1) admits a global and uniformly bounded
solution (u,v,w) € (C°(Q x [0,00)) N C%H(Q x (0,00)))3.

3. EXISTENCE OF LOCAL-IN-TIME SOLUTIONS AND A PRICNIPLE FOR BOUNDEDNESS
The arguments concerning the forthcoming local existence issue and the boundedness criterion are standard; details are

achievable in [9] and [10, Appendix A.].

3.1. Local existence statement. Once x,¢, 3,6 > 0 and f, g, ug, vo are fixed as in (2), from here henceforth, with (u, v, w)
we will refer to the classical and nonnegative solution to problem (1); u,v,w are defined for all (x,t) € Q X [0, Tynaz), for
some finite T;,4-

3.2. Boundedness criterion. As explained in the next lines, if we establish that u € L>((0, Trnqz); LP(€2)), for some p > 7,
we can exploit the boundedness criterion below and directly obtain that, indeed, u € L>((0,00); L>°(£2)); as an immediate
consequence of that, well-known parabolic regularity results applied to the equations of v and w entail that also v, w belong
to L= (0, 00); L()).
Definitely, globality and boundedness of (u,v,w), in the sense that
u,v,w € CO(Q x [0,00)) N C*HQ x (0,00)) N L>¥((0,00); L>=(Q))

are achieved whenever this boundedness criterion applies:

(6) f3L>0,p> 3%

/ uP < L on (0, Thaz) = (u,v,w) € (L°°((0,00); L=(Q)))3.
Q
Subsequently, Theorem 2.1 is established once (6) is derived.

4. A PRIORI BOUNDS; PROOF OF THE MAIN RESULT

From now on we will tacitly assume that all the appearing constants below ¢;, i = 1,2, ..., are positive.
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4.1. Some preparatory tools. Let us start with this necessary result:

Lemma 4.1. Let A,B >0 and p > 1. Then we have

(7) (A4 B)P < 2P~ 1(AP + BP).

Proof. The proof is available [6, Theorem 1]. O

4.2. Achieving the boundedness criterion. We have this sequence of results, valid for any constant = > 0, which will
be properly chosen later on, in the proof of our theorem.

The following lemma is valid for a general class of proper functions. Despite that, we contextualize it to the local solution
(u,v,w) to problem (1).

Lemma 4.2. For any p > 1 and all t € (0, Tyaz), we have

_1€/ui”|wt|< —15_/|wt+ w| T

1
1/_p+l\ 7 l / _p—1 ptl
— (= 1+ — pHl lzi/ T
A p+l< l > ( +p+l) 0" i PR

=16 [ wws -1z [ o+l (:

and

u””.

Proof. Let, for commodity but also for reasons which will be clearer later, ¢ = %. From the evident relation |w;| <
|wy + gw| + | fw], we obtain

p—l)ﬁ/up|wt|§(p—1)§/up|wt+g\+§p%1/ﬂupw on (0,Thmaz),

so that thanks to the Young inequality for all ¢ € (0, Thna.) it is seen

—1§/up|wt|< _1ga/|wt+f\q

+( p_:)lpf(aq)},/ﬂupﬂ 5/ ll) (EQ)_%/QUPH’

and the first claim is established.
As to the other relation, it can be derived in the same flavor. O

Lemma 4.3. For any p > max {1 l (l — 1)} and t € (0, Tnaz) it holds that

(—15_/ </|wt wl>d3<( ~1)ez2te

Pl pl t pil t
e, o [ ([wtas) oo [eas).
U 0 Q 0

1) = l 5 /t / pTH - 1 ’_‘2% l y CPTH
(0-Vez (g +0) [ e [ o) s-nez2t (o +0) ¢
bl Pl t bl
it o o ([ wtas) oo [ eas]
== 0 0

. . . . s . B B s _ p+l
Proof. We can derive (8) (and similarly (9)) by invoking Proposition 1 with ¢ = w, h = g and p = ¢; indeed, for ¢ = &= as
before, it is ¢ > max{1, %} so that

t t
-0z e ([ 2)as < - vezer [l + [ e ([ atur)as).

and the conclusion is attained by virtue of the upper bound (2) for g and (7), in the form (u + 1)P+ < 2PFI=1(yP+l 1 1)
(naturally p+1 > 1). O

(8)

(9)

The next two results, indeed, provide properties of local solutions (u,v,w) to model (1) and are based on applications of
Proposition 1.

Lemma 4.4. For any p > max {1 k (f — 1)} and t € (0, Tqz) there is c; such that

t ptk ptk ¢ k
01/ s dS<CzC llvoll p2x +ozT/ e /u’“’ ds| .
0 Q SR pFE 0 Q
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Proof. The proof follows from analogous arguments used in Lemma 4.3; in this case, in particular, Proposition 1 is exploited
with ¢ = 225 > max{1, £}, ¥ = v,h = f and p = §. O

With the aim of ensuring u € L>((0, Tnaz); LP(2)) for some p > %, let us study the evolution in time of ¢ — [, u?; this
will be done by means of testing procedures.

Lemma 4.5. For any p > 1 and allt € (0,T),4.) the following relation is satisfied:

/up</up+k+cl/ |Av|” B —15_/ \wt+—w|p+l
l

_ l ptl P p+I\ 7 __1 l
_1 = l _1 —_— —_— = p 1 _ p+l
+(p—1)¢ <5+ +l)/w +(p—1)¢ p+l< ;i ) (+6+ +l> vo]/ﬂu

Proof. By testing the first equation of problem (1) with puP~!, using its boundary conditions and taking into account the
second and the third equation, we have thanks to the Young inequality

G [ =p [ tu=—pto=1) [ w2(9uP - o= [ wsos -1 [ wdw
dt 0 Q O Q Q

< [t [ (A 4 o= Dg [ wl+ - gw) on (0T
Q Q Q

Now we recall the properties of g given in (2) so to deduce, by using Young’s inequality, again the relation |w;| < |w; +

(10)

p+l w| + |p+lw| and Lemma, 4.2
@ upg/up+k+cl/ IAU\"%’“+(p—1)£/up|wt|+6(p—1)§/upw_g%(p_l)/uw
Q Q Q 0 o A
L l pl
S/up+k+01/ |Av\%+(p71)55/ |wt+—w|#
& @ Q p+l
_1L
+l(%1>f=/wz+l+p(p—1)£<5p+z ”<1+l>/up+z
p+1 Q p+1 I p+1 o
L
—1)&6 I\ 7
+( - l)géﬁ/ Ll + p(p )5 (Ep+ ) /U’p—H _f(p_ 1)70/ up—i—l on (Omiaw).
Q p+1 l o o
The claim is achieved by collecting terms. .

Lemma 4.6. Let k <. Then for every p > max {%, k (

t
et/u” §02+03/ e’ds+
Q 0
l
l pH p p oy p (pHI\ 7 __ i
-1 1+6+—— ) (20,7 ~, 7 20 FPH=t D ( ) = +e— /S / P ds.
(p )E( pH)( 5T N S\ ol [ 5

Proof. Let us start with these estimates, fruit of the application of Young’s inequality: for all e > 0, ¢ > 0, p > 1 and
0 < k <l it holds that

% - 1) ,1 (% — 1)} we have that for all t < Tpaz

|~

(11) é/ uP < E/ uPt 4 ¢y for all t € (0, Tha),
Q 2 Ja
and
(12) é/ uPth < E/ uPt 4 ¢5 for all t € (0, Tha)-
Q 2 Jo

By adding to both sides of relation (10) the term [, u?, estimate (11) leads to this inequality, valid on (0, Trnaq)-

P [ ]
G s [ws [wrtva [0+ o-162 [ o+ gl
Q Q Q Q +1

— l Pt P p+1 P__L l € / .
—DEE|[§+ — —1D)E | — [V Er(14+6+ — - — pt .
+(p—1)¢ (+ H)/wz +(p—1)¢ p+l( i > (+ + +l)+ ’Yo‘| Qu + cg

Successively, we multiply (13) by e’ and integrate on (0,t). From the identity 4% (e’ [, uP) = e’ [, uP + €' [, uP, we get

t
: l
¢ [ [ [e{ [wtra [ 1o 4006 [ oo el
Q Q 0 Q Q p+l

L
)= b e el P (Pl % L by, el / Pt
+(p 1)5_(5—1— >/wl +(p—1)¢ p—H( i ) = (1+6+ +l)+ 70] Qu + cg ¢ ds.

+1
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The term involving fg (Jo | Av| 5 )ds can be essentially controlled by fo (fq, uPT*)ds, thanks to Lemma 4.4; additionally,
Jo uPT* is treated through (12). These two operations provide

¢ s [+ [ {o-ves [ +o-ves (54 1) o

p (p+l v l / l
—1 — [ — = 146+ —— — p+ oy o ds.
+(—1)§ p+l< 7 ) P( + +p+l>+€ Yl f u +cqpds

By invoking (8) and (9) we conclude by virtue of a reorganization of the involved terms. O

4.3. Proof of Theorem 2.1. With the above preparations we are now in a position to establish what anticipated.

Proof. For 0 < k < I, §,, 8 > 0, let p be as in (3) and, additionally, for Cs (Q n, p“) being the constant provided by
Proposition 1, when it is applied to the equation for w in model (1), let also set

C=Cs (anl“>

Since by assumptions C < A, where A is defined in (4) we can find 1 > 7o complying with (5); in these positions, let
=_ L .- 527 P =)D
= = J3
p+l J "

and let f, g, up, vy and wy obey (2). Some computations show that for proper small ¢ > 0

l
_ l BH 2 p _ p (p+1\ P __t
1 = P+ L
Cvi=(1+0+—— =01t 21TP — [ —— ="b —v% <0
Yo > A" Cm ( +d+ +l) st M +ﬁ+l( l ) +e—7 <0,

and henceforth hypothesis (5) allows to exploit Lemma 4.6 and obtain

t
et/ uP < o + CS/ e’ds for all t € (0, Trhax),
Q 0

or also [, u? < L on (0, Tnaz). The claim follows from the extensibility criterion (6). O
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