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 a b s t r a c t

We study Collins azimuthal asymmetries for pion-in-jet production in polarized lepton-proton collisions, ex-
tending previous analyses of polarized 𝑝𝑝 scattering to a complementary and theoretically simpler process. We 
keep adopting a simplified transverse momentum dependent (TMD) approach, with a collinear configuration 
for the initial state, and employ the transversity and Collins fragmentation functions as extracted from semi-
inclusive deep inelastic scattering and 𝑒+𝑒− annihilation processes. We then compute azimuthal asymmetries for 
the Electron-Ion Collider (EIC) kinematics, both within a leading order (LO) approach and by including quasireal 
photon exchange in the Weizsäcker-Williams approximation. Although this contribution is relevant in the whole 
kinematical range explored, it does not spoil the dominance of quark-initiated channels, leaving only a marginal 
role to their gluon counterparts. In this respect, Collins asymmetries in lepton-proton processes allow for a much 
clearer access to the transversity distribution, including its sea-quark component. As we will argue, a comparison 
with future EIC data could represent a further step in testing the hypothesis of the universality of the Collins 
function as well as of the TMD factorization for this class of processes.

1.  Introduction

The study of the three-dimensional structure of hadrons, the hadron 
tomography, is nowadays a fundamental pillar in understanding how 
the structure and properties of hadrons emerge from the dynamics of 
confined quarks and gluons. Azimuthal and transverse-spin asymme-
tries represent a formidable tool to extract this information, allowing to 
investigate hadron/parton spin and transverse momentum correlations 
both in the nucleon structure as well as in the hadronization mechanism.

The so-called transverse momentum dependent (TMD) approach [1–
8], allowing for the separation of the soft physics from the hard, per-
turbatively calculable parts, is the main and consolidated framework to 
deal with these observables. The crucial condition to adopt this formal-
ism is the presence of two ordered energy scales [9–13]. This is what 
happens in semi-inclusive deep inelastic scattering (SIDIS), Drell-Yan 
(DY) processes and the almost back-to-back hadron-pair production in 
𝑒+𝑒− collisions.

Experimental investigations carried out over the last twenty years, 
and still ongoing, at various facilities [14–28], combined with in-
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creasingly accurate phenomenological analyses [29–44], have by now 
provided a rather solid and robust three-dimensional picture of
hadrons.

In a series of papers [45–49], and more recently in Ref. [50], the 
study of hadron-in-jet production1 in 𝑝𝑝 collisions has been proposed as 
a tool to further investigate the fundamental issues of TMD factorization 
and the universality of the Collins fragmentation function (FF) [52]. This 
TMD-FF, describing the fragmentation of a transversely polarized quark 
into an unpolarized hadron, is indeed predicted to be the same in SIDIS 
and 𝑒+𝑒− annihilation processes [53–57]. This is in contrast to the Sivers 
function [58,59], expected to change in sign when moving from SIDIS 
to DY processes [54,60,61].

The presence of two ordered energy scales in 𝑝𝑝 → jet ℎ𝑋 processes 
(the large transverse momentum of the jet and the small intrinsic trans-
verse momentum of the hadron with respect to the jet direction) sup-
ports the conjecture of the validity of the TMD factorization also for 
this case. In Ref. [50], within a leading-order (LO) TMD approach 

1 For an interesting analogy between the inclusive production of dihadrons, 
namely of two hadrons originating from the fragmentation of the same parton, 
and of a hadron inside a jet, see Ref. [51].
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and a collinear initial-state configuration, we have analyzed STAR 
data [62–64] on the Collins asymmetry, by employing the Collins func-
tion and the transversity distribution as extracted from azimuthal asym-
metries in SIDIS and 𝑒+𝑒− processes. The main outcomes of this study 
are the reasonable data-theory agreement, the absence of sizable factor-
ization breaking effects together with the universality of the Collins FF, 
as well as the marginal role played by TMD evolution. The correspond-
ing analysis of the transverse polarization of Λ hyperons within a jet 
produced in unpolarized 𝑝𝑝 collisions led to similar conclusions [65].

In this paper we extend this approach to the corresponding but sim-
pler process 𝓁𝑝↑ → jet 𝜋 𝑋, where the final-state lepton is not observed. 
While the SIDIS-like case is extremely interesting by itself, and is in-
deed under investigation, the presence of a third independent scale (the 
virtuality of the exchanged boson) would require a more detailed and 
different treatment (see also, e.g., Ref. [66] for a study of hadron-in-jet 
production in a back-to-back lepton–jet configuration), spoiling at the 
same time the strong similarity with the 𝑝𝑝 case.

Here we would like to emphasize how 𝓁𝑝 processes could play a com-
plementary role in testing the universality and TMD factorization issues, 
allowing, at the same time, for a more direct access to the transversity 
function. The reason is that the LO contribution involves the standard 
lepton-quark scattering, without mixing up with gluons that play a non 
negligible role in the denominator of the Collins asymmetry in 𝑝𝑝 colli-
sions.

In order to improve this treatment, without embarking on the com-
plete next-to-leading-order calculation, we include here the contribu-
tion from quasireal photon exchange. This could be potentially rele-
vant in the kinematical configuration where the lepton in the final 
state moves collinearly with the initial lepton. To this aim we em-
ploy the Weizsäcker-Williams (WW) or equivalent photon approxima-
tion (EPA) [67,68], where the incoming lepton acts as a source of real 
photons (see also Refs. [69–71]). As we will show, this contribution is 
indeed sizable. On the other hand, even if it opens other partonic chan-
nels, like those initiated by a gluon, it does not spoil the dominance of 
quark initiated sub-processes.

We will compute Collins azimuthal asymmetries for the Electron-Ion 
Collider (EIC) kinematics [72], exploring different and complementary 
regions in transverse momenta and rapidities both of the jet and the final 
hadron. This will allow us to highlight the great potential of this study 
and the importance of future measurements of these asymmetries. For 
completeness, we also present some estimates for the unpolarized cross 
sections, to fully appreciate the role of the WW contribution. We will 
then show how in some kinematic regions one can directly access the 
sea-quark component of the transversity, still almost unknown. In this 
respect, the investigation of pion-in-jet production in 𝓁𝑝 processes com-
plements the already important information gathered from the analysis 
in 𝑝𝑝 collisions and it is therefore worth investigating at the EIC.

The paper is organized as follows: in Section 2 we present the the-
oretical calculation starting from the LO treatment and then moving to 
the contribution of quasireal photon exchange. In Section 3 we show 
our predictions for the EIC kinematics, both for the unpolarized cross 
sections and the azimuthal asymmetries. In Section 4 we draw our con-
clusions.

2.  Formalism

We compute the azimuthal asymmetry for an unpolarized hadron 
ℎ produced within a jet in single-polarized lepton-nucleon (𝓁𝑁) colli-
sions, 
𝓁(𝑝𝓁)𝑁↑(𝑃 ) → jet(𝑝j)ℎ(𝑝ℎ)𝑋 , (1)

where 𝑝𝓁 , 𝑃 , 𝑝j, 𝑝ℎ are the momenta of the incoming lepton, the incoming 
nucleon, the jet, and the produced unpolarized hadron respectively.

Following Ref. [50] we will include transverse momentum effects 
only in the fragmentation mechanism within a leading order factoriza-
tion framework, assuming a collinear initial state. This scheme is indeed 

extremely close to a TMD factorization picture where two measurable 
and ordered scales appear: the large transverse momentum of the jet 
and the small transverse momentum of the pion with respect to the jet.

The kinematics adopted is the following one: we work in the 𝓁𝑁
center-of-mass (c.m.) frame, with 𝑁 moving along the positive 𝑧 axis and 
the jet laying in the 𝑥𝑧 plane. The four-momenta (for massless hadrons 
and partons) are given by

𝑃 𝜇 =

√

𝑠
2

(1, 0, 0, 1), 𝑝𝜇𝓁 =

√

𝑠
2

(1, 0, 0,−1),

𝑝𝜇j = 𝐸j(1, sin 𝜃j, 0, cos 𝜃j) = 𝑝j𝑇 (cosh 𝜂j, 1, 0, sinh 𝜂j),
(2)

where 𝑠 is the c.m. energy squared, 𝜂j = − log[tan(𝜃j∕2)], is the jet pseu-
dorapidity and 𝑝j𝑇 ≡ |𝒑j𝑇 | its transverse momentum.

The Collins contribution to the asymmetry for the 𝓁𝑁↑ → jet ℎ𝑋 pro-
cess can be extracted by computing the following azimuthal moment:

𝐴
sin(𝜙𝑆−𝜙𝐻ℎ )
𝑈𝑇 (𝒑j, 𝑧, 𝑝⟂𝜋 )

=2
∫ 𝑑𝜙𝑆 𝑑𝜙𝐻

ℎ sin(𝜙𝑆 − 𝜙𝐻
ℎ ) [𝑑𝜎(𝜙𝑆 , 𝜙𝐻

ℎ ) − 𝑑𝜎(𝜙𝑆 + 𝜋, 𝜙𝐻
ℎ )]

∫ 𝑑𝜙𝑆 𝑑𝜙𝐻
ℎ [𝑑𝜎(𝜙𝑆 , 𝜙𝐻

ℎ ) + 𝑑𝜎(𝜙𝑆 + 𝜋, 𝜙𝐻
ℎ )]

,
(3)

where 𝑑𝜎(𝜙𝑆 , 𝜙𝐻
ℎ ) stands for the differential cross section

𝐸j 𝑑𝜎
𝓁𝑁(𝑆,𝜙𝑆 )→jet ℎ(𝜙𝐻ℎ )𝑋

𝑑3𝒑j 𝑑𝑧 𝑑2𝒑⟂ℎ 𝑑𝜙𝑆
. (4)

Here 𝑧 is the hadron longitudinal momentum fraction,2 𝒑⟂ℎ ≡ 𝒋𝑇  (𝑝⟂ℎ =
|𝒑⟂ℎ|) is the transverse momentum of the hadron with respect to the 
parent parton, 𝜙𝐻

ℎ  is the azimuthal angle of the final-state hadron mo-
mentum, measured in the jet helicity frame, and 𝑆 is the (transverse) 
polarization vector of the initial nucleon beam, forming an angle 𝜙𝑆
with the jet production plane (the 𝑥𝑧 plane) in the 𝓁𝑁 c.m. reference 
frame. The azimuthal factor sin(𝜙𝑆 − 𝜙𝐻

ℎ ) in the numerator of Eq. (3) 
singles out the Collins contribution. We recall once again that we apply 
this TMD scheme in the region where 𝑗𝑇 ≪ 𝑝j𝑇 .

We will consider both the LO contribution as well as the quasireal 
photon exchange, adopting the Weizsäcker-Williams approximation. 
Therefore we will have
𝑑𝜎(𝜙𝑆 , 𝜙

𝐻
ℎ ) = 𝑑𝜎LO(𝜙𝑆 , 𝜙

𝐻
ℎ ) + 𝑑𝜎WW(𝜙𝑆 , 𝜙

𝐻
ℎ ) . (5)

Here below we give all relevant expressions considering, separately, the 
LO and the WW contributions entering the numerator and the denom-
inator of the azimuthal asymmetry. Notice that in both cases the final 
parton in the elementary scattering process will be identified with the 
jet. We will comment on this below.

For the first case we have a single partonic channel, namely 𝑞𝓁 →
𝑞′𝓁′ (𝑞′ ≡ jet), with 𝑝𝑞 = 𝑥𝑃 ,

2 𝑑𝜎unpLO (𝜙𝐻
ℎ ) ≡[𝑑𝜎(𝜙𝑆 , 𝜙

𝐻
ℎ ) + 𝑑𝜎(𝜙𝑆 + 𝜋, 𝜙𝐻

ℎ )]LO

=
∑

𝑞 ∫
𝑑𝑥

16𝜋2𝑥𝑠
𝛿(𝑠̂ + 𝑡 + 𝑢̂)

× 𝑓𝑞∕𝑁 (𝑥) (|𝑀̂1|
2 + |𝑀̂2|

2)𝑞𝓁 𝐷ℎ∕𝑞(𝑧, 𝑝2⟂ℎ), (6)

𝑑Δ𝜎LO ≡[𝑑𝜎(𝜙𝑆 , 𝜙
𝐻
ℎ ) − 𝑑𝜎(𝜙𝑆 + 𝜋, 𝜙𝐻

ℎ )]LO

= sin(𝜙𝑆 − 𝜙𝐻
ℎ )

∑

𝑞 ∫
𝑑𝑥

16𝜋2𝑥𝑠
𝛿(𝑠̂ + 𝑡 + 𝑢̂)

× ℎ𝑞1(𝑥) (𝑀̂1𝑀̂2)𝑞𝓁 Δ𝑁𝐷ℎ∕𝑞↑ (𝑧, 𝑝2⟂ℎ), (7)

where 𝑀̂𝑖’s (𝑖 = 1, 2) are the two independent helicity amplitudes for the 
elementary scattering process 𝑞𝓁 → 𝑞′𝓁′ (see, e.g., Ref. [73], where they 
are indicated as 𝑀̂0

𝑖 ):

(|𝑀̂1|
2 + |𝑀̂2|

2)𝑞𝓁 = 4 𝑒2𝑞 𝑒
4
( 𝑠̂2 + 𝑢̂2

𝑡2

)

(8)

2 Focusing on light mesons, we will identify the light-cone momentum fraction 
with the longitudinal momentum fraction.
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(𝑀̂1 𝑀̂2)𝑞𝓁 = 4 𝑒2𝑞 𝑒
4
(

− 𝑠̂𝑢̂
𝑡2

)

. (9)

In the following we use 𝑒2 = 4𝜋𝛼, 𝛼 being the electromagnetic cou-
pling constant. The Mandelstam invariants for the elementary process 
𝑞(𝑝𝑞)𝓁(𝑝𝓁) → 𝑞′(𝑝′𝑞)𝓁

′(𝑝′𝓁) are
𝑠̂ = (𝑝𝑞 + 𝑝𝓁)2 𝑡 = (𝑝𝑞 − 𝑝′𝑞)

2 𝑢̂ = (𝑝𝓁 − 𝑝′𝑞)
2, (10)

that, with 𝑝′𝑞 = 𝑝j, can be expressed as:

𝑠̂ = 𝑥𝑠 𝑡 = −𝑄2 = −𝑥
√

𝑠 𝑝j𝑇 𝑒−𝜂j 𝑢̂ = −
√

𝑠 𝑝j𝑇 𝑒𝜂j . (11)

Notice that the 𝛿(𝑠̂ + 𝑡 + 𝑢̂) in Eqs. (6) and (7) allows us to carry out 
the integration over 𝑥 fixing it at

𝑥 =
𝑥𝑇 𝑒

𝜂j

2 − 𝑥𝑇 𝑒
−𝜂j

, (12)

with 𝑥𝑇 = 2𝑝j𝑇 ∕
√

𝑠. It is easy to check that this value coincides with the 
standard Bjorken variable, 𝑥Bj = 𝑄2∕2𝑞 ⋅ 𝑃 , here given in terms of the 
final quark variables (the jet in our LO treatment).

As one can see, the numerator in Eq. (7) involves a convolution of the 
collinear quark transversity distribution, ℎ𝑞1, with the Collins TMD-FF, 
Δ𝑁𝐷ℎ∕𝑞↑ , while the denominator, Eq. (6), is simply twice the unpolarized 
cross section. The scale dependence of the nonperturbative functions in 
the above equations has been understood.

Concerning the WW piece we recall that for the inclusive process 
𝓁𝑁 → ℎ𝑋, at NLO the collinear lepton singularities could be regularized 
by introducing a QED parton distribution for the lepton. Similarly, for 
the process under study, we can say that at (𝛼2𝛼𝑠) the leading term at 
𝑄2 ≃ 0 comes from a collinear photon acting as a parton of the lepton 
and entering the hard scattering process. This can be expressed as a 
Weizsäcker-Williams contribution, where the lepton acts as a source of 
real photons. We then assume the following factorization formula for 
the WW contribution to the process 𝓁𝑁 → jet ℎ𝑋:

𝜎WW(𝓁𝑁 → jet ℎ𝑋) = ∫ 𝑑𝑦 𝑓𝛾∕𝓁(𝑦) 𝜎(𝛾𝑁 → jet ℎ𝑋), (13)

where 𝑓𝛾∕𝓁(𝑦) is the distribution of photons inside the lepton, carrying a 
lepton-momentum fraction 𝑦 (𝑝𝛾 = 𝑦𝑝𝓁) and 𝜎(𝛾𝑁 → jet ℎ𝑋) is the cross 
section for the process 𝛾𝑁 → jet ℎ𝑋 initiated by a real photon.

Following Ref. [74], for the WW distribution we adopt
𝑓𝛾∕𝓁(𝑦) =

𝛼
2𝜋

×

[

1 + (1 − 𝑦)2

𝑦
ln

𝑄2
max

𝑄2
min(𝑦)

+ 2𝑚2
𝓁𝑦

(

1
𝑄2

max
− 1

𝑄2
min(𝑦)

)]

,
(14)

where 𝑚𝓁 is the lepton mass, 𝑄2
max = 1 GeV2 and 𝑄2

min(𝑦) = 𝑚2
𝓁𝑦

2∕(1 − 𝑦).
We are now equipped to give the expressions for the WW contribu-

tions. For the denominator in such a case we have to consider the fol-
lowing partonic channels: 𝑞𝛾 → 𝑞𝑔, 𝑞𝛾 → 𝑔𝑞 and 𝑔𝛾 → 𝑞𝑞, with 𝑝𝑎 = 𝑥𝑃
(𝑎 = 𝑞, 𝑔), giving
2𝑑𝜎unpWW(𝜙𝐻

ℎ ) ≡ [𝑑𝜎(𝜙𝑆 , 𝜙
𝐻
ℎ ) + 𝑑𝜎(𝜙𝑆 + 𝜋, 𝜙𝐻

ℎ )]WW

=
∑

𝑎,𝑐,𝑑
∫ 𝑑𝑦 𝑑𝑥

16𝜋2𝑠̂
𝛿(𝑠̂ + 𝑡 + 𝑢̂) 2 Σunp

𝑎𝛾→𝑐𝑑 ,

(15)

where

2Σunp
𝑞𝛾→𝑞𝑔 = 𝑓𝛾∕𝓁(𝑦)𝑓𝑞∕𝑁 (𝑥) (|𝑀̂1|

2 + |𝑀̂2|
2)𝑞𝛾 𝐷ℎ∕𝑞(𝑧, 𝑝2⟂ℎ)

2 Σunp
𝑞𝛾→𝑔𝑞 = 𝑓𝛾∕𝓁(𝑦)𝑓𝑞∕𝑁 (𝑥) (|𝑀̂1|

2 + |𝑀̂3|
2)𝑞𝛾 𝐷ℎ∕𝑔(𝑧, 𝑝2⟂ℎ)

2 Σunp
𝑔𝛾→𝑞𝑞 = 𝑓𝛾∕𝓁(𝑦)𝑓𝑔∕𝑁 (𝑥) (|𝑀̂2|

2 + |𝑀̂3|
2)𝑔𝛾 𝐷ℎ∕𝑞(𝑧, 𝑝2⟂ℎ),

(16)

with

(|𝑀̂1|
2 + |𝑀̂2|

2)𝑞𝛾 = 16
3

𝑒2𝑞 𝑒
2 𝑔2𝑠

[

−
( 𝑠̂
𝑢̂
+ 𝑢̂

𝑠̂

)]

(17)

(|𝑀̂1|
2 + |𝑀̂3|

2)𝑞𝛾 = 16
3

𝑒2𝑞 𝑒
2 𝑔2𝑠

[

−
( 𝑠̂
𝑡
+ 𝑡

𝑠̂

)]

(18)

(|𝑀̂2|
2 + |𝑀̂3|

2)𝑔𝛾 = 2 𝑒2𝑞 𝑒
2 𝑔2𝑠

( 𝑢̂
𝑡
+ 𝑡

𝑢̂

)

, (19)

with 𝑔2𝑠 = 4𝜋𝛼𝑠.
Notice that the three independent helicity amplitudes are different 

from the previous ones entering the LO contribution, see Ref. [75] for 
further details. In this case, the Mandelstam variables for the elementary 
process 𝑎(𝑝𝑎) 𝛾(𝑝𝛾 ) → 𝑐(𝑝𝑐 ) 𝑑(𝑝𝑑 ) are
𝑠̂ = (𝑝𝑎 + 𝑝𝛾 )2 𝑡 = (𝑝𝑎 − 𝑝𝑐 )2 𝑢̂ = (𝑝𝛾 − 𝑝𝑐 )2, (20)

and 𝑝𝑐 = 𝑝j. More explicitly we have

𝑠̂ = 𝑥𝑦𝑠 𝑡 = −𝑥
√

𝑠 𝑝j𝑇 𝑒−𝜂j 𝑢̂ = −𝑦
√

𝑠 𝑝j𝑇 𝑒𝜂j . (21)

The partonic channel 𝑔𝛾 → 𝑞𝑞, to be included as well, can be simply 
obtained from the channel 𝑔𝛾 → 𝑞𝑞 by interchanging in the correspond-
ing equations 𝑢̂ ↔ 𝑡 and replacing 𝐷ℎ∕𝑞 with 𝐷ℎ∕𝑞 .

In contrast, for the numerator of the azimuthal asymmetry only one 
channel contributes,3 namely 𝑞𝛾 → 𝑞𝑔, and we obtain:
𝑑Δ𝜎WW ≡[𝑑𝜎(𝜙𝑆 , 𝜙

𝐻
ℎ ) − 𝑑𝜎(𝜙𝑆 + 𝜋, 𝜙𝐻

ℎ )]WW

= sin(𝜙𝑆 − 𝜙𝐻
ℎ )

∑

𝑞 ∫ 𝑑𝑦 𝑑𝑥
16𝜋2𝑠̂

𝛿(𝑠̂ + 𝑡 + 𝑢̂)

× 𝑓𝛾∕𝓁(𝑦)ℎ
𝑞
1(𝑥) (𝑀̂1𝑀̂2)𝑞𝛾 Δ𝑁𝐷ℎ∕𝑞↑ (𝑧, 𝑝2⟂ℎ), (22)

where [75] 

(𝑀̂1𝑀̂2)𝑞𝛾 = 16
3

𝑒2𝑞 𝑒
2 𝑔2𝑠 . (23)

Once again the numerator involves a convolution of the transversity and 
the Collins FF.

By exploiting the delta-function in Eqs. (15) and (22), one can inte-
grate, for instance, over the variable 𝑦, so that 

𝑑𝜎unpWW =
∑

𝑎,𝑐,𝑑
∫

𝑑𝑥
16𝜋2𝑠̂

1
𝑥𝑠 −

√

𝑠 𝑝j𝑇 𝑒𝜂j
Σunp
𝑎𝛾→𝑐𝑑 (24)

𝑑Δ𝜎WW = sin(𝜙𝑆 − 𝜙𝐻
ℎ )

∑

𝑞 ∫
𝑑𝑥

16𝜋2𝑠̂
1

𝑥𝑠 −
√

𝑠 𝑝j𝑇 𝑒𝜂j

× 𝑓𝛾∕𝓁(𝑦)ℎ
𝑞
1(𝑥) (𝑀̂1𝑀̂2)𝑞𝛾 Δ𝑁𝐷ℎ∕𝑞↑ (𝑧, 𝑝2⟂ℎ), (25)

with

𝑦 =
𝑥 𝑝j𝑇 𝑒−𝜂j

𝑥
√

𝑠 − 𝑝j𝑇 𝑒𝜂j
. (26)

By imposing 𝑦 ≤ 1 we get the minimum value of 𝑥, being

𝑥min =
𝑥𝑇 𝑒

𝜂j

2 − 𝑥𝑇 𝑒
−𝜂j

. (27)

Concerning the parameterizations for the transversity and the Collins 
FFs we follow Refs. [30,32,33,35,50]. Namely, we use:

ℎ𝑞1(𝑥,𝑄
2
0) =  𝑇

𝑞 (𝑥) 1
2
[

𝑓𝑞∕𝑝(𝑥,𝑄2
0) + 𝑔𝑞1𝐿(𝑥,𝑄

2
0)
]

, (28)

with 𝑄2
0 = 0.81GeV2 and where

 𝑇
𝑞 (𝑥) = 𝑁𝑇

𝑞 𝑥
𝛼(1 − 𝑥)𝛽

(𝛼 + 𝛽)𝛼+𝛽

𝛼𝛼𝛽𝛽
, (𝑞 = 𝑢𝑣, 𝑑𝑣), (29)

with 𝛼 and 𝛽 as extracted in Ref. [42] and considering only valence 
contributions. For the Collins functions we have [76]:

Δ𝑁𝐷ℎ∕𝑞↑ (𝑧, 𝑝2⟂ℎ) =
2𝑝⟂ℎ
𝑧𝑚ℎ

𝐻⟂𝑞
1 (𝑧, 𝑝2⟂ℎ) (30)

𝐻⟂𝑞
1 (𝑧, 𝑝2⟂ℎ) =  𝐶

𝑞 (𝑧)
𝑧𝑚ℎ
𝑀𝐶

√

2𝑒 𝑒−𝑝
2
⟂∕𝑀

2
𝐶 𝐷ℎ∕𝑞(𝑧, 𝑝2⟂ℎ),

3 All other spin transfers are zero (see Ref. [75]) and no gluon transversity 
exists for a spin-1/2 target.
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where 𝑚ℎ is the produced hadron mass and 𝐷ℎ∕𝑞(𝑧, 𝑝2⟂ℎ) is the unpolar-
ized TMD-FF, parameterized as:

𝐷ℎ∕𝑞(𝑧, 𝑝2⟂ℎ) = 𝐷ℎ∕𝑞(𝑧)
𝑒−𝑝

2
⟂ℎ∕⟨𝑝

2
⟂ℎ⟩

𝜋⟨𝑝2⟂ℎ⟩
. (31)

In the following we focus on pion production (ℎ ≡ 𝜋) and use 𝑞 =
fav, unf (favored/unfavored FFs) in Eq. (30), with the  𝐶

𝑞 (𝑧) factors [42] 
given by
 𝐶

fav(𝑧) = 𝑁𝐶
fav 𝑧

𝛾 ,  𝐶
unf (𝑧) = 𝑁𝐶

unf , (32)

and ⟨𝑝2⟂𝜋⟩ = 0.12 GeV2 in Eq. (31) as extracted in Ref. [77].4
We recall once again that these parametrizations of the transversity 

and the Collins FFs have been extracted by fitting data on SIDIS and 
𝑒+𝑒− azimuthal asymmetries.

For the collinear distributions we use the MSHT20nlo proton PDF 
set [78] and the DEHSS set for pion fragmentation functions [79,80]. 
The transversity function in Eq. (28) is then evolved to higher 𝑄2 values 
through a modified version of HOPPET [81,82], while in all other cases, 
including the collinear part of the Collins function (see Eq. (30)), we 
adopt DGLAP evolution.

A comment on the choice of the factorization scale, both in the 
collinear PDFs and in the TMD-FFs, is mandatory. On the one hand, the 
relevant scale for the TMD-FFs for this kind of processes is 𝜇𝑗 = 𝑝j𝑇𝑅, 
where 𝑅 is the jet-cone radius, as discussed in Ref. [49]. Then, by evolv-
ing up to 𝜇 = 𝑝j𝑇 , one resums single logarithms in the jet size parame-
ter to all orders in the strong coupling constant 𝛼𝑠. On the other hand, 
working here at LO accuracy, which is independent from 𝑅 (and more 
generally from the jet dynamics), and following Ref. [48], we can safely 
use 𝜇 = 𝑝j𝑇  for the unpolarized and the Collins FFs and similarly for the 
collinear distributions. This aspect deserves indeed more care and will 
be addressed in a future study, where we plan go beyond the LO accu-
racy and suitably employ the TMD jet fragmentation functions (TMD-
jFFs), see, e.g., Refs. [49,83,84].

It is also worth mentioning that, in order to determine the proper 
partonic frame, one should consider the backward going jet together 
with the jet around which we measure the final hadron, as pointed out 
in Ref. [85]. Indeed, the 𝑧 and 𝑝⟂ dependencies of the FF for a jet with 
a large transverse momentum are not invariant under Lorentz boosts 
along the 𝓁𝑝 direction. This could cause a mismatch with the corre-
sponding variables adopted in SIDIS and 𝑒+𝑒− expressions. Since these 
differences scale as 𝐸j∕

√

𝑠 [86], we expect that, for the energies and the 
kinematics considered here, these corrections are not larger than a few 
percent.

3.  Results

We present here our theoretical estimates of the Collins azimuthal 
asymmetry for 𝓁𝑝↑ → jet 𝜋 𝑋 (that is for a proton target), for charged pi-
ons and focusing on EIC kinematics. More precisely, we consider three 
different center-of-mass energy values, √𝑠 = 45, 105 and 141GeV, for-
ward and backward jet-production regions,5 with 𝑗𝑇  (the transverse mo-
mentum of the pion with respect to the jet) in the range 0.1-1.5GeV, 
𝑧 (the pion’s light-cone momentum fraction) in the range 0.1-0.8 and 
the jet-cone radius 𝑅 between 0.05 an 0.6. Concerning the transverse 
momentum of the pion, 𝑝j𝑇 , the hard scale in the process, we consider 
the following ranges: [5:15], [10:30] and [10:40] GeV respectively for 
the three energies above, allowing to explore comparable ranges in the 
𝑥𝑇 = 2𝑝j𝑇 ∕

√

𝑠 variable. This will play a role in the phenomenological 
discussion below. We also recall that when we show estimates as a func-
tion of one variable it is understood that we integrate over the other 

4 Notice that for the corresponding, still unknown, unpolarized gluon TMD-
FF entering Eq. (16) we use the same functional form, with the same Gaussian 
width, as for quarks.
5 We always refer to the proton direction, if not otherwise specified.

ones, within the ranges specified above. While these values may not be 
necessarily the ones effectively explored at the EIC, they are represen-
tative for the study we are carrying out.

As already mentioned, in the process under consideration the fi-
nal lepton is not observed. By taking the transverse momentum of 
the jet, the final-state quark in our case, large enough, we ensure 
that at LO the partonic process is hard: 𝑄2 = −𝑡 is large. On the 
other hand, in order to include contributions where the final lep-
ton goes in the forward direction (w.r.t. the initial lepton direction) 
we will add the quasireal photon exchange by employing the WW
approximation.

Before discussing the results on the azimuthal asymmetries, it is 
worth considering, and quantifying, the role played by the WW term 
in the unpolarized cross sections, focusing in particular on the quark-
initiated channel. In the following, for the sake of space, we will con-
centrate only on the 𝜂j dependence, for which we give our estimates.

Concerning the first issue, it turns out that the WW piece contributes 
heavily, see Fig. 1 (upper panels). In particular, the ratio of the full result 
(LO+WW) to the LO contribution (middle panels) is at least 2 in the 
backward region and still larger than 1.5 in the forward region . The 
main reason of this different behavior is that in the backward region the 
gluon-initiated channels, entering only via the WW term, play a slightly 
more significant role.

Regarding the relative contribution of the quark-initiated channel 
to the full result, still focusing on the 𝜂j distribution, it turns out to be 
at least 80–90%, depending on the c.m. energy (Fig. 1, lower panels). 
Similar behavior has been found for the 𝑥𝑇 , 𝑗𝑇  and 𝑧 dependencies.

This is an important aspect since in the numerator of the azimuthal 
asymmetry only quark-initiated channels enter, driven by the quark 
transversity distribution. In this respect the marginal role played by 
the gluon contribution in the denominator (even when adding the WW 
piece) allows for a clear access to this distribution. This is at variance 
w.r.t. the azimuthal asymmetry in 𝑝𝑝 collisions, where the denominator 
is strongly affected/dominated by the gluon contribution.

Let us now move to the azimuthal asymmetries, starting by looking 
at their 𝜂𝑗 dependence. In Fig. 2 we present theoretical estimates for the 
three c.m. energies together with the corresponding uncertainty bands. 
Here and in the following, we adopt the median of the Monte Carlo 
sets (generated to estimate the uncertainty on the extraction) as central 
value, and the uncertainties are computed at a 2𝜎 confidence level (CL).

As a general trend, the asymmetry tends to decrease in size from 
the LO to the LO+WW case, reflecting the increase of the unpolarized 
cross section (see Fig. 1). Moreover, while for 𝜋+ production the asym-
metries are relatively small, around 1%, the corresponding ones for 𝜋−

tend to grow at forward rapidity, ranging from 2 to 4–8%, depending 
on the √𝑠 value. This behavior can be understood by taking into ac-
count the following aspects: 𝑖) since the integration is performed over 
the full 𝑧 range, the contribution from the favored Collins fragmentation 
function is partially suppressed with respect to that arising from the un-
favored one (see Eq. (32)); 𝑖𝑖) moving to increasing positive rapidities, 
that implies probing larger values of 𝑥, the role played by the up-quark 
transversity distribution (coupled to the unfavored/favored Collins FF 
for 𝜋−∕𝜋+ production) becomes more relevant.

It is also worth emphasizing that at large negative pseudorapidi-
ties (even larger than those considered here) one probes relatively 
small-𝑥 values (of order 10−2), an effect that becomes increasingly rele-
vant at higher c.m. energies. Consequently, when a purely valence-like 
parametrization of the transversity distribution is employed, as in the 
present case, the predicted asymmetries are markedly suppressed. This 
observation indicates that this kinematic region may provide a particu-
larly sensitive probe of the sea-quark component of transversity.

In the case of the other kinematical dependencies (𝑥𝑇 , 𝑧 and 𝑗𝑇 ), the 
separation between forward and backward rapidities requires more care 
as we will discuss below.

In Fig. 3 we show the azimuthal asymmetries as a function of 𝑥𝑇
for the three c.m. energies. As one can see, focusing on the [LO+WW]
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Fig. 1. Unpolarized cross sections for 𝓁𝑝 → jet 𝜋± 𝑋 as a function of 𝜂j at three different values of 
√

𝑠, with the corresponding 𝑝j𝑇  ranges, see legend. Upper panels: 
LO and (LO+WW) results; middle panels: ratio of full (LO+WW) contribution to the LO piece; lower panels: relative contribution of quark- and gluon-induced 
channels to the total cross section. 

Fig. 2. Collins asymmetries for 𝓁𝑝↑ → jet 𝜋± 𝑋 as a function of 𝜂j; LO (dashed lines and gray bands) and LO+WW (solid lines and colored bands). Left to right: √𝑠 =
45, 105, 141GeV, with the corresponding 𝑝j𝑇  ranges, see legend. Uncertainty bands at 2𝜎 CL.

results, for 𝜋+ we get estimates around 1%, while for 𝜋− we reach larger 
values, in size: around 3–4% in the forward region and 2–3% in the 
backward region. This last behavior is understandable in terms of the 
increasing role of the gluons in the backward region. Moreover, simi-
larly to the arguments mentioned above, the relatively larger size of the 
unfavored Collins FF (with respect to the favored one), see Eq.  (32), 
when integrated over 𝑧 from the lowest value considered, coupled to 
the sizeable transversity for up quarks explains the larger effect for 𝜋−

production.
Different and more interesting features appear in the 𝑧 dependence 

as shown in Fig. 4. More precisely, while for 𝜋− production we find an 
almost flat behavior with a size around 2-3% in the backward region and 
3% in the forward region, the asymmetries for 𝜋+ production increase 
as a function of 𝑧, reaching values around 8% in the forward region 
and being still around 3–6% also for negative pseudorapidities values, 
depending on the √𝑠 value.

The reasons for this behavior are the following: 𝑖) as discussed above, 
in the forward region the quark-initiated channel largely dominates (at 
lower energies this is also the case in the backward region). This ex-
plains the differences between the forward and backward regions at in-
termediate and large energies, where gluon-initiated contributions start 
playing a role; 𝑖𝑖) the (favored) unfavored Collins fragmentation func-
tions obtained from the fit of Ref. [42] exhibit, at large 𝑧, an (almost) 
identical behavior to that of the corresponding unpolarized fragmenta-
tion functions, with the unfavored ones being suppressed; 𝑖𝑖𝑖) the process 
is dominated by the up-quark contribution, reflecting the combined ef-
fect of its large transversity distribution and the associated large electric 
charge factor.

This implies that at large 𝑧 for 𝜋+ production the leading term in 
the numerator is given by the convolution of the transversity for the 
up quark with the favored Collins FF (both large), while for 𝜋− the 
two terms entering the numerator, 4ℎ1𝑢 ⊗𝐻⟂unf

1 + ℎ1𝑑 ⊗𝐻⟂fav
1 , involve
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Fig. 3. Collins asymmetries for 𝓁𝑝↑ → jet 𝜋± 𝑋 as a function of 𝑥𝑇 : LO (dashed lines and gray bands) and LO+WW (solid lines and colored bands). Left to right: 
√

𝑠 = 45, 105, 141GeV. Upper panels: forward rapidities; lower panels: backward rapidities. Uncertainty bands at 2𝜎 CL. 

Fig. 4. Collins asymmetries for 𝓁𝑝↑ → jet 𝜋± 𝑋 as a function of 𝑧: LO (dashed lines and gray bands) and LO+WW (solid lines and colored bands). Left to right: 45, 
105, 141GeV, with the corresponding 𝑝j𝑇  ranges, see legend. Upper panels: forward rapidities; lower panels: backward rapidities. Uncertainty bands at 2𝜎 CL. 
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Fig. 5. Collins asymmetries for 𝓁𝑝↑ → jet 𝜋± 𝑋 as a function of 𝑗𝑇  for different 𝑧 bins, only central values. Left to right: 
√

𝑠 = 45, 105, 141GeV, with the corresponding 
𝑝𝑗𝑇  ranges, see legend. Upper panels: forward rapidities; lower panels: backward rapidities.

always one suppressed factor. On the contrary, at low-𝑧 values (𝑧 ≲ 0.2) 
the suppression of the favored Collins FF (see Eq. (32)) leads to almost 
negligible 𝜋+ azimuthal asymmetries. These expectations could be di-
rectly tested at the EIC.

This also explains the difference with respect to the corresponding 
azimuthal asymmetries in 𝑝𝑝 processes, where gluon contributions to 
the denominator are non-negligible in all kinematic regions and, at the 
same time, no analogous up-quark dominance (driven by the charge 
factor) emerges. This combined effect, while still showing an increasing 
behavior with 𝑧 (see Fig. 1 of Ref. [50]) leads to much smaller absolute 
values (less than 2%).

Lastly, in Fig. 5, we consider the 𝑗𝑇  dependence of the Collins asym-
metries for different 𝑧 bins, where once again we find similar features. 
More precisely we show the predictions for three energies, 45, 105, 
141GeV, left to right panels and for the forward (upper panels) and 
backward (lower panels) rapidities. It is interesting to observe that in 
some cases the azimuthal asymmetry could be sizable. Namely, for 𝜋+

this happens in the intermediate 𝑧 bins (recall the suppression of the 
favored Collins FF at small 𝑧), while for 𝜋− this features is generally 
preserved for all 𝑧 bins (unsuppressed unfavored Collins FF coupled to 
the large transversity for up quarks). This different behavior could be 
explored at the EIC, providing new insights on the flavor separation of 
the Collins FFs, together with an improvement in their parametrizations.

That said, a word of caution is warranted. Indeed, one has to keep in 
mind that these estimates are based on a very simple form of the intrin-
sic transverse momentum dependence of the Collins FFs, a Gaussian-like 
one. This is one of the reasons for showing only the central values in 
different 𝑧 bins, without the corresponding uncertainty bands, focusing 
primarily on the 𝑧-𝑗𝑇  correlations. More importantly, a more flexible 
parametrization, including 𝑧 and flavor dependencies in the Gaussian 
widths, or a proper implementation of TMD jet FFs would give a more 
solid picture. Further detailed investigation is left to future work. Over-
all, this suggests that this comparatively simple process may provide 
valuable insight into these still open issues.

In summary, this analysis, focused on Collins azimuthal asymme-
tries in 𝓁𝑝 processes, highlights several interesting features. On the 
one hand, it allows for a test of the TMD factorization hypothesis in 
a comparatively simple process, as well as of the universality properties 
of the Collins fragmentation functions. On the other hand, it provides 
the opportunity to significantly improve our current knowledge of the 
Collins FF, including its flavor decomposition and intrinsic transverse-
momentum dependence, as well as of the transversity distribution in the 
large-𝑥 region. Finally, since this process is largely dominated by quark-
initiated channels, the backward region offers an ideal probe to access 
the still poorly known sea-quark transversity.

4.  Conclusion

In the present work we have extended a previous phenomenologi-
cal study of the Collins asymmetries for hadron-in-jet production in 𝑝𝑝
collisions to the complementary 𝓁𝑝 process, employing a scheme where 
TMD effects are restricted only to the fragmentation mechanism. En-
couraged by the quite good phenomenological agreement with experi-
mental 𝑝𝑝 data we have computed new predictions for the EIC kinemat-
ics, still employing the transversity and Collins functions as extracted 
from SIDIS and 𝑒+𝑒− annihilation processes. Our estimates have been 
obtained going beyond the LO accuracy, by including the contribution 
from quasireal photon exchange, that, as shown, could play a relevant 
role.

The main goal of this study (combined with the corresponding one 
for 𝑝𝑝 collisions) is to explore the universality issue, together with the 
TMD factorization hypothesis in non standard TMD processes. To this 
aim we have considered different kinematical regions, in rapidities and 
transverse momenta of the jet and the observed hadron, highlighting 
the potential role of this analysis.

Another important outcome worth being stressed is that, despite 
new partonic channels opened by the WW contribution, like those initi-
ated by gluons, the dominant role played by quark-initiated partonic
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channels is preserved. This provides a much clearer access to the 
transversity distribution, allowing at the same time to extract informa-
tion on its sea-quark component, not directly achievable in other pro-
cesses. In this respect the study of the Collins asymmetries in this process 
represents a formidable tool to test the overall framework and improve 
our knowledge on several fundamental issues.

Further studies can definitely help to get a more robust picture. 
The main issues to be explored are certainly the use of a more flexi-
ble parametrization of the Collins FFs, including the 𝑧 and flavor de-
pendence in the Gaussian widths and/or, even more important, a more 
accurate treatment of the jet fragmentation mechanism, beyond the LO 
accuracy. This will be carried out in a future study where we plan to re-
analyze the Collins azimuthal asymmetries for hadron-in-jet production 
both in 𝑝𝑝 and 𝓁𝑝 collisions.
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