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HIGHER ORDER ENERGY FUNCTIONALS
V. BRANDING, S. MONTALDO, C. ONICIUC, AND A. RATTO

ABSTRACT. The study of higher order energy functionals was first proposed by Eells and
Sampson in 1965 and, later, by Eells and Lemaire in 1983. These functionals provide a natu-
ral generalization of the classical energy functional. More precisely, Eells and Sampson sug-
gested the investigation of the so-called ES —r-energy functionals EFS(¢) = (1/2) [,, |(d*+
d)"(¢)]? dV, where ¢ : M — N is a map between two Riemannian manifolds. In the initial
part of this paper we shall clarify some relevant issues about the definition of an ES — r-
harmonic map, i.e, a critical point of EF%(¢). That seems important to us because in the
literature other higher order energy functionals have been studied by several authors and
consequently some recent examples need to be discussed and extended: this shall be done
in the first two sections of this work, where we obtain the first examples of proper critical
points of EFS(p) when N = S™ (r > 4, m > 3), and we also prove some general facts which
should be useful for future developments of this subject. Next, we shall compute the Euler-
Lagrange system of equations for EF(¢) for r = 4. We shall apply this result to the study
of maps into space forms and to rotationally symmetric maps: in particular, we shall focus
on the study of various family of conformal maps. In Section 4] we shall also show that, even
if 2r > dim M, the functionals EZ° () may not satisfy the classical Palais-Smale Condition
(C). In the final part of the paper we shall study the second variation and compute index
and nullity of some significant examples.

1. INTRODUCTION

Harmonic maps are the critical points of the energy functional

(1) Pl) =5 [ lagkav.

where ¢ : M — N is a smooth map between two Riemannian manifolds (M, ¢g) and (N, h).
In particular, ¢ is harmonic if it is a solution of the Euler-Lagrange system of equations

associated to (L.1)), i.e.,
(1.2) —d*dyp = trace Vdyp = 0.

The left member of is a vector field along the map ¢ or, equivalently, a section of
the pull-back bundle ¢ 'TN: it is called tension field and denoted 7(p). In addition,
we recall that, if ¢ is an isometric immersion, then ¢ is a harmonic map if and only if
the immersion ¢ defines a minimal submanifold of N (see |10, [I1] for background). For
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simplicity, we shall assume that M is compact unless differently specified. However, the
Euler-Lagrange equations have validity also when the domain is noncompact, in which case
they are referred to compactly supported variations. Now, let us denote VM, V¥ and V¥ the
induced connections on the bundles TM, TN and ¢ TN respectively. The rough Laplacian
on sections of ¢ 'T'N, denoted A, is defined by

m
A=dd=- Z (Vévfz o v@g@) )
i=1 "
where {e;}", is a local orthonormal frame field tangent to M. In recent years, the following r-
order versions of the energy functional have attracted an increasing interest from researchers.
Ifr=2s s>1

1 * * * *
Fa(p) = 5/ (dd)... (@ d) g, (d'd) ... (")), AV
M st;r,nes sti‘r,nes
1 ——s—1 ——s—1
(1.3) = 5| (A 7lp), A 1(p))y dV.
M
In the case that r = 2s + 1:
1 * * * *
Eaenr(p) = §/ (d(dd)...(dd) g, d(d'd) ... (d°d) ), dV
M st?;es stﬁes
1 = S S
(1.4) = —/ d(VEA (), V2 AT 7 (p), dV.
2 M = J J

We say that a map ¢ is r-harmonic if, for all variations ¢y,

d
_ET(SOt) = O .

dt —0
In the case that r = 2, the functional is called bienergy and its critical points are
the so-called biharmonic maps. At present, a very ample literature on biharmonic maps is
available and we refer to [7, I8, B8, B9] for an introduction to this topic. More generally,
the r-energy functionals E,(p) defined in (L.3), have been intensively studied (see
[41 (5], 23, 241, 25] 33, 85], [42], [43], for instance). In particular, the Euler-Lagrange equations for
E,(¢) were obtained by Wang [42] and Maeta [23]. The expressions for their second variation
were derived in [24], where it was also shown that a biharmonic map is not always r-harmonic
(r > 3) and, more generally, that an s-harmonic map is not always r-harmonic (2 < s < 7).
On the other hand, any harmonic map is trivially r-harmonic for all » > 2. Therefore, we say
that an r-harmonic map is proper if it is not harmonic (similarly, an r-harmonic submanifold,
i.e., an r-harmonic isometric immersion, is proper if it is not minimal). As a general fact, when
the ambient space has nonpositive sectional curvature there are several results which assert
that, under suitable conditions, an r-harmonic submanifold is minimal (see [7], [23], [26] and
[35], for instance), but the Chen conjecture that an arbitrary biharmonic submanifold of R™
must be minimal is still open (see [§] for recent results in this direction). More generally,
the Maeta conjecture (see [23]) that any r-harmonic submanifold of the Euclidean space is
minimal is open. By contrast, let us denote by S™(R) the Euclidean sphere of radius R

and write S™ for S"(1): for the purposes of the present paper it is important to recall the
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following examples of proper r-harmonic submanifolds into spheres (see [25] for the case
r =3 and [33] for r > 4):

Theorem 1.1. Assume that r > 2,m > 2. Then the small hypersphere i : S*Y(R) — S™
is a proper r-harmonic submanifold of S™ if and only if the radius R is equal to 1//T.

Theorem 1.2. Let r > 2, p,q > 1 and assume that the radii Ry, Ry verify B3 + R3 =
Then the generalized Clifford torus i : SP(Ry) x S1(Ry) — SPTat! gs:

(a) minimal if and only if

(1.5) R} = P and R3 = 4 :
p+q p+q
(b) a proper r-harmonic submanifold of SPT4' if and only if (1.5]) does not hold and either
1
r=2, p#gq and R%:R§:§
orr >3 and t = R? is a root of the following polynomial:
(1.6) Pt)=r(p+q)t* +[g—p—r(qg+2p)]t*+ 2p+rp)t —p.

Remark 1.3. For a discussion on the existence of positive roots of the polynomial P(t) in
(1.6]), which provide proper r-harmonic submanifolds, we refer to [33].

The setting for r-harmonicity which we have outlined so far represents, both from the geo-
metric and the analytic point of view, a convenient approach to the study of higher order
versions of the classical energy functional. On the other hand, we now have to point out
that actually the first idea of studying higher order versions of the energy functional was
formulated in a different way. More precisely, in 1965 Eells and Sampson (see [13]) pro-
posed the following functionals which we denote EFS () to remember these two outstanding
mathematicians:

(1.7 B0 =5 [ 1@ +dy P av.

Now, to avoid confusion, it is important to fix the terminology: as we said above, a map ¢
is r-harmonic if it is a critical point of the functional E,.(p) defined in . Instead,
we say that a map ¢ is BS — r-harmonic if it is a critical point of the functlonal EFS(p )
defined in . The study of . was suggested again in [I0], but so far very httle is
known about these functionals. The main aim of this paper is to make some progress in the
study of EFS(p). In particular, in Section 2| we shall prove that Theorems and also
hold for the Eells-Sampson energy functionals EX(p). To prove this, we shall establish a
large setting where the classical principle of symmetric criticality of Palais (see [40]) applies:
we think that this should prove useful also for future developments on this subject. Next, in
Section [3| we shall obtain the Euler-Lagrange equations in the case that r = 4: we shall first
derive them in the general case. Then we shall illustrate some geometric applications and
also the simplifications which occur when the target is a space form. We end this section
analysing under which conditions on a conformal change of the metric of the domain the
identity map becomes ES — 4-harmonic. Section [ is devoted to the study of rotationally

symmetric r-harmonic and ES — r-harmonic maps between models. First, we concentrate
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on the study of the case r = 4 and analyze both differences and common features for 4-
harmonicity and E'S —4-harmonicity. Next, we shall focus on the existence of critical points
within the class of conformal diffeomorphisms and we shall obtain some nonexistence results,
but also a new family of examples for all » > 2. The final part of the paper shall concern
the study of the second variation. In particular, we shall introduce this problem and then
compute index and nullity of some significant examples.

To end this introduction, we think that it is worth pointing out some difficulties which arise
in the study of the functionals EZ%(p) and the main differences with respect to the E,.(p)’s.
The two types of functionals coincide when r = 2 (the case of biharmonic maps) and r = 3:
this is a consequence of the fact that d* vanishes on 0-forms and d?yp = 0, as computed in
[T0]. The first fundamental difference, as it was already observed in [26], arises when r = 4
because d?7(p) is not necessarily zero unless N is flat or dim M = 1. So, in general, we have

1 1

18) BP0 =5 [ (P i) av =5 [ dno)Pav + B

This description of EF9(¢p) appeared in [26], but the Euler-Lagrange equations associated
to the first term on the right-side of have never been computed and that motivated
our work of Section [3] When r > 5 things become even more complicated. For instance,
we know that the integrand of Fs(¢p) is the squared norm of a 1-form, but we cannot write
EEF5(p) as the sum of F5() and a functional which involves only differential forms of degree
p # 1. The reason for this is the fact that, in general, the 1-form dd*d7(p) (whose squared
norm is the integrand of F5(¢)) may mix up with d*d?7(y). Difficulties of this type boost as
r increases and that motivated our approach of Section [2] and Section [4 where we establish
a general setting which is suitable to look for symmetric critical points. Another important
argument which provides support to this idea is the failure, in general, of the possibility to
use the classical Condition (C) of Palais-Smale to deduce the existence of a minimum in a
given homotopy class. More precisely, Eells and Sampson, in their paper [12], formulated
this hope under the assumption that the order r of the functional is big enough with respect
to the dimension of the domain (2r > dim M). We shall illustrate, at the end of Section [4]
that this is not true in general.

2. THE PRINCIPLE OF SYMMETRIC CRITICALITY AND EXISTENCE RESULTS

In this section we shall prove a version of Theorems and for the Eells-Sampson
functional EX%(yp). More precisely:

Theorem 2.1. Assume that r > 2,m > 2. The small hypersphere i : S"1(R) — S™ is a
proper ES — r-harmonic submanifold of S™ if and only if the radius R is equal to 1//r.

Theorem 2.2. Let r > 2, p,q > 1 and assume that the radii Ry, Ry verify R? + R2 = 1.
Then the generalized Clifford torus i : SP(Ry) x S1(Ry) — SPTat! gs:
(a) minimal if and only if

(2.1) R} = L and R3 = L;
P+q p+q



(b) a proper ES — r-harmonic submanifold of ST if and only if (2.1) does not hold and

either

(2.2) r=2, p#q and szRSz%

orr >3 and t = R? is a root of the following polynomial:

(2.3) P(t)=r(p+q)t’ +lg—p—r(a+2p)|t* + 2p+rp)t — p.

The proof of these results requires essentially two ingredients. One is the explicit compu-
tation of the terms involving d?: this will be carried out below. The other key tool will be
Proposition below, where we show that we can apply a rather general theorem of Palais
which ensures the validity of the so-called principle of symmetric criticality. This result of
Palais can be found in [40], p.22. However, since the paper [40] is written using a rather
obsolete notation, we rewrite it here in a form which is suitable for our purposes. In order to
do this, let us assume that G is a Lie group which acts on both M and N. Then G acts on
C>(M, N) by (gp)(x) = gp(g~'z), x € M. We say that a map ¢ is G-equivariant (shortly,
equivariant) if gp = ¢ for all ¢ € G. Now, let £ : C*°(M, N) — R be a smooth function.
Then we say that E is G-invariant if, for all ¢ € C°(M,N), E(gp) = E(p) for all g € G.
Now we can state the main result in this context:

Theorem 2.3. [40] Let M, N be two Riemannian manifolds and assume that G is a compact
Lie group which acts on both M and N. Let E : C*°(M,N) — R be a smooth, G-invariant
function. If p is G-equivariant, then ¢ is a critical point of E if and only if it is stationary
with respect to G-equivariant variations, i.e., variations @; through G-equivariant maps.

Remark 2.4. A map ¢ : M — N can be viewed as a section of the trivial bundle 7 :
M x N — M. Actually, the original version of Theorem [2.3| proved in [40] includes the case
of sections of a general G-bundle 7 : Y — M such that 7 is equivariant.

Palais observed in [40] that, if G is a group of isometries of both M and N, then the volume
functional and the energy functional are both G-invariant and so the principle of symmetric
criticality stated in Theorem applies in both cases: the first, beautiful instances of this
type can be found in the paper [17] for minimal submanifolds and in [41] for harmonic maps.
It is also easy to show that the same is true for the bienergy functional: this is a special case
in a more general setting for a reduction theory for biharmonic maps developed in [28] 30].
Here we shall extend this to the Eells-Sampson functionals EZ%(p), r > 3. In particular, we
shall prove:

Proposition 2.5. Let M, N be two Riemannian manifolds and assume that G is a compact
Lie group which acts by isometries on both M and N. If ¢ is a G-equivariant map, then
@ is a critical point of EF%(p) if and only if it is stationary with respect to G-equivariant
variations.

Proof. According to Theorem [2.3] it suffices to show that the Eells-Sampson functionals
EF5(p) are invariant by isometries. This is a direct consequence of the following two lem-
mata. We point out that the ideas underlying the proof of Theorem imply that, if ¢ is
a G-equivariant map,

dg(rF%(0)) = 75(go ) = 7F5(p o g) = 779(p) 0 g,
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for any g € G, i.e., 7F%(p) is a G-equivariant section. Moreover, using the exponential map

of N and 779(¢p), we can construct as usually a G-equivariant variation of the map ¢ such

that its variation vector field is 7°(¢), and then we can conclude. By way of summary, to

end the proof of Proposition [2.5, we just need to establish the following two lemmata. [

Lemma 2.6. Let ¢ : M — N be a smooth map. If ) : M — M 1is an isometry, then

(2.4) EF%(¢) = EF (o).

Proof. Let w € C(A*T*M ® (p o)) 'TN) = Ak((p o) T'N) and w € A*(¢~'TN). We
say that w and w are v-related if w is the pull-back of w, i.e.,

W (X1, Xk)y =@ (d(X0), -, A (Xk)) i

for all vectors Xi,..., X, € T,M and for all z € M. Performing a change of variables
y = ¢¥(x) and using the fact that ¢ is an isometry it is easy to verify that, if w and @ are
-related, then |w|? and |w|? are ¢-related and

/ w]? dV:/ @2 dv.
M M

Therefore, in order to prove ([2.4)), it suffices to show that
(2.5) (d#Y + (d¢o¢)*)r—2 T(potp) and (d% + (d?)*) > 7(y) are 1) — related ,

where the notation d#°¥, d¥, (d*°¥)*, (d¥)* highlights in an obvious way the dependence on
the connection under consideration. First, we observe that the 0-forms 7(¢ o ¢) and 7(p)
are -related. Indeed,

T(poy)(x) = dp(7(4)) + TraceVdyp (dy(e;), dip(es))) = () (¢(x))

because v is an isometry. Then, by a routine induction argument, we can say that claim
(2.5)) is proved if we show that the following two facts are true:

(i) If two k—forms w and @ are 1)—related, then d*°¥w and d¥w are ¥ —related;

(i) If two k—forms wand @ are 1)—related, then (d¥°¥)*w and (d¥)*@ are ¢—related .
6
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We prove (2.6))(i): at a point x € M we have

k+1

d*w(X1,..., Xp1) = Z(_l)iﬂ (V%@w) <X1""’E""’Xk+l)
=1
- kii(—l)i“ [Vfgw (w <X1,---75(\ia--ka+1>>
=1
— % (,LJ(Xl,...,VAX{Xj,---yj(\ia--'anJrl)]
j#ij=1
k+1
_ Z(_l)m [Vip(xi) (w <d1/}(X1), . ,dﬁ), - ,d¢(Xk+1)>>
=1
— % w(dw(Xl),---;v%(xi)dw(){j)a"'>dm)"“’d¢(Xk+l)>]
j#ij=1
= D (T ) (00 . )
=1

= d*w (d(Xy),...,dY(Xis1))

where for the third equality we have used the hypothesis that w and w are 1-related and
dip (V%_Xj) = V%(Xi)dv,b(Xj). This completes the proof of (2.6)(i). The argument for
(2.6))(ii) is similar and we omit it, so the proof of Lemma is ended. O

Lemma 2.7. Let ¢ : M — N be a smooth map. If UV : N — N is an isometry, then
E7(p) = B (Top).
Proof. Consider w € A¥(¢~'T'N) and define d¥(w) € A*((¥ o ¢)"'TN) by
(AU (W) (X1, X))o = AV (w(Xa, . .., Xi)a)

for any vectors X1, ..., X} tangent to M at x, and for any x € M. As V¥ is an isometry, we
have

AP (w)]* = [w]?

and therefore

/\d\P(w)|2dV:/ w2dV .
M M

We note that for the tension fields 7(¢) and 7(W o), which are 0-forms, we have d¥(7(p)) =
7(¥ o). As in Lemma [2.6] it is sufficient to prove the following formulas:

(2.7) AV (dfw) = d¥*% (d¥ (w))

(2.8) AV ((d?)*w) = (7d‘1’°“")*(d\11(w)).



We just prove (2.7)) since ([2.8]) is similar. At a point x € M we have
(dU(d?w)) (X1, ..oy Xkr1) = dV((d°w)( Xy, ... Xit1))

k+1
_ d\If(Z(—l)”l [Vf(iw (Xl,...,Xi,...,XkH)
=1
k+1 -
— Z w(Xl,...,V%Xj,...,Xi,...,XkJrl)])
J#ij=1
k+1 /\
= SR (@) (X Ko X))
=1
k+1 o
- Z (d\IJ(OJ)) <X1,...,V)AéXj,...,Xi,...,Xk_i_l)]
j#ij=1

= (d¥?(dU(w))) (Xi,. .., Xpy1) -
Now, for r = 1,2, it is clear that EF¥(p) = EES(W o ). If r > 3 we have

) = [ @y +a )iy
= [ @y +ary o) av
_ /M}d\I/(((d“”)*+d“")r_27(<p)){2dv
B /M | ((d%°9)" 4+ d¥*?)" " aW(r(p))|*dV

- /M | ((d¥°%)" +d"*?) " 7(W o o) [dV

= EX(Wogp).
O

Remark 2.8. The conclusion of Proposition [2.5] is true also for the r-energy functional
E,(¢): the proof is essentially the same and so we omit the details.

Remark 2.9. All the objects which contribute to the definitions of EF¥(p) and E,(p) de-
pend on the Riemannian metrics of M and N and their covariant derivatives. Therefore,
one may suspect that automatically these two families of functionals are invariant by isome-
tries. However, there is no proof of this claim in the literature and Proposition [2.5| plays a
central role in this paper and, hopefully, in future works on this subject. For these reasons
we thought that it could be useful for the reader to include the details of the proofs of
Lemmata [2.6) and 2.7 Moreover, we point out that, when m = 2r, the functionals E%(¢)
and E,.(y) are invariant under homothetic changes of the metric on the domain. If we per-
form such homothetic changes, either in the domain or in the codomain, in the case that
m # 2r, then the corresponding r-energies are multiplied by a constant and the associated

Euler-Lagrange equations are invariant. By way of conclusion, we think that these results
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confirm that these two families of functionals provide geometrically interesting higher order
versions of the classical energy functional.

Now we are in the right position to prove our existence results.

Proof of Theorem[2.1. In order to prove Theorem [2.1] it is sufficient to determine the condi-
tion of E'S — r-harmonicity for a map defined as follows:

Do : S 5 SPCR™ xR
(2.9)

wo o (sin o w, cosa®) ,

where m > 2 and a* is a fixed constant value in the interval (0,7/2). Indeed, if @, is a
map as in (2.9), then the induced metric on S™~! is given by [pa-]*(gsm) = (sin® a*) ggm-1.
Therefore, since E'S —r-harmonicity is preserved by multiplication of the Riemannian metric
of the domain manifold by a positive constant, we conclude that if .« is a proper ES — r-
harmonic map, then its image @, (S™ 1) = S™ !(sina*) is a proper £'S — r-harmonic small
hypersphere of radius R = sin a*. By way of summary, we only have to prove that the map
Do N is a proper ES — r-harmonic map if and only if sina* = 1/4/r. Now, a key step
in the proof of Theorem [2.1]is the following fact, which we state in the form of a proposition:

Proposition 2.10. Let @, : S™1 — S™ be a map of the type . Then
(2.10) EES (por) = By (par) = cep(a®),
where
.= %vm(sm—l) (m—1)
and the function e, : (0,7/2) — R is defined by

2(r—1)

g,(a) = sin? v cos a.

Proof. The second equality in (2.10) was obtained in Lemma 3.8 of [33]. Therefore, we just
have to prove that the first equality of holds. In [33] we computed (d*d)*T (p4-) and
showed that, for all £ > 0, this is of the form ¢ 0/0«, where c is a real constant which depends
on a* and 9/0« is a unit section in the normal bundle of S™!(sin o) in S™. Therefore, it
suffices to show that

(2.11) d? (%) =0

for any map of the type (2.9) (note that, with a slight abuse of terminology, /0« in ([2.11])
represents a section of ¢_.TS™). Now, in order to compute the left side of (2.11f), we
need to recall some general basic facts (see [10], where a different sign convention for the

curvature is used). Let ¢ : M — N be a smooth map between Riemannian manifolds and
o € A*(¢7'TN). Then

d*>c =R N0,
where R¥ denotes the curvature tensor field of o 'T'N. In the special case that o is a 0-form
we have, for all X|Y € C(TM),

(2.12) d?o(X,Y) = R?(X,Y)o = RN (dp(X),dp(Y))o,
9



where R denotes the curvature tensor field of N. We also recall that, in the special case
that N(e) is a space form of constant sectional curvature €, then

(2.13) RYOIXYZ =e(— (X, Z)Y +(Y,Z)X) VX,Y,Z e C(TN(e)).

Let {e;},i=1,...,m — 1, be a local orthonormal frame field on S™~!. By using (2.12)) and
(2.13]) we compute:

d? (5%) (eise;) = R (dpa- (i), dpa-(e;)) <%) =0, 1<4,j<m-—1,
and so the proof of Proposition [2.10]is ended. O

We can now end the proof of Theorem We observe that G = SO(m) acts naturally
by isometries on both the domain and the codomain of ¢+, and ¢« is G-equivariant (the
action of G on the codomain is on the first m coordinates of R™!). Therefore, we can apply
the principle of symmetric criticality as stated in Proposition and conclude that ¢« is a
critical point of the ES — r-energy functional if and only if it is stationary with respect to
equivariant variations. Now, since m > 2, this means that we just have to consider variations
of the type

(far), : S™ — S"CR™xR

wo e (sin(a* + h(t)) w, cos(a* + h(t)) ,

where h(t) is an arbitrary smooth function with h(0) = 0. Therefore, we conclude that @« is
ES — r-harmonic if and only if o* is a critical point of €,(«). As shown in [33], this happens
if and only if sina* = 1/4/r and so the proof of Theorem is completed (formally, if
m = 2, within the class of equivariant variations one should also include variations through
isometries in the direction tangent to the submanifold. But, since the functional is invariant
by isometries, the conclusion is the same). 0

Proof of Theorem[2.3. The proof of this theorem follows the same lines of the proof of Theo-
rem [2.1| (here G = SO(p+1) x SO(g+1)) and so we just point out the relevant modifications.
In this case we have to study maps of the following type:
Vor  SP(Ry) x S1(Ry) — SPTatl C RPHL x Ret!
(2.14)
(Riw,Rez) +— (sina*w,cosa*z),

where w and z denote the generic point of S” and S? respectively, a* is an arbitrarily fixed
value in the interval (0,7/2) and Ry, Ry are arbitrary positive constants. First, by the same
methods of Proposition 2.10, we conclude that (d*d)*7 (¢4« ) = c¢n, where c is a constant and

n is a unit section in the normal bundle of SP(sin a*) x S¥(cos a*) in SPT4!. Next, we find
that d?n = 0 and so we obtain:

Proposition 2.11. Let ¢« : SP(R;y) X SY(Ry) — SPTIHL be as in (2.14)).
EFS (ar) = Ep (ar) = 059(0‘*) )
where

1 p g1’
C = §V01 (SP(R1> X Sq<R2)> |:R_% — R—%:|
10



and the function €€ : (0,7/2) — R is defined by

r—2
c .2 2 p 2 q . o
e, (a) =sin“ a cos” a | =5 cos”a + —5 sin“«
R} R3

We observe that, in particular, a map of the type (2.14]) is harmonic if and only if

p q
(2.15) £ 2Ly,

R R

Now we apply Proposition [2.5| and deduce that we can consider equivariant variations only.
In a fashion similar to the proof of Theorem we conclude that .« is a proper ES — r-
harmonic map (r > 2) if and only if does not hold and a* is a critical point of the
function .

If r > 3, then the explicit form of the condition (¢¢)'(a*) = 0 is equivalent to:

p q p p 2k p q <4«
2.16 S+ |r=1) |55 —=) —2=|sina" +r |55 — —|sina =0.
e g lo-0 (G- %) 2] # - ]
In the case of maps as in (2.14) the induced pull-back metric identifies the domain with
SP(sin a*) x S?(cos a*). Therefore, in order to ensure that an ES — r-harmonic map of the
type (2.14) is an isometric immersion, it is enough to determine the solutions of (2.16|) with
R? = sin’a* and R? = cos?a*. By setting R? = sin®a* = t, (2.16) becomes equivalent to
the fact that ¢ is a root of the polynomial P(¢) in (2.3) (0 <t < 1).
If r = 2, the condition (¢¢)(a*) = 0 is equivalent to a* = /4. Then, imposing the condition
of isometric immersion and since we are looking for proper solutions, we find (2.2)) and the
proof is ended. [l

Remark 2.12. We point out that Theorems and [1.2| were not formulated clearly in [33].
More precisely, it was not made clear there that they referred to the E,.(¢) functional rather
than to EZ9(y). Similarly, in our recent work [34] we proved the existence of several other G-
equivariant examples of proper r-harmonic immersions and maps into rotation hypersurfaces
and ellipsoids: again, it was not clearly stated that these examples were obtained by studying
E,(¢) and not EFS(p). However, with the methods of the present paper, it is not difficult
to verify that all the examples of [34] are not only r-harmonic, but also ES — r-harmonic.

Therefore, we consider the present section of this work as a natural completion of [33] and
[34].

Remark 2.13. Theorem [2.2]suggests that the geometric features of proper ES —r-harmonic
submanifolds differ significantly from the biharmonic case and may depend on r. By way of
example, assume that p = ¢. Then the polynomial P(t) in (2.3) takes the following form:

Pt)=p@2t—1)(rt* —rt +1).

Now, if 2 < r < 4, the only root is t = (1/2) and produces a minimal submanifold. But it is
important to point out that, if » > 5, then P(t) has two admissible solutions
1 1 —4
t= -+ =4/"
2 2 T
which give rise to proper, r-harmonic (E'S — r-harmonic) generalized Clifford tori in S?*1.

Moreover, let now p # ¢ be fixed. It was proved in [33], by studying the discriminant of P(t),
11




that there exist three distinct proper r-harmonic (ES —r-harmonic) generalized Clifford tori
in SPT! provided that r is sufficiently large (see [33] for details).

Remark 2.14. It is possible to study biharmonicity and E.S — r-harmonicity also when we
drop the assumption of isometric immersion. More precisely, let us consider a map .+ as in
(2-14): the analysis in the proof of Theorem [2.2]shows that the map ¢4+ is proper biharmonic
if and only if o* = 7/4 and p/R? # q/R3. If r > 3, the map @, is ES — r-harmonic if and
only if equation is satisfied. In particular, a routine analysis shows that, for any p, g,
Ry and R, such that p/R? # q/R2, there always exists a proper ES — r-harmonic map @
of type , but the explicit value of a* can be obtained only by using numerical methods.

Remark 2.15. Theorems and [2.2| were known when r = 2 (see [6] and [18]) and r = 3
(see [25]). The proofs given in [0l I8, 25] do not use a variational approach as we did, but they
are based on geometric constraints which the second fundamental form of a biharmonic, or
triharmonic, immersion into S™ must satisfy. In the spirit of the discussion in this remark, we
think that it would be interesting to determine the geometric requirements that the second
fundamental form of a proper £S — r-harmonic immersion must verify.

Remark 2.16. We point out that the use of the principle of symmetric criticality of Propo-
sition [2.5| enables us to prove the existence of G-equivariant critical points even if we do not
know the explicit general expression of the FS — r-tension field. For this reason, this seems
to be a very convenient approach to the study of the Eells-Sampson functionals EZ%(p). We
shall encounter other instances of this type in Section [

2.1. Curves. The notions of r-harmonicity and E.S—r-harmonicity can also be defined when
the domain is noncompact, considering compactly supported variations (for more details see
Subsection [3.2). In the special case of curves, it is easy to check that ¢ : (M, dt?) — (N™, h)
is r-harmonic if and only if it is £'S —r-harmonic. Now, we assume that ¢(t) is a geodesic and
we reparametrise it using a diffeomorphism pu(s), i.e., we consider ¥(s) = (popu)(s). Then ¢
is proper ES-r-harmonic if and only if x(s) is a polynomial of order 7/, where 2 < ' < 2r —1.
Indeed, from [23], we have:

—~r—1 r— 7"
() = A7) = (1) P (s)¢@' (u(s)) -
The previous observation produces, in the case of noncompact 1-dimensional domains, proper
ES — r-harmonic (r-harmonic) curves.

3. THE EULER-LAGRANGE EQUATIONS FOR EF%(p): THE GENERAL CASE AND MAPS
INTO SPACE FORMS

The main aim of this section is to compute the Euler-Lagrange equations for the Eells-
Sampson functional EFS (). First, we shall obtain the equations in the general case. Next,
we shall illustrate some relevant simplifications which occur when the target is a space form.
Finally, we will provide some geometric applications in two different contexts: isometric
immersions and conformal deformations of the domain metric.

We consider smooth maps between two Riemannian manifolds ¢: (M™, g) — (N™, h), where
M is compact and both metrics g, h are fixed. For simplicity, when the context is clear, we

shall write V for VM. For a given arbitrary point p € M, it is sometimes easier to consider
12



a geodesic frame field {X;} around p and perform the calculations at the point p. We recall
that, when r = 4, the Eells-Sampson functional is

PG = 5 [ N+ dar@)F av =5 [ (@dre) + o) av

Note that d*dr(p) € C(¢™'TN) = A%@™'TN) and d?7(p) € C(A*T*M @ ¢ 'TN) =
A%(p~'TN). In order to simplify the formal sum in EF%(p) we observe that

|d*dr (@) + d*1(@)]* = |d*dr(0)|> + |dP7(0)]* = [AT(0)* + |d*T ().

The curvature term here acquires the form
2 2 ” 2 _ 1 N 2
(o) = [RZ A T(@)]” = 52\3 (dip(Xi), do(X;)) ()]
.3

In the sequel, we shall omit to write the symbol >  when it is clear from the context.
Therefore, we have

B =5 [ Bro)f av e 1 [ IR o) de(X)r(o)f av
= Bule) + 7 [ IR @60, del(X,) () v

Remark 3.1. It was already noted in [26], equation (2.8), that the four energy of Eells and
Sampson contains a curvature contribution.

In the following we will determine the Euler-Lagrange equation for E¥%(¢). To this end we
set

Bule) =5 [ 1@ av = [ IRY (ol X0, do X)) aV

so that
Ef*(p) = Ba(p) + Ea().
Let us consider a smooth variation of ¢, that is we consider a smooth map

®:Rx M — N, (t,p) = O(t,p) = ¢:(p)

such that ¢o(p) = ¢(p) for any p € M, and denote by V' its variation vector field, i.e.,
'dit‘_tzog'pt = V. The first variation of E,(y) is already known in the literature (see [23]) and
it is given by

G| == [ (E'rle)+ B Brle), Vi (o))
+ RN (dp(X:), B'7(9))dp(Xi) — RN (VE, Br(0), 7(9))dp(X2), V) dV
(3.1) =— /M<T4(cp), V) dv.

13



We then compute the first variational formula for E4(g0). For this, we first note that, for
(t,p) arbitrary but fixed, we have

szt (X, XJ)T(SDt)p =R" (dipr p(Xi), d(Pt,p<Xj))T(90t)p
=R (dD 1) (X;), dP 1) (X)) T (01)p
=R ) (Xi, X;)7 (1),

where, in the last term, 7(p;), is to be understood as a section 7 in ®'T'N. Of course,

7(t,p) = 7(pt)p is not equal to 7(P®)p). With this setting, the first variation of E4(g0t)
becomes

%E(%) L 1/ gt( p)(IR®(X;, X;)7[*) dv
32 - %KJ(VE(OW)R@(X,-,X]-)%’ R? (X5, X5)7()) dV.

Now, a direct calculation in local coordinates, using

Vié(o,p)% = —AV — trace R (dp(+), V)dy(-),

gives
v%(o,p)Rq’(Xian)% :(vg(p)RN)(dSOP(X) dy(X;5),7()p)
R (V5 Vg (X)) () + By (dey(X). V5, V(o)
T RY ) (dey(X5), diy (X)) (—AV — trace RN (dp(-), V)dia(-).
This fact, together with
(RY(dp(X:), VE,V)T(0), RV (dp(Xi), do(X;))7())
= —(RY(VE,V.do(X:))7(0), R (dp(X3), dp(X))7())
—(RM(VE, V. do(X;))7(0), RN (de(X;), dp(X0)) ()
— (RN (V4. V,dp(X;)7 (), BV (d(X0), dp(X;))7()),
and taking into account , gives the following formula

GEe)| =5 [ (TR0, de(05,). () + 2 (VR V(X))
(3.3) + RV (dp(X;), dp(X;))(—AV — trace RY (de(+), V)de(-)),

RN (dp(X:), de(X;))r()) dV.

We are now in the right position to state the main result of this section:
Theorem 3.2. Let (M™,g) be a compact Riemannian manifold and (N™, h) a Riemannian
manifold. Consider a smooth map ¢: M — N. Then the following formula holds

LpEsiey| = - /M (rFS (). V) V.
14
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where 75 () is given by the following expression

(3.4) 5 () = () + Fa(e)

where
Ta(p) =A"7(p) + RN (dp(X,), N'7())dp(X:) — RN (V4 A1), 7(10))dp(X:)
+ RV (Ar(p), Vi 7(9))do(X,)
filp) = — %(2& 1+ 24", + RO, + trace RY (dp(-), Q)dg(-))

and we have used the following abbreviations

Qo = RN(dp(X3), dp(X;)) (RN (dp(X,), de(X;))T(0)), Qp € C(p™'TN),
(X)) = RY(RN(dp(X),dp(X;))T(0), 7(9))dp(X;), O € AY(¢7'TN),
& = —(VNRY)(dp(X;), RN (de(X5), de(X;))T(p), (0), de(X5)), & € C(p 'TN),

Proof. The proof consists of a manipulation of the terms on the right hand side of (3.3)).
First of all we rewrite the second addend as

(RY(VZ,V,dp(X;))7(0), R (dp(X), dp(X;)) ()
=(RY(RY(dp(X:), do(X;))7(), 7(10))dp(X;), VL, V)
=((X;), V§, V).
Using that {X;} is a geodesic frame field around a point p we obtain, at p,
(1(X5), VL, V) = Xi((X5), V) — (V0 (X,), V)
(3.5) =divY + (d*Q4, V),

where Y = (Q1(Xy), V) X} is a well-defined, global tangent vector field on M.
Next, for the third addend on the right hand side of (3.3)), we find

—(RY(dp(X;), de(X;))AV, RN (dp(X;), dp(X;))m () = (20, AV).
It follows that

—/M<RN(d90(Xi)7d90(Xj))ZV7 RY(dp(X,), dp(X;))7(p)) dV

(3.6) = /M (AQy, V) dV.

As for the last term on the right hand side of , we obtain

—(RY(dp(X;), dp(X;))(trace RY (di(-), V)de(-)), RY (dip(Xs), dp (X)) ()
= (R™(dp(X;), dp (X)) (RY (dp(X;), dp(X;))7(0)), trace RY (do(-), V) dip(-))
= (Qo, R™ (dp(X1), V)dip(Xi))

(3.7) = (trace RN (dp(-), Qo)dp(-), V).

The term in (3.3) that involves the derivative of the curvature on the target is the most
complicated one. In order to manipulate it we need the following symmetries of the derivative
of the curvature tensor field:

(3.8) (VR)(X,Y,Z, W), T) = (VR)(X,T,W,Z),Y)
15



(VR)(X,Y,Z W), T) = (VR)(X,W,T,Y), Z)
(3.9) (VR)(X,Y,Z,W)=—(VR)(X,Z,Y, V),

where we use the notation
(VR)(X,Y, Z, W), T) = ((VxR)(Y,Z,W),T)

= (VxR(Y,Z)W — R(VxY,Z)W — R(Y,VxZ)W — R(Y, Z)VxW,T).
Using the second Bianchi-identity, we have

(V¥R ) (dep(Xi), dpp(X;), 7(¢)p) = (Vd% RN)(V( ); diop(Xi), 7(0)y)

This leads us to

((Vy (p)RN)(dsop( )dsop( )T )) RY(dp(X;), dp(X;))7())
(v év RY)(V(p), dpp(X:), 7(0)p), R (dip(X3), dp(X;))7 ()
—((Va X)RN)(dcpp(X) V (D), 7(9)p), R (dp(Xy), dp(X;))7 ()

<(Vd<pp(xj)RN)(V( ), dpy(Xi), 7(0)p), BY (dip(X3), dip (X)) (),
where we have applied in the second step. Then, applying , we obtain
(V) B (diop(Xo), dpp(X;), T(9)p). BY (dp(X), dp(X;))7(9))
= —2((VVRY)(dp(X;), RN (dp(X,), dp(X;)7(), (), dp(X3)), V)
(3.10) = 2(51, V).
Finally, replacing (3.5 . . - into ., we obtain

d ~ 1 _
pr Ey(py) = 3 /M(2§1 +2d*Q; + AQq + trace RN(dgo(-), Qo)dp(-), V) dV
=0

- — [ @ av,

from which the proof follows immediately taking into account (3.1).
O

Remark 3.3. We point out that the Euler-Lagrange equation 77%(¢) = 0 is a semi-linear
elliptic system of order 8. The leading terms are given by 7'4(90), while 74(¢) provides a
differential operator of order 4.

3.1. The case of space form target. In the case that the target manifold (N", h) is a real
space form N™(e) with constant curvature € we can expect that the first variational formula

of E4( ) simplifies. Indeed, since the curvature is constant, (3.3)) becomes:

a5 3 | CRNTEV. X))

— E4(¢1)
+ RV (dp(X;), dp(X;))(—AV — trace R (di(-), V)dg(-)),

dt
(3.11) RN (dp(X;), dp(X;))7(0)) dV.
16
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In the following we will compute all the terms on the right hand side of . Recall that
(RM(VE,V,do(X))7 (), RY (dp(X3), dp(X))) () = divY +(d"Qu, V),
where ; € A'(p7'TN) is defined as
0 (X) = RV (RY(dp(X), dp(X;))7(0), 7(0))dio(X;)

and Y = ((Xg), V)X is a well-defined, global vector field on M. Next, for our purposes,
it turns out to be useful to define the following vector field:

Z = (1(p), dp(Xp)) Xy = —(div S)F,
where S is the stress-energy tensor field associated to . Clearly, we have
(3.12) div Z = |7(0)|* + (dp, VFT(9)).
We can now state our main result in the context of maps into a space form:

Theorem 3.4. In the case that (N h) = N"(¢) the terms in the expression of T¥° () given
by (3.4) simplify as follows:

& =0,
Qo =26 (trace(dip(-), do(Z))do(-) — |del*de(Z)),
O =€ (|1ZPdp () — 22 @ dp(Z) — (dp(Z), de(-))7 () + |de Z° @ 7(p)).

Proof. By assumption N has constant sectional curvature and that implies & = 0. By a
direct calculation we find:

+

—=2¢?

(2 )
=2€*( trace(dgo( ,dp(2)

In addition, we obtain

0 (Xy) =e({dp(X;), () R (dip(X2), dp(X;))7(0) — {dp(X;), RN (dep(Xi), dip(X;))7(0))7 ()
=e* ({dep(X;), T(0)){T(), dip(X;))dip(X;) — (dp(X;), T(0)){(0), dip (X)) dip(X;)
— (7(¢0), dip(X;)!{dp(X;), dip(X:))7(p) + (7(0), dp(Xi) )/ {dp(X;), dip(X;))7 ()
=e*(|Z*de(X:) = (2, Xi)dp(Z) — (dp(Z), do(Xi))T () + (2, Xi)|dip[*7 (),

where we used the expression for Z in the last step.

17



3.2. Some geometric applications. So far we have studied the Eells-Sampson 4-energy
and its critical points in the case of a compact domain M. However, we can extend our
results to the case of a noncompact domain M. To this purpose, we consider all compact
subsets D C M with smooth boundary and define

B (D) =5 [ 1@ +d) ()P v

For each such subset D we consider all smooth variations ® = {¢; }; of ¢ such that ¢; = ¢ on
M\ D for any ¢, that is we consider all variations which have their support in D. All terms of
the form divY which appear in the derivation of the Euler-Lagrange equation for EF¥ have
the property that Y contains the variation vector field V' or its covariant derivatives of first or
second order. For this reason Y vanishes on M \ D and, by continuity, on its closure M \ D.
Consequently, Y vanishes on the boundary of D. Finally, using the divergence theorem, we
conclude that all the results which we have proved in the compact case also hold in the case
of a noncompact domain. Now, we recall that

d ~ 1 ® ® E—
(313) £E4(30t) o = 5 \/]\/](Vaat(om)R (Xl',Xj)T, R (Xz,X])’T(QD)) dV.
In particular, we observe that if R?(X,Y)7(p) = 0 for any X,Y € C(TM), then ¢ is

an absolute minimum for E,(¢) and so, from (3.13]), we recover that it is a critical point

for E4(g0). By way of summary, we have proved that the following proposition is true for
arbitrary M (compact or noncompact):

Proposition 3.5. Let p: (M™,g) — (N™, h) be a smooth map. Assume that R?(X,Y)7(¢) =
0 for any X,Y € C(TM). Then ¢ is a critical point of EFS if and only if it is a critical
point of Ey.

Corollary 3.6. Let p: (M™, g) — N™(¢€) be a smooth map. Assume that 7(p) is orthogonal
to the image of the map. Then ¢ is ES-4-harmonic if and only if it is 4-harmonic. In
particular, if ¢: M™ — N"(€) is an isometric immersion, then it is ES-4-harmonic if and
only if it is 4-harmonic.

Proof. Essentially, this corollary is a direct consequence of (2.13)). Alternatively, we can
prove it by using our vector field Z as follows:

SR (X0, do(X,)r(@) =E(ZPldl? — 72 (dp(X2), dp(X,))
= (|ZPldgl? ~ ldo(2)).

Now, if 7(¢) is orthogonal to the image of the map, then Z = (do(Xy), 7(p)) X = 0 and
consequently E4(p) = 0. O

3.3. Conformal deformations and ES — 4-harmonic metrics. In their paper [3] the
authors introduced the notion of a biharmonic metric as follows. Let us consider the identity
map Id : (M, g) — (M, g): they say that a conformally equivalent metric § = ¢*g, where v
denotes a smooth function on M, is a biharmonic metric (with respect to g) if the identity
map

(3.14) Id: (M,g) = (M,g)
18



is biharmonic. There turns out to be an interesting connection between the construction
of biharmonic metrics and isoparametric functions. In particular, Baird and Kamissoko
proved that, if (M™,g) (m # 2) is an Einstein manifold and g = e*'g is biharmonic, then
v 18 an isoparametric function. Conversely, given an isoparametric function f on M, there
exists a local reparametrization v = v(f) which defines a biharmonic metric. In a similar
spirit, the aim of this subsection is to introduce the notion of an E.S — 4-harmonic metric
and compute the relevant Euler-Lagrange equation using our general results for ES — 4-
harmonic maps. More precisely, let us assume that the manifold (M, g) in is a space
form N (e) of constant sectional curvature e. We shall consider several different differential
operators: the symbol ~ over an operator indicates that it must be computed with respect
to the metrics g in the domain and ¢ in the codomain. If the ™ is omitted, it means that we
are considering an operator defined by means of g both in the domain and the target. Now,
in order to describe our program, it is convenient to recall a few basic general facts (see [3]).
Let ¢ : (M™,g) — (N™ h) be a smooth map and § = €*’g a metric conformally equivalent
to g. Then, setting @ : (M™, ) — (N™, h), we have:

(@) = e [r() + (m — 2)dp(grad )] .
Moreover, for any V' € I'(¢ 'T'N), we have:

(3.15) A=AN=e? [AV - (m-2)VE V] .

We observe that, in the special case of maps as in (3.14)), the tension field, which we shall
denote by 7, assumes the following simple expression:

(3.16) F=71(Id) = (m—2)e? grad~y.
Now, it is natural to give the following

Definition 3.7. Let (M™, g), m # 2, be a Riemannian manifold. We say that a conformally

equivalent metric § = €27g is an E'S — 4-harmonic metric (with respect to g) if the identity
map (3.14) is £S — 4-harmonic.

As an application of Theorems [3.2] and [3.4] we obtain the following description of ES — 4-
harmonic metrics on space forms:

Proposition 3.8. Let (M™,g), m # 2, be a space form N(e). Then a conformally equivalent
metric § = e€*'g is an ES — 4-harmonic metric if and only if

(3.17) 79(1d) = 74(1d) + 74(1d) = 0,
where, in terms of the tension field T in , we have:
n(d) = A% e [(1 — m)A% — VAT — V.7
(3.18) + (divA7) 7 + (divF) A7
and
#Id) = (m—1)€A (e7 7)
(3.19) te2e [(m —)(divF)F + (m — 2)Vs7 + (m — 4)| 7| grad

+(m — 2)(m — 4)(7, grad )T + grad (|7~']2) — (m —1)%ee " 7|,
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where |(+)] and ((+), (+)) are computed with respect to g.

Proof. The proof amounts to the explicit computation of 7% (Ia) according to the general
formulas obtained in Theorems and [3.4] Since no new ideas are involved in this type
of calculations, we limit ourselves to summarize the intermediate steps which can then be

added up together to yield (3.18]) and (3.19). In particular, using the explicit form ([2.13)) of

the sectional curvature tensor field we obtain:
RN (Xi, AZ?)Xi = e P (1- m)AQ%
—RNO(Vy, A7, F)X;, = e [~ V:AF — V7]
RNO(A7,Vx7) X = e [(divAF) 7 + (divF) A7)
As for the part which concerns %4(13), we have:
Qo = 2 (1-—m)7
0 (X) = E€e? [|FPX + (m — 2)(F, X)7]
AQy = 2(1—-m)eA (e 7)
RVO(X;,0)X; = 2(m—1)*@e 7 F
and
' = —ée ™ [(m — 2)(divF)F + (m — 2)V:7 + (m — 4)|7|* grad v
+(m — 2)(m — 4)(7, grad v)7 + grad (|7|*)] .
O

Remark 3.9. Using (3.17) it is possible to express 74(Id) in terms of 4. In particular, a
straightforward computation shows that

#(d) = e (m— 2){(m —1)Agrad~y
1
(3.20) —|—§(13m — 14) grad (| grad|*) — [(m2 +2m — 2)Ay

—(m — 1)(m?* — 4m — 32)| grad v|* + e(m — 1)2] grad 'y} .

Inspection of suggests that the equation ﬁ(ﬂi) = ( displays some common features
with the condition for biharmonic metrics which was obtained and studied in [3]. In order
to illustrate this claim in more detail, let us assume that v = v(p), where p denotes the
distance from a fixed point p. Then a routine computation shows that, in the two significant
cases, the equation 74(Id) = 0 takes the following form:

Case e =1, m > 3:

YW(p) = (m?—4m —32)5(p)* + (m* + 2m — 2) cot(p)¥(p)*
(3.21) —(m — 1) cot(p)5(p) + ¥(p) [(m + 16)5(p) + (m — 1) (cot*(p) — 1)] ,

where 0 < p < 7 and the metric g admits a smooth extension through the poles if and only
if the function 7 is smooth on [0, 7] and

(3.22) AN (0) = /D () =0 for all k > 0.
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Case e = —1, m > 3:
YW (p) = (m® —dm —32)4(p)* + (m® + 2m — 2) coth(p)7(p)”
(3.23) —(m — 1) coth(p)7(p) +(p) [(m +16)7(p) + (m — 1) (coth*(p) +1)] ,

where p > 0 and the metric g admits a smooth extension through the pole if and only if the
function v is smooth on [0, +00) and

7(2’”1)(0) =0 forallk>0.

Now, as in [3], let us assume that, in the case ¢ = 1, 7 is a function of the isoparametric
function cos p, i.e., set

(3.24) t=cosp, 7(p)=¢&(1), Bt)=¢(1),

where £(t) is a smooth function on the closed interval [—1,1] (note that this implies that
the boundary conditions (3.22)) hold). Then equation (3.21]) can be rewritten in terms of the
function 5(t) as follows:

B'(t) = (m®—4m —32) B(t)* + (m*+ 3m + 14) oR B(t)?
(3.25) +B(t) | (m +16)8 (1) + 55— | — (m+2) 57— (1),

where —1 < ¢t < 1. We observe that has the same analytical structure as equation
(10) of [3]. In particular, away from the singular locus ¢t = 1, which corresponds to the two
focal varieties of the isoparametric function cos p, the standard existence theorem for ordinary
differential equations guarantees the existence of local solutions of . In general, these
solutions may not be globally defined: by way of example, a numerical analysis carried out
with the software Mathematica suggests that the solution of with m = 8 and initial
conditions 5(0) = 0, 5(0) = 1 blows up at £t*, where t* ~ 0.44. Similar arguments apply
to the case e = —1: here (3.24)) must be replaced by

t=coshp, ~(p)=£&t), B(t)=£(t),

where now ¢ is a smooth function on [1, +00) and, in terms of f3, becomes again (|3.25]),
but with ¢ > 1.

To end this subsection, we point out that the derivation of an expression of the type
for 74(121) requires very long computations and so we omit details in this direction. We just
remark that, again in the special case that we assume v = v(p), where p denotes the distance
from a fixed point p, we find that the condition 7/°%(Id) = 0 in becomes an ordinary
differential equation of order 7 for the function v(p). In particular, this ordinary differential
equation turns out to be of the form

Y 0p) = Fp, 5, ... .7Y)

for a suitable function F', not depending on 7, which is smooth away from p = 0 and the
cut locus. Therefore, the standard local existence and uniqueness theorem for ordinary
differential equations guarantees the local existence of £.S — 4-harmonic metrics. We refer
to Section [4 and, in particular, to Remark [£.9] for a more detailed discussion of problems of

this type.
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3.4. Second variation. Let us consider a smooth map ¢: (M™,g) — (N" h) and, for
simplicity, assume that M is compact. We consider a two-parameter smooth variation of ¢,
that is a smooth map

®:RxRx M- N, (t,s,p) = ®(t,5,p) = vr.s(p)

such that ¢oo(p) = ¢(p) for any p € M. To a given two-parameter variation of ¢ we
associate the corresponding variation vector fields, i.e., the sections V.W & C(p~'TN)
which are defined by

We will now compute

starting with

—F
85 4(90t,3)

1 ~
(8.5)=(t,0) :_/sz’s(tOvp)Rq)(X“XJ')T>R%’O(Xi’Xj)T(SDt,O» dv,

where 7 € C(®7'TN) is defined by

%(t, S,p) = T(wt,s)p S Tapt,s(p)N'

Then we find
T Bilgns) =5 | (7% 0 V% T (X )7 (X, )70
Itds N0 2Jut #OOP T J J
+ <v‘% 0o BY (X X5)7, v‘% 0o B (X0 X5)7)) dv.

Even if R®(X,Y)7(¢) = 0 for any X,Y € C(TM), so that ¢ is a critical point of Ej, the
Hessian of 4 can be different from zero. Indeed, in this case we have

0* ~

1
%Ez;(%,s)

—— /M <v‘% 0op BT (X0, X7, V5 (0 BY (X, X;)7) dV

Is)
2 ot

(t,s)=(0,0)

and this term will not vanish in general. We can conclude that, if R?(X,Y)7(¢) = 0 and ¢ is
a critical point for both EFS and Ej, then the stability of ¢ may depend on which of the two
funcﬁionals we are actually considering. Since, in this case, ¢ is an absolute minimum point
for E,, its index computed with respect to EF¥ could be smaller than the one computed
using F4. However, in the case of a one-dimensional domain, there is no difference. For this
reason, in the final part of this article, we shall focus on the study of the second variation

for curves.
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4. ROTATIONALLY SYMMETRIC MAPS AND CONFORMAL DIFFEOMORPHISMS

In this section we study the functionals E,(¢) and EF(p) in the context of rotationally
symmetric maps. The basic difference with respect to Section [2| is the fact that for this
family of maps d*7() does not necessarily vanish, as we shall see in Proposition , where
we shall obtain the relevant ordinary differential equation for £\S — 4-harmonicity. We shall
also compute the r-harmonicity equation for all » > 2. Then we shall apply these results to
the study of conformal diffeomorphisms.

First, let us introduce a family of warped product manifolds which will be suitable for our
purposes. We set

(4.1) (M, gn) = (S™' % I, f2(p)gsm—1 + dp?) ,
where I C R is an open interval and f(p) is a smooth function which is positive on I.

Remark 4.1. In some instances, it may be of interest to extend the analysis through the
closure I of I. By way of example, if I = [0, +00) and

f0)=0, f(0)=1;
f@90)=0 forall¢>1,

then the manifold (4.1) becomes a model in the sense of Greene and Wu (see [15]). In
particular, if f(p) = p (respectively, f(p) = sinh p) it is isometric to the Euclidean space R™
(respectively, the hyperbolic space H™). In a similar spirit, if 7 = [0,7] and f(p) = sin p,
then we have the Euclidean unit sphere S™.

We point out that all the calculations and results of this section are valid on I. In particular,
the study of regularity across the loci associated to 0 (poles or boundary of My) needs a
case by case analysis.

By way of summary, we shall refer to a manifold as in as to a rotationally symmetric
manifold and, to shorten notation, we shall write My to denote it. We work with coordinates
w’, p on My, where w', ..., w™ ! is a set of local coordinates on S™~'. A straightforward
computation, based on the well-known formula

1 0gje  Ogei 09y
ny — 5 gké ( J i J 7

oxt  OJxd Ozt
leads us to establish the following lemma:

Lemma 4.2. Letw', ..., w™ !, p be local coordinates as above on Mj*. Then their associated

Christoffel symbols Ffj are described by the following table:
i) If1<ijk<m-—1: I} =5}

i) f1<éij<m-—1: T7=—Ff(p)f(p) (9s)i
i) IF1<ij<m-1: T, =584

(iv) f1<j<m: r =0=In

Jm

(
(
(

where SFfj and gs denote respectively the Christoffel symbols and the metric tensor of S™1

with respect to the coordinates w', ... w™ 1.
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Now we are in the right position to start our process of computing the quantities and equa-
tions which are relevant to the study of our high order energy functionals in the context
of maps between two rotationally symmetric manifolds as in . More specifically, our
first goal is to derive the condition of r-harmonicity and ES — r-harmonicity for rotationally
symmetric maps of the following type:

w2 Yo i (S"T XL fp)gs +dp?) — (ST x I ¥ (a)gs + da?)
4.2
(w, p) = (w,a(p)) ,

where a(p) is a smooth function on I with values in I’. To denote a rotationally symmetric
map as in (4.2) we shall write ¢, : My — M), or, if the context is clear, simply ¢,. Now
we begin our work to determine the conditions under which ¢, is r-harmonic (r > 2). The
biharmonicity of rotationally symmetric maps ¢, : My — M) was extensively studied in
[27]. In particular (see [27]), the tension field of ¢, is given by:

(1.3 (60) = 7alp) o

where

(4.4) To=d+ (m—1) f4_ (m-1) h(e) I (a)
¢ f f?

and - denotes the derivative with respect to p. This is the starting point to proceed to the
explicit computation of the r-energy functional for rotationally symmetric maps ¢,. We
begin with some lemmata whose proofs are based on the calculation of several covariant
derivatives by means of Lemmal[d.2] Let {9/0w!,...,8/0w™ '} be a local coordinate frame
field on S™ ! and denote by dw?,...,dw™ ! the set of dual 1-forms. We observe that
dpa(0/0w’) = 0/0w?, so that with a slight abuse of notation we shall use 9/0w’ both for
the domain and the codomain of ¢,. We shall write 7 to denote 7(p,). Now, dr, precisely
as dip,, is a 1-form with values in the vector bundle ¢ T M, or, equivalently, a section of
T*M; ® o' T M. Our first relevant lemma is:

Lemma 4.3.

m—1
B h'(«) ;0 , 0
(4.5) dr = (Ta h(a)) dw ®% + Tadp® e

where 1,(p) is the function given in (4.4)) and again - denotes the derivative with respect to p.

Proof. The expression (4.5 for d7 is an immediate consequence of the following calculations

of covariant derivatives for which we use the expression of the Christoffel symbols of M), as
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it is given in Lemma [4.2}

. . 0 M 0
Vg/awﬁ = Vg/awﬁa o e va/}éwz Do
m—1
.0 0
— T i 2_4rm
fm—1
W(a) ; 0O 0
_ o2 10 L
K = h(a) ™ Owi - O
h(a) 0
= 7_04
h(a) Ow?
and
a @ 8 . a . M,
Vg/apT = Vg/apTa 30 = T 5a +aVyh, B
0
Y0’

It follows easily from Lemma [£.3] that

ij=1

h/2
— (m—1) f(2oc) 2y 42
and so we can conclude by writing:
1 h/Q
Ex(ga) = 5 Vollg™™) [ {T‘i (m 1) f(f” } e dp.
I

Next, we obtain the relevant information concerning the 4-energy. More precisely, we com-
pute (see [10] for calculations of this type):

Lemma 4.4.

To + (m—l)f

(4.6) — d'dr = 7 T

h? () 0
— (m—1) 72 Ta| =—.
Proof. We compute in local coordinates:
(4.7) (VdT)zj = ((dT)z)Z — MfFfj(dT)z + thgé(dT)f gp?
and we have to calculate -
[—d*dr]" = (ng)” (VdT)?j )

From Lemma [4.3| we know that the only nonzero entries of dr are

(4.8) @ryi=n Y Ci<m 1) and (@)=t

25




Using (4.8) and the expression of the Christoffel symbols given in Lemma into (4.7) we
compute and find

[—d*dr]"=0 if 1<y<m-—1;
(= ddr]™ = (g,)" |(dr) = MLy () + MoT (dr) |

) f. h?()
=T+ (m—-1)=7,—(m—1 Ta
( ) FTa—(m=1) =
from which (4.6]) follows immediately. O

It follows readily from Lemma [£.4] that

To + (m—l)%r’a — (m—1) h/f(2a>

Now we are in the right position to prove a result which summarises the present discussion:

(4.9) Ei(pa) = %Vol(Sml) /1 Ta] ™ dp.

Theorem 4.5. Set V = ™1 and denote

75 = Ta
. : . /2
(4.10) Tor = Tage—1y + (m —1) § Tote-1) — (m —1) h f(2a) Tae—1y (K >2)
) 2 1/2
T = |t -0 2.

where T,(p) is the function introduced in (4.4) and again - indicates the derivative with respect
to p. Then the r-energy of a rotationally symmetric map oo : My — My, as in (4.2)) is

(4.11) E.(pa) = Vol(S™) /ILT (0, a(p),ép),...,a"(p)) dp (r>2),

where the explicit expression for the Lagrangians L, is:
1
(4.12) Lr=5 T2V (r>2).

Moreover, v, is an r-harmonic map if and only if the function « satisfies the Euler-Lagrange
equation
: ,d (0L, oL,

(4.13) ;( 1) i (aa@) + 5 =0

Proof. First, we observe that — d*dr is of the form , i.e., a smooth function depending
on p times 0/0a. Therefore, the computations performed in Lemmata and can be
iterated and we can obtain a recursive expression for the r-energy of ¢, for all » > 2.
That leads us to the definitions and to the conclusion in f. Now, since
G = SO(m) acts naturally by isometries on both M; and M),, and the G-equivariant maps
between M, and M, are of the type (4.2)) (except in the case m = 2, where the family of
SO(2)-equivariant maps also includes irrelevant isometries of S'), we can apply the principle

of symmetric criticality as in Proposition [2.5] It follows that ¢, is r-harmonic if and only if
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it is a critical point with respect to equivariant variations, i.e., @, is r-harmonic if and only
if v is a critical point of the reduced r-energy functional

Er,red . Coo([) — Ra Er,red(a) = E?“(Qpa)’

where E,.(p,) is defined in (4.11). Now, by general principles in the theory of 1-dimensional
calculus of variations, the function o must satisfy the Euler-Lagrange equation associated to
L., i.e., (4.13), which is an ordinary differential equation of order 2r (see also [2§]). O

Now we begin the study of the Eells-Sampson functional EZ%(y) in this context of rotation-
ally symmetric maps. Our first result is:

Proposition 4.6. Let ¢, : My — M), be a rotationally symmetric map as in (4.2). Then

Efs(@a) = %VOI(Sm_l) /I {(m —1)a? 2 h”f(;)z)

where 7, 1s defined in (4.4) and the explicit expression of E4(pg) is given in (4.9)).

}W*m+&w@,

Proof. According to ([1.8]), we just have to show that

1 2 1 i . "2 ()
5 /wa |d27-(90a)| dv = EVOI(S 1) / |:(m _ 1) 012 7_2 f2

1

:| fm_ldp.

To this purpose, it is enough to verify that

] h//2( Oé)
=(m-—1)a*7? 7
We use local coordinate frames and compute by means of (2.12)). Writing d?7 instead of

d*7(p,), we use the expression for the sectional curvature tensor of a warped product (see
[36, Chapter 7, Proposition 42]) and find:

(4.14) |d27'(g0a)

| 2

d%(;,%) = 0, 1<ik<m-—1;
w' ow

o 0
2 _— = N
(4.15) d°t <8p’ 8/)) 0;
o 0 . () 0 ,
2 _ = — <i1<m-—1.
dT(@p’f)w"') Ozh(a) To Bt 1<i<m-—1

Now (|4.14]) follows easily from (4.15]). O

As an application of Proposition [2.5] putting together the results of Proposition and
(4.9) we have:

Proposition 4.7. Let

) hﬂQ(O‘)

1 h/2
LES = 5 (m—1)a°7; 7 (@)

f2

fat (m— 1) L7 — () 2 e,

* f
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where T4(p) is the function introduced in (4.4]) and again - denotes the derivative with respect
to p. Then a rotationally symmetric map @, : My — M), as in (4.2) is ES — 4-harmonic if
and only if it satisfies the Fuler-Lagrange equation:

4

o db (OLYS OLES
> (-1 e (aa<i>)+ 5 =0

i=1

Remark 4.8. For equivariant maps as in (.2)), we describe 7/ (¢,) as a pair (7!, 72), where
7w, p) is tangent to S™! at w. Since 77°(p,) is an equivariant section, it follows that
71 =0 and 72(w, p) does not depend on w, i.e., the ES — 4-tension field can be written as a
smooth function depending on p times 9/0a. Then, arguing as in [28], we get

A .
ES 1 i 2 oLy” OLy" 9
(4.16) 71" (Pa) = i > (-1 dpi \ 9a® " 00 | 90

i=1

In the case that the target is a space form equation can be verified using the results
of Section [3] More precisely, since the interesting situation corresponds to the case that the
target is not flat, we assume now that either h(a) = sina or h(a) = sinh . Then we set
en = 1if h(a) = sina and g, = —1 if h(a) = sinh . Our aim here is to compute 7%(¢,) as
in , taking into account the simplifications obtained in Theorem which apply to the
case that the target is a space form. To this purpose, let W € C (¢, 'T M) be of the type

0
W =F(p)—
(P)5s
where F'(p) is any smooth function on /. Then a routine computation shows that
— 0
AW = LA(F) —
alF) 5~
where the differential operator L4 is defined by:
. ¢ . Fh/2
LA(F) =— F+(m—1)iF—(m—1) 5
f S
Now, a long but straightforward computation shows that
L% (1) h? LA(To) T R 0O
(4.17) 74(Pa) = [C?A(Ta) —en(m — 1)AT + 2ep(m — 1)(T 0

where 7, is given in (4.4)). Next, we compute the terms coming from the contribution of

E\(gpa). We find:

0
Q=G —
0 G 805 )
where ) s
Ty h° &
G=-2(m-1) T
Then we compute:
1 1 hrG] o
(4.18) 3 rQO + trace RMr (dp,(+), Q) d(pa(')} =3 LA(G) —ep(m—1) 7 N
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The next step is to derive the expression for d*Q);. After a long computation we find:

T§d2hh'+(m_1)fh2m§+ d (h%mg)] 0

7 P\ )] e
_|_rre fGra  1d (Gra)| 0
(4.19) = [m + (m— 1) 2fa + §d_P ( Q ) %

Finally, adding up, as prescribed in (3.4, the terms provided in (4.17)), (4.18) and (4.19)), we

can verify, after a long computation, that the expression for 75°(y,) so obtained coincides
with the one given in (4.16)).

Remark 4.9. The Euler-Lagrange equation for 4-harmonicity is of the type

(4.20) a®(p)=F(p,a,a,...,aD).
The Euler-Lagrange equation for £.S — 4-harmonicity is of the type
(4.21) () = F(p,a,6,...,aD) + H(p, ar 6, ..., a D).

where the function F' which provides the leading terms is the same in (4.20)) and (4.21]). The
function H in (4.21)) is of the form
1 _
H(p,a,c,...,a®) = — (mf ) A2 h"*(a)a® + H(p, o, d, i, o).

We note, for future application in the study of the existence of constant solutions, that the
function H vanishes when «(p) is a constant function. Also, H vanishes when h” = 0. The
standard existence and uniqueness theorem for ordinary differential equations applies to both
(14.20)), and it guarantees the existence of local solutions. Moreover, in the case that
h" # 0, choosing appropriate initial conditions we deduce that locally there are solutions
which provide F'S — 4-harmonic maps which are not 4-harmonic, and conversely as well. To
illustrate this point in more detail we assume that h” # 0, so that the function H in (4.21])
is not identically zero. Then we choose initial conditions

(4.22) alpo) = ag, c(po) = o, ..., aV(py) = oz

such that H(pg, g, a1, ...,a4) # 0. Now, let us denote by @ the unique solution of
which satisfies the initial conditions , and by @”® the unique solution of which
satisfies the initial conditions . Then @ gives rise to a map ¢ which is 4-harmonic,
but not ES — 4-harmonic. Similarly, @ produces a map ¢ rs which is ES — 4-harmonic,
but not 4-harmonic.

4.1. Solutions with a(p) equal to a constant. A rather natural question is to investigate
the existence of constant solutions a(p) = «*. The most interesting case occurs when we
study maps from the punctured Euclidean unit ball to the Euclidean sphere. More precisely,
let us consider:

(4.23) Yo+ : B"\{O} — S™CR™xR
( ! * " *)
w +— |sina® —, cosa’ |,
|w

where o € (0,7/2) is a constant. We observe that the maps (4.23)) are of the type (4.2)
with f(p) = p, h(a) = sina and a(p) = a*. It is easy to show, using Proposition and
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(4.15)), that any such map is ES — 4-harmonic if and only if it is 4-harmonic. We prove the
following result:

Theorem 4.10. There exists a map o+ : B™\{O} — S™ of the type (4.23) which is both
ES — 4-harmonic and 4-harmonic if and only if m = 8,9.

Proof. Using Proposition [4.7, or Remark [4.8] and computing we find that a map ¢, as in
(4.23]) is £'S — 4-harmonic if and only if it is 4-harmonic if and only if

(m—1) [2 (258m? — 2932m + 8002) cos(2a*) + (m — 1) <4(m — 1) cos(2a™) cos(4a™)
+(25m — 131)(2cos(4a”) + 1))} +m(5m(217m — 3653) + 96539) — 159999 = 0.

Now, setting = = cos(2a*), this equation becomes
Po(z) = (8m® — 24m?* + 24m — 8)z* + (100m® — 724m?* + 1148m — 524)2>
+(512m? — 6368m* + 21856m — 16000)x + 1060m> — 18084m? + 96252m — 159868 = 0.
The roots of the polynomial P, (x) are
17— 5m 1 (—15m2 +112m — 97 | V—199m? + 2882m — 9399)
m—1" 4 (m—1)2 m—1 '

Now, a straightforward analysis shows that there exists a (unique) root x € (—1,1) of P, (z)
if and only if m = 8,9. The corresponding solutions are

1 1
m=28: o = — arccos (% (\/92 — 23)>

2
1 1
m=9: o = 3 arccos (E (\/105 — 19)) .

O

Remark 4.11. In the case that m = 9, the solution obtained in Theorem belongs
to the Sobolev space W42 (B™,S™) and it provides an example of a weak critical point
Par : B™ — S™ for both the ES — 4-energy and the 4-energy. Since in this paper we focus
on smooth critical points, we do not provide further details in this direction.

4.2. Conformal diffeomorphisms. Proper biharmonic conformal diffeomorphisms of 4-
dimensional Riemannian manifolds play an interesting role in the study of the bienergy
functional. A basic example (see [2]) is the inverse stereographic projection ¢ : R* —
S*\{South Pole}. We proved in [27] that its restriction to the open unit ball B* is strictly
stable with respect to compactly supported equivariant variations. Here we investigate the
existence of conformal solutions ¢, : My — M),. Note that a rotationally symmetric map
Yo 1s conformal if and only if

ip) = f(p)

The Euler-Lagrange equations given in Theorem and Proposition are very long and
difficult to deal with, but a computer aided, case by case verification allowed us to check the

validity of the following non-existence result:
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Proposition 4.12. Assume that the models My and M, are chosen among R™ H™ and
S™\{South Pole} (m > 2). Let ¢, : My — M, be a rotationally symmetric conformal
diffeomorphism. Then ¢, is neither proper r-harmonic nor proper ES—r-harmonic, r = 3, 4.

Remark 4.13. The dimension m = 2 is special for harmonic maps since conformal diffeo-
morphisms of surfaces are always harmonic. In the case that m = 4, we know that the inverse
of the stereographic projection is a proper biharmonic conformal diffeomorphism. Therefore,
it was reasonable to expect that some conformal diffemorphism between space forms could
provide an example of a 3-harmonic map when m = 6, or of a 4-harmonic (£S — 4-harmonic)
map when m = 8, but Proposition 4.12 shows that this is not the case.

Next, we show that things drastically change and existence may occur if we consider maps
into a cylinder, i.e., if h(a) = 1. More precisely, using polar coordinates on R™\ {O}, m > 4,
let

(4.24) Yo :R™\ {0} =S""1 x (0, +00) = S™ ' xR

(v, p) = (1alp),

where a(p) is a smooth function on (0, +00). In the case that a(p) = log p the map ¢, in
is a conformal diffeomorphism. Moreover, when m = 4 it was observed in [2] that
©q 18 proper biharmonic and the study of its equivariant stability was carried out in [29].
Now, our aim is to investigate maps as in in the context of our higher order energy
functionals. Our main result is the following:

Theorem 4.14. Let p, : R™\ {O} — S™ ! x R be the conformal diffeomorphism defined
as in with o(p) = logp. Then p, is both proper ES — r-harmonic and r-harmonic
provided that

m=2kandr>k>2.

By contrast, if m > 3 is odd and r > 2, then ¢, is neither E.S —r-harmonic nor r-harmonic.

Proof. First, we observe that the family is made of rotationally symmetric maps of the
type (4.2), with f(p) = p and h(a) = 1. Moreover, if a(p) = log p, then ¢, is a conformal
diffeomorphism with conformality factor equal to 1/p. Next, it is not difficult to check that,
for any «, (d*d)*7(p,) is of the form F(p)d/0c, where F(p) denotes a smooth function of
p. Now, computing as in (4.14]), it is easy to deduce that

d? <F(p)a%) =0.

Then it follows easily that, for rotationally symmetric maps ¢, : R™\ {O} — S™ ! x R, we
have EX%(p,) = E,(¢s) for all m,r > 2. Moreover, the principle of symmetric criticality
stated in Proposition [2.5| applies and so, within this family, r-harmonicity and ES — r-
harmonicity are equivalent. Now, in this case

0
T(SOQ):,]E_O[7

where

For convenience, to end the proof we carry out two separate steps:
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Step 1: The explicit form of the Euler-Lagrange equations for r-harmonicity (r > 1) is:
(4.25) AT, =0,
where A is the Laplace operator which acts on radial functions as follows:

m—1 .

(4.20 Bg(e) == [i0) + ™= ato)]

Proof of Step 1: We apply the explicit expression of the r-tension field given by Maeta in

[23, Theorem 2.5 and Theorem 2.6]. More precisely, since all the involved curvature terms
of S™~! x R vanish, it is easy to obtain

—~7r—1 0 0

r\¥Pa) = A ~— | = Ar_l -,

wlen) =5 (T ) = (47T o

where the second equality is true because here h(a) is a constant function.
Step 2: We show that, if a(p) = log p, then

r

1
(4.27) A =2 =) — [[(m—2k) (r>1).
P7a
Proof of Step 2: First, we find that, if a(p) = log p, then
m — 2
T2(p) =
2( ) pg

and so (4.27) is true for r = 1. Then the proof of this step can be completed by induction
using (4.26))
Finally, we observe that the conclusion of the proof of Theorem is an immediate conse-

quence of (4.27)) together with (4.25)). O

Remark 4.15. We say that a map is (p)-harmonic if it is a critical point of

1
E<p>(so)=—/ |dp|P dV .
P Jm

We refer to [9, [16] for existence and regularity results for (p)-harmonic maps. The notion of
biharmonic morphism was introduced in [22]. These maps, which are defined as those which
preserve germs of biharmonic functions, were characterized as smooth maps ¢ : (M™, g) —
(N™, h) which are horizontally weakly conformal, biharmonic, (4)-harmonic and satisfy the
following equation:

(4.28) |7'(90)|4 +2 (A)\2) |7'(g0)|2 +4 (A/\2) div(de, 7(¥))
+n (AN 4 2(d, 7(9)) (VIr(9)]?) + S =0,

where A is the dilation, S € C(®?¢ 'TN) is the symmetrization of the g-trace of dyp ®
V1 (p) and (dp, 7())(X) = (dp(X), 7(p)) (note that our sign convention for A on functions
and div is different from the one in [22]). Now, when m = 4, the map ¢, of Theorem [4.14
is horizontally weakly conformal, biharmonic and (4)-harmonic, but it does not verify (4.28
and so it is not a biharmonic morphism.

For rotationally symmetric maps as in the equation for r-harmonicity is . There-
fore, if we drop the requirement that ¢, be a conformal map, by a routine analysis of this

linear ODE we can determine other explicit solutions. In particular, we find that ¢,, is proper
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r-harmonic (and ES —r-harmonic) in the following cases (note that, since the r-harmonicity
equation is linear, linear combinations of solutions provide further solutions; also, adding a

harmonic function to a proper r-harmonic one yields another proper r-harmonic function,
r>2):

m>2 r>2 olp) = 72
(4.29) m=2k r>k+1>2 alp)=p?logp
m>2 r>r>2 alp) = p?'—m.

We can observe that, since the operator A in is the standard Laplacian of R in polar
coordinates, the Almansi property applies (see [1], and [32] for recent developments). In
particular, a proper r-harmonic solution multiplied by p? becomes a proper (r -+ 1)-harmonic
example. This observation, together with the result of Theorem [4.14] leads us to conclude,
as in (4.29), that the function a(p) = p*log p gives rise to proper r-harmonic maps if m = 2k
andr > k+1>2.

4.3. Condition (C). To our knowledge, no previous work in the literature clarifies and
proves in which contexts the Condition (C) of Palais-Smale holds for the ES — r-energy
(r-energy) functionals. A general belief (see [12, [14], 19]) is that, if 2r > dim M and the
curvature of the target is non-positive, then the £S — r-energy (r-energy) functionals may
satisfy Condition (C). But, for each of these functionals, a further difficulty in the search of
proper critical points is the fact that the minimum point in a given homotopy class can very
well be reached by a harmonic map. By contrast, when the target has positive curvature,
there is little hope that these higher order energy functionals satisfy Condition (C). We
illustrate this by means of the following result which displays a homotopy class where the
ES — 4-energy functional does not reach the infimum.

Theorem 4.16. Let T? denote the flat 2-torus. Then
(i)
(4.30) Inf {Efs(gp): ¢ € C* (T?§%), ¢ hasdegreeone} = 0.

(ii) The functional EFS(p) does not admit a minimum in the homotopy class of maps
0 :T? — S? of degree one.

Proof. (i) Let f : R — R be a smooth function such that
(1) &(p) =0, Vp € (—oo,1];
(2) £(p) = 1 Vp € [2,00);
(3) &(p) € (0,1), W¥pe (1,2)
(4) £(p) > 0 on (1,2), so £ is strictly increasing on [1,2].
Let @ > 1 and define the following function ¢, : R — R:
(4.31) aq(p) = 2arctan(ap) + £(p)(m — 2arctan(ap)) .

We observe that a,(p) is a smooth function and its derivative is

(4.32) a(p) = (1 — &) ——— + &(m — 2arctan(ap)) .

1+a2 2

Then ¢, > 0 on (—o0,2), so «q is strictly increasing on (—o0, 2] and «a,([0,2]) = [0, 7].
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We consider the 2-dimensional flat torus T? modelled, with the usual identifications, by
Q*(3) = {(v,y) €R® : |2[ <3, [y <3},

and define the map ¢, : T?> — S? as follows:

(1) ¢a(0) = N, where N = (0,0, 1) is the North pole;

(2) S%}W\Bw) = S, the South pole, where

B*R) ={(z,y) €eR* : [(z,y)| < R};

(3) in the polar coordinates (1, p) on R*\{0} and the spherical coordinates (¢, ) on
S?\{N, S}, the map ¢, is given by

@a(ﬁvp) = (19>Oéa(p>>7 p e (072)779 eS'.
The map ¢, is well defined and smooth since the general regularity conditions

2, (0) =0, a®(0) =0 (k>1) and oa@**D(0) R (k> 0);

a

are satisfied. We also note that all the maps ¢, have degree 1. Therefore, it is enough to
show that

(4.33) lim EFS(p,) =0.

a——+00

Now, in order to compute EF%(yp,), we use Proposition with m = 2, f(p) = p and
h(a) = sina. We find

EES) = [ L (paulphdalp) 0 (0) dV
B2(2)\B?(1)

(434) = 2 [ 18 (pulp)alp)- - 0f10) dp.

where the integral is just over B%(2)\B?%(1) because ¢, is harmonic on B?(1) and outside

B?(2). The explicit expression for the Lagrangian L (p,a(p),d(p),...,aW(p)) = L in

(4.34])) is the following (we write it in an expanded form because this simplifies the remaining
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part of the analysis):

sin?(a) cosb(a)  4sin?(a)cost(a) = 8sin?(a)cos?(a)  2dsin(a)cos®(a)
2,7 a 7 + 7 + 6
P P P P
3asin3(a)cos(a)  Tasin(a)cos®(a)  12asin®(a)cos(a)  4ésin(a) cos(a)
N P N o6 + P N o6
(&)? n 9 (&)? sin () _3(a 2sin?(a) n 2 (&)? cos? () 4 2 (&)? cos?(a)
2p5 2/)5 p5 P5 p5
4(&)%sin2(a)cost(a)  (&)?sin?(a)cos?(a)  22(&)%sin2(a)cos?(a) 4 (&) sin(a)cos(a)
+ 5 + 5 n 5 + 4
p 2p p p
2dsin(a) cos®(a)  Tasin(a)cos?(a)  4édsin®(a)cos(a)  4dsin(a) cos(a)
N 5 + 5 N 5 + 5
P P p P
8 (&) sin(a) cos3(a) 13 (&)3sin®(a)cos(a)  (&)*sin?(a) 8 (a)*sin?(a) cos?(a)
+ - + +
o ot 203 o3
asind(a)cos®(a) aa  3adsint(a)  daasin?(a)  4adcost(a)  4ad cos?(a)
e — i~ 4 4 - 1 - 4
P P P P P P
8 sin?(a) cos?(a) 8 (c)? éisin(a) cos3(a) 4 (c&)? ésin(a) cos(a)
* pt B p? - p?
(@2 (@)’sin(a)  (&)*sin*(q) L2 (é)? cos?(a) L2 ()2 cos?(a)
203 203 o3 o3 p3
2 (&)? sin2(a) cos?(a) 3 (&)?asin®(a)cos(a) (@)% asin?2(a)  (&)? (a)?sin2(a)
- K + ) + = +
p p p 2p
20 sin(a) cos®(a)  8a(®) sin(a) cos(ar) = 2 (a(3))2 203&  2a®édsin?(a)
+ 4 - 4 + - 2 * 2
P P P P p
10®écos?(a)  2a®a  6a®asin?(a)  4a®Pacos?(a) | 8a® (&)? sin(a) cos(a)
B 02 P p3 I * 02
4) & 3 4) g 4) 5 4) 5 «in2
+oz( )sm(o;) cos’(a) 4a( )sm(?) cos(a) N 1 (a(4))2p+ 20 0@ _ a@®e n a® & sin? (o)
p p p p
20 é cos?(a) n a®a  3aWasin?(a) 20 acos?(a)  4a® (&)? sin(a) cos(a)

Iz 02 0> 0> P

L =

+

Jr

Direct inspection of the various terms in L, using the Holder inequality together with
1 < p <2, leads us to conclude that, in order to prove (4.33)), it suffices to show that

()

2
/ sin® o (p) dp — 0 as a — +00;
1
(b)
2 .
/ (@M2(p)dp — 0 as a — +oo (i =1,2,3,4).
1

To prove (a) we use the definition (4.31]) of ay(p), the fact that a,(p) is strictly increasing
on [1,2] and «,(1) > 7/2. Then we deduce the following uniform estimate on [1, 2]:

2a

i a = si a < si a(l) =
| sin a,(p)| = sin ag(p) < sina,(1) 1+ a2

from which (a) follows immediately. As for (b), we start with the case of the first derivative
(1 =1). Let us denote

M; =Max{[¢D(p)| : 1<p<2}, i=1,234.
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Inspection of (4.32)) leads us to the following uniform estimate on [1, 2]:

2a
1+ a?

lda(p)| < + M, (m — 2arctan a)

and so the case (b), i = 1, is proved. The cases i = 2,3, 4 are similar and, just to give an
idea of the required analysis, we supply the details for the most difficult case, i.e., i = 4.
Indeed, a computation shows that

NOT 8af®)(p) | 96aTp*¢(p)  96aTp®  64a’p*¢
‘ P+ 1 (a2 +1)" (@2 + 1) (a?p?+1)
_ 48a®p€(p) 48a°p N 24a*p€(p) | 16a°¢(p)

(@2 +1)7 (a2 +1)°  (a2p?+1)°  (a2p? +1)°
+EW (p) (1 — 2arctan(ap)) .

From this it is very easy to deduce for |0z¢(14)(p)| the necessary uniform upper estimate on
[1,2], which depends on M;, i = 1,...,4, and tends to 0 as a increases to +o0, and so the
proof of part (i) of Theorem is completed.

(ii) It is well-known that there exists no harmonic map ¢ : T? — S? of degree one. Therefore,
as a consequence of (4.30), it suffices to show that Ef*(¢) = 0 occurs only if ¢ is harmonic.
Indeed, if EF9(p) = 0, then E4(p) = 0 and, as M = T? is compact, we get V¢7(p) = 0.
But then it follows from formula for div Z that ¢ is harmonic. 0

Remark 4.17. The conclusion in Proposition [.16| was obtained by Lemaire (see [19])
in the case of the bienergy. Our proof is an extension of his method. We point out that the
same conclusion holds for F3(p) and E,(p) as well, and the proof in these cases is the same.
Actually, it is not difficult to extend this result to the cases that » > 5, but we omit the
details in this direction because no new idea is involved.

5. SECOND VARIATION

In this section we turn our attention to the study of the second variation. Very little is
known in this context and, for the reasons explained in Subsection [2.1, we shall focus on
the case that dim M = 1, so that the EX%(¢) = E,.(p) and we can use the general theory
developed by Maeta and Wang ([24, [43]). Our goal is to compute index and nullity of
some significant examples. Now, we prepare the ground to state our main results. To this
purpose, first we explain some basic facts about the operator I.(V') and the definition of
index and nullity. More specifically, let ¢ : M — N be an r-harmonic map between two
Riemannian manifolds (M, g) and (N, h). We consider a two-parameter smooth variation
{prs} (e <t,s <e, poo =) and denote by V, W their associated vector fields:

d

V(x) = - ¥t0 eT, (m)N
dt™, v
W (z) d S
)= —%Po,s (z) .
ds “—0 v
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Note that V and W are sections of ¢ 'T'N. The Hessian of the energy functional E, at its
critical point ¢ is defined by
2

(5.1) H(E,),(V,W) = s

E, (1) .
(t,s)=(0,0)

The following theorem was obtained by Jiang [I§] for r = 2 (see also [37]), Wang [43] for
r = 3 and Maeta [24] for r > 4.

Theorem 5.1. Let ¢ : M — N be an r-harmonic map between two Riemannian manifolds
(M, g) and (N, h). Then the Hessian of the energy functional E, at a critical point ¢ is given

by
(5.2) H(E,),(V,W) = / (L (V),W)dV ,

where I : C ("' TN) — C (¢ ' TN) is a semilinear elliptic operator of order 2r.

The general expression for (V') involves iterated applications of the classical Jacobi operator
and it is very long and complicated: it can be found in the work of Maeta [24]. Our approach
shall be based on a direct computation using general two-parameter variations {¢;,} and
the definition ([5.1)). Here it is important to recall from the general theory that, when M is
compact, the spectrum

A< <. .<\N<...

of the operator I,(V) is discrete and tends to +oo as i tends to +00. We denote by V; the
eigenspace associated to the eigenvalue )\;. Then we define

Index(¢ Z dim(V,

Ai<0

The nullity of ¢ is defined as
Nullity(¢) = dim {V € C (¢"' TN) : =0} .

In the case that r = 2, Index and Nullity of certain proper biharmonic maps have been
computed (see references [20, 21), 29], for instance). By contrast, when r > 3 very little is
known about the index and the nullity of the r-harmonic maps which can be found in the
literature. Now we are in the right position to describe the examples that we shall investigate
in our context of second variation: each case contains a short description of the r-harmonic
maps under consideration and the corresponding result concerning their index and nullity.

Example 5.2. Let r > 2 and consider a map ¢, : S' — S? < R? defined by
(5.3) v+ (sin(a”) cos(kvy), sin(a®) sin(ky), cos(a™)) , 0<~ <27,

where o* = arcsin (1/4/r) and k € N* is a fixed positive integer. We know (see [25, 33]) that
¢r is a proper r-harmonic map. Both the notions of r-harmonicity and that of index and
nullity of an r-harmonic map are invariant under homothetic changes of the metric of either
the domain or the codomain. Therefore, in this example, we have assumed for simplicity that
the domain is the unit circle. In particular, the radius of the domain which would ensure
the condition of isometric immersion for k = 1 is R = 1/4/r, but any choice of R would not

affect the conclusions of our next result:
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Theorem 5.3. Assume that 2 < r < 4 and let ¢, : S' — S* be a proper r-harmonic map

as in (5.3). Then

Nullity (¢, ) = 3
(5.4) y(rk)
Index(p, k) =14 2(k —1).
The proof of this theorem is a case by case analysis for r = 2, 3,4 and it shall be carried out
in Subsection 5.1l

Remark 5.4. Theorem was known in the case that r = 2: it was proved for £ = 1 in
[20], where the index and the nullity of i : S™(1/v/2) < S™ was computed. The case r = 2,
k # 1 was proved in [29]. In this work we shall give a different proof which is based on a
direct method which is useful to prepare the ground for the study of the cases r > 3.

Conjecture: we conjecture that the conclusion of Theorem is true for all » > 2. This
belief shall be substantiated and discussed in more detail in Remark [5.111

Example 5.5. In the context of rotation surfaces, we know the following existence result
(see [34]). Let Spar C R? be the paraboloid of revolution defined by

2= (2*+y°) .
Let r > 3 and consider the map ¢, : S — Sy, < R? defined by
(5.5) v = (a* siny, a* cos~, (oz*)Q) , 0<~vy<2m,

where
1

2r =2

Then ¢, is a proper r-harmonic map. These maps are interesting because we know that Spar
does not admit neither closed geodesics nor proper biharmonic curves (see [31]). Here we
prove the following result:

of =

Theorem 5.6. Assume that r = 3 orr = 4. Let ¢, : St — Spar be the r-harmonic map
defined in (5.5). Then

Nullity(¢,) =1

Index(p,) =1 .

5.1. Proof of the results on the second variation. In this subsection we shall prove
Theorem and Theorem [5.6] We shall follow an approach which could prove useful in
other related examples. It is based on the direct computation of using a general two-
parameter variation. In particular, our method does not require the use of the general
expression for the operator I and its complicated generalizations to the case r > 3. As
a preliminary step, since it shall be necessary to carry out covariant derivatives in local
coordinates, we report here a calculation of Christoffel symbols which we shall use in several
circumstances.

Lemma 5.7. Let (N,g) = (S* x (a,b), f*(a)dw? + h*(a)da?). Then, if we consider w and
« as the coordinate number 1 and 2 respectively, the Christoffel symbols of (N, g) are:
f'(a) fla) ()
Fh :F§2:F%2:F§1:O> F12:F%1 = fla) ) Fil:_W’ ngz
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In particular, if N = S?, i.e., f(a) = sina and h(a) = 1, the Christoffel symbols become:
1

(5.6) [ =Dy =T, =15 =03=0, Tp=0=cta, If=- 2 sin(2a) .

In order to prove Theorem [5.3[ we have to separate three cases: r = 2,3 and 4.

5.2. Proof of Theorem Case r = 2. To simplify notation, in this case we shall write
¢y instead of g ;. We describe the 2-sphere S? by means of polar coordinates:

(5.7) SQZ(Slx[O,ﬂ],siHQde2+da2) , 0<w<2r,0<a<m.
We consider a general map ¢ : S — S? and write it as

(5.8) v = (w(y),a(v) ,

where w, o are the coordinates introduced in (5.7). We recall that the local coordinates
expression for the second fundamental form of a map p: M — N is

S 0
_ T drided @ 2
Vdp = (Vdy);; dx'dr’ @ G
where
(5.9) (Vdp)]; = @y = MThel + N0

Now, since 7(¢) is the trace of the second fundamental form, its description in local coordi-
nates is

(5.10) (T(0))" = g3y (Vdep)]; .
Using (5.6) in (5.10) we find that

0 0
7(p) :Twa—w—i-raa—a ,
where
Tw = w" () + 2 cot(a(y)) w'(v) &' (7)
(5.11)

1
Ta = a"(7) = 5 sin(2a(y)) (7).
The 2-energy functional becomes
1 2m
(512) E2(§0) = 5 / [Sin204 (Tw>2 + (Ta)ﬂ d7
0
A general two-parameter variation ¢, ; of ¢ can be written as follows:
(5.13) i St — §?
v o= (B HtVA(Y) + sWi(y), o + tVa(y) 4+ sWa(y)) ,

where o* = arcsin(1/4/r) and V;,W; € C*(S'), j = 1,2 (in this first case, r = 2 and so
a* =m/4). We point out that ¢go = ¢} and

d 0 0 e

- =V — 4V — = T

T Pto t:O Vi B + Vs 90 Vel (gpk S )
dg(po,s B Wi e + Wy 50 W el ((pk S )
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We know from ([5.1)) and ({ . that

82

(5.14) %Ez(%,s) :/OWUz(V)aW) dy.

(0,0)
Now we have to insert the explicit expression ((5.13]) into (5.12)) and compute the left side of

(5.14]). We obtain

82 ]' 2 ! ! 1/
- Ea(prs) = —/ [—2E Vo (7)Wa(y) 4+ B2V (M)W (7) + (2kV5 (7) + V(7))
Ot0s 0,0) 2 /o
(5.15) (2EW5(y) + WY (7)) +2 (V5 () — kV] (7)) (Wy () — kW] (7))] d .
It is convenient to write
LV, — g =1, i + 1, 3
ow ow Oa
(5.16)
I [ V& 0 = J, i + J 3
2 9o Y ow “Oa

In order to compute the expressions of I, I, Ju, J, we study (5.15) by separating the
following cases.

Case Vo = Wy = 0: comparing and ( - we find

CRUI T (Vg ) W %> =" 5 BEVOWE) + )| .

Now, integrating by parts on the right side of (5.17)), we eliminate all the derivatives of W,
and we obtain:

o o 9 L _—
[t g =[5 (100 - sve) w dr.

Next, using

g 0 g o, 1
<aw,%)—sm =g,
it follows that
(5.18) Ly =V (7) = 3KV ().
Similarly, in the cases Vo = W7 =0, V3 = W5 =0 and V; = W; = 0 respectively, we obtain:
Ia = _2]{:‘/1 (,7)
(5.19) A C)

Jo = Vi () = 2k2V5' (7) — K'Va(y) .

Now we decompose C' ((p,;lT Sz) in a similar fashion to [29]. We recall that the spectrum of
A on St is {m?},.en and, for m € N, we define

gm* Vla AV =mPV @ VQE:AVQZTnQVZ .
ow e



Then we know that S™ 1 S™” if m #m’', and ®%, 5™ is dense in C (@,ZITSZ). Moreover,
I, preserves all these subspaces. Next, we observe that dim (S°) = 2 and that an orthonormal
basis of S® is {uy, us}, where (r = 2 here)

r 0 1 0
= _— Uy = —— — .

21 Ow’ 7 a2r Oa

Now, using (5.16]), (5.18]) and (5.19)), it is immediate to construct the (2 x 2)-matrix which
describes the restriction of I, to S°:

0 0

0 —k

from which we deduce immediately that the contribution of S° to the index and the nullity
of ¢ is +1 for both. Next, we study the subspaces S™* m > 1. First, we observe that

Uy

dim (Sm2) = 4 and that an orthonormal basis of S™ is {uy, us, us, us}, where (r = 2 here)

(5.20)
B, 1 0 1

= L costmn) 2 =\ sintmn) s = costmn) o s = sin(mn) o
ur = 4/ — cos(my 50 V2= — sin(my 0’ u;),—ﬁcosm’y 5’ U4 = ﬁsmm'y 90
Now, using (5.16)), (5.18]) and (5.19)), we construct the (4 x 4)-matrices which describe the

restriction of I, to S™ . The outcome is:

m? (3k? + m?) 0 0 —2v/2km?
0 m? (3k? + m?) 2v/2km? 0
0 2/2km®  m* 4 2m2k? — K 0 ’
—2v/2km? 0 0 m* + 2m?k? — k*
whose eigenvalues are
1
Xn= 5 (-1& +2m? 4 5k2m2 + VA 1 2k0m2 + kAm? 1 32k2m6)

with multiplicity equal to 2. Now, all the \!’s are clearly positive and so they do not
contribute neither to the index nor to the nullity of ;. As for the A\ ’s, we can apply
Lemma 2.15 of [29]: it follows that the contribution to the nullity of ¢y is +2 (coming from
Ay ), while the contribution to the index is +2(k — 1), arising from 1 <m < (k — 1), so that
the proof of the case r = 2 is completed.

5.3. Proof of Theorem [5.3, Case r = 3. We shall again simplify the notation by writing
¢, instead of 3. The proof proceeds by following precisely the same steps that we carried
out in the case r = 2, but we apply the method to the 3-energy instead of the 2-energy
. So, first, let us compute the explicit expression for the 3-energy functional in our
context:

Lemma 5.8. Let ¢ : S* — S? be a general map as in (5.8)). Then its 3-energy is:

(5.21) Big) = 1 / " sin? o (d7))? + ((dr))?] dy

2
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where T, T are defined in (5.11) and

(A7) = 7o, + (Ta W' + Ty &) cot
(5.22) 1 ' )
(dT)o = 7., — 5 Tw sin(2a) w'.
Proof of Lemmal[5.8 We can write

0 0
dr = (d71)pdy ® 0 + (d7T)a dy ® B0

The proof of the lemma amounts to showing that (dr),, and (d7), are given by the expressions
in ((5.22). To this purpose we compute using Lemma |5.7}

Vg/aWT(ap) = Vg/(% |:Tw 8(1) + To ;l]

= o aaw +7a ai + T Viagojom g T Vip(o/07) ;a

= T, % + 75, % + Tw Vi%(a/aw)m'(a/aa)% + Ta Vi%(a/aw)m'(a/aa)%

= 7, % + 7, Oﬁa + Tw wlvgjaw% + Tw O/V%jaa%
+7q w'VéS;/aw% + To O/V(.Sf/aa%

= 7, % + 7, % + T W (Fhai + F%laaa) + T <r51;w + Fglai)
7o W' (rbai - r@ai) +0

= [1, + (Taw' + 7y @) cot o] (‘fw + l:T(; — %Tw sin(2aq) w/] (9(?1

from which the conclusion of the proof follows immediately. U

From now on, the proof follows exactly the scheme which we have detailed in the case r = 2:
simply, we have to replace with . Therefore, since the calculations are long but
straightforward, here we limit ourselves to report the relevant results. First, the version of
(5.15)) in this case is:

62

%Es((ﬁt,s)

11
= 3 / 9 [ — 8KSVaWa + 33K*Va W) + OV2KP VW) + OV 2KV W
0

F6EVLWY — 2V2KP VW ) — 2v/203V BT, + 2054V W]
—242BVIWY + 62V D) 4 6K VYW, — 24V 2K3 V)W
+54R2VIWY 4+ 9V2kVI WO — 6k2ViOW! — 15K2V,O W)
—15E2Wo OV + 18KV W + 9V2kV,BIWY — 9vV2kV,O W)

—OV2kW,OVY 4+ 3V, O3 + 91,3 | dy
1
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Next, separating cases as we did for r = 2, we find that the operator I3 is described by:

1
Lo = =3 (2067() = 308210 (3) + 31, (7))
2
I, = —\g—k (18v7 () = 35k210 ()
2

I, = —%k (-35K2V,2 (1) + 18%7 (7))
Joo= L (8Va(y) — 20KV () + 8482V () — oV

« = g 2(7) > (7) + 2> (1) =97 () -

From these expressions it is easy to deduce that the contribution of S° to the index and the
nullity of ¢y is +1 for both. Next, we study the 4-dimensional subspaces S™ m > 1 and
find that the relevant matrices (with respect to the orthonormal basis (5.20) with » = 3) are

Am,k 0 0 —Ym,k

0 Am,k Cm,k: 0

0 Cmi Bk 0 ’
m,k 0 0 Bm,k

(5.23)

where we have set:
1
App = ng (20k* + 30m*k* + 3m*)

1
By = 5 (—8K° + 21m?k* + 84m*k* + 9Im°)

1 /2
Coge = 3\/;1477713 (35k* 4 18m?) .

The eigenvalues of the matrices ((5.23)) are

|
AE = 1—8( — 8KS + 81k4m2 + 174K2m* + 18m®

+/64Kk12 + 624Kk10m2 + 1617k3m* + 29868k6mS + 30276k4m3 + 7776k;2m10)

with multiplicity equal to 2. Now, all the A\!’s are clearly positive and so they do not
contribute neither to the index nor to the nullity of ¢;. As for the A\ ’s, we carry out the
relevant analysis in the following technical lemma:

Lemma 5.9. If 1 <m < (k—1), then \,, < 0. If m =k, then X\, = 0. If m > k, then
A, > 0.

Proof of Lemma[5.9 The eigenvalue X\, has the same sign of the expression

— 8Kk% + 81k*'m® + 174k*m* + 18m°+

— V64k'2 + 624k'0m2 + 1617k3m? + 29868kSm® + 30276k*m8 + 7776k2m10 .
If we set m = ck into and divide by k® we obtain:

18c5 + 174¢" + 81c% — 8 — V777610 + 302768 + 29868¢6 + 16174 + 624¢2 + 64 .
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Now we set y = ¢? and rewrite the previous expression as
18y° 4+ 174y% 4 81y — 8 — /777615 + 30276y + 2986813 + 1617y + 624y + 64 = p(y) .
Since p(1) = 0, it is sufficient to show that p'(y) > 0 if y > 0. We find

3 (6480y* + 2018493 + 1493492 + 539y + 104)
VTTT645 + 30276y + 29868y + 161742 + 624y + 64

P (y) = 5dy* + 348y + 81 —

Computing we find that p'(y) > 0 if and only if the following polynomial has no positive
root:

q(y) = 22674816y° 4 2624400y° — 119544336y" 4 886065485 + 210300192
—99086004y* + 187882848y° + 23527152y% + 6693120y + 322560 .
Now we rewrite q(y) = qa(y) + ¢s(y) where:
ga(y) = v’ (20000000y> — 99086004y + 187882848)
gs(y) = 4(5668704y” + 656100y° — 29886084y" + 22151637y°
+47575048y” 4 5881788y + 1673280y + 80640)
= 4(y°(5668704y" — 29886084y* + 47575048)
+656100y° + 22151637y° + 5881788y> + 1673280y + 80640) .

Now it is easy to check that both g4(y) and gg(y) are positive for y > 0 and so the proof of
the lemma is completed. U

Now we apply Lemma and conclude that the contribution of the A ’s to the nullity of
¢ is +2 (coming from A, ), while the contribution to the index is +2(k — 1), arising again
from 1 <m < (k — 1), so that the proof of the case r = 3 is ended.

5.4. Proof of Theorem Case r = 4. The scheme of the proof is as in the previous
cases. We write ¢y, for ¢4, and, instead of Lemma , here we use:

Lemma 5.10. Let ¢ : St — S? be a general map as in (5.8). Then its 4-energy is:

Ei(p) = % /027r [ sin® ((dT);U + ((dr)aw" + (d7)y &) cot a)

1 2
+<(d7‘)’a —5 (dT)w sin(2a) w') } dy ,
where (A7), (dT)q are defined in ((5.22)).
Proof of Lemma[5.10. We write

)
—d*dr = (Vdr)y, 5=+ (Vdr)3, o

2

Then the proof reduces to showing that

(Vdr)y, = (dr),, + <(d7’)a w' + (d1)y o/> cot av
(5.25) 2 \
(Vdr)], = (d7), — 5 (dT)y sin(2a) w'.
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This assertion can be verified using ((5.9). Indeed, we have (for simplicity, we write here only
the nonvanishing Christoffel symbols):

(Vdr)y, = (dr), + Tly(dr)e w' + Tk (d7)w o
(Vdr)}, = (dr)l, + T3, (d7)ww’ .

Now, using again Lemma , it is easy to obtain ([5.25) and so the proof of the lemma is
ended. 0

The next relevant computation for the 4-energy case yields:

189 315

Ly = =g KV () + kR V() = 20817 () +117()

I, = —6i4\/§k: (399 (7) = 6442V, (7) + 128V,7())

Jo = %ﬁk (399k41/2(3) (v) — 644KV, () + 128V;," (7))

T = —oBVi) — VI + JERVEO ) - SRVO () + VY ).

From these expressions it is easy to deduce that the contribution of S° to the index and the
nullity of ¢y is +1 for both. Next, we study the 4-dimensional subspaces SmQ, m > 1 and
find that the relevant matrices (with respect to the orthonormal basis ((5.20]) with r = 4) are

Am,k 0 0 —Ymk
0 A Chok 0
0 Cog Bk 0 ’
—Ym,k 0 0 Bm,k

(5.26)

where now we have set:
1
Amp = 7pm”" (189K° + 630m°k" + 336m"k” + 16m”)

1
Bny = o (—54k® + 171m?k® + 2020m*k* + 1312m°k* + 64m®)

1
Cop = E\/gkm?’ (399k* + 644m?k® + 128m*) .
The eigenvalues of the matrices (5.26)) are:

1
AE = @< — 54k° + 927k%m® + 4540k*m* + 2656k m° + 128m®

+1/[2916k16 4 63180k14m?2 + 396225k12m4 + 8230104k10mS
+24955216k8m8 + 24842240k5m10 + 7914496k4m12 + 786432k2m 1] )

with multiplicity equal to 2. Now the conclusion of the proof can be obtained by an argument
very similar to Lemma [5.9)and so we omit further details.
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Remark 5.11. If we put together Lemmata [5.8 and we are able to obtain a recursive
expression for the r-energy of general maps ¢ : S! — S%. More precisely, for r > 3 we define

Tow =Tw and Too = Ta -

7;’,111 - (ﬁr—l),w), + (7?7’—1),@ w’ + 727"_1)1111 O/) cot o
1

Toa = (Toa) = T 1y sin(2a) !

2

where 7, and 7, are given in (0.11). Then, for » > 3, the expression for the r-energy of a
general map ¢ : S! — S? as in (5.8)) is given by

(5.27) E.(p) == /0 ’ [sin? o (Trw)? + (Tra)?] dy .

Using and performing suitable computer aided computations it is possible to apply
the methods of Theorem to the cases r > 5. In particular, we were able to verify that
the conclusion of Theorem is true when r = 5,6. Since the calculations involved
are huge we do not include them here. One of the difficulties to tackle the general case is
the fact that a* depends on r and so it is difficult to apply an induction argument.

Next, we provide the proof of Theorem [5.6] Also in this case it is convenient to separate
the cases r = 3 and r = 4. The schemes of the proofs are precisely as those of Theorem [5.3]
Therefore, here we just report the main steps without inserting all the details.

5.5. Proof of Theorem Case r = 3. We observe that S, is a manifold as in

Lemma , with f(a) = a and h(a) = V14 4a?. Therefore, we can describe a general
map ¢ : S! — S, with respect to local coordinates as in (5.8). Now, the first step is to
compute the 3-energy: this can be done as in Lemma [5.§ using Lemma [5.7} The result is:

(5.28) Es(p) = % /027r [a2 ((dT)w)2 + (1 + 4a?) ((dr)a)ﬂ dv ,
where
Ty = ’LU”—FE"LU/O/
«
. 1 +a4oz2 . 1 fjaz o




Then the direct calculation of ((5.14) leads us to say that the operator I3 is now described
by:

Iy, = i (—15‘/1”(7) + 30V, D () — 41,® (7))
1 (5) () _ 991
- L= (W0 - T0m)
Ju=2V0() - 120,00
Jo = i (_ZVZ(7> - %‘/2//(7) + 14V, (y) — 2, (7)) -

Now, direct inspection shows that the contribution of S° to the index and the nullity is +1
for both. Next, we study the 4-dimensional subspaces S™, m > 1. An orthonormal basis is

2 0 2 0
5.30) up = N cos(my) 0 @ = 7 sin(my) — 5
: 1 0 1 . 0
ug = NG cos(my) e W = N sin(my) 3
We find that, with respect to this basis, the relevant matrices are
An 0 —Chn

0 C, B, 0 ’

where now we have set:
1
=m m? (15 + 30m? + 4m*)

1

32( 24 21m” + 112m* + 16m°)

An,
(5.31) B, =
Ch

m® (35 + 24m?) .

The eigenvalues are:

m

1
AR = 64( 92+ 141m?2 + 352m* + 48mS

(5.32) VA1 396m2 1 10313m2 + 103808m°
T127072m® + 40960m10 + 256m12)

each of them with multiplicity equal to 2. Now a routine analysis shows that all the \%’s
are positive and so the proof is ended.

5.6. Proof of Theorem[5.6, Case r = 4. To carry out this proof, we perform computations
as above and find that we have to replace (5.28), (5.29), (5.30), (5.31)), (5-32) with (5.33),

(5.34)), (5.35)), (5.36) and (5.37)) respectively:

(5.3) Bile) =3 [ [0 (Vanh)*+ 00+ 40%) ((Var)?] v

2
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where

(Var)y = (dr), + ((dr)aw’ + (@) a’) =
(Vi) = (dra) = 77505 (@r)w' + 1+4 o (dr) of

&
I

5 (22417 () + 840V (3) = 50417 (3) + 27V (7))
V2 266V, (7) — 483V, (3) + 108V, (7))

8 (%x/ivz(?’)(v) - —““Zf + 22V (y >)

Ja = 3(—BVi0) - W)+ 20v00) - 2150 0) + 10 ()

2v2

u = cos(my)

&
I

(5.34)

&
I

2v/2 9

Uy = Wi sm(mv)a
Uy = V2 sin(mv)i.
Oa

V3T

(5.35)

9
ow’
0
Uz = cos(my) o

3

C el

Ap = 5zm (224 4 840m® 4 504m* 4- 27m°)

1
(5.36) By = g5 (=64+456m” + 6060m" + 4428m° + 243m°)

- = “,3 9 4 2 1 4
Cn 27\/;771 (66+ 83m* + 08m)

and

AE = (1/243) [ — 32 4+ 1236m? + 6810m* + 4482m° 4 243m®

(5.37) +21/256 + 12480m2 + 164100m* + 4114188mS + 14037309mS3
+15720480m° + 5634441m12 4 629856m14} .

Remark 5.12. If we consider the composition of the map ¢, in with the k-fold rotation
e e*7, then we still have an r-harmonic map whose index and nullity can be studied
with the methods of this paper. However, since that would not add anything new in terms
of methods, we have decided to omit further details in this direction.
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