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ARTICLE INFO ABSTRACT

Keywords: It is well known that in two dimensions the classical Keller-Segel model may exhibit cell
Chemotaxis model aggregation phenomena, which are automatically controlled when a logistic source with
Gom[()jer(;z growth source quadratic degradation is introduced. Considerable effort has been devoted to identifying weaker
Boundedness

damping mechanisms that still reproduce the stabilizing effect of the quadratic term. In Xiang
(2018), it was shown that, under suitable assumptions on the initial distribution of the cell

density, even sub-logistic sources of the form f(s) = as— lmmb{++en’ a,b> 0, and s > 0, can achieve

this effect. In the present paper, we introduce the Gompertz function f(s) = as ln(§>, a, K >0,
and s > 0, as an external source in minimal 2D chemotaxis model. This term exhibifs a weaker
damping effect than the prototype considered in Xiang (2018). We investigate its influence
on the system and establish conditions ensuring global existence and uniform boundedness of
solutions.

1. Introduction, motivation and presentation of the main result

Chemotaxis refers to the directed movement of cells or organisms in response to chemical gradients. This process is essential in
numerous biological systems. In addition, chemotaxis is a key factor in cancer cell migration and invasion. In mathematical biology,
this phenomenon is generally categorized according to the characteristics of the cellular response to the extracellular signal.

The classical Keller-Segel chemotaxis model [1,2], originally proposed in the 1970s to describe the directed movement of mobile
cells, considers the cell density u = u(x,f), where x is the spatial variable and ¢ represents time, moving toward a self-produced
chemical signal v = v(x, 7). The model is well-known for its ability to capture aggregation dynamics through the cross-diffusion term
—V - (uVv). The related formulation is given by

u, =Au— yV- Vo), on Q2x(0,T.0),
T, =Av—v+u, on QX (0, Ty (€9)]
+ boundary conditions (BC) + initial data (ID),

where 2 c R” (n > 1) is a bounded smooth domain, y > 0, = € {0,1}, and T},
interval during which the system evolves.
The chemotactic aggregation mechanism is most transparent in the parabolic—elliptic case (z = 0). Substituting the elliptic relation

Av = v—u into the equation for u shows heuristically that the cross-diffusion behaves like a quadratic term yu?. This aggregation may

€ (0, oo] indicates the upper bound of the time

* Corresponding author.
E-mail address: giuseppe.viglialoro@unica.it (G. Viglialoro).

https://doi.org/10.1016/j.am1.2026.110006

Received 13 March 2026; Received in revised form 16 May 2026; Accepted 17 May 2026

Available online 23 May 2026

0893-9659/© 2026 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/aml
https://www.elsevier.com/locate/aml
https://orcid.org/0009-0004-1495-681X
https://orcid.org/0000-0002-2994-4123
mailto:giuseppe.viglialoro@unica.it
https://doi.org/10.1016/j.aml.2026.110006
https://doi.org/10.1016/j.aml.2026.110006
http://crossmark.crossref.org/dialog/?doi=10.1016/j.aml.2026.110006&domain=pdf
http://creativecommons.org/licenses/by/4.0/

N. Alaoui et al. Applied Mathematics Letters 181 (2026) 110006

lead to finite- or infinite-time blow-up depending on the spatial dimension. In one dimension, for both values of 7, no concentration
occurs independently by y and the ID, whereas in two or higher dimensions blow-up may arise, for some ID and y. In particular,
in the two-dimensional parabolic-elliptic setting, the critical mass phenomenon determines the threshold between global existence
and blow-up. (The literature is vast, and more detailed references can be found in this survey [3].)

Exactly to reduce/prevent this over-aggregation, and obtain more biologically realistic population dynamics, the u-equation was
modified by researchers [4-6] who proposed to incorporate a logistic source of the form au — bu?, a, b > 0. More precisely, even an
arbitrarily small logistic damping coefficient b > 0 is sufficient to preclude any blow-up entirely in two dimensions, ensuring that
all solutions are global in time and uniformly bounded for both the parabolic—elliptic (z = 0) and the fully parabolic (z = 1) cases;
see, respectively, [4,7].

Since this work is devoted to the analysis of system (1) with non-logistic source terms (i.e., not of the form au — bu?), we shall
highlight the features that distinguish the source term f considered here from those commonly treated in the literature. More
precisely, to give a complete formulation of the problem, we now explicitly specify the boundary conditions and the initial data.
So, introducing the notation v for the outward unit normal vector on 0, the general chemotaxis—-growth system can be written as
follows:

u, = Au— V- Vo) + f(u), on Q2x(0,T .0,
T, =Av—-v+u, on 22X (0, T,
Q—@—O in 02 x (0, Ty @
v oav Tomax®

u(x,0) = up(x) >0, to(x,0) = tvy(x) >0, x € Q.

The objective of this work is to analyze problem (2) when the function f is of Gompertz-type form, i.e. f(u) = auln % , with
a > 0, representing the intrinsic growth rate and K > 0 the carrying capacity. From the biological perspective, the Gompertz growth
function, which is well-documented in the literature on cancer biology literature [8], provides a more accurate representation of
tumor cell proliferation than logistic growth. In contrast to the logistic model, which assumes symmetric growth around an inflection
point, the Gompertz model exhibits an asymmetric exponential decay of the growth rate, better reflecting the deceleration of tumor
growth as it approaches its carrying capacity. All these features of the Gompertz curve make it more useful to fit data on some
growth processes (see, for instance, [9]). If we further add that, in the context of chemotaxis models, the literature that addresses
this analysis remains, to our knowledge, rather limited (see items I and II, below), we believe that the present investigation is
naturally motivated and can contribute to further developments in the field.

1. For a set of functions for which the Gompertz function is an element, in [10] it is shown that for a close model to (2), when
n > 5 there exist initial data such that the corresponding solution blows up in finite time.

II. In [11] for a set of sub-logistic sources with a kinetic prototype as — m, a,b> 0, and s > 0, it is established that in two
dimensions all solutions are uniformly bounded under some restrictions connecting y, the initial mass f 0 Up(x)dx and some
asymptotic aspects of f(u).

Specifically, if f; denotes the Gompertz function, f; the classical logistic function, and fg the logistic-type function introduced in
item II, one can observe the order f; < fs < f1, which indicates that f; has a very weakly limited damping (i.e., mortality is barely
constrained) for large u, fg produces an intermediate damping effect, and f; exerts the strongest damping.

In particular, as the Gompertz term does not belong to the class of functions considered in [11] (see [11, Remark 1.2]), it
appears natural to devote attention to studying the boundedness issue in model (2) for external reactions that behave like fg,
i.e., for Gompertz sources.

This is precisely what we aim to do in this paper, and in order to present our result, we assume that:

for some 5 € (0,1), £ c R? is a bounded domain of class C2*?,
forsornea,K>O,f(s)=asln(§),s>0, 3)
7>0,7€{0,1} and 0 < uy, 0 < 7vy € C2*3(Q),  with d,uy = 9,(tvy) =0 on 9L2.

We will establish this

Theorem 1.1. Under assumptions (3), there exists a positive constant Cg such that whenever

2
K>e« and yM < , (©))]

2Cty
being M := max { /Q uy(x)dx, K|Q|}, it is possible to find a uniquely determined pair of functions (u,v) € C2+5’”%(5 X [0, 00)) X
[ pp—
CH ™3 (2 x [0, o)), solving problem (2) and such that 0 < u,v € L®(2 x (0, c0)).

Remark 1.2 (Future Work). Apart from the aforementioned boundedness results, in the case of classical logistic growth f(u) = au—bu?,
system (2) has a unique nonzero equilibrium to which all solutions converge for large times, provided the damping coefficient »
is sufficiently large (see [7,12], for = = 0 and = = I, respectively). For Gompertz-type growth, based on the analysis above, even
stricter conditions are expected; we leave this question open for future work.



N. Alaoui et al. Applied Mathematics Letters 181 (2026) 110006
2. Local existence and boundedness criterion

The first result deals with the local-well-posedness of model (2); a crucial properties is played by the extension criterion, in which
it remains emphasized the role of the logistic used in this investigation and thanks to which a barrier method can be performed.

Lemma 2.1. Let assumptions (3) be fulfilled. Then there exist T,,,, € (0, o] and a uniquely determined pair of positive functions
5 — 5 —
(U, 0) € CT 143 (@ X [0, Ty )) X C2H 73 (@ X [0, Ty))s
solving problem (2), and such that

either T, = oo, or limsup [[u(-, )| Lo(q) = 0. 5)

t=Thax

Proof. By consistently defining f(0) = 0, the existence of a short time 0 < T = T'(u, 7v,) < 1 and of a classical solution (u, v) follow
from standard fixed point procedures (see, for instance, [13] for details developed in the same regularity setting herein posed).

Additionally, by prolonging the solution beyond 7, one can find T,,,, € (0, o] with the property that if T} ,, < o

ax ax

then either limsup [|u(:, )| fw() = 00 or liminf inf u(x,?) = 0. (6)

1=Tax 1=Tnax X€EQL

Indeed, if for some finite T, ., there were constants C > 0 and ¢ > 0 such that

max

sup |lu(-,Dllpoe) < C and inf inf u(x,7) > ¢ >0,
t<Tpax t<Tiax XEQ

from the one hand the function f(u) = auln(K/u) would be smooth and globally Lipschitz on [¢,C], and from the other
(by using in the equation for v classical elliptic and parabolic regularity results as those in [14,15]), one would obtain that

su v(:, )| 6,5 < oo, for some < < 1. In turn, exploitin is information in the equation for u, wou ie
i<t VUG Dl oo ) fi 0 8 I.Int ploiting th f t the equation fi 1d yield
SUP.cr, . luC, Dl c245, @ < this allowing to consider u(-, T},,,) as an admissible initial data. As a consequence, a classical solution
on (Tpaxs Tmax + p) for some p > 0, could be obtained, contradicting the maximality of T},,.

At this stage, let us first show that Av is uniformly bounded in (0,T,,). As a matter of fact, for ¢ = 0, we have that

u € L=((0,T,,); L®(£2)) implies v € L®((0, Tp,y); L (£2)), and hence 4v = v — u € L®((0, T;,,,); L*(2)) (see, for instance, [14]).

For r = 1, taken also into account the regularity of v,, by semigroup estimates a uniform-in-time L*® bound for |Vuv| is achieved,
5 —

which exploited in the equation for u provides via parabolic regularity theory [16, Theorem 1.2.] u € C52’72 (Q x [0, Tmax]), for some

T,

max

5, € (0,1); in these conditions, Schauder estimates [15] therefore imply v € C2+53’1+573 (5 X [%T Taxs
that Av is bounded as well.

Now, putting ¢, = [[4v(-, )|l () 0N (0, Tiyax), let us observe that the dichotomy criterion (6) can be actually refined. Indeed, if
we assume by contradiction that 7},,, < oo and

]) for some §; € (0,1), so

lim sup [[u(-, )| oo () < 00,

t=Tax

—xow
since —aln (%) \ —o0 as s — 0%, any constant function 0 <u =c, < Ke « is such that

u —Au+ yV-@Vv)—auln <§) S uxllAv(, Dl peo () — auln <§> <u ()(cu —aln <§>> <0 on (0, Ta)-
Being u is a subsolution to the first equation in (2), a parabolic comparison principle implies
u(x,t) > min {c*, min uo(x)} >0 for all (x,1) € QX (0, T
xe

so that the second alternative in (6) is ruled out and (5) is established. _
Finally, the parabolic and elliptic strong maximum principles imply as well v > 0 throughout 2x(0, T},,,,), whereas the uniqueness
of the solution can be established following arguments analogous to the aforementioned [13]. []

Indicating, from now on, with (1, v) the local solution to model (2) defined in £ x (0, T,,,,) and provided by Lemma 2.1, we also
will rely on this boundedness criterion:

Lemma 2.2. If (u,v) satisfies
/ uln(u) < L and / Vo2 < L fordllt e (0,T,y,) @)
Q Q
with a positive constant L, then there exists H > 0 such that

[luC, Dl ooy < H for dll t € (0, ).

Proof. The proof is a consequence of [3, Lemma 3.3.] (which is based on [3, Lemma 3.2.]), and the dichotomy criterion (5). []

As a consequence of this result, global boundedness is achieved once the a priori estimates in (7) are obtained.
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3. A priori estimates and proof of Theorem 1.1
We will rely on these properties of u.

Lemma 3.1. There exists a constant Cgy > 0 such that whenever the u-component of (u, v) fulfills

/uSM = max{/uo(x)dx,Klﬂl} on (0, Tpax)s (€)]
Q Q
then, for some c, > 0,
vul?
/u2§2C4 M/' 4C ey o (0.T,). ©
Q

Proof. Integrating (2) and using the divergence theorem together with homogeneous Neumann boundary conditions, we obtain
u=a/uln(5), for all 1 € (0, Tyyy). (10)
Q Q u
Letting ¢(s) :=sIn(K/s), for s > 0, it is seen that ¢ is concave, so that by Jensen’s inequality, we have

ol /¢(s)ds l/sds)

By applying this estimate to u = u(x, ) leads to

for all
|Q|/ |Q|/ or all € (0, Tp,0)-

Now we plug the last bound into relatlon (10) so to achieve, for all 7 € (0,
ODI

Tpnay) and for the function z = z(1) := /[, u, the following

z' <azln (@) on (0,T,,), 2z(0)= / uy(x)dx,
Q

which by comparison provides (8).
As to the second claim, by means of the Gagliardo-Nirenberg inequality we can write for some C;y > 0

[ = [0 = IV g, < Co [V IVEIE g, + 1l ] ol € 0.7y an

Given the elementary relation (A + B)? < 2971(A9 + BY), valid for all nonnegative A and B and ¢ > 1, inequalities (8) and (11)
provide (9) for some ¢,. [

In order to exploit the boundedness criterion in Lemma 2.2, we only need to derive the bounds in (7). In this direction, we define

F(t)—/uln(u)+rb/ IVol2=:1,() + L) forall € (0,T,,,). (12)
Q
with
X (x +2b)?
b=5, implying —1+TCéNM=—1+2;(MCéN, (13)

where the constants M and Cé n have been introduced in Lemma 3.1. Our aim is establishing an absorption inequality of the type
F'(t) <8, —8,F(t) on (0,T,,,). combined with F(0)= / 1o (%) In(ug(x))d x + b / [Voo(x)[2dx, (14)
Q Q
naturally entailing (for 6,,6, > 0)

/u]n(u)+z'b/ |Vo|? = F(t)<max{F(0) —} for all 1 € (0, Ty)- (15)
Q 2

Proof of Theorem 1.1. Let us differentiate with respect to the time the functional F = F(¢), introduced in (12). Some algebraic
calculations provide, in conjunction with the divergence theorem,

F’(t):Il’(t)+Ié(t)=/u,(ln(u)+1)+2rb/VU~VU,=/ (Au—;(v~(uvU)+au1n(5))(1n(u)+1)
Q Q u

Q

+21b/ Vo-V(v—-v+u)
Q

/ |Vu)? _(I+2br)/uAU+oc1n(K)/uln(u)—a/u(ln(u))2+a/uln< )

—2bf/ |AU|2—2br/ Vo2 on (0, Ty

16)
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(x +2b)?

By employing Young’s inequality for r = 1, and y < for = = 0 (in this case using Av = v — u), once estimate (9) is invoked,

for both = € {0,1} and on (0, T,,,,) the following holds true:

2 2

—()(+2b1)/uAU§M/ +2br/ |40 < "+2b) M/ 1ul® +2br/ 140)% + ¢, a7

Q 8b Q

On the other hand, by using Young’s inequality and (8), and by exploiting now the first assumption on (4), we have

—a/ u(ln(w))?® < —(aln K + 2)/ uln(u) + w for all 7 € (0, Tyuy)-

o o 4a
which gives for ¢| = w + a|.Q|5
a e
) K
aln(K)/ uln(u) — a/ u(In(u)) +oc/ uln (—) < —2/ uln(u) +¢; forall t € (0,T,,,) (18)
Q Q Q u Q

and where we used asIn < a— for all s > 0.

At this stage, we plug bounds (17) and (18) into (16) so that we can write

2 2
F’(t)§<—1+(x-;#c4 >/ [Vul® +cO+c1—2</uln(u)+br/|VU|2) for all 1 € (0, Ty,
Q

and by recalling what analyzed in (13) and by invoking again the second assumption in (4), we arrive at the desired inequality in
(14). Let us distinguish the situations r = 1 and 7 =

Case 7 = 1: From estimate (15), we entail the umform -in-time bound of I,(r) = /_Q uln(u) and I,(r) = b f_Q |Vo|? on (0, Trnax) SO
concluding by means of Lemma 2.2.

Case 7 = 0: Estimate (15) yields a control on (0, T,,,,) only of I,(t) = fQ uln(u), being necessary a control also on I,() = fQ [Vol?.
Let us deal with this issue. By multiplying the u-equation in (2) by u, integrations by parts give

K
2dt/u +/|Vu|2———/ 2Av+at/uln( ) on (0, Tay)-

In particular, from Av = v — u, we obtain

2_ s_X [ 2 (5 (5
2[1:/ /|v | /Qu 2/Quu+a/guln u) Ll g, + a/guln u) on (0,T,,,). (19)

Now, we estimate ||u||3L3 o by using the extended result of the Gagliardo-Nirenberg inequality from ([3], Lemma 3.3, page 1678)),
as well as the boundedness of |luln@)|| .1, < L and (8), so to obtain

||u||3Lz(Q) < e||Vu||Lz(g)”uln(u)llu(g) + c(e) <||u||L1(Q) ) < e||Vu||L2(Q)L + c(e) (M3 + 1) on (0, T,y (20)

By choosing € = 1/(y L) in (20) and inserting the resulting estimate into (19) provides, once the relation as ln( ) <aK/e,s>0,
and (8) are taken into account, some ¢, > 0 with the property that

||u|| + || Va2 for all t € (0,T,,,). (21)

L2(Q) 2@ = )

On the other hand, a further application of the (already exploited) Gagliardo-Nirenberg and Young’s inequalities, supported by the
boundedness of the mass in (8), leads for some positive c; (and recalling (A + B)? < 2(A% + B?)) to

2
/Q =l ) < 2y [uwanm)uuuLl(m+cGN||u||L1(g>] S IVulP, g + s for all 1 € (0, Ty,

which plugged into (21) gives

4 u <oty - /u2 on (0,T,,,), complemented with </ u2> =/u0(x)2dx,
dr e 2 Ji=o Jo

ensuring that ||u|| 12(0) 18 bounded on (0, T,,,,). Therefore, by exploiting u € L®((0, T,,,); L*(£2)) in the equation for v in (2), results
of elliptic regularity imply Vo € L®((0, Ty, ); W 2(£2)); definitively, I,(t) = [, uln(u) and I,(t) = b [, |Vv|* are uniformly bounded
on (0, T},,x) and we have the claim by invoking again Lemma 2.2.
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