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1 Introduction

The aim, of this survey is to provide a uniform presentation of the variety of unsharp orthomod-
ular lattices (UOM lattices). These structures find their initial motivation in the context of an
algebraic description of the effects on a Hilbert space. These objects have stirred the attention
of many scholars over the last century. In particular these interests involve deep problems of non
classical quantum probability, as discussed in the very seminal studies of Anatolij Dvurecenskij:

-Signed States Properties Ezhibition on a Logic [17];
-Selected Problems of Probability Theory on Quantum Logics [18];
-Joint Distributions in Quantum Logics [19].
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Specifically, UOM is a proper subvariety of paraorthomodular Brower-Zadeh lattices that
satisfy the star (*) condition (PBZ* lattices). In particular, UOM lattices smoothly general-
ize orthomodular lattices to the case where the orthocomplementation is remitted from its full
strength. Indeed, UOM can be regarded as a variety that generalizes orthomodular lattices to a
context in which the orthocomplement need not satisfy tertium non-datur and non-contradiction
principles. UOM lattices reframe the concept of orthomodularity in an “unsharp realm”, in which
the orthocomplement is no longer such, but it just satisfies the Kleene condition.

Remarkably, in this context the orthomodular law is no longer equivalent to the condition:if z < ¢/
and ' Ay = 0 implies = y, which still maintains true in PBZ* lattices (for posets the reader
may consult e.g. [11]). In other words, we will see that relaxing the orthocomplement conditions
induces consequences somehow similar to what happens in residuated lattices (or substructural
logics) when a structural rule is remitted: new, “multiplicative” connectives appear [22]. Indeed,
in the present case the orthocomplementation is no longer such, but it splits into two different
negation connectives: a fuzzy-like “prime” /, and an intuitionistic-like “tilde” ~.

In the concrete model of the effects on a Hilbert space, if I is the identity operator and E an effect,
in PBZ* lattices, the two unary operations ’, and ™, stand for I — F and ker(FE) (and E' = E~
if E is a projector), respectively. UOM is a variety of axiomatized concerning PBZ* by strong
de Morgan and strong Kleene axioms. These conditions allow tighter relations between UOM
and the variety of orthomodular lattices (OML) on the one side, and with regular double Stone
algebras (RDSA) on the other side. Intuitively,

UOML Yo (Types of generalization.)

RDSA OML

Where BA is the variety of Boolean algebras. The variety of UOM forms a smooth common
scenario in which orthomodular lattices and regular double Stone algebras find a unifying treat-
ment. It may be worth also to observe that several classes of prominent importance to algebraic
logic, e.g. Boolean algebras, Stone algebras, Kleene algebras, 3-valued MV algebras, regular double
Heyting algebras etc. find a unique general setting [13] 29].

In this paper after providing a few basic notions in section [2] in section [3] we discuss the no-
tions of blocks and commutation, in the context of UOM. Surprisingly enough, we will see a neat
generalization of these notions as they are given for orthomodular lattices. Indeed, if in, the case
of orthomodular lattices, the blocks are nothing but Boolean algebras of pairwise commuting ele-
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ments, we will find out that for the case of UOM the blocks are just regular double Stone algebras,
which can be alternatively regarded as 3-valued MV algebras, or Kleene algebras. Moreover, we
will see that there will be an explicit characterization in terms of generalized commutativity, as in
the case of orthomodular lattices.

Subsequently, in section 4] we provide a general representation of UOM. To this aim, we start
with a given orthomodular lattice. Then, we generalize a long-dated construction, whose roots
can be traced back to the early works of Moisil, A. Monteiro and L. Monteiro [4, 38| 39], where an
idea of the method is introduced, albeit in different contexts.

Then, we use this representation to describe a full categorical equivalence between unsharp or-
thomodular lattices and orthomodular lattices, indexed by a p-filter, whose original proof is in
137].

2 Basic notions

Let us start this section by advising the reader that we will only mention specific facts of funda-
mental importance to the development of our discourse. For general notions on universal algebra,
lattice theory, substructural and quantum logics we refer to [6l, 8, 12| [14] 20} 211, 22| 26l 27, 32].

It is well known that in the presence of an orthocomplement, the orthomodular condition,
aVy=((zVy Ay)Vy, (OML)

is equivalent to the quasi-equation:

if r <yand a2’ Ay=0then z=y. (POML)

In [23], the authors named paraorthomodularity. If the lattice is not orthocomplemented,
then paraorthomodularity and orthomodularity are no longer equivalent. Again, in [23], the au-
thors consider certain Brouwer-Zadeh lattices [10, 0], named PBZ* lattices, where P stands for
paraorthomodular (briefly, PBZ*) that serve as abstract counterparts of lattices of effects in
Hilbert spaces under the spectral ordering [I5] [40]. These algebras generalize the concept of or-
thomodularity to the “unsharp realm” in which the orthocomplement is no longer such, but it just

satisfies the (Kleene|) condition:

rAz <yvy. (Kleene)

These lattices are equipped with two unary operations: a fuzzy-like complement ’/, and an
intuitionistic-like a complement ~, which, if I is the identity operator and E has an effect on a
Hilbert space, stand for I — E and ker(F) (where E' = E™ iff E is a projector), respectively.

Definition 2.1. [32] A Kleene algebra A = (A, A,V,',0,1) is an algebra, where (A, A,V,0,1) is a
bounded distributive lattice and’ is an antitone and involutive operation that satisfies (Kleene)).

We say that A is pseudo-Kleene in case A need not satisfy distributivity. Let us now introduce
in Defintion the variety of PBZ* lattices, which will serve as a basis for the development of
this survey.

Definition 2.2. A structure L = (L,A,V,',~,0,1) is a PBZ* lattice if the following are satisfied:

(1) (L,A,V,,0,1) is a paraorthomodular pseudo Kleene lattice;
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2) x™

3) x <y implies y~ < x™

~~

x™ 5

5

(2)
(3)
(4):1: —0;
(5)
(6)

(xAz) =a~Va™

The last identity is the star condition (in symbols, *) discussed in [23].

will play an essential role in this paper because it ensures that the set of sharp el-
ements, i.e. those elements satisfying 2/ = 2, forms an orthomodular sublattice. On pain of
repetition, let us recall that condition is equivalent to orthomodularity, if the equation
a2/ = 2™ holds, i.e. orthomodular lattices form a (proper) subvariety of PBZ* lattices.

As observed in [23], it is possible to define two unary operations to behave as the modal
operators necessarily [ and possibly ¢ as follows:

Oz =2~ and Oz = 2™, (1)

For notational convenience we set:

et =2/~ =2, (2)

It may be helpful to remark that in presence of ~ choosing * instead of / is nothing but a matter
of choice, since they are each other term definable. In general, fixing operations T, # & {,~, 7},
the remaining operation in this set is term definable. Actually, each property expressible using ™~
finds a dual equivalent formulation in terms of T.
Let us observe that for any L € PBZ*, for all x € L:

Or<z<Orand 2™ <z <z .

It will be helpful to note that generally z V 2~ # 1 (dually, x A ™ # 0).
Let us now present two further axioms that we assume in this paper in order to work in a
specific variety, namely strong de Morgan (SDM)) [3], and strong Kleene (SK)|) [34 [41]:

T VYT = (x/\y)Na (SDM)
if Or = Oy and ¢x = Qy, then x = y. (SK)

As a side remark, we notice that expresses the fact that de Morgan condition works
also for the Brower negation ~. In general, it is possible to show that the class of all effects of a
finite-dimensional Hilbert space determines a de Morgan BZ poset [10]. We observe that
is crucial to conclude that the blocks are subalgebras [24] (see also Theorem [3.3)).

Let us emphasize that, under (SDM)]) [25], (SK]) is indeed equationally expressible, as Lemma
shows:

Lemma 2.3. [25] Let L be a PBZ* lattice that satisfies (SDM)). Then, the following are equivalent
in L:

(1) (SK);
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(2) (A Qy) A Oz Vy) =z A0y

Concerning , it implies relatively strong consequences in our framework. For instance, the
partial order is completely determined by modalities. On the one hand, in general, induces
a strong dependence of the whole structure on the subalgebra formed by the sharp elements [10],
which we will see that it is the largest orthomodular subalgebra.

On the other hand, enables us to maintain a tight connection with the orthomodular
case and its associated properties, thereby ensuring an intriguing symmetry with more specific
structures. It is straightforward to check that orthomodular lattices satisfy:

and so therefore condition (SKJ) holds trivially true.

Now, given a PBZ* lattice L, three subsets of the support will assume a definite relevance to
the development of our discourse.

We denote by Sk (L) the set of sharp elements of L:

Sk(Ly={ze€eL:2'=2"}={zeLl:2=0x}={2":2 €L}

Let us notice that Sk (L) is the largest orthomodular subalgebra of L (see e.g. [23]). It can be
seen that in Sk (L) the operations ' and ~ coincide, and therefore they are antitone involutions.
Moreover, all sharp elements are complemented. Also, they are all stable under ¢, [, i.e. Ox =
Oz = x. It is straightforward that in Sk (L) is nothing but a trivial. Indeed, as we already
mentioned Sk (L) does form an orthomodular lattice.

Given x € L, Ox, Qx are its sharp approzimations. Namely, Ox is the largest element in Sk (L)
under z, and dually Oz is the smallest element in Sk (L) over z. The sharp approximations of an
element of the form 2’ € L are (see (2)):

2~ <2 <zt
We indicate by D~ (L) the set of dense elements of L:
D~(L) ={x € L:x"~ =0}.
We note that if z € S (L)N D~ (L), then x = 1. Furthermore, for all z € L, x V&~ € D~ (L).
Dually, we define the set of dually dense elements of L:

DH(L)={xeL:at =1}.
We note that if x € S (L) N DT (L), then x = 0. Moreover, for all x € L, z Az™ € DT(L).

Let us recall that we will denote by UOM (unsharp orthomodular lattices) the variety of PBZ*
lattices that satisfies (SDM)) and (SKJ). Precisely,

Definition 2.4. An unsharp orthomodular lattice is a structure L = (L, A\, V,",~,0,1) which is a

PBZ* lattice (Definition[2.9) that satisfies (SDM)) and (SK)).
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3 Blocks and commutation

As observed in [23], PBZ* lattices are an instead natural generalization of orthomodular lattice to
a non orthocomplemented case. We will see in the present section that UOM will be a very natural
generalization of orthomodular lattices to the case in which many structures of great relevance to
algebraic logic (Boolean algebras, Kleene algebras, Stone algebras, MV-algebras, regular double
Stone algebras etc.) find a unifying treatment.

Paralleling what happens for orthomodular lattices, in this section we introduce a relatively
smooth notion of commutativity, that generalizes the corresponding notion for orthomodular struc-
tures. From this relation emerges directly a general notion of block. It is well known that in the
orthomodular case every block can be regarded as a classical context, namely a Boolean algebra.
We shall see that in case of UOM the situation will be perfectly reflected: every block corresponds
to a “non classical” context. Namely, it can be regarded as a Kleene lattice. Indeed, we have
a natural generalization of the concept of Boolean block of an orthomodular lattice to the non
orthocomplemented case. Equivalently, any block can be also considered as an MV algebra, or
equivalently again as a regular double Stone algebra (for a detailed discussion on the relations
between regular double Stone algebras and several varieties of definite importance for algebraic
logic we refer the reader to [36]).

Let us also notice that, as we will see, these non classical contexts still maintain a “classical
flavour”, that we will characterize in several ways.

We now introduce one of the key ideas on which the entire article relies: commutativity. Let
us anticipate that, in order to introduce our concept, the commutativity relation between sharp
elements plays a crucial role.

Df:ﬁnition 3.1. Let L be in UOM, and z,y € L. We say that x commutes with y, in symbols
xCy, if the following conditions are satisfied:

(1) OzCOy and OxCOy;

(2) OzCOy and QxCOy;
Where the relation C is the commutativity relation as defined for the variety of orthomodular
lattices: zCy if x = (xVy) A (z V y’)ﬂ

By Definition [3.1 we can smoothly derive a correspondent notion of the block that neatly
generalizes the crucial notion of a block in the orthomodular case. It is possible to consider a block
M of L in UOM as a maximal subset, where x,y € M if and only if zCy.

In addition, we propose another explicit definition of a block. Obviously, they are equivalent,
however as we shall see the latter description of a block M will prove more useful at an operational
level.

Definition 3.2. Let L be in UOM. Given a block B in the orthomodular lattice Sy (L) of sharp
elements of L, a B-block is a set M of L such that,
M={xeL:0¢ and Oz € B}.

!Let us remark that we are free to consider the commutativity relation as defined for the variety of orthomodular
lattices since the elements of the form ¢z, Oz are orthomodular [5].
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Whenever no confusion is possible, we simply call a B-block a block.
Theorem 3.3. Let L € UOM. If M is a block of L, then M is a distributive subalgebra.

Proof. (Sketch) Since Definition it can be seen that ~ is a pseudocomplement, and dually for
*. Then exploiting the results in [34, Theorem 3.2, page 240] the claim follows. O

As a consequence (see [2), 24] 34]),
Corollary 3.4. Let L be in UOM. If M is a block of L, then M is a reqular double Stone algebra.

By the previous statements, if L is in UOM, and M a block, then M can be regarded as a
Kleene lattice, whose lattice reduct, we recall, is distributive. Let us emphasize that this fact is
perfectly symmetric to what happens with orthomodular lattices and their Boolean blocks.

As a side remark, let us notice that for n < 4, an n-valued Lukasiewicz algebra is indeed
an n-valued MV algebra [30]. Consequently, each block can be equivalently regarded either as a
Kleene lattice, or a 3-valued Lukasiewicz algebra, or a 3-valued MV algebra, or as a regular double
Heyting algebra.

Lemma[3.5]shows that the commutativity relation in UOM is symmetric as in the orthomodular
case.
Lemma 3.5. Let L € UOM. The following conditions are equivalent:
(1) 2Cy;
(2) yCx;
(3) 2Cy/'.

We now discuss a result that reflects what happens between blocks and commutation, in or-
thomodular lattices. Indeed, we will provide equational conditions equivalent to the notion of
commutation, and so to the notion of block. Let us observe that in the case of orthomodular
lattices a single equation, or its dual, would suffice to capture commutation fully. In UOM, a
modicum of elaboration will be needed. We have several equivalent equational conditions that
characterize commutation, the one “dual” to the other up to switching ~ with T.

Theorem 3.6. Let L € UOM. The following are equivalent:
(1) 2Cy;
(2) L satisfies (x ANy)V (x Ayt) = z;
(3) L satisfies yV (y™ ANz) =V y;
(4) L satisfies (x Vy) A (xVy~) =x;
(5) L satisfies y A (y~ V) =yAx.

Let us notice that Theorem smootly generalizes well known properties of orthomodular
lattices. However, we may observe that if, for the orthomodular case, the equivalences are carried
over by the lattice operations and the orthocomplement, i.e. they satisfy

zCyiff x=(zAy)V(zAY)iff x =(zVy AlzVy), (3)

in the case of UOM both, negations ~, T are necessary to carry over the duality in .
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Theorem 3.7. Let L € UOM. We have that, if
(1) Oz <y thenzV (xt Ay) =y;
(2) y <Ox thenz A (™ Vy) =y.

In other words, Theorem says that if zCy (the fact that Oz <y and y < Ox would suffice
for z,y to commute), then a generalized form of orthomodularity holds.

Finally, we can observe without a straightforward proof that other well-known facts that are
true for orthomodular lattices can be generalized in UOM.

Indeed, from Theorem we can derive Corollary Corollary expresses in several forms
the notion of paraorthomodularity, which in the context of PBZ* satisfying is no longer
equivalent to the conditions in Theorem

Corollary 3.8. Any L € UOM satisfies the following:
(1) if Oy <x and y* Ax =0, then z = Qy;
(2) if x <Oy and x Vy~ =1, then x = Oy.

Finally, Theorem generalizes the state of affairs in orthomodular lattices (see, e.g. [0
Theorem 6.11]).

Theorem 3.9. Let L € UOM. Then, the following conditions are equivalent:
(1) L is a distributive UOM, i.e. it is a regular double Stone algebra;

L is an MV algebra;

~

is a pseudocomplement;

Sk (L) is a Boolean algebra.
To favor a concrete intuition, we propose Example

Example 3.10. Let us call 15 the UOM lattice whose structure is described by the following Hasse

//\\
\/
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We can see that Sk (15) is the lattice whose elements are {0, z, 2, ¢, ¢/, 1}, while the dense elements
D~ (15) and the dually dense elements D (15) are respectively the lattices whose elements are
{1,y,V,d", 2/ k} and {k,x,a,b,y,0}, respectively. Also, the blocks of 15 are isomorphic copies of
a 9-element Kleene latticeﬂ Finally, let us note that k = k', i.e. k is a fived point.

4 A categorical equivalence

In order to discuss the main results of the present section, we provide a general representation of
UOM. To this aim we start with a given orthomodular lattice. Then, we generalize a long-dated
construction, whose roots can be traced back to the early works of Moisil, A. Monteiro and L.
Monteiro [4, 38| [39], where an idea of the method is introduced, albeit in different contexts.

To approach the construction, let A be an orthomodular lattice, and F' a p-filter, i.e. a lattice
filter F' such that for all z € F, and, for all y € A:

yV(y ANz)€eF.

Then, let us consider the following set:

G(A,F) =G(A) = {(z,y) € A*: (z < y)&(zVy € F)}. (A)

With a slight abuse of language, when there is no risk of confusion, for the sake of readability,
we will write G(A) instead of G(A, F'). Moreover, we will treat the improper filter as principal:
namely as the 0-generated filter.

On G(A) we consider A,V componentwise, and we define the following unary operations on
G(A):
)" = (7). (4)

Sometimes, if specifications on the filter F' are in order, we will use the notation (A, F'), instead

of G(A).

(z,9) =W, 2"); (z,9)”=W"y); (z,y

Theorem is a bridge result that allows to extract an unsharp orthomodular lattice out of
any orthomodular lattice with a designed p-filter.

Theorem 4.1. Let A be a orthomodular lattice and F a p-filter of A. Then G(A) is an unsharp
orthomodular lattice.

We will see in Lemma that in any unsharp orthomodular lattice the orthomodular subal-
gebra of the sharp elements and the p-filter (up to isomorphism) of dense elements will assume a
fundamental role in providing a representation theorem for the variety in question.

Lemma [£.2] is also an important tool for the categorical equivalence described in this section.
In fact, for any orthomodular lattice A, it can be seen that the set of sharp elements of G(A) is
isomorphic to A, and that the p-filter is lattice-isomorphic to the set of dense elements.

Lemma 4.2. Let A be an orthomodular lattice and F a p-filter. Then:

2For reasons of space we do not report here this 9-elements Kleene lattice. We invite the interested reader to
contact the authors.
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(1) Sk(G(A)) is an orthomodular lattice isomorphic to A;
(2) D~(G(A)) is lattice-isomorphic to F'.

Proof. (Sketch) Set g : A — Sk(G(A)) defined by g(z) = (z,z), any element in Sk (G(A)) is of
the form (z,z). Moreover, set

f:D~(G(A)) — F defined by f((x,1)) = x.
Since all elements in D~ (G(A)) are of the form (x, 1), for x € A. O

In fact, any algebra L in UOM has “encoded” in its structure all the information on the
orthomodular lattice and the p-filter that via the construction originates L.

By Lemma if L = G(A), for a pair (A, F), where A is an orthomodular lattice, and
F a p-filter, then (Sk(L), f(D~(L))) and (A, F) are up to isomorphism the same object. We
take advantage of this fact and, since no danger of confusion will be possible, we will use both
(Sk (L), f(D~(L))) and (A, F') indistinctly.

We now have all the tools required to prove our representation Theorem

Theorem 4.3. Every unsharp orthomodular lattice is G(A), for a unique orthomodular lattice with
a fized p-filter (A, F).

Proof. (Sketch) Let us notice that in any unsharp orthomodular lattice L, Sk (L) is an ortho-
modular lattice, and D~(L) can be regarded as a p-filter on Sk (L). It can be proven that L is
isomorphic to (Sk (L), f(D~(L))) via the mapping

o: L — (Sk(L), f(D~(L))) defined by p(x) = (z'~,2~™).
O

Indeed, Theorem shows that the representation is unique for any unsharp orthomodular
lattice: the orthomodular lattice and the fixed p-filter in the construction must be unique.

For instance, let us observe that algebra 15 in Example is of the form (MO, MOs3) (see
[5]), where M O3 is regarded as the improper filter.

Any algebra L in UOM can be thought of as a pair either of two copies of the same ortho-
modular lattice if L has a fixpoint (i.e. when the improper filter is considered), or as a pair of
orthomodular lattices, if the p-filter is principal, i.e. if the dense elements possess a minimum.
Otherwise, as a pair composed by an orthomodular lattice and a generalized dual orthomodular
lattice, if no requirements on the p-filter are assumed (see the seminal work of Janowitz [31], and
for general facts [9]).

Theorem 4.4. Let A be an orthomodular lattice and F' a p-filter. The following conditions hold:
(1) (A, {1}) is isomorphic to A;

(2) if F C G, then (A, F) is a subalgebra of (A, G), i.e. the construction is (strictly) monotone
to the lattice of p-filters;

(3) (A, A) is the sole construction on A with a fixed point for';
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(4) F is principal if and only if D~(G(A)) has a minimum.

We remark that all the properties described for filters and dense elements can be stated in dual
form for ideals and dually dense elements.

Let us now focus on a rather reasonable (in our opinion) category, whose objects are ortho-
modular lattices indexed by a given p-filter. On the one hand, as natural as it is, this category
properly contains category of orthomodular lattices, 7, 33} 36].

On the other hand, we consider another category whose objects are unsharp orthomodular
lattices, indexed by the filter of dense elements. In general, for unsharp orthomodular lattices we
may dispense of these indexes. However, this notation will be expedient in easing our arguments.

Surprisingly enough, we will see that the categories of unsharp orthomodular lattices indexed
by the set of their dense elements, and orthomodular lattices indexed by a p-filter are, from an
abstract point of view, different perspectives on one and the same concept: they will be shown
to be equivalent in categorical terms. We will capitalize on the construction discussed in section
which traces back to the work of Balbes and Grétzer [4]. This idea has attracted the work of
many authors in different contexts, from general algebra to rough sets, see e.g. [35] and [16].

Let us now explicitly introduce the two categories that will play a quite central role in this
whole paper.

Definition 4.5. We call orthomodular lattices with fixed p-filter, and denote by Ag, the category
defined as follows:

(1) the objects are pairs [A, F|, where A is an orthomodular lattice and F is a p-filter of A;
(2) the morphisms are orthomodular homomorphisms that preserve the filters.

Namely, if g : [A1,F] — [A2,G] in Ag, then g is an orthomodular homomorphism such that
g(F) CG.

Since no danger of confusion will be impending, to ease the discourse we will sometimes call
Ay the category of indexed orthomodular lattices. Let us remark that this naming is not to be
referred by any means to the concepts of indexed category or comma category [1].

We will also denote by A the category of orthomodular lattices, equipped with the usual
morphisms. It will be noticed in due course that A can be regarded as a full subcategory of Ap.

Definition 4.6. We denote by T the category defined as follows:

(1) the objects are pairs (L, D~ (L)), where L is an unsharp orthomodular lattice, and D~ (L) is
the filter of dense elements of L;

(2) the morphisms are homomorphisms.
Let us remark that in Definition the homomorphisms always preserve D™ (L).
Theorem [4.7] relies deeply on the representation of unsharp orthomodular lattice, and it shows

that the information in the category Ar can be faithfully shifted by the functor ¥ into the category
T.

Theorem 4.7. Let [Ay, F1], [A2, F5] be objects in Ag and g : [A1, F1] — [A2, F2] a morphism.
Upon defining the functor ¥ : Ap — T by setting:

U([A, F]) = G(A) = (A, F), and (¥(9))((z,y)) = (9(x), 9()),
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the following diagram commutes:

[A1, F1] < [Ag, ) (%)

U(g)

(L1, D~(Ly)) (L2, D~(L2))

Let us observe that, in general, the category A can be regarded as a full subcategory of Ap
and T. In fact, for any system g : A; — Ay in A always exists a natural transformation. Indeed,
consider as objects (A1, g7 1(1)), (Az, {1}), and (g, g) componentwise.

Theorem describes a functor = converse to W, that faithfully lifts the information in T" to
the category Ap.

Theorem 4.8. Upon defining the functor Z: T — Ay by setting:
E((L, D™(L))) = (Sk (L), f(D™(L))), and Z(h) = h [, (z),

the following diagram commutes:

(L1, D~(L1)) (L2, D~ (L2)) ()

(1]
1

[Sc(L1), F(D™(L1))] —— o [Sie(La), (D™ (Ls))]

—_—

Moreover, ¥, = are mutually inverse functors.
As a corollary we obtain that:

Corollary 4.9. The categories Ax and T are equivalent. Moreover, the category T includes as
proper full subcategories the categories of Boolean algebras, reqular double Stone algebras, 3-valued
MV-algebras (Lukasiewicz algebras), and regular double Heyting algebras.

Conclusion

In this survey we have recapped several aspects of the variety of unsharp orthomodular lattices,
which in our opinion are of definite relevance to algebraic logic. In fact, the variety of UOM
forms a smooth common scenario in which both orthomodular lattices and regular double Stone
algebras find a unifying treatment. It may be worth also to observe that several classes of prominent
importance to algebraic logic, e.g. Boolean algebras, Stone algebras, Kleene algebras, 3-valued MV
algebras, regular double Heyting algebras etc. find a unique general setting. In this context many
important notions can be generalized, e.g. the notion of block with its relevance to the structure
theory. Finally, as a consequence of this fact a categorical equivalence with orthomodular lattices
indexed by a p-filter obtains.
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