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Abstract

In a bounded and smooth domain  of R™, n > 5, we, mainly, consider for some &, x,d positive and
Tinaz € (0,00] the zero-flux chemotaxis model with indirect signal absorption

up = EAu — xV - (uVv), vi=Av—wv, w;=—-0w+u, inQx(0,Thaez),

equipped with sufficiently regular initial data w(z,0) = ug(xz) > 0, v(z,0) = vo(x) > 0 and w(z,0) =
wo(z) > 0. We establish the existence of £* = £*(n) > 1 such that whenever x||vg||z () obeys certain
constraints, functions of n and £ (0 < £ < £*), the initial-boundary value problem has a unique classical
solution in  x (0,00), which is bounded. In the frame of both direct and indirect chemotaxis models, our
work (partially) improves and generalizes known results.
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1. Introduction and presentation of the main result

We study the following problems

up = EAu — xV - (uV) in Q x (0, Thnas)s

vy = Av — wv in Q x (0, Tnaz)s

wy = —6w +u in Q x (0, Thnaz), (1)

Uy, = v, =0 on 90 x (0, Trnaz),

u(z,0) = ug(z), v(z,0) = vo(z), w(z,0) = wo(z) z€Q,

and

uy = EAu — xV - (uVv) in Q x (0, Thnaz),
vy = Av — uv in Q x (0, Thaz), @)
Uy, = v, =0 on 0Q x (0, Thnaz ),

u(z,0) = uo(z), v(z,0) = vo(z) = €Q,

defined in a bounded and smooth domain Q of R™, with n > 3, &, x > 0 and regular initial data ug(z) > 0,
vo(z) > 0 and wo(x) > 0. Additionally, the subscript v in (+), indicates the outward normal derivative on
0f), whereas Ty,q, is the maximal time up to which solutions to the systems are defined.

Problem may be interpreted as the idealization of a chemotaxis-consumption mechanism, employed
in biological processes, involving certain cells and signals, the last ones having an important influence on
the motion of the cells themselves. More precisely, if u = u(z,t) is used to denote the population density of
the cells at the position x and at the time ¢, and v = v(x,t) and w = w(x,t) stand for the concentrations
of as much chemical signals, by the identity EAu — xV - (uVv) = V - (€Vu — xuVwv), problem indicates
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that: (a) the migration process of the cells, inside an insulated domain (zero-flux on the border) and initially
distributed according to the law of wug, results from the competition in the flux £Vu — yuVv between the
diffusion of the cells (throughout to the term £Vu), larger for higher &, with the aggregation impact from
the cross terms yuVov, increasing for larger sizes of y; (b) the initial attractive signal vy is spread in time
and v is linearly consumed by wj; (c) the indirect signal w linearly increases with the cell distribution u, and
at its initial configuration is given by wy. (See [I] for real applications in quite close situations.)

On the other hand, system idealizes a more complex mechanism than the classical chemotaxis Keller-
Segel model with direct consumption, i.e. model . (See the seminal papers by Keller and Segel [2] 3], [].)

With respect to the signal-production version of , where —uw is replaced by —v + u, when £ =1
unbounded solutions can be constructed; see, for instance, [5] [0 [7]). Conversely, when v is consumed in the
time, so far no result detecting unbounded solutions is available. More specifically, any sufficiently regular
initial data (ug,vp) provide uniformly bounded solutions only in two-dimensional settings (from [8] and [9],
where a coupled chemotaxis-fluid model is studied); for n > 3, oppositely, smallness assumptions of the form
Xllvoll e (@) < ¢(n), for some ¢(n) > 0, are required (see [10]). Additionally, in the case £ > 0, the constant
¢(n) is generalized to (£, n), and in [I1] it is established that v(1,n) > c¢(n). Nevertheless, this does not
exclude that solutions to models (1)) and (2) emanating from other couples (x, [|vo| = (q)) may not collapse.

As far as the aim of this research is concerned, it focuses on partial extensions and/or improvements of
results already available in the literature, and dealing with both direct and indirect chemotaxis models of
the type in (1) and (2).

More precisely, let us formally present our conclusion:

Theorem 1.1. For any § > 0, n > 5, somer > n and B € (0,1), let Q be a smooth and bounded
domain of R™. Then, there exist £ = £(n),&* = £*(n) with 0 < £ < &, and a = a(n,§),a = @(n, &) and
a* = a*(n,§&) such that whenever x > 0 and (ug,vo,wo) € (CO(Q), WL (Q),CP(Q)) are nontrivial initial
data with uo,vo,wo > 0 on Q complying with one of the following assumptions i) o < x|lvollr=@) <
@ or 0 < x|lvollpee() <a for 0 < &<, i) 0<x||vollpeo) <@ for £ <E<1, iii) 0< x|lvolln=@) <
a* for 1 <€ < &, problem admits a unique global classical solution (u,v,w), nonnegative and uniformly
bounded in time.

Remark 1.2. Once assumptions @), and are explicitly written (according to what is indicated in
the proof of Theorem below), we can present the forthcoming comments, valid for n > 5 and which we
consider worthwhile:

° Theorem generalizes and improves [I2, Theorem 1.1], where the boundedness issue for problem
1s addressed only for £ = x = 1; indeed, from and we have a(n,1) = a*(n,1) = ﬁ\/% > o
(For completeness, we mention that in [12] also a corresponding asymptotic analysis is discussed.)

o As specified at page Theorem remains valid also for the classical model with direct con-
sumption and, subsequently, we can compare it with [11, Theorem 2.6]. In particular, on the basis of

2(n—m&—24/(n—4)n 2(n—m&+24/(n—4)n
a(n,§&) = ( : () g) and @(n,§&) = ( 6:;72)(71 ) §> Va % as & 0, for small values of

n—2)n
&, conditions mé) also improve (cyan and green shadow zones in Figure that in [I1)], reading

Xllvoll o) < v(n, &) = ﬁ <7T+ 2 arctan (?W)) ;

where y(n,&) /0 with & /0 (magenta shadow zone).

2. Local solvability and boundedness criterion. Proof of Theorem [1.1

Let us now focus on the well-known local solvability of systems and , and on boundedness criteria
on their local solutions. (We give some hints for the proof only for the indirect model.)
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Figure 1: Overview about globality and boundedness of solutions to model , for n =9.

Lemma 2.1 (Local existence and boundedness criterion). Let © be a bounded and smooth domain of R™,
withn >3, r>mn, £ x,6 >0, B € (0,1) and (ug,vo, wo) € (C°(Q), W (), CP()) any nontrivial initial
data with ug, v, wg > 0 on Q. Then there exists a unique triplet of nonnegative functions

u € C%Q x [0, Tynaz)) N CEHQ x (0, Thnaz))

v € C[0, Tinaz); WHT(€)) N C*H(Q % (0, Tinaa)

w € CON % [0, Trnaz)) NCOLQ % (0, Trnaz)))

solving problem with Tyax € (0,00]. Moreover, u and v obey
/ u(z, t)dr = / ug(x)dr =m >0 forall t € (0,Thnee) and 0 <v < |lvg|lpe(q) in Q x (0,Thas), (3)
Q Q
and whenever u € L>((0, Trnaz); LF(Q)) for some k> %, it also holds that u,v,w € L>((0,00); L°()).

Proof. The issues of local existence, and properties of (u,v,w) are essentially proved in [12, Lemma 2.1]. As
to the extensibility and boundedness conclusion u € L ((0,00); L>°(2)), as well as to the direct chemotaxis
model (2), it is a consequence of v € L>((0, Traz); WH(Q)) for n < q¢ < r < 2k which is connected
to and the use of the theory of semigroups. (See details, for instance, in [I3] Lemma 4.2].) Hence-
forth,with uniform boundedness of u in our hands, let us show that for the indirect case we also have

w € L>((0,00); L>(£2)). By setting Cy := [Ju(-,t)| L(q), for all € (0,00), the third equation of problem
yields
Gy
<-4 - —
Wt &S (U} 5 ) s
which by an ODI comparison principle implies

C
Hw<~7t)||Loo(Q) < max{|w0||Loc(Q), 51} .

Obviously, the second relation in (3) implies v € L*°((0, 00); L™(Q2)) as well. O
From now on we will make reference to these quantities, defined whenever £ > 2 and £ > 0:
3k —4) — \/8(k% —3k+2) . . 8(k—1
g= gy = V=V Ce=ew=y Yy (@)
k k
and
k(1—&)—\/akE(k—2)  _  _ k(1—&)++/4kE(k—2)
Qo = ao(k,ﬁ) = %7 o= Q(k7§) = k(k—1) ) Q= a(k,f) = k(k—1) )
(5)
k(§—1)+21/k(—ké+2k—2) . _ 1)~ 2
a1 = ay(k,€) = e , of = a*(k,§) =y SEEDHEEDE,



Lemma 2.2. Let k > 2 and £ > 0. Then, accordingly to definitions and , these relations hold:
min{ag, @, 1} =a for all 0 < £ <1 and min{ag,a*} =a* foralll <& <&
Moreover, 0 < § < 1 and (&) is positive for any 0 < § <§.

Proof. The concluding part of this Lemma is trivial. Hence, let us analyze separately the cases 0 < £ <
land 1 < & < €. For 0 < £ < 1, it is seen that ag,; and @ are well defined and positive. Also
min{ag, a1} = a1 is evident. Conversely, let us show that min{@, a1 } = @; to this aim, let us establish that
A(€) == an(-, &) —a(-,€) > 0 for 0 < £ < 1. We have these facts: A(0) >0 and A(§) =0in0<¢<1

if and only if £ = £-2 and ¢ = 1. Moreover, after some computations, one has that A’(%:2) = 0 and

A”(%) = Wl(k% > 0. Thereafter, % is a minimum for A and we conclude. The case 1 < £ < &*

follows invoking very similar arguments. O

We are in a position to justify our main conclusion.

Proof of Theorem (1.1} For any n > 5, let us define § = £(5), £ = (%), a0 = a(5,€), a = a(§,§),
a=a(y ,E), a1 = a1(3,¢) and o = « (2,5). From our hypotheses by using continuity arguments, for
some k > 5 > 2, we can fix 0 = a(f) > 0 (through Lemma [2.2) in the following manner:

(6)

for 0 < & <&, max{||v0||Loo(Q),i}<a< ;o for £ <E< T, |vgl|pee(n) <o <

=12l
=1l

*

. a
for 1 <& <&, |lvollpe(a) <o < ~ (7)

From bounds , @, and again Lemma we have that o — v is positive and finite for all (z,t) €
Q2 % [0, Thpaz), and moreover o < % = % To conclude it is sufficient to show that for the local solution
(u, v, w) to problem 7 there is L > 0 such that

uF
/ <L on (0,Thaz)-
0 g —v

Indeed, by virtue of [, % < Jo Uu—_kv on (0, Tynaz), the above estimate would provide the claim thanks to
Lemma 211

With this information at our disposal, by adapting ideas of [9], let us now exploit the first equation of
problem : some integrations by parts in conjunction with the zero-flux conditions on the boundary yield

d u® _ uk_lut ’uk’Ut . uh—1 uF
%/QO'—’U_I{/Q o—v +/Q(U_,U)2—k/QO__U(é-A’U,_XV~(UVU))'F/QW(A’U—UU))
! ub! uk uFow
:—kf/V( — )-Vu—i—kx/{lV(JU>u~Vv—/QV((UU)2).Vv_/Q(Jv)2
k=1 k—1
= —k —15/ (£+1)/Q(0“_U)Vu Yo+ k(k—1)x /Q“ Vi Vo

g —v

'U/k uk’Uw
+kx/7V02—2/7V02—/7 for all t € (0, Thhaz)-
el el A e I Bl A o (0, Tinac)

g

The previous expression (also if one deals with problem ) can also be reorganized as

T R el Rl (e R e L

§+1
+/Q - 1( U_U)X_(( g)vu-vv for t < Thmaz-

o—v)
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Recalling that o < % for all 0 < £ < £*, the integrand function of the second term on the right-hand side

in estimate is positive: as a matter of fact w < kXTJ < 1 for all (z,t) € Q x [0, Tynaz). Now, the
Young inequality ensures that the third integral on the right-hand side of is rephrased on (0, Tynqz) as

/Qukf1 <k(i_i)x - ?a(ﬁ—t;g) Vu-Vov < /Quk ((a —21))3 @ ]ixv)2> Vo2 —|—/ﬂuk72h(v)|VU|2, 9)

with

(k(k —1)x(0 —v) — k(£ +1))
(0 —v)(8 — 4kx (o —v))
In this way, by plugging estimate @ into we arrive at
k _
Y RC / uk=2 (h(v) - M) IVul? on (0, Tas)- (10)
Q g —

% Q0 —70

h(v) = for all (z,t) € Q x [0, Tynaz)-

In order to deal with values of £ > 0 arbitrarily small, herein we define the quotient

hw) k=132 —0)* + B ok (e 4 )0 —v) (o)

k(k_*vl) 8 —4dkx (o —v) 7 ho(v)
(and not the apparently more natural h(v)/ %), so obtaining
k(€ +1)2
hi(v) — ha(v) = k(k — 1)x*(0 — v)* + % — 8+ 2kx(c —v)(1=29). (11)

Since the sign of hy(v) —ha(v) also depends on (1—¢), at this point we have to distinguish the cases 0 < £ < 1
and 1 < € < &, starting from the last one being more direct.
e Case 1 < ¢ < ¢&*. Estimate becomes

k(& +1)?

ha(v) = ha(v) < k(k = )3P0 + =3

— 8= —C, (12)

—_q_ o 1)W2.2 _ k(E+D? : _ _.
where Cy = 8 — k(k — 1)x°0 >0 > 0 from (7)), whilst he(v) > 8 — 4kxo =: C3 > 0 due to
o< %; henceforth, we can find a positive constant Cy such that

hi(v) Co . k(k—1)
<]l——==1- < — _— .
ha(0) = 1 Cs 1—Cy orequivalently h(v) < (1 —Cy) pa— (13)

Now by using in estimate , we get,

d “kgMb4m—amwA“

dt Q0 —v o—v

k—2

|Vu?  for all t € (0, Thnaz)- (14)

e Case 0 < ¢ < 1. By refraining from neglecting (1 — &), the difference of h;(v) and ha(v) in estimate
is controlled similarly to with

252 _ k(§+1)

Cy:=8—k(k—1)x T~ 2hxo(1-9),
positive for o < %i, in t}u‘n satisfied in view of Lemma and @ Therefore, likewise the previous
case, there exists Cy = % > 0 such that
k(k—1)

h(v) < (1 = Cy)——=,

g —v

so yielding bound , where Cy is now Cj.



With in our hands, we suddenly have that (1 —¢§ — Cy) < 0 for £ > 1. When 0 < £ < § some
computations lead to

k(k — 1)x202 — 2kxo(1 — €) — 8¢ 4+ MED*

1—¢—Cy =
£ 8 — dkyo ’

(e

which is negative from Y <0< % Finally, for § < £ < 1 this remains consistent also for a nonpositive.

In all these cases, we can conclude because (14]) can be seen as

k k k
a Y <0 forallt e (0,Thaz) or also / Y < / Y _. L on (0, Thnaz)-
dt Q0 —v Q0 —v 00—
O
Acknowledgments

The authors are members of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le loro

Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAM) and are partially supported
by the research project Evolutive and Stationary Partial Differential Equations with a Focus on Biomathe-
matics, funded by Fondazione di Sardegna (2019). GV is partially supported by MIUR (Italian Ministry of
Education, University and Research) Prin 2017 Nonlinear Differential Problems via Variational, Topological
and Set-valued Methods (Grant Number: 2017AYM8XW).

(1]
(2]

(10]
(11]
(12]

(13]

A. Anderson, M. Chaplain, Continuous and discrete mathematical models of tumor-induced angiogenesis, Bull. Math.
Biol. 60 (5) (1998) 857—-899.

E. F. Keller, L. A. Segel, Initiation of slime mold aggregation viewed as an instability, J. Theoret. Biol. 26 (3) (1970)
399-415.

E. F. Keller, L. A. Segel, Model for chemotaxis., J. Theoret. Biol. 30 (2) (1971) 225-234.

E. F. Keller, L. A. Segel, Traveling bands of chemotactic bacteria: A theoretical analysis, J. Theoret. Biol. 30 (2) (1971)
235.

M. A. Herrero, J. J. L. Veldzquez, A blow-up mechanism for a chemotaxis model, Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(4) 24 (4) (1997) 633-683.

W. Jager, S. Luckhaus, On explosions of solutions to a system of partial differential equations modelling chemotaxis,
Trans. Amer. Math. Soc. 329 (2) (1992) 819-824.

M. Winkler, Aggregation vs. global diffusive behavior in the higher-dimensional Keller—Segel model, J. Differerential
Equations 248 (12) (2010) 2889-2905.

M. Winkler, Global large-data solutions in a chemotaxis-(Navier—)Stokes system modeling cellular swimming in fluid
drops, Comm. Partial Differential Equations 37 (2) (2012) 319-351.

M. Winkler, Stabilization in a two-dimensional chemotaxis-Navier—Stokes system, Arch. Ration. Mech. Anal. 212 (2)
(2014) 455-487.

Y. Tao, Boundedness in a chemotaxis model with oxygen consumption by bacteria, J. Math. Anal. Appl. 381 (2) (2011)
521-529.

K. Baghaei, A. Khelghati, Boundedness of classical solutions for a chemotaxis model with consumption of chemoattractant,
C. R. Acad. Sci. Paris, Ser. I 355 (6) (2017) 633-639.

M. Fuest, Analysis of a chemotaxis model with indirect signal absorption, J. Differential Equations 267 (8) (2019) 4778—
4806.

S. Frassu, G. Viglialoro, Boundedness in a chemotaxis system with consumed chemoattractant and produced chemorepel-
lent, Nonlinear Anal. 213 (2021) 112505.

A. Anderson, M. Chaplain, Continuous and discrete mathematical models of tumor-induced angiogenesis, Bull. Math.
Biol. 60 (5) (1998) 857-899.

E. F. Keller, L. A. Segel, Initiation of slime mold aggregation viewed as an instability, J. Theoret. Biol. 26 (3) (1970)
399-415.

E. F. Keller, L. A. Segel, Model for chemotaxis., J. Theoret. Biol. 30 (2) (1971) 225-234.

E. F. Keller, L. A. Segel, Traveling bands of chemotactic bacteria: A theoretical analysis, J. Theoret. Biol. 30 (2) (1971)
235.

M. A. Herrero, J. J. L. Veldzquez, A blow-up mechanism for a chemotaxis model, Ann. Scuola Norm. Sup. Pisa Cl. Sci.
(4) 24 (4) (1997) 633-683.

W. Jager, S. Luckhaus, On explosions of solutions to a system of partial differential equations modelling chemotaxis,
Trans. Amer. Math. Soc. 329 (2) (1992) 819-824.

M. Winkler, Aggregation vs. global diffusive behavior in the higher-dimensional Keller—Segel model, J. Differerential
Equations 248 (12) (2010) 2889-2905.



(8]
(9
[10]
(11]
(12]

(13]

M. Winkler, Global large-data solutions in a chemotaxis-(Navier—)Stokes system modeling cellular swimming in fluid
drops, Comm. Partial Differential Equations 37 (2) (2012) 319-351.

M. Winkler, Stabilization in a two-dimensional chemotaxis-Navier—Stokes system, Arch. Ration. Mech. Anal. 212 (2)
(2014) 455-487.

Y. Tao, Boundedness in a chemotaxis model with oxygen consumption by bacteria, J. Math. Anal. Appl. 381 (2) (2011)
521-529.

K. Baghaei, A. Khelghati, Boundedness of classical solutions for a chemotaxis model with consumption of chemoattractant,
C. R. Acad. Sci. Paris, Ser. I 355 (6) (2017) 633-639.

M. Fuest, Analysis of a chemotaxis model with indirect signal absorption, J. Differential Equations 267 (8) (2019) 4778—
4806.

S. Frassu, G. Viglialoro, Boundedness in a chemotaxis system with consumed chemoattractant and produced chemorepel-
lent, Nonlinear Anal. 213 (2021) 112505.



	Introduction and presentation of the main result
	Local solvability and boundedness criterion. Proof of Theorem 1.1

