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Abstract
We provide a structural analysis for McCarthy algebras, the variety generated by the
three-element algebra defining the logic ofMcCarthy (the non-commutative version of
Kleene three-valued logics). Our analysis will be conducted in a very general algebraic
setting by introducing McCarthy algebras as a subvariety of unital bands (idempotent
monoids) equipped with an involutive (unary) operation ′ satisfying x ′′ ≈ x ; herein
referred to as i-ubands. Prominent (commutative) subvarieties of i-ubands include
Boolean algebras, ortholattices, Kleene algebras, and involutive bisemilattices, hence
i-ubands provide an algebraic common ground for several non-classical logics. Our
main contributions consist in providing forMcCarthy algebras: reduced and equivalent
axiomatizations; a semilattice decomposition theorem; and representations as certain
decorated posets from which the algebraic structure can be uniquely determined.

Keywords McCarthy algebra · Unital band · Non-classical logic ·McCarthy logic ·
C-algebra

1 Introduction

McCarthy algebras consist of algebraic structures playing the role of algebraic coun-
terpart to McCarthy logic, a three-valued logic [20] based on a non-commutative
conjunction. McCarthy logic is used to interpret the lazy evaluation of partial
predicates, particularly attractive for computing purposes and adopted in several pro-
gramming languages, such as Haskell and OCaml (the function is currently supported
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2 S. Bonzio, G. St. John

Fig. 1 The tables of the 3-element algebra M3 = 〈{0, 1, ε},+, ·, ′, 0, 1〉. The operations ·,+ denote
McCarthy conjunction and disjunction, respectively

also in non purely functional programming languages, such as as Java and Python).
More generally, this formalism proves to be very useful for the process-algebraic
treatments of computational processes affected by errors [1, 3]. Beyond the usual
operations on processes, including non-deterministic choice, sequential and parallel
composition, the process algebra formalisms studied in [3] and [1] are enriched with
a constant, designed to model the error process and conditional guard statements of
the form ϕ :→ P , where ϕ is a logical formula and P a process, whose reading is: in
case ϕ holds (in a certain logic) then execute P . While the two mentioned proposals
disagree on the choice of the logic taking care of conditional guards, they both agree
that it should necessarily include McCarthy conjunction, as the correct logical tool for
properly modeling the sequential composition of conditional guards, witnessed by the
axiom ϕ :→ (ψ :→ P) = ϕ and ψ :→ P , where and is interpreted by McCarthy
conjunction (denoted by · in Figure 1). More specifically, the conditional guard “if
ϕ ·ψ , then do P” will execute P if both formulas yield the value true, it will be skipped
in case ϕ yields the value false or if ϕ yields the values true and ψ yields the value
false, while computation will lead to a failure (or an error)1 if ϕ yields the third value
or if ϕ yields the value true but ψ the third value.

Despite its indisputable usefulness in computer science, not much is known about
McCarthy logic (see e.g., [12, 14]), here understood (in accordance with [18]) as the
logic induced by the logical matrix 〈M3, {1}〉, whereM3 is the 3-element algebra (of
truth-tables) given in Figure 1. This translates to saying that

� � ϕ ⇐⇒ ∀h ∈ Hom(Fm,M3), h[�] ⊆ {1} ⇒ h(ϕ) = 1,

where Fm is the absolutely free algebra generated by the algebraic language of
McCarthy logic 〈·,+, ′〉.

As defined by Konikowska in [18], an algebra A = 〈A,+, ·, ′, 0, 1〉 is called a
McCarthy algebra ifA “satisfies all the equational tautologies of a Boolean algebra
that hold in” the algebra M3. Restating this in the parlance of universal algebra and
utilizing the celebrated result of Birkhoff, A is a McCarthy algebra iff it is a member
of the variety of algebras generated by M3. In this way, we can define the variety of
McCarthy algebras M via

M := V(M3).

Note that the restriction of the operations to {0, 1} defines the two element Boolean
algebra 2, i.e., the subalgebra B0 of M3 generated by {0, 1} is isomorphic with 2.

1 The process algebras’ formalisms introduced in [3] and [1] are enriched with a construct modeling the
error process.
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On the structure and theory of McCarthy algebras 3

As the variety of Boolean algebras is generated by the two-element Boolean algebra
2, which is isomorphic to a subalgebra of M3, it is immediate that BA is a (proper)
subvariety of M.

Although Konikowska [18] left open the problem of finding an equational basis
for the variety of McCarthy algebras, we only recently realized that the problem had
already been solved by Guzmán and Squier in [13],2 where (the constant-free reduct
of) McCarthy algebras are referred to as Conditional algebras (or C-algebras). In
this work we prefer to call them McCarthy algebras (assuming also that the language
contains constants). They are defined over the algebraic language 〈+, ·, ′, 0, 1〉 (of
type (2, 2, 1, 0, 0)), however + is just the De Morgan dual of · and 0 the negation of
1, thus term-definable in the language 〈·, ′, 1〉 (the choice of including the constant
symbols will become clear later). Observe moreover that, in this restricted language,
M3 is an idempotent monoid (with 1 as unit) equipped with an involution.

In this paper, we introduce a very general class (variety) of algebras: unital bands
(or rather, idempotent monoids) with an involution, herein referred to as i-ubands,
which allow for a unified algebraic treatment of McCarthy and (strong and weak)
Kleene logics, of which the former can be seen as the non-commutative version. It is
worth mentioning that i-ubands differ from (the monoid expansion of) involution band
semigroups introduced in [10], aswe are only requiring involution to satisfy the identity
x ′′ ≈ x , and not additionally (x · y)′ ≈ y′ · x ′. The involution-free reduct of i-ubands
coincides with the variety of unital bands (i.e., idempotent monoids), whose lattice of
subvarieties is characterized in [28] (see also [11]). Interestingly, and aside from their
obvious generalization of Boolean algebras and classical propositional logic, i-ubands
are general enough to provide a common root for a large class of other well-studied
algebras related to non-classical logics, such as ortho(modular) lattices (related to the
foundation of quantum logic), De Morgan algebras (related to paraconsistent as well
as mathematical fuzzy logic), and in particular also for Kleene 3-valued logics (see
[6, 16]), showing that the logic of McCarthy can be seen as their non-commutative
companion (see also [12]).

The main advantage derived by introducing i-ubands is that of allowing a compar-
ative study of algebras related to many logical formalisms in a non-commutative
setting. Relative to McCarthy logic, our main contributions consist in providing
reduced and equivalent axiomatizations (Theorem 5.2), providing a decomposition
theorem in terms of a semilattice direct system of Boolean algebras. (Theorem 6.1),
and characterizing representations of McCarthy algebras as certain decorated posets
(Corollary 6.16).

The paper is structured as follows: Section 2 introduces the basic preliminary
notions used in this paper. In Sect. 3, the main algebraic structures that will be
developed in the whole paper are introduced: i-ubands, i.e., any structure 〈M, ∗, ′, e〉
consisting of an idempotentmonoid reduct 〈M, ∗, e〉 (a bandwith unit) and unary invo-
lutive operation ′ (satisfying x ′′ ≈ x). After discussing some relevant three-element
examples of i-ubands (whose relevance will become clear later), we will focus on the
class of subclassical i-ubands, i.e., where each member has the two-element Boolean

2 We thank the colleagues P.Graziani, P. Jipsen, andU.Rivieccio for suggesting (independently) the reading
of [13] after reading the draft of the present work.
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4 S. Bonzio, G. St. John

algebra as a subalgebra, which turns out to be a quasivariety. In Sect. 4, we discuss
relations between different identities holding in i-ubands, to guide the reader towards
the first main result of the paper which consists of reduced and equivalent axiomati-
zations for the variety M of McCarthy algebras. Section 5 is devoted to proving this
result, passing through the understanding of the structure of any McCarthy algebra
based on a (largely unexplored) partial order induced by addition. In Sect. 6, we cap-
italize on the analysis of this structure to provide the other main results of this paper,
a semilattice decomposition theorem for McCarthy algebras and their representations
as decorated posets. Finally, in Section 7 we prove some results on subvarieties of
i-ubands which allow us to provide a sketch of the lower levels of the lattice of all
subvarieties of i-ubands.

2 Preliminaries

Universal Algebraic background

Wewillmakeuse of several concepts fromuniversal algebra throughout our discussion:
we recall here some basic definitions and results that will be used, and we refer to [2,
7, 22] for more detailed treatments. We denote the class operators of closure under
homomorphic images, subalgebras, and direct products by H, S, and P, respectively.
A class of (similar) algebras is said to be a variety if it is closed under H, S, and P.

By an identity s ≈ t , we refer to the universally quantified formula∀�x[s(�x) = t(�x)],
where s and t are terms in the absolutely free algebra in a given (fixed) signature over
a set of formal variables X = {xi }i∈N, and �x = (x1, . . . , xn) are those variables
present in the terms s and t . In this way, an algebra A satisfies an identity s ≈ t iff the
equation s(�a) = t(�a) holds for every instantiation of the variables by �a ∈ An . Here,
wewill often use the letters x, y, z, . . . to denote formal variables. Birkhoff’s Theorem
establishes that any given variety coincides with the class of all algebras satisfying
some set of identities (see e.g., [7, Thm. II.11.9]). Similarly, a quasi-identity is any
universally quantified formula ∀�x[∧n

i=1 si = ti ⇒ s0 = t0] for some list of terms
s0, t0, . . . , sn, tn ; note that an identity is simply a quasi-identity inwhich the antecedent
is the empty conjunction (i.e., when n = 0). The notion of algebras/classes satisfying
quasi-identities is essentially the same. We note that a class of algebras is called a
quasivariety if it can be axiomatized by a set of quasi-identities.3

Varieties are closed under (arbitrary) intersections, thus for any variety V the collec-
tion of its subvarieties forms a complete lattice (under inclusion). Given an arbitrary
class K of (similar) algebras, we indicate by V(K) the smallest variety containing K,
i.e., the variety generated by K. A known result states that V(K) = HSP(K) (see e.g.,
[2, Thm. 3.43]). For an algebra A, we write V(A) to denote V({A}).

Given a homomorphism f : A→ B, let f [A] be the subalgebra of B with universe
f [A] and write A ≤ B to indicate that A is a subalgebra of B. Then an algebra A is a
subdirect product of a family {Bi : i ∈ I }whenA ≤∏

i∈I Bi and for every i ∈ I the

3 Quasivarieties also correspond to those classes closed under isomorphic images, subalgebras, products,
and ultraproducts [7, Cf., Thm. 2.25]; but this result is not necessary for our purposes.
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On the structure and theory of McCarthy algebras 5

projection map πi : A→ Bi is surjective. Similarly, an embedding f : A→∏
i∈I Bi

is called subdirect when f [A] ≤∏
i∈I Bi is a subdirect product. An algebra A is said

to be subdirectly irreducible if for every subdirect embedding f : A→∏
i∈I Bi with

{Bi : i ∈ I } there exists i ∈ I such that πi ◦ f : A→ Bi is an isomorphism.
Subdirectly irreducible algebras are particularly relevant in the understanding of

varieties. More precisely, every algebra A in a variety V is isomorphic to a subdirect
product of subdirectly irreducible algebras in V. Therefore every variety is determined
by its subdirectly irreducible members (see [2, Thm. 3.44, Cor. 3.45]), in particular,
for two varieties V and W, V ⊆W if and only if the subdirectly irreducible members
of V are included in those ofW.

Recall that a congruence over an algebra A (in a classK) is an equivalence relation
which preserves all the fundamental operations of A. The set of congruences over A
forms a complete lattice, as congruences are closed under arbitrary intersections. An
algebraA being subdirectly irreducible can be checked using the following convenient
equivalent characterization related to the lattice Con(A) of the congruences of A:
an algebra A is subdirectly irreducible if and only if the identity congruence �A is
a completely intersection-irreducible element in Con(A) (see e.g., [2, Thm. 3.23]).
If a variety contains constants in its signature, i.e., nullary operations, then it must
contain trivial algebras, i.e., (isomorphic) algebras with exactly one element. Note
that, by definition of subdirectly irreducible algebras (�A is a complete intersection-
irreducible element), trivial algebras are not subdirectly irreducibles.

Basic structures

Recall an algebra 〈S, ∗〉 is called a semigroup if ∗ is an associative operation over S.
A band is a semigroup in which the operation ∗ is idempotent, i.e., one satisfying the
identity

x ∗ x ≈ x . (idempotency)

On the other hand, amonoid is a unital semigroup, namely an expansion of a semigroup
with a designated constant stipulated to be a (two-sided) unit for ∗; i.e., a structure
〈M, ∗, e〉 where 〈M, ∗〉 is a semigroup with e ∈ M satisfying e ∗ x ≈ x ≈ x ∗ e. By
a unital band (or simply uband) we refer to any idempotent monoid.

As usual, any of these structures will be called commutative so long as the under-
lying semigroup is commutative; i.e., satisfying x ∗ y ≈ y ∗ x . We also recall that a
semigroup is called left-regular if it satisfies the following identity:

x ∗ y ∗ x ≈ x ∗ y. (left-regularity)

It is called right-regular if it satisfies the mirrored identity x ∗ y ∗ x ≈ y ∗ x .

Remark 2.1 It is easily verified that a band is commutative iff it is both left-regular
and right-regular.

Note that the operation ∗ is idempotent in any left-regular monoid, and therefore
its semigroup reduct 〈M, ∗〉 is a left-regular band. It is well known that, over any
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6 S. Bonzio, G. St. John

left-regular band 〈M, ∗〉, the relation ≤∗ defined via

a ≤∗ b ⇐⇒ a ∗ b = b

is a partial order. Moreover, a simple consequence of left-regularity is that this order
is compatible with ∗ from the left, i.e.,

a ≤∗ b �⇒ c ∗ a ≤∗ c ∗ b;

however≤∗ is not generally compatible with the operation ∗ from the right. Of course,
the mirrored notions also hold for right-regular structures.

Proposition 2.2 Let M be a monoid. Then the following are equivalent:

(1) ≤∗ is a partial order.
(2) M is idempotent and ≤∗ is antisymmetric.
(3) M is left-regular.

Proof It is easily verified that reflexivity of ≤∗ implies idempotency of ∗, which in
turn implies x ∗ y ≤∗ x ∗ y ∗ x and x ∗ y ∗ x ≤∗ x ∗ y. ��

3 The variety of i-ubands

One of the principal motivations in the study of non-classical logics is the investigation
of generalizations, or weakenings, of (propositional) classical logic, which finds as its
semantics the class ofBoolean algebras. Recall that an algebraB = 〈B,∨,∧,¬, 0, 1〉
is a Boolean algebra if it is a distributive ortholattice, i.e., 〈B,∨,∧, 0, 1〉 is a bounded
distributive lattice and ¬ is an orthocomplement, meaning it is an antitone involution
satisfying x ∧¬x = 0 (dually, x ∨¬x = 1). By BA we denote the variety of Boolean
algebras.

As Boolean algebras satisfy the De Morgan laws, the variety BA is term equivalent
to one in a reduced signature, e.g., 〈∨,¬, 0〉 or 〈∧,¬, 1〉. In either case, a Boolean
algebra, as viewed in one of these signatures, is simply an instance of a monoid further
expanded with an involution (satisfying additional identities relating the involution
with the semigroup operation).

We will call a monoid with involution (or simply i-monoid) any structure
〈M, ∗, ′, e〉 consisting of a monoid reduct 〈M, ∗, e〉 and unary involutive operation
′, i.e., satisfying x ′′ ≈ x . Any i-monoid M = 〈M, ∗, ′, e〉 induces another i-monoid
M∂ := 〈M, ∗′, ′, e′〉 where x ∗′ y := (x ′ ∗ y′)′, called its De Morgan dual. It is
readily verified that any i-monoid M is isomorphic to its De Morgan dual M∂ via
the map x �→ x ′, and moreover (M∂ )∂ = M. In this way, any i-monoid M is
term-equivalent to an algebra over a richer signature, namely 〈M,+, ·, ′, 0, 1〉 where
M ∼= 〈M, ·, ′, 1〉∂ = 〈M,+, ′, 0〉, where we use the constant 1 to denote the conjunc-
tive/multiplicative unit, and the constant 0 to denote the disjunctive/additive unit. By
definition, 0 := 1′ and/or 1 := 0′. We will mainly use these constant symbols (in place
of e and e′) when the unit of an i-monoid is not necessarily an involution fixed-point;
i.e., when e �= e′.
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On the structure and theory of McCarthy algebras 7

For a term t in the languageL = 〈+, ·, ′, 0, 1〉, let t∂ denote the term in 〈·,+, ′, 1, 0〉
obtained by uniformly and simultaneously swapping each instance of a symbol from
L by its dual. E.g., if t = t(x, y) := (x + 1)′ · y then t∂ = t∂ (x, y) = (x · 0)′ + y.
Clearly then for any term t over L, an i-monoid satisfies the identity t(x1, . . . , xn) ≈
t∂ (x1′, . . . , xn

′)′. The following proposition is readily verified via structural induction.

Proposition 3.1 (DeMorganDual Equivalence)An i-monoidM satisfies some identity
if and only if it satisfies the dual identity, i.e., M |� s ≈ t iff M |� s∂ ≈ t∂ for any
terms s, t in the language 〈+, ·, ′, 0, 1〉.

Of course, as Boolean algebras are also instances of lattices, the operations ∧ and
∨ are idempotent, i.e., x ∧ x ≈ x and x ∨ x ≈ x holds. This leads us to the following
definition for the structures that underlie most of the analysis for this article.

Definition 3.2 By an i-uband we refer to a unital band with involution (i.e., an idem-
potent i-monoid).

In general, we may preface the name of any algebraic structure with “i-” to indicate
that class of algebras expanded with an involution.

Remark 3.3 In any i-uband, due to the interplay of idempotency with associativity, no
element other than the unit e can have a (left or right) inverse, i.e., x ∗ y = e implies
x = y = e. Indeed, if x ∗ y = e then x = x ∗e = x ∗ (x ∗ y) = (x ∗ x)∗ y = x ∗ y = e,
and similarly, y = x ∗ y ∗ y = e.

Aside from Boolean algebras, i-ubands generalize a number of familiar structures
as a result of the De Morgan laws. In particular, the following are all (term-equivalent
to) subvarieties of commutative i-ubands: bounded involutive lattices, and hence
also ortholattices, modular ortholattices, orthomodular lattices; De Morgan algebras;
Kleene algebras; and involutive bisemilattices. Other relevant examples of i-ubands
appear as (the multiplicative and involution) reducts of richer structures, e.g., involu-
tive idempotent residuated lattices, Sugihara monoids, as well as the non-commutative
variants of Sugihara monoids.

The simplest (nontrivial) examples of i-ubands are those over a two-element set.
There are exactly two such algebras up to isomorphism—they share the same oper-
ation table for ∗ (i.e., isomorphic monoidal reducts) which is uniquely determined
when stipulating it be idempotent and contain a unit constant e, which so happens
to satisfy associativity—but there are exactly two different possible involutions; the
“trivial” identity map and the one swapping the two elements. The former results in the
(expansion by a unary identity operation of the) two-element bounded semi-lattice,
here denoted by C2, and the latter is the two-element Boolean algebra 2. We will
denote the respective varieties of i-ubands they generate by SL and BA; as these are
the varieties of (bounded) semi-lattices and Boolean algebras, respectively. It is easily
verified that they are atoms in the lattice of subvarieties for i-ubands; indeed, 2 is a
subalgebra of any algebra in which the unit is not an involution fixed-point; while,
on the other hand, if a non-trivial i-uband M has its unit being a fixed-point, C2 is
isomorphic to a quotient via Remark 3.3 (as the relation (M \ {e}×M \ {e})∪{(e, e)}
is a congruence over M).
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8 S. Bonzio, G. St. John

Fig. 2 The four idempotent monoids of cardinality 3, up to isomorphism

3.1 The 3-element i-ubands

There are exactly three ubands (i.e., idempotent monoids) of cardinality 3 up to iso-
morphism, see Figure 2 for the operation tables. Indeed, suppose 〈{e, a, b}, ∗, e〉 is
an idempotent monoid. As a consequence of ∗ being an idempotent operation with
a (two-sided) unit e, the only values that are free to be determined are a ∗ b and
b ∗ a, and moreover, they must differ from e (see Remark 3.3). So there are exactly
four possibilities. Note that the two cases in which a ∗ b and b ∗ a coincide result
in isomorphic structures (simply renaming a by b and vice versa), and are indicated
by the (commutative) operation ∗c below where a ∗ b = b = b ∗ a. The other two
possibilities, when these values differ, are given by ∗	 and ∗r . That all three opera-
tions are associative is easily verified by the reader. That no two result in isomorphic
monoids is witnessed by the fact that ∗c is the only commutative operation, while ∗	

is left-regular and ∗r is right-regular, and thus must be non-isomorphic as neither are
commutative (cf. Remark 2.1).

There are exactly 4 possible involutions over a three element set; one being the
identitymap and the other three determined bywhich element is the (unique) involution
fixed-point. We label these possibilities over the set {e, a, b} below:

′id
e e
a a
b b

′e
e e
a b
b a

′a
e b
a a
b e

′b
e a
a e
b b

Consequently, these result in 12 possible combinations for 3-element i-ubands when
paired with the operations from Figure 2. In Proposition 3.5 below, we verify that this
reduces to 10 non-isomorphic models in total.

Note that the algebras with the identity involution ′id are simply the idempotent
monoids (expanded by the identity function) from Figure 2; we will denote these i-
ubands by C3, L3 and R3, respectively. Note that C3 is simply the 3-element bounded
semilattice (chain).

For the structures with involution ′e fixing only the unit e, let us call them Cs
3, L

s
3,

Rs
3, denoting the i-ubands respectively corresponding to 〈∗c, ′e〉, 〈∗	, ′e〉, and 〈∗r , ′e〉.

The algebra Cs
3 is isomorphic to the i-uband-reduct of the 3-element (odd) Sugihara

monoid S3. The monoidal operation for this algebra is often easily described using
natural order ≤ of the integers over the set {−1, 0, 1} (here, e �→ 0, a �→ 1, and
b �→ −1): the involution ′ is − and a product x · y is dependent upon the size of
the absolute values |x |, |y| for the arguments x, y: the product results in (i) the value
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On the structure and theory of McCarthy algebras 9

Fig. 3 The ten non-isomorphic
i-ubands of cardinality 3

of whichever argument has the larger absolute when they differ, or else (ii) the value
of the least argument when they have the same absolute value (i.e., the minimum
“breaks ties”); in this way 0 is the unit for ·. The operations for the algebras Ls

3 andR
s
3

can be described similarly: ′ coincides with −, and · again follows the same rule (i)
but, instead of (ii), ties are broken by always taking the value of the left-most (resp.,
right-most) argument in Ls

3 (resp., R
s
3); which in either case still has 0 the unit for ·.

Remark 3.4 By computing the tables for + (the De Morgan dual of ·), the reader may
readily verify that the algebras Ls

3 and Rs
3 satisfy the curious identity x · y ≈ x + y,

while this identity fails in Cs
3 (indeed a ∗′c b := (a′ ∗c b′)′ = (b ∗c a)′ = b′ = a �=

b = a ∗c b). We point out that any i-uband satisfying x · y ≈ x + y also satisfies
e ≈ e′; indeed e′ ≈ e′ ∗ e ≈ e′ ∗′ e := (e′′ ∗ e′)′ ≈ (e ∗ e′)′ ≈ (e′)′ = e′′ ≈ e.

The remaining 4 algebras are each isomorphic to one in Figure 4 below. The i-
uband corresponding to 〈∗c, ′a〉 is isomorphic with SK (a �→ ε), while 〈∗c, ′b〉 is
isomorphic withWK (b �→ ε), both introduced in Figure 4 below. On the other hand,
it is easily checked that 〈∗	, ′a〉 and 〈∗	, ′b〉 result in isomorphic structures (taking
a �→ b and simply observing that elements a, b are both absorbing from the left);
these are isomorphic to the 3-element McCarthy algebraM3 (cf. Figure 4). Similarly,
〈∗r , ′a〉 and 〈∗r , ′b〉 result in isomorphic structures and coincide withM3

op, the mirror
of M3 (cf. Figure 4). We will explore these algebras in more detail in the following
Section 3.2.

Proposition 3.5 There are exactly ten i-ubands of cardinality 3 up to isomorphism (see
Figure 3).

Proof That no two algebras from different rows can be isomorphic follows from
Remark 2.1. That no two algebras from different columns is immediate from the
involutions. It remains to verify the (well-known) fact that WK and SK are non-
isomorphic, which is readily established by observing that the identity x · 0 ≈ 0
(recalling 0 := 1′ with constant 1 the unit for ·) holds in SK but not inWK. ��

We will revisit the corresponding varieties generated by each of these algebras,
their relationship to each other and, more generally, to the lattice of subvarieties of
i-ubands in Sect. 7.
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10 S. Bonzio, G. St. John

Fig. 4 The four subclassical i-ubands of cardinality 3 over the set X = {1, 0, ε} and signature 〈·, ′, 1〉

Fig. 5 The Hasse diagrams
(left-right) for posets
〈WK,≤∨wk 〉, 〈SK,≤∨sk 〉, and〈M3,≤+m 〉 (∼= 〈M3

op,≤+m 〉)

3.2 Subclassical i-ubands

The identity 1 ≈ 0 (i.e., e ≈ e′) and the Boolean algebra 2 form a splitting pair in
lattice of subvarieties for i-ubands. That is, given any i-uband A, either A satisfies the
identity 1 ≈ 0 (known as the splitting equation), or else 2 is a subalgebra of A. We
call an i-uband a subclassical algebra, or simply subclassical, if it contains a copy
of the Boolean algebra 2 as a subalgebra (adopting the same terminology of [8]); or
equivalently, one in which the unit e is not an involution fixed-point (i.e., e �= e′).

The following is an immediate corollary to Proposition 3.5.

Corollary 3.6 There are exactly four subclassical i-ubands of cardinality 3 up to iso-
morphism (see Figure 4).

Remark 3.7 Differently from the approach in [8] (which assumes types do not con-
tain constant symbols), the algebra Cs

3 (the i-uband reduct of the 3-element Sugihara
monoid) is not a subclassical i-uband. Indeed, {a, b} should be the universe of a
Boolean subalgebra, which is not, due to the fact that a is not the unit of the monoidal
∗c (corresponding to meet) operation (e is the unit).

The first operations in Figure 4 are the conjunctions for the 3-element involutive
bisemilattice (WK) and Kleene lattice (SK), respectively, defining weak and strong
Kleene logics, respectively. The third operation is the conjunction of the 3-element
McCarthy algebra M3. Note that the last algebra has the opposite monoid relation
(x ∗op y := y ∗ x), so we will denote it byM3

op. ObviouslyWK and SK are left/right-
regular as they are commutative and idempotent. It is not difficult to check that, while
not commutative, M3 is left-regular (and therefore M3

op is right-regular): they are
therefore all partially ordered (cf. Proposition 2.2). For the Hasse Diagrams for their
dual operation are shown in Figure 5.

Recall that the algebras WK and SK have a logical meaning, namely they define
weak and strong Kleene logics, respectively (see [6] for more details). MoreoverWK
and SK generate the variety IBSL of involutive bisemilattices [5] and the variety KA
of Kleene algebras [15], respectively. Involutive bisemilattices consist of the regular-
ization of (the variety of) Boolean algebras, i.e., they satisfy all and only the regular
identities holding in Boolean algebras, where an identity ϕ ≈ ψ is regular if the
variables actually occurring in both the terms ϕ and ψ are the same. Despite being
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On the structure and theory of McCarthy algebras 11

usually introduced in the richer language 〈∧,∨,¬, 0, 1〉, in our language, an involu-
tive bisemilattice is a commutative i-uband satisfying x · y ≈ x · (x ′ + y) (see [5, 6]).
A slightly different (equivalent) axiomatization can be found in [24, Example 1].

Kleene algebras, sometimes also referred to as Kleene logic algebras to distinguish
from Kleene-star algebras [17, 19], are defined in the same language as involutive
bisemilattices and consist of a De Morgan algebra (i.e., a bounded distributive lattice
equipped with an involutive negation¬ satisfying the DeMorgan identities) satisfying
the further identity k : x ∧¬x ≤ y ∨¬y, which we will refer to as the Kleene axiom,
whose intuitive reading is that any contradiction is below any tautology. As it turns
out, Kleene algebras are term-equivalent to commutative i-ubands satisfying k as well
as distributivity and boundedness (see Sections 4.1 and 4.3).

We note that the class of all subclassical i-ubands forms a quasivariety; i.e., it is the
class of all i-ubands satisfying the quasi-identity e = e′ ⇒ x = y, and therefore need
not be closed under homomorphic images.

Definition 3.8 A variety V of i-ubands will be called a subclassical variety if each
non-trivial member of V is subclassical.

Remark 3.9 As mentioned, a variety V is subclassical if and only if it satisfies the
quasi-identity e ≈ e′ ⇒ x ≈ y. As it turns out, Kleene algebras form a subclassical
variety, while involutive bisemilattices do not (C2 is a quotient of WK). Later on
(Corollary 5.30), we will show that the varietyM ofMcCarthy algebras is subclassical.

4 Identities satisfied inMcCarthy algebras

A finite basis for McCarthy algebras was established by Guzmán and Squier in [13],
where they are called C-algebras (with constants T and F). Independently in [18],
Konikowska presents a list of identities claimed to hold for the algebraM3 (see Figure 6
in Section 5.1), but leaves open the question of whether they form an equational basis
for the variety M of McCarthy algebras. Instead of presenting them here, we begin
an analysis with the motivation of relating M3 to more familiar algebraic properties
and structures in order to “tease-out” an equational basis forM. In doing so, we prove
some general facts, interesting in their own right, for i-ubands. Ultimately, in Sect. 5,
we show Konikowska’s postulates do indeed provide an equational basis, but also find
reduced and equivalent alternatives as a byproduct of the analysis carried out in this
section.

4.1 Weak distributive laws

Let S be an algebra that contains two semigroups 〈S,+〉 and 〈S, ·〉 as reducts. The
algebra S is called a semiring if it satisfies both the left and right distributive laws:
x(y + z) ≈ xy + xz and (x + y)z ≈ xz + yz. Both SK and WK are semirings, but
M3 fails the right-distributive law, e.g., (1+ ε)0 = 0 �= ε = 0+ ε = (1 · 0)+ (ε · 0).
However, the left-distributive law is satisfied.
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12 S. Bonzio, G. St. John

Proposition 4.1 The algebra M3 is left-distributive, i.e., it satisfies

x(y + z) ≈ xy + xz dually, x + yz ≈ (x + y)(x + z). (left-distributivity)

Proof InM3, notice that the claim holds for x = 1 since 1 is a multiplicative unit, and
it holds for x = 0 and x = ε since they are both multiplicatively absorbing from the
left, i.e., 0a = 0 and εa = ε for any a ∈ M3. ��
Remark 4.2 The following quasi-identity holds in any algebra with a pair of binary
operations 〈·,+〉 satisfying left-distributivity with a right-unit 1 for ·: y+1 = z+1 ⇒
xy + x = xz + x .

Now, while the algebra M3 does not satisfy right-distributivity in general, it does
satisfy the following weakened instance of it.

Proposition 4.3 The algebra M3 satisfies the following identities:

(x + x ′)y ≈ xy + x ′y dually, xx ′ + y ≈ (x + y)(x ′ + y).

(right-orthodistributivity)

Proof In M3, it is readily verified that x + x ′ = 1 when x ∈ {0, 1}, in either case the
identity is valid since 1 is a multiplicative unit. On the other hand, when x = ε the
identity is valid since ε = ε + ε′ and ε is absorbing from the left. ��

Of course, there is the “left” variant of the identity above: x(y + y′) ≈ xy + xy′,
which we will refer to as left-orthodistributivity. An algebra satisfying both left- and
right-orthodistributivity will simply be called orthodistributive. Clearly then, M3 is
orthodistributive as it satisfies left-distributivity. The following fact will be useful later
on in Sect. 7 for the algebras Cs

3, L
s
3, and Rs

3 and can be verified by checking their
respective operation tables.

Proposition 4.4 The algebrasCs
3,Ls

3, andRs
3 are orthodistributive but not distributive.

However, the algebraLs
3 is left-distributive,Rs

3 is right-distributive, and both algebras
satisfy the identity x · y ≈ x + y.

As it will be notationally convenient and evocative for what follows, let us define
the following unary term-operations in the language of i-ubands:

1x := x + 1 0x := x · 0 (the local constants)

tx := x + x ′ fx := x · x ′ (the local extrema)

Remark 4.5 Of course, there are also the unary operations corresponding to the “mir-
rored” versions of the above. On the one hand, due to ′ being an involution, every
i-uband satisfies x ′ + x ≈ tx ′ ; i.e., the local extrema are inter-definable with the
mirrored version. However, this is not the case for 1x/0x . As we are most interested in
identities satisfied byM3, andM3 satisfies 0 · x ≈ 0 and 1+ x ≈ x (see Section 4.3),
we will not consider them here. We note that, when consideringM3

op, such mirrored
versions, and any identity invoking 1x/0x , are to be used in place of the above. For
this reason, guided by context, we refrain from the convention of prefacing such terms
and identities with the words left or right.

123



On the structure and theory of McCarthy algebras 13

Remark 4.6 Note that the orthodistributivity equations may be rewritten as tx y ≈
xy + x ′y for the right case, and xty ≈ xy + xy′ for the left.

Lemma 4.7 Any left-distributive i-uband M = 〈M,+, ·, ′, 0, 1〉 satisfies the following
quasi-identities:

1y = 1z ⇒ xy + x = xz and 0y = 0z ⇒ (x + y)x = (x + z)x .

Moreover, the following identities also hold:

1x · x ≈ x ≈ x · 1x dually, 0x + x ≈ x ≈ x + 0x . (local units)

Proof Note that the following quasi-identity holds in any algebra with a pair of binary
operations 〈·,+〉 satisfying left-distributivity with a right-unit 1 for ·: y+1 = z+1 ⇒
xy + x = xz + x . Since the reducts 〈M,+, ·, 1〉 and 〈M, ·,+, 0〉 are left-distributive
with units, respectively, the first claims are immediate. For the last claim, fix a ∈ M .
The identity x · 1x ≈ x is nearly immediate via idempotency: a(a + 1) = aa + a1 =
a + a = a. The identity 1x · x ≈ x is immediate from the right-most quasi-identity
and idempotency: by setting y = 1 and z = 0, we have 01 = 1 · 0 = 0 = 0 · 0 = 00,
and therefore 1a · a := (a + 1)a = (a + 0)a = aa = a. ��

Recall that a bounded involutive lattice is called orthocomplemented if x ∧ x ′ ≈
0 and x ∨ x ′ ≈ 1 hold. However, none of the algebras in Figure 4 satisfy these
identities, but some do satisfy local versions of them. We will call an i-uband locally-
complemented if the identity 1x ≈ x + x ′ or, equivalently, 0x ≈ x · x ′ is satisfied.
Using our abbreviations, this is equivalently written below:

1x ≈ tx dually, 0x ≈ fx . (locally-complemented)

The following is easily verified given the operation tables in Figure 4.

Proposition 4.8 The algebras M3 and WK are locally-complemented.

On the other hand, the algebra SK is not locally-complemented. Note, however, that
the Kleene axiom is equivalently written fx ≤ ty .

We will say an i-uband is left-divisible if it satisfies the following identity:4

xy ≈ x(x ′ + y) dually, x + y ≈ x + x ′y. (left-divisibility)

Lemma 4.9 Any left-divisible i-uband is also locally-complemented. Moreover, if A is
a left-distributive i-uband, then A is locally-complemented iff it is left-divisible.

4 In the context of residuated structures, a residuated lattice is called divisible if it satisfies x∧ y ≈ x ·(x →
y) and x ∧ y ≈ (y ← x) · x . In Boolean algebras, the left-most identity is equivalent to our definition, as
→ is material implication and · and ∧ coincide.
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14 S. Bonzio, G. St. John

Proof For the first claim, observe from left-divisibility we obtain 0x := x0 ≈ x(x ′ +
0) ≈ x · x ′. For the second claim, we need only verify the forward implication. Fix
a, b ∈ A. We observe:

a(a′ + b) = aa′ + ab (left-distributivity)

= a0+ ab (locally-complemented)

= a(0+ b) = ab. left-distributivity & 0 is unital for +

��
It is easy to see that the identities for right-orthodistributivity and locally-comple-
mented can be combined.

Lemma 4.10 An i-uband satisfies right-orthodistributivity and locally-complemented
iff it satisfies:

1x · y ≈ xy + x ′y dually, 0x + y ≈ (x + y)(x ′ + y). (left-decomposition)

Proof The forward direction is immediate by replacing x + x ′ by 1x in the left-hand
side of right-orthodistributivity using the locally-complemented identity. So suppose
A satisfies left-decomposition. Instantiating y by 1 yields the locally-complemented
identity, and thus replacing 1x by x + x ′ in the identity for left-decomposition yields
right-orthodistributivity. ��

The following is immediate from the above by Proposition 4.3 and Proposition 4.8.

Corollary 4.11 The algebra M3 satisfies left-decomposition.

Lemma 4.12 An i-uband satisfying left-distributivity and left-decomposition is left-
regular and satisfies:

1x yx ≈ xy + yx dually, 0x + y + x ≈ (x + y)(y + x). (1)

Proof Let A be such an algebra. By Lemma 4.10, A is locally-complemented, and
thus also left-divisibility by Lemma 4.9. Observe that left-distributivity and being
locally-complemented yield x+ y ≈ x+ yx ′ since a+b = a+b1 = (a+b)(a+1) =
(a + b)(a + a′) = a + ba′. Using this identity and left-divisibility, we find that A
satisfies left-regularity since xy ≈ x(x ′ + y) ≈ x(x ′ + yx) ≈ x · yx . Lastly, observe
for a, b ∈ A,

1aba = aba + a′ba (left-decomposition)

= aba + a′ba + aba (left-regularity)

= aba + 1a′ba (left-decomposition)

= ab + 1a′ba (left-regularity)
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On the structure and theory of McCarthy algebras 15

= ab + (ab)′1a′ba := ab + (a′ + b′)(a′ + 1)ba (left-divisibility)

= ab + (a′ + b′1)ab = ab + (a′ + b′)ab (left-distributivity)

= ab + ba (left-divisibility).

��
Finally, the following distributive-like identity is observed in both [18] and [13] to

hold inM3:

(x + y)z ≈ xz + x ′yz dually, xy + z ≈ (x + z) · (x ′ + y + z).
(right-paradistributivity)

The following is immediate by taking y �→ x ′ and z �→ 1.

Lemma 4.13 Right-paradistributivity entails left-divisibility and
right-orthodistributivity in i-ubands.

4.2 Weak commutative laws

In stark contrast to SK and WK, the most obvious property that fails in M3 is that
of commutativity. However, the algebra M3 does satisfy commutativity for the local-
constants.

Proposition 4.14 The algebra M3 satisfies the following identity:

1x · 1y ≈ 1y · 1x dually, 0x + 0y ≈ 0y + 0x . (local-unit commutativity)

Proof It is readily verified inM3 that 1 = 11 = 10 and ε = 1ε. For the non-redundant
cases, the claim follows since 1 is the multiplicative unit. ��

As we will see below, left-distributivity in conjunction with local-unit commuta-
tivity is strong enough to yield a partially-ordered structure in i-ubands, which we
verify by establishing left-regularity. First we prove the following technical lemma
for left-distributive i-ubands.

The identity below is related to Konikowska’s postulate (A3) (see Figure 6) by
replacing tx by 1x

1y · xy ≈ 1x · yx dually, 0x + y + x ≈ 0y + x + y. (local commutativity)

Lemma 4.15 Any i-uband satisfying local commutativity is left-regular and satisfies
local-unit commutativity.

Proof Suppose A is an i-uband satisfying local commutativity. Via the substitution
y �→ 1, we find that 1x · x ≈ x holds:

1x · x ≈ 1x · 1x ≈ 11 · x1 ≈ 11x := (1+ 1)x ≈ 1x ≈ x .
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16 S. Bonzio, G. St. John

That left-regularity holds is nearly immediate:

xyx ≈ 1x · xy · x ≈ 1xy · x · xy ≈ 1xy xy ≈ xy.

Next, observe that any i-uband satisfies 0x ≈ 00x by idempotency since 0x := x · 0
and 00x := x0 · 0 ≈ x0. Fix a, b ∈ A. Finally for local-unit commutativity, we find

0a + 0b = 0a + 0b + 0a (left-regularity)

= 00a + 0b + 0a (0x ≈ 00x )

= 00b + 0b + 0b (local commutativity)

= 0b + 0a + 0b (0x ≈ 00x )

= 0b + 0a (left-regularity).

��

4.3 Weak absorption laws

LetL = 〈L,+, ·〉 be an algebra such that both 〈L,+〉 and 〈L, ·〉 are bands. The algebra
L is called a skew-lattice if it satisfies the absorption laws:

x · (x + y) ≈ x left-absorption x + (x · y) ≈ x
(x + y) · y ≈ y right-absorption (x · y)+ y ≈ y

A lattice is simply a skew-lattice in which both operations are commutative. Of the
four algebras in Figure 4, only the algebra SK is a skew lattice, which is, in fact, a
(distributive) lattice. However, the algebra M3 is not skew as right-absorption fails,
i.e., (ε + 1) · 1 = ε �= 1. The algebra WK satisfies none of the absorption identities,
in general.

Recall that, in the theory of lattices, a structure is called 0-bounded if 0∧ x ≈ 0 ≈
x ∧ 0 holds. Call an i-uband left-bounded if it satisfies the identity

0 · x ≈ 0 dually, 1+ x ≈ 1. (left-bounded)

Lemma 4.16 Any i-uband satisfying left-absorption is also left-bounded. Moreover,
these identities coincide in any left-distributive i-uband.

Proof On the one hand, left-absorption implies left-bounded on much weaker condi-
tions. Indeed, it only requires that 0 is a unit for +: 0 · x ≈ 0 · (0 + x) ≈ 0 (and the
dually for · and 1 using the dual left-absorption law). On the other hand, suppose an
i-uband A is left-bounded. Then x ≈ x · 1 ≈ x · (1+ y). If A is left-distributive, then
x · (1+ y) ≈ (x · 1)+ (x · y) ≈ x + xy. ��

Since M3 is clearly left-bounded, the following is immediate from Lemma 4.16.

Proposition 4.17 The algebra M3 is left-bounded and therefore also satisfies:

x · (x + y) ≈ x dually, x + xy ≈ x . (left-absorption)
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4.4 Focusing on left-distributivity

Here we combine some of the previously mentioned notions when in the left-
distributive setting. When in the presence of left-decomposition and a weak com-
mutative law, we obtain the following.

Lemma 4.18 Let A be a left-distributive i-uband satisfying left-decomposition and
local-unit commutativity. Then A satisfies the following identities:

1x ≈ 0x
′ ≈ 1x ′ dually, 0x ≈ 0x ′ ≈ 1x

′ (unit-coherence)

xyx ′ ≈ 0xy dually, x + y + x ′ ≈ 1x+y (dramatic conjugation)

0x + y ≈ 1x · y. (left-coherence)

Proof By Lemmas 4.7, 4.9, 4.10 and 4.12, A satisfies local units, left-regularity, left–
divisibility, and the locally-complemented identity, respectively.

For unit-coherence, first note that 0x
′ ≈ 1x ′ holds in any i-uband by the DeMorgan

laws, so we need only exhibit 1x ≈ 1x ′ . Moreover, it will suffice to verify the identity
1x · 1x ′ ≈ 1x holds, as the claim would then follow from local-unit commutativity via
1x ≈ 1x · 1x ′ ≈ 1x ′ · 1x = 1x ′ . Fixing a ∈ A, we observe:

1a · 1a′ = a1a′ + a′1a′ (left-decomposition)

= a1a′ + a′ (local units)

= aa′ + a + a′ (left-distributivity since 1a′ := a′ + 1)

= 0a + a + a′ = a + a′ (locally-complemented & local units)

= 1a (locally-complemented).

For the remaining, fix a, b ∈ A. For dramatic conjugation, observe:

aba′ = aba′a (left-regularity)

= ab0a′ (locally-complemented)

= ab0a = aba0 (unit-coherence & def. 0a := a0)

= ab0 = 0ab (left-regularity & def. 0ab := ab0).

For left-coherence, observe:

0a + b = 0a + 0a
′b (left-divisibility)

= 0a + 1ab (unit-coherence)

= (0a + 1a)(0a + b) (left-distributivity)

= (0a + a + 1)(0a + b) (by definition of 1a)

= (a + 1)(0a + b) (local units)

= (a + 1)(0a′ + b) (unit-coherence)
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18 S. Bonzio, G. St. John

= 1a(1a
′ + b) (by def. of local constants)

= 1ab (left-divisibility).

��
Remark 4.19 Note that, in the presence of left-decomposition and unit-coherence, the
identity 01x ≈ 0x must hold. Indeed, (x + 1)0 ≈ x0 + x ′0 ≈ x0 + x0 ≈ x0 holds,
i.e., 01x ≈ 0x . Dually, so too does 10x ≈ 1x .

As noted in [13], the term-operation x ·wk y := (x + y)(y + x), when evaluated in
M3, coincides with the operation ∧wk inWK, which is commutative. So we consider
the following identity, which holds for M3 [13].

xy + yx ≈ yx + xy dually, (x + y)(y + x) ≈ (y + x)(x + y).

(wk-commutativity)

Lemma 4.20 Let A be a left-distributive i-uband satisfying left-decomposition. If A
satisfies any of the identities for local-unit commutativity, local commutativity, or
wk-commutativity, then it satisfies all of them.

Proof By Lemma 4.12,A is left-regular and satisfies (
) 1x yx ≈ xy+ yx . It is imme-
diate from (
) that A satisfies local commutativity iff it satisfies wk-commutativity.
From Lemma 4.15, we have local commutativity implies local-unit commutativity.
So suppose A satisfies local-unit commutativity. By Lemma 4.18, A also satisfies
left-coherence. Let a, b ∈ A and observe:

ab + ba = 1aba = 1a1bba (
 & local units)

= 1b1aba (local-unit commutativity)

= 0b + 1aba (left-coherence)

= 0b + ab + ba (
)

= 1bab + ba (left-coherence)

= ba + ab + ba (
)

= ba + ab (left-regularity).

Thus wk-commutativity holds and, by (
), so too does local commutativity. ��
Lastly, when further in the presence of aweak absorption law,we have the following

result.

Lemma 4.21 Let A be a left-distributive left-bounded i-uband also satisfying left-de-
composition and local-unit commutativity. Then A satisfies right-paradistributivity
and the following identities:

x · y ≈ (x ′ + y) · x dually, x + y ≈ x ′y + x
(left-paracommutativity)
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xy + x ′z ≈ (x ′ + y)(x + z) (left-orthocoherence)

xy + x ′z ≈ x ′z + xy dually, (x + y)(x ′ + z) ≈ (x ′ + z)(x + y).

(left-orthocommutativity)

as well as those for local units, left-regularity, right-orthodistributivity, locally–
complemented, left-divisibility, unit-coherence, left-coherence, dramatic conjugation,
local commutativity, wk-commutativity and left-absorption.

Proof Thefinal list of identities follow fromLemmas4.7, 4.9, 4.10, 4.12, 4.16 and4.18.
For the remaining identities, fix a, b, c ∈ A. For (left-paracommutativity), observe:

ab = 1aab (local units)

= 1a′ab (unit-coherence)

= (a′ + ab) · (a + ab) (left-decomposition)

= (a′ + b) · (a + ab) (left-divisibility)

= (a′ + b) · a (left-absorption).

For (left-orthocoherence), observe:

(a′ + b)(a + c) = (a′ + b)a + (a′ + b)c (left-distributivity)

= ab + (a′ + b)c (left-paracommutativity)

= ab + (ab)′(a′ + b)c (left-absorption)

= ab + (a′ + b′)(a′ + b)c (De Morgan)

= ab + (a′ + b′b)c (left-distributivity)

= ab + (a′ + b′0)c (locally-complemented)

= ab + (a′ + b′)(a′ + 0)c (left-distributivity)

= ab + (ab)′(a′c) (by De Morgan and 0 a unit for +)
= ab + a′c (left-divisibility).

For (left-orthocommutativity), first we observe the following:

ab + a′c = (ab)′(a′c)+ ab (left-paracommutativity)

= (a′ + b′)a′c + ab (De Morgan)

= (a′ + b′ + 1)a′c + ab (Lemma 4.7 since 1b′ = 1b′+1)
= 1a′+b′a

′c + ab (by definition of 1a′+b′ = a′ + b′ + 1)

= 1aba′c + ab (unit-coherence and De Morgan)

= 0ab + a′c + ab (left-coherence).

Now, since ′ is an involution, i.e., a = a′′, by the same argument we have a′c +
ab = 0a′c + ab + a′c. Abbreviating, let x := ab and y := a′c; we have shown
x + y = 0y + x + y and y + x = 0x + y + x . But local commutativity guarantees
0y + x + y = 0x + y + x . Consequently, x + y = y + x , thus completing our claim.
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Finally, for (right-paradistributivity) we observe:

ac + a′bc = (a′ + c) · (a + bc) (left-orthocoherence)

= (a + bc) · (a′ + c) (left-orthocommutativity)

= (a + b) · (a + c) · (a′ + c) (left-distributivity)

= (a + b) · (0a + c) (left-decomposition)

= (a + b) · 1a · c (left-coherence)

= (a + b)1a(a + b) · c (left-regularity)

= (a + b)(0a + a + b) · c (left-coherence)

= (a + b)(a + b) · c (local units)

= (a + b) · c (idempotency).

��

4.5 Focusing on left-divisibility

Up until now, we have been largely focused on i-ubands satisfying left-distributivity.
Here, we will investigate how properties are similarly shared for i-ubands starting
from the setting of left-divisibility instead.

Lemma 4.22 A left-divisible i-uband satisfies right-orthodistributivity iff it satisfies
left-decomposition, and it satisfies left-absorption iff it is left-bounded.

Proof Recall that left-divisibility implies locally-complemented byLemma4.9.Hence
the first claim holds by Lemma 4.10. For the second claim, the forward direction
follows from Lemma 4.16. On the other hand, if left-bounded holds, then 1+ y ≈ 1,
and hence x ≈ x · 1 ≈ x · (1+ y) ≈ x · (x ′ + 1+ y) ≈ x · (x ′ + x + y) ≈ x · (x + y).

��
Lemma 4.23 LetA be a left-divisible i-uband satisfying right-orthodistributivity. Then
the following hold:

(1) A satisfies local units and the identity 1x · 1x ′ ≈ 1x .
(2) If A is additionally left-bounded, then it also satisfies left-coherence and left-reg-

ularity.

Proof Recall A satisfies left-decomposition by Lemma 4.22. Let a ∈ A. For local
units, observe:

1aa = aa + a′a (left-decomposition)

= a + a′a (idempotency)

= a + a (left-divisibility)

= a (idempotency).
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For the second identity, observe:

1a · 1a′ = a1a′ + a′1a′ (left-decomposition)

= a + a′1a′ (left-divisibility)

= a + 1a′ (left-divisibility)

= a + 1+ 1 (left-divisibility since 1a′ := a′ + 1 = a′1+ 1)

= 1a (idempotency).

For the remaining claims, suppose A is also left-bounded (and hence satisfies left-
-absorption), and fix also b ∈ A. We obtain left-coherence as follows:

0a + b = 0a + 0a
′b (left-divisibility)

= 0ab + 0a
′b (left-bounded)

= (0a + 1)b (left-decomposition)

= (a + 1)(a′ + 1)b (left-decomposition)

= 1ab (since 1a1a′ = 1a).

For left-regularity, we observe

aba = aaba (idempotency)

= a(a′ + ab)a (left-divisibility)

= a(a′ + ab)(a + ab) (left-absorption)

= a(a′a + ab) (right-orthodistributivity)

= a(a′ + a′a + ab) (left-divisibility)

= a(a′ + ab) (left-absorption)

= a · ab (left-divisibility)

= ab (idempotency).

��
Taking these together, we are able to recover left-distributivity.

Lemma 4.24 In a left-divisible left-bounded i-ubandA satisfying right-orthodistributivity:

(1) wk-commutativity implies local-unit commutativity
(2) local-unit commutativity implies left-distributivity

Consequently, if A satisfies any of the identities for local-unit commutativity, local
commutativity, or wk-commutativity, then it satisfies all of them.

Proof Let A be such an i-uband satisfying left-divisibility, left-boundedness, and
right-orthodistributivity, and note that A satisfies also left-decomposition, left-ab-
sorption, left-coherence, and left-regularity by Lemmas 4.22 and 4.23.
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For item 1, suppose A additionally satisfies wk-commutativity and let a, b ∈ A.
From wk-commutativity we have 0a1b+ 1b0a = 1b0a + 0a1b, and using the fact that
left-boundedness entails 0x · y ≈ 0x , we obtain (
): 0a + 1b0a = 1b0a + 0a . Observe,

0a + 0b = 0a + 0b + 0a (left-regularity)

= 0a + 1b0a (left-coherence)

= 1b0a + 0a (
)

= 0b + 0a + 0a = 0b + 0a (left-coherence & idempotency).

Towards establishing item 2, we first show that A satisfies unit-coherence and
left-paracommutativity. The former is immediate from Lemma 4.23(1) and local-unit
commutativity: 1x ≈ 1x · 1x ′ ≈ 1x ′ · 1x ≈ 1x ′ . For left-paracommutativity, we fix
a, b ∈ A and observe:

(a′ + b)a = (a′ + ab)a (left-divisibility)

= (a′ + ab)(a + ab) (left-absorption)

= a′0+ ab (left-decomposition)

= 0a + ab (unit-coherence)

= 1aab (left-coherence)

= ab (local units).

Finally, to verify left-distributivity, fix a, b, c ∈ A and observe:

a(b + c) = (a′ + b + c)a (left-paracommutativity)

= (a′ + ab + ac)a (left-divisibility & left-regularity)

= (a′ + ab + ac)(a + ab + ac) (two applications of left-absorption)

= 0a′ + ab + ac (left-decomposition)

= 0a + ab + ac (unit-coherence)

= ab + ac (left-coherence & local units).

Lastly, the final claim follows from the above, Lemma 4.20, and Lemma 4.15. ��

5 Axiomatizations for McCarthy algebras

5.1 MK-algebras

In [18], Konikowska gives a list if identities claimed to hold for the algebra M3.
Translated into our signature, we call this list Konikowska’s postulates, shown in the
figure below.5

5 In [18], the right-most term in axiom (A4′) contains a typo, there written [sic] (x ′ + y)y.
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Fig. 6 Konikowska’s postulates [18, p. 169] translated into our signature of i-ubands, recalling tx := x+x ′
and fx := x · x ′

We observe that Konikowska’s postulates include those for i-ubands: the identi-
ties (A7/A7′), (A9/A9′), and (A14/A14′) specify that the reducts 〈+, 0〉/〈·, 1〉 are
idempotent monoids; (A1) specifies that ′ is an involution; and finally (A2) and
(A13/A13′) specify that the reducts 〈+, ′, 0〉 and 〈·, ′, 1〉 are De Morgan dual, i.e.,
〈+, ′, 0〉 = 〈·, ′, 1〉∂ . Consequently, any identity (A#′) is the De Morgan dual of (A#).

This leads us to the following definition.

Definition 5.1 By a McCarthy-Konikowska algebra (MK-algebra) we refer to any
i-uband satisfying Konikowska’s postulates in Figure 6. ByMK we denote the variety
of MK-algebra.

Utilizing the results of the previous section, we provide the following reduced and
equivalent axiomatizations for the variety MK of MK-algebras.

Theorem 5.2 The variety of MK-algebras has an equational basis, relative to i-ubands,
given by:

(1) [Weak Distributivity] At least one of the following items:

(a) left-distributivity and left-decomposition, i.e., x(y+ z) ≈ xy+ xz and 1x y ≈
xy + x ′y;

(b) left-divisibility and right-orthodistributivity, i.e., xy ≈ x(x ′ + y) and (x +
x ′)y ≈ xy + x ′y;

(c) right-paradistributivity, i.e., (x + y)z ≈ xz + x ′yz.

(2) [Weak Absorption] At least one of the following items:

(a) left-bounded, i.e, 0 · x ≈ 0;
(b) left-absorption, i.e., x(x + y) ≈ x.

(3) [Weak Commutativity] At least one of the following items:

(a) local-unit commutativity, i.e., 1x · 1y ≈ 1y · 1x ;
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(b) local commutativity, i.e., 1x · yx ≈ 1y · xy;
(c) Any identity obtained from 3a or 3b by replacing any instance of a term 1z by

the term tz;
(d) wk-commutativity, i.e., xy + yx ≈ yx + xy.

Moreover, and in addition to each of the above, the following list of identities hold
for MK-algebras: left-regularity, locally-complemented, local units, unit-coherence,
left-coherence, left-orthocoherence, left-orthocommutativity, left-paracommutativity,
and dramatic conjugation.

Proof We begin by showing that any combination of the items above specifies the
same variety. First, observe that any i-uband satisfying item 1c also satisfies item 1b
by Lemma 4.13. Thus it suffices to only verify the claim for items 1a and 1b. Also,
observe that 2a and 2b are both satisfied in any left-distributive or left-divisible i-
uband satisfying either of them via Lemma 4.16 and Lemma 4.22, respectively. That
is, the assumption of either one of them specifies the same variety, so we may indicate
an assumption of either one of them simply by writing 2. Similarly, any i-uband
satisfying items 1a or 1b, all of the items 3a, 3b, and 3d hold iff any one of them hold
by Lemmas 4.20 and 4.24, respectively. Moreover, as any one of items 1a and 1b entail
locally-complemented, i.e., 1z ≈ tz , any instance of item 3c is equivalent either 3a or
3b; we may indicate as an assumption of any these items by writing 3.

On the one hand, assuming items 1a, 2, and 3 entails all the remaining identities
(in particular, item 1b and 1a) via Lemma 4.21. On the other hand, to establish that
items 1b, 2, and 3 suffice, we need only verify the identities in 1a, which is immediate
from Lemmas 4.16 and 4.24. This completes all the claims. That is, each collection
specifies the same variety; call it V.

Next, we show that V and MK coincide. We begin by showing V ⊆ MK, i.e., each
one of Konikowska’s postulates are satisfied in V. Recall that (A1), (A2), (A7/A7′),
(A9/A9′), (A14/A14′), and (A13/A13′) correspond to those of an i-uband.Moreover,
notice that (A4/A4′) is the combination of left-divisibility and left-paracommutativity,
(A5/A5′) is left-regularity, (A6/A6′) is left-absorption, (A8/A8′) is left-bounded,
(A15/A15′) is left-distributivity, and (A16/A16′) is right-paradistributivity. So we
need only check the validity of (A3), (A10), and (A11).

Since V is locally-complemented, the terms tx ,fx can be equivalently replaced
by 1x , 0x , respectively, in each identity. So (A3) follows from local commutativity,
(A11) from idempotency, and (A10) from unit-coherence (since tx ′ ≈ x ′ + x by
involutivity). Together, this establishes V ⊆ MK.

For the reverse inclusion, recall (A16) is right-paradistributivity and (A6) is left-
-absorption. Finally, (A3) is an instance of item 3b; i.e, replacing the term 1x by tx on
the left of local commutativity, and replacing 1y by ty on the right. Hence MK ⊆ V.
Therefore these varieties coincide. The fact that the remaining identities hold follows
from, e.g., Lemma 4.21. ��
Remark 5.3 Formanyof the axiomatizations above, the assumptionof being an i-uband
can be weakened to just a monoid with involution, i.e., idempotency may be dropped.
For instance, it follows simply from the left-absorption laws: x+x ≈ x+x(x+x) ≈ x .
Also it is garnered from left-divisibility, andhence also right-paradistributivity; indeed,
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on the one handwe have x ′+1 ≈ x ′+x1 ≈ x ′+x by (the dual form of) left-divisibility
and involutivity, and hence x · x ≈ x(x ′ + x) ≈ x(x ′ + 1) ≈ x · 1 ≈ x by a few
applications of divisibility. More surprisingly for right-paradistributivity, presented
as (x + y)z ≈ xz + x ′(yz), experiments with Prover9 [21] reveal that even the
assumption of associativity (as well as having a two-sided unit) can be recovered
when also in presence of left-absorption and either identity from item 3 (i.e., the base
condition is that of a left (or, instead, right) unital groupoid with involution). However,
verifying such results lies outside the scope of this paper.

Proposition 5.4 The algebra M3 is an MK-algebra. Consequently, the variety of MK-
algebras subsumes the variety of McCarthy algebras, i.e., M ⊆ MK.

Proof The algebra M3 is an i-uband (cf. Figure 4), is left-distributive by Propo-
sition 4.1, left-bounded by Proposition 4.17, satisfies local-unit commutativity by
Proposition 4.14, and satisfies left-decomposition byCorollary 4.11. HenceM3 ∈ MK,
and consequently M := V(M3) ⊆ MK. ��

The variety of MK-algebras generalizes that of Boolean algebras. Indeed, as 2
generates the variety of Boolean algebras, and 2 is a subalgebra of M3, from Propo-
sition 5.4 it follows that BA ⊆ MK. We now proceed to establish some equivalent
conditions for when an MK-algebra is actually Boolean.

Theorem 5.5 The following are equivalent for any MK-algebra A = 〈A,+, ·, ′, 0, 1〉:
(1) A is a Boolean Algebra.
(2) A is commutative.
(3) A satisfies right-distributivity; i.e., A |� (x+ y) · z ≈ xz+ yz [dually, (x · y)+ z ≈

(x + z) · (y + z)].
(4) A is right-bounded i.e., A |� x · 0 ≈ 0 [dually, x + 1 ≈ 1].
(5) A is orthocomplemented; i.e., A |� x · x ′ ≈ 0 [dually, x + x ′ ≈ 1].
(6) A satisfies right-absorption; i.e., A |� (x + y) · x ≈ x [dually, xy + x ≈ x].

Proof For the forward direction, first note that clearly 1⇒2 holds. Also, 2⇒3 holds
via left-distributivity, 4⇔5 holds since A is locally-complemented, and 4⇒6 follows
since

(a + b)a = aa + a′ba = a + 0a′b

via right-paradistributivity, idempotency, and dramatic conjugation, so (a + b)a = a
follows from the assumption x ·0 ≈ 0 since 0 is a unit for+. To complete the forward
direction, it suffices to verify 3⇒4. Indeed,

0 = 1 · 0 = (1+ a)0 (left-bounded)

= (1 · 0)+ (a · 0) (3: right-distributivity)

= a · 0 (def. of units),

thus A is right-bounded.
Towards the reverse implications, first observe that 6⇒4 since then 0 = (0 + a)0

and (0+a) = a0 since 0 is a unit for+. The implication 4⇒2 is a direct consequence
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of local commutativity, as right-bounded simply means 1x ≈ 1 holds. Therefore items
2–6 are all equivalent. So any one of them implies all of them, ensuring that A is a
distributive ortholattice, i.e., a Boolean algebra. This establishes all the equivalences.

��
Recall the relation ≤+ is defined via a ≤+ b iff a + b = b. While we may use

the relation corresponding to either operation, we prefer to work with the one for +.
Henceforth, we will abbreviate ≤+ simply by ≤. Recall from Proposition 2.2, ≤ is a
partial order for MK-algebras since they are left-regular.

Remark 5.6 Observe that for any a, b ∈ A, by left-absorption, a ≤ b implies a ·b = a
(indeed a · b = a · (a + b) = a). The converse is not true in general (e.g., in M3,
ε · x = ε, with x ∈ {0, 1} but ε � x).

Lemma 5.7 The following quasi-identities hold for MK-algebras:

x ≤ 0y ⇒ x = 0x and x ≤ x ′ ⇒ x = 0x .

Consequently, an MK-algebra can have at most one involution fixed-point e = e′.
Moreover, if e is an involution fixed-point then e = 0e = 1e and, for all x, 0x ≤ e and
ex = e = e + x.

Proof Let A be an MK-algebra and fix a, b ∈ A. On the one hand, if a ≤ 0b then
a · 0b = a by Remark 5.6. Hence, since 0b · 0 := b0 · 0 = b0 = 0b by idempotency,
we have

0a := a · 0 = (a · 0b) · 0 = a · (0b · 0) = a · 0b = a.

On the other hand, if a ≤ a′ then again by Remark 5.6, a ·a′ = a, but a ·a′ = 0a asA is
locally-complemented, hence a = 0a . Thus we have established both quasi-identities.

For the final claims: if e = e′, then e = e + e = e + e′ = e + 1 = 1e since it
is locally-complemented, and hence also e = e′ = 1e

′ = e′0 = e0 = 0e as it is a
fixed-point; so ex = e0x = e0 = e, and dually e+x = e+1+x = e+1 = e, for any
x as a consequence of being left-bounded. By invoking local-unit commutativity, we
find 0x + e = 0x + 0e = 0e+ 0x = e+ 0x = e. That e is the unique such fixed-point,
suppose f = f ′. Then also f = 1 f and f x = f . The former yields e f = f e by
local-unit commutativity, and thus from the latter e = e f = f e = f . ��
Remark 5.8 Observe that the final claims in Lemma 5.7 hold, more generally, for any
left-bounded locally-complemented i-uband satisfying local-unit commutativity.

Corollary 5.9 The trivial (one-element) i-uband is the only MK-algebra in which1 = 0.

Proof If 1 = 0 := 1′ in some A ∈ MK, then Lemma 5.7 yields a + 1 = 1 for all
a ∈ A, i.e., A is right-bounded. So from Theorem 5.5(4), A must be Boolean, but the
only Boolean algebra with 1 = 0 is the trivial one. ��
Corollary 5.10 The algebra M3 is the unique 3-element MK-algebra.
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Proof SupposeA ∈ MK has cardinality 3, and thus has 1 �= 0 by Corollary 5.9. AsA is
an i-uband with 1 �= 0, it must be one of the four algebras mentioned in Corollary 3.6.
But the algebras WK, SK, and M3

op each satisfy some identity from Theorem 5.5
(e.g., they all satisfy right-distributivity), but are not Boolean. Therefore A must be
isomorphic to M3. ��

5.2 Structure of MK-algebras

For an algebra A and set of pairs X ⊆ A× A, by CgA(X) we denote the congruence
on A generated by X , i.e., the least congruence θ on A containing each pair from X .
For singleton sets X = {(a, b)}, we simply write CgA(a, b) to denote CgA(X).

Call a relation R ⊆ A × A term-defined if there exists a unary term t(x) in the
language of A so that, for each a, b ∈ A, (a, b) ∈ R iff t(a) = t(b) holds in A. It
is clear then that term-defined relations are equivalence relations, thus a term-defined
relation R is a congruence on A if and only if R is compatible with the operations of
A.

For the remainder of this (sub)section, let us fix anMK-algebraA=〈A,+, ·, ′, 0, 1〉.
Proposition 5.11 For fixed a ∈ A, let ∼a denote the congruence on A generated by
the pair (a, 1), i.e., ∼a := CgA(a, 1). Then for all x, y ∈ A,

x ∼a y ⇐⇒ a · x = a · y.

Moreover, ∼a coincides with the congruence CgA(a′, 0).

Proof On the one hand, it is immediate that ax = ay yields x ∼a y, as x = 1 · x ∼a

ax = ay ∼a 1 · y = y, where a ∼a 1 by definition. For the other implication,
let us first show that the relation θa over A, defined via x θa y iff ax = ay, is a
congruence. That θa is an equivalence relation is immediate since θa is term-defined.
The fact that θa is compatible with the operations is a consequence of left-divisibility
and left-regularity. Indeed, if ax = ay, then the DeMorgan laws give a′+x ′ = a′+ y′,
whence left-divisibility yields ax ′ = a(a′ + x ′) = a(a′ + y′) = ay′; on the other
hand, if also au = av, then left-regularity yields aux = auax = avay = avy. So
it suffices to verify ∼a ⊆ θa . By definition, ∼a is the congruence generated from the
pair (a, 1), and as A is an idempotent monoid, aa = a = a1 giving a θa 1; hence
∼a ⊆ θa . The final claim follows since ′ is an involution and 0 = 1′. ��

Recall that a ≤ b iff a+ b = b. As a consequence of local-unit commutativity, the
following is immediate.

Proposition 5.12 The relation ≤ restricted to the subset A · 0 := {0a : a ∈ A} is a
join-semilattice order with least element 0, where the join ∨ is the restriction of + to
the set A · 0.

Proof The operation∨ is idempotent since+ is; commutative sinceA satisfies local-u-
nit commutativity, i.e., 0x + 0y ≈ 0y + 0x ; and 0 is the least element since it is the
unit for +. ��
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In light of the above Proposition 5.12, we present the following definitions.

Definition 5.13 ByIAwedenote the semilattice 〈A·0,∨, 0〉, and call it the semilattice
skeleton of A.

Note that, by definition, i ∈ IA iff i = 0a for some a ∈ A; in particular, i = 0i .
Often we will use the notation i when referring to it as a member of a semilattice,
while when referring to it as a member of the algebra A, we will use the notation 0i .
In this way, we use 1i to denote the element 0i + 1 (see Remark 4.19).

Remark 5.14 Using this notation, we note that 0i∨ j = 0i + 0 j and 1i∨ j = 1i1 j , for
any i, j ∈ IA.
Definition 5.15 For each i ∈ IA, we define the congruence ⇑i = CgA(1i , 1). As
a consequence of Proposition 5.11, note also that ⇑i := CgA(0i , 0) and for each
x, y ∈ A:

x ⇑i y ⇐⇒ 1i x = 1i y ⇐⇒ 0i + x = 0i + y

Remark 5.16 ⇑i ⊆ ⇑ j whenever i ≤ j ; indeed, 0 j +0 = 0 j = 0 j∨i = 0 j +0i , hence
(0i , 0) ∈ ⇑ j .

For a partially ordered set 〈P,≤〉, a principal upset is a subset {x ∈ P : a ≤ x}
for some fixed element a ∈ P , here denoted by ↑a. The following is immediate from
the definitions above and the Homomorphism Theorems (cf., [22, Thm. 1.16]).

Theorem 5.17 For each i ∈ IA, the structure (with operations +, ·, ′ the restriction
of those from A)

Ai := 〈↑0i ,+, ·, ′, 0i , 1i 〉
is an MK-algebra with Ai ∼= A/⇑i , and hi : x �→ 0i + x is the homomorphism from
A onto Ai with ker hi = ⇑i .

Corollary 5.18 The congruence ⇑i is the identity only when i = 0, i.e., ⇑i = �A iff
i = 0.

Next, we show that multiplication is generally compatible with the order ≤.
Proposition 5.19 The relation ≤ is a partial order for any MK-algebra. Moreover,
multiplication is order-preserving, i.e., MK-algebras satisfy the quasi-identity x ≤
u & y ≤ v ⇒ xy ≤ uv.

Proof That the relation ≤ is a partial order follows from left-regularity (see Theo-
rem 5.2) and Proposition 2.2. To verify that multiplication is compatible with the
order, let us suppose x ≤ u and y ≤ v, i.e., x + u = u and y + v = v, in some
MK-algebra. Utilizing Theorem 5.2, we observe:

xy + uv = xy + (x + u)v (x ≤ u)

= xy + xv + x ′uv (right-paradistributivity)

= x(y + v)+ x ′uv (left-distributivity)
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= xv + x ′uv (y ≤ v)

= (x + u)v (right-paradistributivity)

= uv (x ≤ u).

��
Remark 5.20 The identity x1y ≤ 1y x holds in every MK-algebra. Indeed, since x ≤
1x , using the order preservation of multiplication, we have x1y = x ·1y x ≤ 1y ·1y x =
1y1x x = 1y x by left-regularity, local-unit commutativity, and local units.

For a partially ordered set 〈P,≤〉, a principal downset is a subset {x ∈ P : x ≤ b}
for fixed b ∈ P , here denoted by ↓b. For a, b ∈ P , the set [a, b] := ↑a ∩↓b is called
an interval. Note that, if P has a least element 0, then ↓b = [0, b].
Proposition 5.21 MK-algebras satisfy the following quasi-identity: x ≤ u & y ≤
u ⇒ x + y = y + x. Consequently, any (nonempty) interval from an MK-algebra
forms a bounded semilattice with respect to addition and, moreover, is multiplicatively
closed with its greatest element a multiplicative right-unit.

Proof Fix b ∈ A. By Remark 5.6 x ≤ b implies xb = x(x + b) = x , that is, b is
a multiplicative right-unit in ↓b. To verify the quasi-identity, suppose x, y ∈ ↓b. By
Remark 5.6, xb = x and yb = y. First, we observe:

x + y = x ′y + x (left-paracommutativity)

= x ′y + xb (Remark 5.6)

= x ′y + x(y + b) (y ≤ b)

= x ′y + xy + xb (left-distributivity)

= 1x y + xb (left-decomposition)

= 1x y + x (Remark 5.6)

= 0x + y + x (left-coherence).

Hence (i) x+ y = 0x + y+ x , and thus symmetrically (ii) y+ x = 0y+ x+ y. Putting
these together,

x + y = 0x + y + x (i)

= 0x + 0y + x + y (ii)

= 0y + 0x + x + y (local-unit commutativity)

= 0y + x + y (local units)

= y + x (ii).

Hence the quasi-identity holds. Consequently, the operation + is commutative in any
principal downset, and hence, hereditarily, in any nonempty subinterval [a, b]. That
[a, b] is closed under+ is generally true for any idempotent operation+with relation
≤+. That [a, b] is closed under multiplication is immediate from Proposition 5.19 and
idempotency. That b is a right-unit was already established. ��
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Corollary 5.22 There is a largest Boolean subalgebra of A and its universe is the
interval [0, 1].
Proof Note that any subalgebra B of an MK-algebra A must contain 1, and as B is
itself an MK-algebra, it is Boolean iff it is right-bounded by Theorem 5.5, i.e., 1 is
the greatest element with respect to ≤. The largest such subset of A is the interval
[0, 1], which is equivalent to the downset ↓1. That [0, 1] is closed under multiplication
follows Proposition 5.21. That [0, 1] is closed under ′ follows from unit-coherence;
i.e., x ∈ [0, 1] iff x ≤ 1 iff 1x := x + 1 = 1, so x ′ + 1 = 1x ′ = 1x = 1. ��

Let us call the subalgebra [0, 1] the principal Boolean component of an MK-
algebra A.

Definition 5.23 By a fiber of A we refer to a structure

Bi = 〈Bi ,+, ·, ′, 0i , 1i 〉,

where i ∈ IA, Bi is the interval [0i , 1i ], and whose operations {+, ·, ′} are those of A
restricted to Bi . In this way, the principal Boolean component of A is the fiber B0.

Theorem 5.24 The following hold:

(1) For each i ∈ IA, the fiber Bi is the principal Boolean component of Ai .
(2) For each i ∈ IA, Bi = {a ∈ A : 0a = 0i }.
(3) A is a disjoint union of the intervals Bi , i.e., A = ⋃

i∈IA
Bi , and Bi ∩ B j = ∅ for

distinct i, j ∈ IA.

Proof The first item is a direct consequence of Theorem 5.17 and Corollary 5.22.
For the second item, for one inclusion fix a ∈ Bi . So 0i ≤ a ≤ 1i which implies
0i ·0 ≤ a ·0 ≤ 1i ·0 via Proposition 5.19, but this yields 0i ≤ 0a ≤ 0i by (left-bounded)
and Remark 4.19 (i.e., the 01x ≈ 0x holds). Since ≤ is antisymmetric, it follows that
0a = 0i . The reverse inclusion is immediate from the dual version Remark 4.19 (i.e.,
10x ≈ 1x holds). The last claim is immediate from the second; i.e., each element is
contained in the set Bi where 0a = 0i , and if a ∈ Bi ∩ B j then i = j as 0i = 0 j

would follow. ��

5.3 Completeness with McCarthy algebras

In this section, we prove that the varietyMK coincides with the varietyM of McCarthy
algebras, therefore providing a finite equational basis forMcCarthy algebras via Theo-
rem 5.2.We note that an equational basis for the varietyM is provided in [13, Cor. 2.7].
In fact, their basis is subsumed by the identities listed in Theorem 5.2, and hence it
follows thatMK ⊆ M by the results of [13]. Therefore, by Proposition 5.4, it is imme-
diate that MK = M. However, for the sake of being self-contained, we prove this fact
directly.

Lemma 5.25 If A is a subdirectly irreducible MK-algebra, then B0 ∼= 2.
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Proof First note that 1 �= 0 as otherwise A would be trivial (Corollary 5.9) and thus
not subdirectly irreducible. Fix a ∈ B0 and consider the congruence θ := ∼a ∩ ∼a′ .
We claim θ = �A. Indeed, if x θ y then ax = ay and a′x = a′y by Proposition 5.11.
Since a ∈ B0, it must be that 1a = 1, so by (left-decomposition)

x = 1 · x = 1a x = ax + a′x = ay + a′y = 1a y = 1 · y = y.

Since A is subdirectly irreducible, either ∼a = �A or ∼a′ = �A. Consequently,
either a = 1 or a = 0. Since a is an arbitrary member of B0 and 1 �= 0, it follows that
B0 ∼= 2. ��
Lemma 5.26 Suppose A is an MK-algebra such that B0 ∼= 2. Then the map f : A →
M3 defined via

f (x) :=
{

x if x ∈ B0,

ε otherwise.

is a homomorphism from A to M3. Consequently, ker f = �A∪(E×E) = CgA(E×
E), where E := A \ B0.

Proof Let a, b ∈ A with a ∈ Bi and b ∈ B j for some i, j ∈ IA. As a′ ∈ Bi holds
from Definition 5.23(1), it follows that f (a′) = f (a)′. For multiplication, note that
the claim obviously holds if a = 1 as f (1) = 1 and 1 · b = b �→ f (b) = 1 · f (b) =
f (1) · f (b); so we will assume a �= 1. Also, the claim is easily verified when a = 0 as
0 · b = 0 �→ 0 = 0 · f (b) = f (0) · f (b); so we will assume a �= 0. Since B0 ∼= 2 and
we have assumed a /∈ {0, 1}, it must be that i �= 0, and hence f (a) = ε by definition
of the function f . But ε · x = ε for any x ∈ M3, hence f (a) · f (b) = ε · f (b) = ε,
so it suffices to show that ab /∈ B0. Indeed, multiplication is order-preserving by
Proposition 5.19, and 0a = 0i by Theorem 5.24(2), so

0i = a · 0 ≤ a · b,

and ab ∈ Ai by Theorem 5.17. Since i > 0, it follows that ab /∈ B0, and hence
f (ab) = ε. Therefore f is a homomorphism. The final claim is immediate by the
definition of f . ��
Theorem 5.27 The only subdirectly irreducible MK-algebras are 2 and M3.

Proof It is easily verified that 2 and M3 are simple (i.e., contain exactly two distinct
congruences) and thus subdirectly irreducible, and they are members ofMK by Propo-
sition 5.4. So letA be subdirectly irreducible and supposeA � 2. In order to show that
A ∼=M3, by Corollary 5.10 it is enough to verify |A| = 3, or equivalently, thatB0 ∼= 2
and the set E := A\B0 is a singleton. AsA is subdirectly irreducible,B0 ∼= 2 is imme-
diate from Lemma 5.25. Moreover, as A � 2 by assumption, it must be that E �= ∅.
So,A ∼=M3 iff |E | = 1 iff |E×E | = 1 iff the congruence≡E := CgA(E×E) = �A.
SinceA is subdirectly irreducible, we have that≡E = �A iff there exist a congruence
⇑ �= �A with ⇑ ∩ ≡E = �A. So we may focus on establishing the latter condition.
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For ⇑ we take the congruence
⋂{⇑i : i ∈ IE }, where IE := IA \ {0} and

⇑i := CgA(0, 0i ). By Corollary 5.18, ⇑i �= �A for each i ∈ IE . Since A is sub-
directly irreducible, it therefore follows that ⇑ �= �A, as desired. Also, note that as a
consequence of Definition 5.15 (i.e., Proposition 5.11) we have:

x ⇑ y ⇐⇒ 1e · x = 1e · y for all e ∈ E . (2)

So it suffices to verify⇑∩≡E = �A. Let a, b ∈ A be such that a ⇑ b and a ≡E b;
we must show a = b. Since B0 ∼= 2, from Lemma 5.26 we have a ≡E b iff a = b or
a, b ∈ E , so we may assume a, b ∈ E . As ⇑ is a congruence, 1x := x + 1, and a ⇑ b,
we have 1a ⇑ 1b. So from (2) and idempotency, a ∈ E implies 1a = 1a ·1a = 1a ·1b.
By the same argument, b ∈ E implies 1b = 1b1a . Thus a, b ∈ E yields 1a = 1b by
local-unit commutativity, and so a = 1aa = 1ab = 1bb = b by local units and (2).
Consequently, ⇑ ∩ ≡E = �A. Therefore A ∼=M3. ��

As every variety of algebras is generated by its subdirectly irreducible members,
and 2 is a subalgebra of M3, we immediately obtain the following as a corollary to
Theorem 5.27.

Corollary 5.28 The variety MK of MK-algebras is generated by the algebra M3.

Theorem 5.29 (Completeness) The variety M of McCarthy algebras coincides with
MK, and is therefore equationally based by any of the equivalent presentations in
Theorem 5.2.

Consequently, every proposition established above for MK-algebras holds for
McCarthy algebras. In particular, the only McCarthy algebra in which 1 = 1′ is
the trivial algebra from Corollary 5.9, and from Theorem 5.27 the only proper and
non-trivial subvariety of M is BA.

Corollary 5.30 McCarthy algebras form a subclassical variety of i-ubands, and cover
Boolean algebras in the lattice of subvarieties of i-ubands.

As the algebra M3
op is simply the mirror of M3, we obtain the following for the

variety Mop := V(M3
op).

Corollary 5.31 The variety Mop is equationally based by swapping any “left/right”
identity with the corresponding “right/left” identity in Theorem 5.2, and where 1x :=
1 + x and 0x := 0 · x. Consequently, this variety is also subclassical and forms a
cover of Boolean algebras in the lattice of subvarieties of i-ubands.

6 The semilattice decomposition of McCarthy algebras

We now aim to establish a semilattice decomposition theorem for McCarthy algebras.
It is well known that several classes (not necessarily varieties) of semigroups admit
semilattice decomposition theorems: the most prominent examples include Clifford
semigroups (which are semilattices of groups) [9, 23], bands (semilattices of rectangu-
lar bands) [9] and commutative semigroups (semilattices of archimedean semigroups)
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[27]. We refer the interested reader to [25, 26] for a general (universal) algebraic
overview of this kind of decomposition theorem. Despite providing a semilattice
decomposition theorem below, our result turns out to be slightly different to the cases
mentioned above, as we will briefly explain. In order to introduce the decomposition,
recall that a semilattice direct system of algebras of type τ is a triple 〈I,A,P〉where
(i) I = 〈I ,≤〉 is a semilattice; (ii) A = {Ai }i∈I is a family of algebras with disjoint
universes and similar type τ ; and (iii)P is a family of homomorphisms pi j : Ai → A j ,
for any i ≤ j , such that pii is the identity map on Ai and p jk ◦ pi j = pik whenever
i ≤ j ≤ k. We say an algebra A of type τ decomposes into an SDS 〈I,B,P〉 of type
τ if A =⋃B and for each n-ary operation f ∈ τ , f A�Bn

i = f Bi .

Theorem 6.1 (Semilattice Decomposition) Each McCarthy algebra A decomposes
into an SDS of Boolean algebras 〈IA,BA,PA〉, where

(1) IA is the semilattice skeleton of A (see Definition 5.13);
(2) BA is the set of fibers of A (see Definition 5.23);
(3) PA is the set of homomorphisms pi j := h j�Bi : Bi → B j for i ≤ j in IA (see

Theorem 5.17).

Proof The set IA is a semilattice by Proposition 5.12 and the universe of A is the
disjoint union of its Boolean fibers by Theorem 5.24. Lastly, we must establish that
pii = idBi , p jk ◦ pi j = pik whenever i ≤ j ≤ k, and the map pi j is a Boolean algebra
homomorphism from Bi to B j . For the first claim, let x ∈ Bi . Then pii = hi (x) =
1i x = 1x x = x by Theorem 5.17, Theorem 5.24(2), and local units. So pii = idBi .
Next, suppose i ≤ j ≤ k. Then p jk ◦ pi j = pik , as for each x ∈ Bi ,

(p jk ◦ pi j )(x) = p jk(0 j + x) = 0k+0 j + x = 0k∨ j + x = 0k+ x = hk(x) = pik(x).

Lastly, suppose i ≤ j . The fact that pi j is a homomorphism from Bi to B j essen-
tially follows from Theorem 5.17 and the Second Isomorphism Theorem (cf. [22,
Thm. 4.10]). Indeed, we have that hi maps A surjectively onto Ai and, as i ≤ j ,
we have ker hi = ⇑i ⊆ ⇑ j = ker h j (see Remark 5.16). So there exists a unique
homomorphism g : Ai → A j satisfying h j = g ◦ hi .

A A j

Ai

h j

hi
g (ker hi ⊆ ker h j )

So pi j := h j�Bi = (g◦hi )�Bi = g◦(hi�Bi ) = g◦idBi . Thus pi j is a homomorphism
as it is a composition of them. That the range pi j [Bi ] ⊆ B j follows from the fact
that homomorphisms must map constants to constants (i.e., 1i �→ 1 j ) and, since
Bi = [0i , 1i ] then, for every x ∈ Bi , we have that pi j (x) ∈ [0 j , 1 j ] = B j . Hence pi j is
a homomorphism fromBi toB j . It is clear then thatA decomposes into 〈IA,BA,PA〉.

��
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The semilattice decomposition result stated above essentially differs from the pre-
viously recalled ones (for Clifford semigroups, bands and commutative semigroups):
indeed, the latter are examples of a general construction known as semilattice sum
(see [25, 26]), where the indexing semilattice, called the semilattice replica, can be
obtained as a quotient of the starting algebra modulo an opportune congruence. How-
ever, it is not difficult to check that the semilattice skeleton of any McCarthy algebra
A is, in general, not a quotient of A (another example of a semilattice decomposition
which is not a semilattice sum can be found in [4, Prop. 9]).6

Remark 6.2 Semilattice direct systems are usually related to the theory of Płonka
sums. Despite the fact that the introduction of this theory goes beyond the purpose
of the present work (standard references include [6, 24, 25]), we can simply say
that, roughly speaking, the Płonka sum allows one to (re)construct an algebra starting
from a semilattice direct system of (similar) algebras (by taking the disjoint union
of the universes of the fibers and opportunely define operations via homomorphisms
connecting the fibers). It is not difficult to see that the Płonka sum cannot be used
to obtain a McCarthy algebra starting from a direct system of Boolean algebras (one
reason is that the variety whose members are Płonka sums of Boolean algebras is the
variety of involutive bisemilattices [5], another is that the variety of M of McCarthy
algebra satisfy strongly irregular identities, e.g., left-absorption). Moreover, also the
reconstruction of algebras out of a semilattice sumholds in general for regular varieties
[26], i.e., varieties satisfying regular identities only (ϕ ≈ ψ where ϕ and ψ are
terms where exactly the same variables appear). For these reasons, it makes sense to
introduce a suitable construction in order to recover a McCarthy algebra starting from
a semilattice direct system of Boolean algebras. We address this problem in future
work.

6.1 McCarthy algebras with 2-element fibers

In this section, we show how to obtain a McCarthy algebra from an arbitrary ⊥-
semilattice (i.e., a semilattice with least element ⊥).

Fix I = 〈I,∨,⊥〉 a⊥-semilattice. For each i ∈ I, let Bi be a copy of the 2-element
Boolean algebra with universe Bi = {0i , 1i }. Let I[2] := ⋃

i∈I Bi be their disjoint
union. We will show that I[2] is the universe of some McCarthy algebra I[2] whose
semilattice skeleton is isomorphic to I.

Before defining the operations of I[2], we adopt a notational convenience. For each
i ∈ I, let (_)i denote the isomorphism from 2→ Bi . In this way, it obvious then that
z ∈ I[2] iff z ∈ Bi for some i ∈ I iff z = xi := (x)i for some x ∈ {0, 1} and i ∈ I[2].
Additionally, let us define the function • : I[2] × I→ I via

xi• j =
{

i if x = 0
i ∨ j if x = 1

6 Using Corollary 5.9, it is readily verified that the semilattice skeleton IA is obtained as a quotient of a
McCarthy algebra A, in the sense of [26], iff IA is the trivial semilattice, i.e., that A is a Boolean algebra.
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For the sake of discernment in what follows, we denote the signature of 2 using the
symbols ∨,∧,¬, 0, 1.

By I[2] let us denote the algebra 〈I[2], ·, ′, 1⊥〉, where operations ′ and · are defined
via

xi
′ := (¬x)i

xi · y j := (x ∧ y)xi• j

where xi , y j ∈ I[2]. In other words, xi · y j takes value 0i if x = 0, else yi∨ j if x = 1.
It is not difficult to see that the following holds:

xi•(y j•k) = (xi · y j )•k. (3)

Indeed, if x = 0 then both expressions take value i (as 0i y j = 0i ); if x = 1 and y = 0
then both expressions take value i ∨ j (as 1i0 j = 0i∨ j ); else x = y = 1 and both
expressions take value i ∨ j ∨ k (as 1i1 j = 1i∨ j ).

It is also easy to see that I[2] is a unital i-groupoid. Indeed, that 1⊥ is a two-sided
unit for · is immediate since ⊥ is the least element in I and 1 is a unit for ∧, while ′
is an involution over I[2] since ¬ is an involution. Moreover, 0⊥ = 1⊥′ and the De
Morgan dual + for · is computed via

xi + y j = (x ∨ y)xi
′• j

i.e., xi + y j takes value yi∨ j if x = 0, else 1i if x = 1. Hence 1xi := xi + 1⊥ = 1i

and 0xi = xi · 0⊥ = 0i .

Proposition 6.3 I[2] is a McCarthy algebra for any ⊥-semilattice I = 〈I,∨,⊥〉.
Proof For what follows, let xi , y j , zk ∈ I[2]; i.e., fix i, j, k ∈ I and x, y, z ∈ {0, 1}.
First we show that I[2] is an i-uband. As described above, it is clear that I[2] is a unital
i-groupoid. That · is associative is nearly immediate from eq. (3). Indeed, from the
definition of ·, observe that

xi · y j zk = xi · (y ∧ z)y j•k = (x ∧ y ∧ z)xi•(y j•k)

and xi y j · zk = (x ∧ y)xi• j · zk = (x ∧ y ∧ z)xi y j•k
and thus xi · y j zk = xi y j · zk since xi•(y j•k) = xi y j•k. That · is idempotent is
immediate since xi•i = i and ∧ is idempotent. Hence I[2] is an i-uband.

To show I[2] is a McCarthy algebra, we show it satisfies items 1b, 2a and 3a from
Theorem 5.2. Item 3a (local-unit commutativity) holds since 1xi 1y j = 1i1 j = 1i∨ j =
1 j1i = 1y j 1xi . Item 2a (left-bounded) holds since 0⊥ · xi = 0⊥ by definition. For
item 1b, we must verify that left-divisibility and left-decomposition hold. The former
is nearly immediate from eq. (3), idempotency, and the fact that it holds in Boolean
algebras:

xi · (xi
′ + y j ) = xi · (¬x ∨ y)xi• j = (x ∧ (¬x ∨ y))xi•(xi• j) = (x ∧ y)xi• j = xi · y j .
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Lastly, for left-decomposition, first observe that (xi + xi
′)y j = 1i · y j = yi∨ j , while

xi y j + xi
′y j =

{
(for x = 0) 0i y j + 1i y j = 0i + yi∨ j = yi∨(i∨ j) = yi∨ j

(for x = 1) 1i y j + 0i y j = yi∨ j + 0i = y(i∨ j)∨i = yi∨ j

completing our claim. Therefore I[2] is a McCarthy algebra. ��
Corollary 6.4 Every ⊥-semilattice appears as the semilattice skeleton of some
McCarthy algebra.

For a⊥-semilatticeI, letI" be the semilattice obtained by adding a greatest element
". It is not difficult to see that the relation ≡" := �I" ∪ (B" × B") is a congruence
over I"[2]. Indeed, ≡" is clearly an equivalence relation that is compatible with the
involution ′. That it is compatible with multiplication holds since, for each i ≤ "
and x, y ∈ {0, 1}, x" · y ∈ B", 0i · x" = 0i , and 1i · x" = x" ∈ B". Defining
I[2]ε := I[2]/≡" and ε := [0"]≡" = {0", 1"}, we obtain the following.

Proposition 6.5 For any⊥-semilattice I, I[2]ε is a McCarthy algebra with semilattice
skeleton I", where B" = {ε} and Bi ∼= 2 for each i ∈ I.

6.2 CharacterizingMcCarthy algebras as decorated posets

Fix a McCarthy algebra A. Recall that A := 〈A,≤〉 is a poset, where ≤ := ≤+; call
A the induced poset of A. We will call 〈A, I〉 the s	-decorated poset of A, where
I := IA = {x ∈ A : x = x · 0} is the semilattice skeleton of A. In this section, we
show that the operations of aMcCarthy algebra are fully determined by its s	-decorated
poset, in the sense that the operations are expressible in the first-order theory of posets
with an additional unary predicate (whose interpretation is membership in the set I).

We first verify that the least upper bound of two elements i, j ∈ I exists in A,
and coincides with the element i ∨ j ∈ I (where we recall that the operation ∨ is the
restriction of + to I).
Lemma 6.6 For i, j ∈ I, the element i ∨ j ∈ I is the least upper bound of i and j in
A.

Proof By Lemma 5.7, the set I is a convex set in A; i.e., if i, j ∈ I with i ≤ j , then
[i, j] := {x ∈ A : i ≤ x ≤ j} ⊆ I. Since 〈I,∨〉 is a semilattice, where ∨ is the
restriction of + to I, and ≤ := ≤+, the claim follows. ��

In this way, there is no harm in using the same symbol ∨ (join) for least upper
bounds in A, when they exist. Similarly, we use the symbol ∧ (meet) to denote the
greatest lower bound in A, when they exist. We recall from Theorem 5.24 that an
interval [0i , 1i ] is the universe of a Boolean algebra whose additive/join operation
is the restriction of +, and hence the subposet 〈[0i , 1 j ],≤〉 is a Boolean lattice. The
following is therefore immediate.

Lemma 6.7 Meets and joins between elements in a fiber Bi exist in A and coincide
with the products and sums, respectively, in Bi .
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First we show that the involution ′ is expressible in 〈A, I〉 by showing that the term
operations 0x := x · 0 and 1x := x + 1 are, and thus also membership in a Boolean
fiber.

Lemma 6.8 Let x ∈ A. Then 0x = max{i ∈ I : i ≤ x} and 1x = max{y ∈ A : 0y =
0x }. Consequently, x ′ = max{y ∈ [0x , 1x ] : x ∧ y = 0x }.
Proof Let X = {i ∈ I : i ≤ x}. That 0x ∈ X follows by local units, and if i ∈ X
then i = i · 0 ≤ x · 0 = 0x . Hence 0x = max X . For the second claim, let Y = {y ∈
A : 0y = 0x }. By Theorem 5.24(2), Y = Bi = [0i , 1i ] where i = 0x , and Bi is a
Boolean algebra. Since 1i = 1x , it follows that 1x = max Y . Lastly, as the negation
of an element a in a Boolean lattice is the largest element whose meet with a is the
bottom, we have x ′ = max{y ∈ Bi : x · y = 0i }, and by Lemma 6.7, the final claim
follows. ��

Towards establishing · is expressible in 〈A, I〉, we adopt the following notational
convenience. Define • : A × IA → IA via a•i := a · 0i . As we see below, the
function • behaves as an “action” of A on the semilattice IA. We remind the reader
that multiplication is order-preserving (Proposition 5.19).

Lemma 6.9 For x, y ∈ A and i, j ∈ I, with i := 0x and j := 0y , xy ∈ Bx• j and
x•i = i ≤ x• j ≤ i ∨ j . Moreover, for k ∈ I, x•(y•k) = xy•k and x•( j ∨ k) =
x• j ∨ x•k.

Proof Recall from Theorem 5.24(2), x ∈ Bk iff 0x = 0k . So xy ∈ Bx• j since 0xy =
xy · 0 = x · 0y = x · 0 j = 0x• j , as j = 0y . Since i = 0x , it is clear that x•i = i by
idempotency. That x• j ∈ [i, i ∨ j] is nearly immediate from the order-preservation of
·. Indeed, as 0 ≤ 0y and x ≤ 1x always hold in i-ubands, we have 0x = x ·0 ≤ x ·0y ≤
1x · 0y = 0x + 0y , where the final inequality is an instance of left-coherence; i.e., i ≤
x• j ≤ i ∨ j . The final two claims follow from associativity of · and left-distributivity,
respectively. ��
Lemma 6.10 Let x ∈ A, j ∈ I, and set i := 0x ∈ I. Then x• j = max{k ∈ I : i ≤
k ≤ i ∨ j and x ′ ≤ 1k}.
Proof Set X := {k ∈ [i, i ∨ j] : x ′ ≤ 1k}. First we show x• j ∈ X . From Lemma 6.9,
we have x• j ∈ [i, i ∨ j] and x1 j ∈ Bx• j . As fibers are closed under ′, the latter yields
also x ′ + 0 j = (x1 j )

′ ∈ Bx• j , in particular, x ′ + 0 j ≤ 1x• j . So x ′ ≤ x ′ + 0 j ≤ 1x• j ,
thus x• j ∈ X . Finally, we show k ≤ x• j for any k ∈ X . Notice that x ′ ≤ 1k iff
x · 0k = 0k , i.e., iff x•k = k. So for k ∈ X , from fact that k ≤ i ∨ j , the above
observations, and Lemma 6.9 yield k = x•k ≤ x•k ∨ x•(i ∨ j) = x•(k ∨ i ∨ j) =
x•(i ∨ j) = x•i ∨ x• j = i ∨ x• j = x• j . ��
Lemma 6.11 Let x, y ∈ A, and set i := 0x and j := 0y . Then x ′ ∨ 0x• j exists and
coincides with the element x ′ +0y ∈ Bx• j . Consequently, x1y = (x ′ ∨ 0x• j )

′ ∈ Bx• j .

Proof Since+ restricted to ↓1x• j is a join-semilattice, the element x ′+0x• j is the join
of x ′ and 0x• j , since x ′, 0x• j ≤ 1x• j . Thus x ′+0x• j = x ′+0x• j = x ′+x0 j = x ′+0 j ,
where the last equality holds by left-divisibility, and so we locate x1 j by taking its
negation. ��
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Fig. 7 Locating a product a · b in the s	-decorated poset of A. A node ◦ indicates membership in IA

Lemma 6.12 For i, j ∈ I and x ∈ Bi , x1 j∨0i∨ j exists and coincides with the element
1 j x ∈ Bi∨ j .

Proof First, note that x1 j ≤ 1 j x holds via Remark 5.20. Now, 1 j x ∈ Bi∨ j since
1 j · i = i ∨ j , and thus 0i∨ j ≤ 1 j a as well. Thus 1 j x is an upper bound for x1 j and
0i∨ j . Suppose let c be any other upper bound, and note that 0 j ≤ c since j ≤ i ∨ j .
Then using left-regularity, left-coherence, and x1 j ≤ c, wefind 1 j x+c = 1 j a1 j+c =
0 j + x1 j + c = 0 j + c = c. Hence 1 j x ≤ c. ��
Lemma 6.13 For a, b ∈ A, a1b ∧ 1bab and a1b ∧ 1ab exists and both coincide with
a · b.

Proof First we verify ab ≤ a1 j , 1 j ab. Indeed, ab ≤ a1 j since b ≤ 1 j , and thus using
unit-coherence, left-regularity, and Remark 5.20 we find ab = a1i b1 j = a1i b1i1 j =
ab1i∨ j ≤ 1i∨ j ab = 1 j ab. Also, as a ≤ 1i , we note that 1 j ab = 1 j1i b = 1i1 j b =
1i b using local-unit commutativity and local units. Now, suppose c ≤ a1 j , 1i b.
Observing first that ab = a1i1 j b = a1 j1i b by local units and local-unit commu-
tativity, we find c+ ab = c+ (a1 j · 1i b) = (c+ a1 j )(c+ 1i b) = a1 j · 1i b = ab by
left-distributivity. ��
Remark 6.14 Locating a ·b in the s	-decorated poset, as depicted in Figure 7, therefore
proceeds as follows:

(1) Locate the elements 0i , a′ ∈ Bi and 0 j , b′ ∈ B j . (See Lemma 6.8)
(2) Having found 0i , 0 j , locate the element 0i∨ j = 0i ∨ 0 j ∈ Bi∨ j . (See Lemma 6.6)
(3) Having found 0i and 0i∨ j , locate 0a• j ∈ Ba• j , and similarly find 0b•i ∈ Bb•i . (See

Lemma 6.10)
(4) From a′ and 0a• j , locate a1 j = (a′ ∨ 0a• j )

′ ∈ Ba• j , and similarly find b1i ∈ Bb•i .
(See Lemma 6.11)

(5) From b1i and 0i∨ j , locate 1i b = b1i ∨ 0i∨ j ∈ Bi∨ j . (See Lemma 6.12)
(6) The product ab ∈ Ba• j is the meet of a1 j ∈ Ba• j and 1 j b ∈ Bi∨ j . (See

Lemma 6.13)

Theorem 6.15 A McCarthy algebra is fully determined by its s	-decorated poset.

Proof The involution ′ is expressible via Lemma6.8, and as 0 (= 1′) is the least element
in any McCarthy algebra, so too is the constant 1. Multiplication · is expressible by
the steps in Remark 6.14. ��
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Table 1 The Fine Specturum for McCarthy algebras of cardinality n = 1, . . . , 14. 14

n = 1 2 3 4 5 6 7 8 9 10 11 12 13 14

# of models 1 1 1 2 1 3 2 6 6 12 16 35 56 111

Fig. 8 All McCarthy algebras up to size 10. Each model A is presented by its induced s	-decorated poset,
where the nodes decorated by◦ indicatemembership inIA, and the operations are computedviaRemark6.14

Call two s	-decorated posets 〈A1, I1〉 and 〈A2, I2〉 isomorphic if there is an order-
isomorphism φ : A1 → A2 such that the restriction φ�I1 is a bijection onto I2.
Corollary 6.16 Two McCarthy algebras are isomorphic iff their s	-decorated posets
are isomorphic.

Proof The forward direction is immediate from the fact the x ≤ y iff x+y = y, and x ∈
I iff x = x ·0. The reverse direction holds since order-isomorphisms preserve existing
suprema and infima. Since the operations are expressible via existing suprema/infima
and the use of membership in the skeleton, via Lemmas 6.8–6.13, any s	-decorated
isomorphism preserves the operations, making it an i-uband isomorphism. ��

Utilizing Mace4 [21], the Fine Spectrum, i.e., number of non-isomorphic models,
for McCarthy algebras up to cardinality 14 is given in Table 1. Moreover, exploiting
Theorem 6.15 and Corollary 6.16, in Figure 8 we display those models up to size 10
via their induced s	-decorated poset.

A curiosity arises by inspecting Figure 8: no two McCarthy algebras (up to size
10) share the same induced poset; i.e., seemingly, the decoration is superfluous (up to
isomorphism of i-ubands).

Open Problem 1 If two McCarthy algebras are order-isomorphic, are the algebras
isomorphic?

7 The lattice of subvarieties of i-ubands

In this section, we will return to the algebras described in Proposition 3.5, the varieties
they generate, and their place in the lower-levels within the lattice of subvarieties of
all i-ubands (see Figure 9).
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Let us first recall that the subvariety of i-ubands axiomatized by the identity x ≈ x ′ is
term-equivalent to the variety of unital bands (equiv., idempotent monoids), which we
will denote byuBand. The lattice of subvarieties of uBand has been fully characterized
in [28]. The lower-levels of uBand find the variety of bounded semilattices SL as the
unique atom, which itself has two covers, the varieties of left-regular and right-regular
unital bands, here denoted as LB and RB, respectively (their join being the variety of
regular unital bands, i.e., those satisfying zxzyz ≈ xzyz). The following proposition
therefore is immediate from this characterization, and from the fact that the 3-element
semilattice C3 is commutative, and L3 is left-regular and R3 is right-regular with
neither of two being commutative (see Figure 3).

Proposition 7.1 SL = V(C3), LB = V(L3), and RB = V(R3).

We now recall and inspect those algebras in which the unit is an involution fixed-
point, but ′ is not the (redundant) identity map. Recall that Cs

3 is the i-uband-reduct
of the 3-element Sugihara monoid, and let Cs3 denote the variety it generates. Also
recall the left- and right- variantsLs

3 andR
s
3 (see Figure 3); let us denote the respective

varieties they generate by Ls3 and Rs3.
First we show that Cs3 is a cover for SL, remarking first about some identities holding

for Cs3.

Remark 7.2 Recall that Cs
3 is the three-element i-uband with multiplication ∗c in Fig-

ure 2 and involution ′e, hence it is isomorphic to the algebra with operations given
below

′
e e
c c′
c′ c

+ e c c′
e e c c′
c c c c
c′ c′ c c′

· e c c′
e e c c′
c c c c′
c′ c′ c′ c′

Clearly Cs
3 is commutative and satisfies e ≈ e′. Moreover, Cs

3 satisfies the following
identities:

(a) fx ≈ fx ′ ≈ tx ′
′ ≈ tx

′ (b) tx · x ≈ x (c) fx · x ≈ fx (4)

Indeed, it is easy to see that the identities above hold for x = e as te = e = fe and
e = e′, the latter of which entailing that e is the unit for both · and +. That they hold
for x ∈ {c, c′} follows as tc := c + c′ = c and fc = c · c′ = c′, so (a) holds by
commutativity and (b,c) hold since · is idempotent, c · c′ = c′, and c + c′ = c.

Proposition 7.3 The variety Cs3 forms a cover for SL in the lattice of subvarieties of
i-ubands.

Proof That SL is a subvariety of Cs3; it suffices to verify that C2 is a member of
∈ Cs3, as it generates the variety SL. Indeed, the map f : Cs

3 → C2 defined via
e �→ " and c, c′ �→ ⊥ is easily verified to be a homomorphism from Cs

3 onto C2. So
C2 ∈ H(Cs

3) ⊆ Cs3, thus establishing our claim.
To verify it is a cover, suppose V is a subvariety of Cs3 different from SL; we will

show V = Cs3. Since SL is properly contained in V, there must exist a member A in
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which ′ is not the identity map. So let us fix a ∈ A such that a′ �= a. By Remark 7.2,A
satisfies e ≈ e′ and the identities 4(a,b,c) (as by the assumption V ⊆ Cs3). We consider
the set C := {e,ta,fa} ⊆ A: we will show that C is (the universe of) a subalgebra of
A isomorphic with Cs

3. We first observe that |C | = 3. One the one hand, if ta = fa

were the case then, from the identities 4(b,c), we find a = ta · a = fa · a = fa ,
so a = fa and thus a′ = fa

′, but 4(a) gives fa
′ = ta = fa = a which yields

a = a′, a contradiction. On the other hand, e ∈ {ta,fa} would entail ta = fa since
e = e′ and fa = ta

′, which we have just shown contradictory. Hence the elements of
C are pairwise distinct. That C is closed under the operations follows from the fact
that constant e ∈ C ; it is closed under ′ since e′ = e and ta = fa

′ (by 4a); and it is
multiplicatively closed since e is the identity, · is idempotent, andta ·fa = fa = fa ·ta

(by 4(b,c)). Finally, the map defined from ta �→ c (hence fa �→ c′) is an isomorphism
from A onto Cs

3. So Cs
3 ∈ IS(A) ⊆ V. Therefore Cs3 covers SL. ��

Remark 7.4 In fact, the above proof shows that the variety Cs3 is subsumed by any
variety properly extending SL and satisfying e ≈ e′ and the identities from Eq. 4 in
Remark 7.2.

Proposition 7.5 Ls3 covers LB, and similarly, Rs3 covers RB, in the lattice of subvarieties
of i-ubands.

Proof Due to symmetry the of the operations, i.e.,+Rs
3
= +op

Ls
3
, it suffices to establish

the claims for one of these cases. First we show that LB ⊆ Ls3. On the one hand,
we consider the direct product Ls

3 × Ls
3 and its subalgebra B generated by the set

{(a, a), (a, b)}. It is easily verified that this subalgebra has five elements, namely B =
{(e, e), (a, a), (b, b), (a, b), (b, a)} and that the map (x, y) �→ x is a homomorphism
from B onto L3. This establishes LB ⊆ Ls3, and by the same argument, RB ⊆ Rs3.

Now, suppose V is given such that LB � V ⊆ Ls3, and let A be any member of V not
contained in LB. SoA contains an element a such that a′ �= a. Consider the subalgebra
L ≤ A generated by ta . By assumption, A ∈ Ls3, and so Amust satisfy left-regularity
and the identity xy ≈ x+ y; the latter of which entailing tx ≈ fx holds as well. Now,
as fa = ta ∈ L , its negation fa

′ = ta′ is a member of L . It follows that

ta · ta
′ = ta · fa′ = fa · fa′ = aa′ · a′a = aa′ = fa = ta,

where the last equality follows from left-regularity. Similarly, ta
′ta = ta

′. Since
e′ = e holds, it follows that the subalgebra L consists of exactly three element, e, ta ,
and ta

′. It is easily verified thatL is isomorphic withLs
3 via homomorphism generated

by the map ta �→ a. So Ls
3 is a member of the variety V, hence V = Ls3. Therefore L

s
3

covers LB. By essentially the same argument (utilizing, instead, right-regularity), Rs3
covers RB. ��
Remark 7.6 The above proof shows that the variety Ls3 is subsumed by any variety
properly extending LB that satisfies left-regularity and x · y ≈ x + y.

Lastly, as we have already discussed, the algebra WK generates the variety of
involutive bisemilattices, here denoted WK, and the algebra SK generates the variety
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Fig. 9 Some covering relations for the lattice of subvarieties of i-ubands. The areas enclosed by the dashed
lines indicate certain subvarieties; the ones with an identity represent the subvariety of i-ubands relatively
axiomatized by the corresponding identity; while bIL and uBands represent, respectively, the variety of
bounded involutive lattices and (the term-equivalent) variety of unital bands

of Kleene lattices, here denoted SK. It is well known thatWK contains 2 andC2, and is
a cover for the varieties of Boolean algebras and semilattices (see e.g., [5, 6]). It is also
clear that SK covers BA as well. The fact that McCarthy algebras cover the variety of
Boolean algebras was shown in Corollary 5.30, as well asMop via Corollary 5.31. We
therefore have the following snapshot of the lower-levels for the lattice of subvarieties
of i-ubands, shown in Figure 9.

With the exception of the varieties Cs3, L
s
3, and R

s
3, a finite equational basis has been

found for each variety of i-ubands generated by the 3-element algebras from Proposi-
tion 3.5. To the best of our knowledge, it is an open problem finding an axiomatization
for the varieties Cs3, L

s
3, and R

s
3. So far, the only interesting identities we have observed,

aside from e ≈ e′ (and other than commutativity, left-regularity, and right-regularity,
respectively) are those from Proposition 4.4 and Remark 7.2 (and, of course, those
identities entailed by them). The question remains whether or not these, and possibly
some additional finite set, of identities axiomatize their respective varieties relative
for i-ubands. Specifically:

Open Problem 2 What is a finite basis, if any, for the variety Cs3 generated by Cs
3?

Open Problem 3 What is a finite basis, if any, for the variety Ls3 (R
s
3) generated by L

s
3

(Rs
3)?
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